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Abstract

A spatial time-dependent reliability model is developed for a RC beam subject to corrosion-induced pitting corrosion, for shear and
flexural limit states. The analysis considers the spatial and time-dependent variability of pitting corrosion, structural resistance and load
effects. The amount of corrosion loss can significantly affect the mechanical behaviour of reinforcement, namely low corrosion loss can
result in ductile yielding, whereas a higher corrosion loss can result in brittle fracture. The progression from ductile to brittle behaviour is
spatially and time-dependent. To estimate how such phenomena affects structural reliability the structural resistance of reinforcement is
modelled as either (i) perfectly ductile parallel system or (ii) perfectly brittle parallel system. It was found that the probability of failure
assuming brittle reinforcement behaviour is up to 450% higher than assuming ductile behaviour.
� 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Pitting corrosion of reinforcing bars often occurs for
Reinforced Concrete (RC) structures exposed to aggressive
chloride environments (e.g., [1]). This highly localised form
of steel corrosion can cause significant reductions in cross-
section areas for reinforcing bars, for example, up to 80%
loss of cross-section was observed for a 40-year-old Cana-
dian bridge demolished in 1999 [2]. Pitting corrosion is
non-homogeneous along a reinforcing bar, in fact it is
highly spatially variable due to the spatial variability of
concrete and steel material properties, environment, mois-
ture, concrete cover, surface cracking, etc. While much
work has progressed on the time-dependent structural reli-
ability of deteriorating structures (e.g., [3–7]), much of this
work assumes general (uniform) corrosion and if pitting
corrosion is considered then simplifying assumptions are
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often made, such as the maximum pit forms only at the
location of maximum action or other critical location.

Recently, spatial variability of corrosion damage has
been studied (e.g., [8–11]). This work has focused on corro-
sion-induced concrete cover cracking, and not on spatial
variability of pitting corrosion and its effect on structural
safety. However, Stewart [12] and Stewart and Al-Harthy
[13] have modelled the spatial effect of pitting corrosion
on the structural reliability of RC beams in flexure. Stewart
[12] proposed a stochastic model of pitting corrosion for a
simply supported RC office floor beam. The model used
extreme value theory to predict maximum pit depth as a
function of bar diameter and reinforcing bar length. This
analysis made several assumptions: (i) statistics of pit depth
variability taken from very limited experimental data
obtained from the literature, (ii) ductile yielding of rein-
forcing bars, and (iii) influence of corrosion on material
properties of steel reinforcing bar was not considered.
Stewart and Al-Harthy [13] improved this work by using
accelerated corrosion test data on 16 mm (Y16) and
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27 mm (Y27) diameter reinforcing steel bars to develop
improved extreme value statistics for pitting and also
included the effect of corrosion on reinforcement yield
stress. Val [14] used the methodology and probabilistic pit-
ting model derived by Stewart [12] to also consider the
shear limit state. For large diameter reinforcement the
use of ductile yielding may be appropriate, however, for
small diameters such as for shear stirrups the assumption
of ductile yielding will be shown to be inappropriate as
brittle fracture is evident for severely corroded small diam-
eter reinforcement (e.g., [15–17]).

The present paper improves the spatial time-dependent
reliability analysis by considering shear and flexure limit
states using improved probabilistic models of pitting
described by Stewart and Al-Harthy [13], incorporating
ductile and brittle mechanical behaviour of reinforcement
for main (longitudinal) reinforcement and stirrups, and
including statistics for time-dependent reduction in struc-
tural capacity and loss of cross-sectional area conditional
on beam collapse. As will be shown herein, for most realistic
structural and deterioration scenarios some reinforcement
will fail by ductile yielding, and others by brittle fracture.
The progression from ductile to brittle behaviour is spatially
and time-dependent. To estimate how such phenomena
affects structural reliability the structural resistance of rein-
forcement is modelled as either (i) perfectly ductile parallel
system (pf-ductile) or (ii) perfectly brittle parallel system
(pf-brittle). The actual structural reliability (pf) of a RC struc-
tural component will lie somewhere between these structural
reliabilities such that pf-ductile < pf < pf-brittle. The structural
configuration considered is a simply supported RC beam
comprising Y16 and Y27 main reinforcement and Y10
stirrups.
Table 1
Statistics of pitting corrosion

Specimen Lo

(mm)
Diameter
(mm)

Pitting factor
R

Gumbel
parameters

Mean COV lo ao Reference

Y10 100 10 5.65 0.22 5.08 1.02 [12]
Y16 100 16 6.2 0.18 5.56 1.16 [13]
Y27 100 27 7.1 0.17 6.55 1.07 [13]
2. Probabilistic description of pitting for reinforcing bars

2.1. Pitting factor

A pitting factor R = p/Pav is used to define the extent of
corrosion pitting, where p is the maximum pit depth and
Pav is the penetration calculated based on general (uni-
form) corrosion (Pav = 0.0116icorrt). A Gumbel (EV-
Type I) distribution is selected herein for modelling
maximum pit depths for reinforcing bars. The use of the
Gumbel distribution seems reasonable as extreme value
statistics have been widely used to characterise pitting of
steel plates and pipes and prestressing strands (e.g.,
[18–20]) and recently for Y16 and Y27 reinforcing bars
[13]. To predict the distribution of maximum pitting factor
for a reinforcing bar of length (LU), the Gumbel statistical
parameters can be modified as [19]:

l ¼ lo þ
1

ao

ln
LU

Lo

� �
a ¼ ao

ð1Þ
where the Gumbel parameters lo and ao are derived from
statistical analysis of pitting data for reinforcement of
length Lo (see Sections 2.1.1 and 2.1.2).

Note that the pitting factor R is assumed time-invariant,
the distribution is truncated at R = 1 and Eq. (1) assumes
statistical independence between adjacent lengths. The
assumption of statistical independence might not always
be valid as the steel–concrete interface may not be totally
independent between adjacent locations on a reinforcing
bar, or even between bars. In the present case, however,
statistics for pitting factors are taken from pit depths mea-
sured along and between reinforcing bars, and so the Gum-
bel parameters given above should help capture this
variability. It has been observed that the pitting factor
may reduce with time because as the size of the pit (anode)
increases the ratio of anodic area to cathodic will reduce
hence reducing the rate of depletion of the pit [16]. Hence,
the statistics of pit depths proposed herein should be used
with caution.
2.1.1. Y10 rebars (stirrups)

Gonzalez et al. [21] found that for RC specimens
exposed to natural environments the maximum pitting fac-
tor R varied from 4 to 8. These results were obtained for
specimens with 8 mm diameter reinforcing bars of
125 mm length. The results of this study are in broad agree-
ment with Tuutti [22]. Stewart [12] used this information to
propose that the maximum pit depth for a 10 mm diameter
reinforcing bar of 100 mm length of reinforcing steel is a
Gumbel distribution with 5th and 95th percentiles being
R = 4 and R = 8, respectively. The statistical parameters
for Lo = 100 mm are given in Table 1.
2.1.2. Y16 and Y27 rebars (main reinforcement)

Accelerated corrosion tests of two RC slabs provided
spatial data on maximum pit depths for Y16 and Y27
rebars [13]. It was found that the Gumbel distribution pro-
vided the best fit for modelling maximum pit depths for
reinforcing bars. Gumbel statistical parameters for pitting
factors are shown in Table 1, for Lo = 100 mm.
2.2. Effect of pitting on reinforcement cross-section

The maximum pit depth along a reinforcing bar of
length LU is

pðtÞ ¼ 0:0116� icorr � R� t ð2Þ
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Fig. 1. Pit configuration.
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where icorr is the corrosion rate measured as a current den-
sity (normally expressed in lA/cm2), t is time since corro-
sion initiation in years and p(t) is in mm.

The pit configuration shown in Fig. 1 is used to predict
the cross-sectional area of the pit (Apit), which can be
expressed as [4]:

ApitðtÞ ¼

A1 þ A2 pðtÞ 6 Doffiffi
2
p

pD2
o

4
� A1 þ A2

Doffiffi
2
p < pðtÞ 6 Do

pD2
o

4
pðtÞP Do

8>><
>>: ð3Þ

where

b ¼ 2pðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� pðtÞ

Do

� �2
s

A1 ¼ 0:5 h1

Do

2

� �2

� b
Do

2
� pðtÞ2

Do

�����
�����

$ %

A2 ¼ 0:5 h2pðtÞ2 � b
pðtÞ2

Do

" #
ð4Þ

h1 ¼ 2 arcsin
b

Do

� �
h2 ¼ 2 arcsin

b
2pðtÞ

� �
ð5Þ

and where Do is the initial diameter of the reinforcing bar.
The cross-sectional area of an uncorroded reinforcing bar
is

Astnom ¼ p
D2

o

4
ð6Þ
2.3. Spatial capacity of reinforcing bars

There is sufficient evidence to suggest that yield stress
reduces linearly with corrosion loss such that [23]:

fyðtÞ ¼ ð1:0� ayQcorrðtÞÞfy0 ð7Þ

where fy0 is the yield stress of an uncorroded reinforcing
bar, ay is an empirical coefficient, and Qcorr(t) is the per-
centage corrosion loss. Corrosion loss is measured in terms
of reduced cross-sectional area (or weight loss), hence Eq.
(7) is re-expressed as

fyðtÞ ¼ 1:0� ay

ApitðtÞ
Astnom

� 100

� �
fy0 ð8Þ

A review of 10 experimental studies [16] report average val-
ues of ay of up to 0.017. Du et al. [23] recommend that
ay = 0.005 and this value is used herein.

There is general consensus that the mechanical behav-
iour of reinforcing bars changes from ductile to non-ductile
(brittle) as corrosion loss increases. What is less clear is the
level of corrosion loss when the mechanical behaviour tran-
sitions from ductile to non-ductile behaviour and how this
is affected by steel type. Almusallam [15] found brittle
behaviour when corrosion loss (Qcorr) exceeds 12.6% and
others found complete loss of ductility when Qcorr = 20%
[16,17]. Palsson and Mirza [2] found that when Qcorr = 15%
there is a 33% reduction in ductility, and when Qcorr

exceeds 50% corroded reinforcing bars are ‘‘very brittle”.
Apostolopoulos and Michalopoulos [24] observed that
the additional plastic strain associated with corroded bent
stirrups had significantly reduced ductility when compared
to straight corroded stirrups (i.e., no bents). It has also
been observed that corrosion of stirrups lead to a higher
reduction in ductility [1].

While there is a gradual transition from ductile to brittle
behaviour as corrosion loss increases, for the present paper
it is conveniently assumed that complete loss of ductility in
corroded reinforcing bars occurs after corrosion loss
exceeds a threshold value of Qlimit. This leads to two types
of mechanical behaviour dependent on corrosion loss:

Ductile Behaviour : Qcorr 6 Qlimit

Brittle Behaviour : Qcorr > Qlimit

ð9Þ

From the above discussion it is reasonable to quantify
Qlimit = 20%, although more research is needed to more
accurately quantify this important variable and its influenc-
ing factors.

For a spatial analysis a reinforcing bar is subdivided
into equal lengths LU, referred to herein as ‘uniform capac-
ity length’, see Fig. 2. This length refers to the distance
along a structural member in which localised corrosion will
have a detrimental effect on structural capacity. The uni-
form capacity length is likely to be dependent on (i) the
ability of corroded reinforcement to redistribute stresses
to adjacent (less corroded) reinforcement via the concrete
matrix, (ii) mechanical behaviour of the reinforcement
(yield, brittle), (iii) development length of reinforcement
(function of diameter of reinforcement and concrete cover)
and (iv) geometry and spacing of reinforcement. The
understanding of this phenomena is incomplete, with
recent reliability studies assuming values of LU varying
from 100 mm to over 1000 mm [12–14]. This is clearly an
area for further research and the present paper will investi-
gate the effect of LU on structural reliability in Section
5.2.2.
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Fig. 2. Spatial capacity of corroded reinforcing bar showing uniform capacity length LU.
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3. Flexural and shear capacity for RC section

Strength prediction models used herein are based on
code strength procedures, which are based on yield
strength rather than ultimate tensile strength [16]. The
use of yield capacity is verified when predicting ultimate
moment and shear capacities for heavily corroded RC
beams [17,25]. Thus, the section strength (and reinforcing
bar capacity) is directly proportional to yield capacity –
which is equal to the product of yield stress and cross-sec-
tional area, both which are affected by pitting corrosion.

The reinforcement layout for a typical singly reinforced
RC beam is shown in Fig. 3. The ultimate flexural capacity
(Mu) of a singly reinforced RC beam is

Mu ¼ME� Astfy d � Astfy

1:7f 0cb

� �
ð10Þ

which is a function of model error (ME), concrete compres-
sive strength ðf 0cÞ, effective depth (d), beam width (b), yield
stress (fy) and cross-sectional area of reinforcement (Ast)
[26].

The ultimate shear capacity for beams with shear rein-
forcement (Vu) comprises the shear capacity of concrete
(Vc) and shear reinforcement (Vs):

V u ¼ V c þ V s ð11Þ

where
nM reinforcing bars

nV stirrups

Fig. 3. Cross-section of RC beam.
V c ¼MEc � 0:17
ffiffiffiffi
f 0c

p
bd ð12Þ

V s ¼MEs �
Avfyd

s
¼MEs � nV Avfy ð13Þ

where Av is the cross-sectional area of shear reinforcement
(stirrup) with spacing s [26], nV is the number of stirrups
and MEc and MEs are model errors.

Since pitting corrosion only affects Ast, AV and fy a near
linear relationship exists between ultimate flexural and
shear capacities and fyAst and fyAv, respectively. The effects
of corrosion on reduction of bond and delamination or
spalling of concrete cover are not considered.

Strength capacity of a RC section is based on a layout
comprising of n reinforcing bars (e.g., main or shear rein-
forcement) and so it follows that these n reinforcing bars
comprise a parallel system. For ductile behaviour there is
equal load sharing between all reinforcement. However,
brittle fracture will completely exhaust a reinforcing bars
load-carrying capacity, resulting in load redistribution to
the remaining bars, possibly leading to progressive failure
of adjacent reinforcing bars. The strength prediction for a
RC section (r) is thus dependent on the mechanical behav-
iour of reinforcement and on the capacity of each reinforc-
ing bar (ri), such that

Perfectly Ductile Parallel System rðtÞ ¼
Xn

i¼1

riðtÞ ð14Þ

Perfectly Brittle Parallel System rðtÞ ¼ maxðnr1ðtÞ;
ðn� 1Þr2ðtÞ; . . . ; 2rn�1ðtÞ; rnðtÞÞ

where r1ðtÞ < r2ðtÞ < � � � < rnðtÞ ð15Þ

The capacity of a single reinforcing bar ri is

riðtÞ ¼ fyðtÞAiðtÞ

¼ AiðtÞ 1:0� ay

Astnom � AiðtÞ
Astnom

� 100

� �
fy0 ð16Þ

where Ai(t) is the cross-sectional area of the ith reinforcing
bar at time t. More details on the modelling of parallel sys-
tems are available elsewhere [27].

These analytical expressions will dramatically increase
the computational efficiency of the analysis. Detailed
numerical modelling (e.g., [17,28,29]) will lead to more
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accurate estimates of structural capacities of corroding
structures. However, even these analyses do not consider
the spatial variability of pitting corrosion and the associ-
ated progressive failure of reinforcing bars and resulting
load redistribution in the remaining reinforcing bars. These
are areas for further study.

4. Spatial time-dependent reliability analysis

4.1. Discretisation of RC beam into elements

Figs. 4 and 5 show the discretisation of a RC beam into
elements for flexure and shear limit states, respectively. The
element length for flexure is the same as the uniform capac-
ity length (LU). The failure mode for shear is diagonal
cracking inclined at approximately 45� at locations of large
shear force and small bending moment [30]. Hence, shear
capacity is calculated for an element length DV = d. Note
that these element lengths are bounded by physical proper-
ties of pitting corrosion (uniform capacity length) and
structural capacity, and cannot be regarded as parameters
(e.g., mesh size) that can be optimised to produce conver-
gent results.

4.2. Flexure and shear limit states

The critical limit state occurs when actual load effects
exceed resistance at any element. In general, if it is assumed
that K load events occur within the time interval (0, tL) at
times ti (i = 1, 2, . . .,K), then for this series system the crit-
ical flexural limit state for a beam comprising NM elements
is

GM;tiðX Þ ¼ min
j¼1;NM

ðMjðtiÞ � SjðtiÞÞ ð17Þ
j=1

L U

j=2

element j

L

Fig. 4. Discretisation of R

k=1

ΔV

k=2

element k

L

s

Fig. 5. Discretisation of RC bea
where Mj(t1), Mj(t2), . . .,Mj(tK) represent the flexural resis-
tance at the mid-point of each element and Sj(ti) represents
the bending moment at the mid-point of element j due to
the ith load. The flexural resistance at any element j at time
t is

MjðtÞ �
rjðtÞ

nM fy0Astnom

Mu ð18Þ

where rj(t) is obtained from Eqs. (14) or (15) for nM rein-
forcing bars, see Fig. 4.

Similarly, the critical shear limit state for a beam com-
prising NV elements is

GV;tiðX Þ ¼ min
k¼1;N V

ðV kðtiÞ � SkðtiÞÞ ð19Þ

where Vk(t1),Vk(t2), . . .,Vk(tK) represent the shear resistance
at the mid-point of each element and Sk(ti) represents the
shear force at the mid-point of element k due to the ith
load. The shear resistance at any element k at time t is thus

V jðtÞ � V c þ
rkðtÞ

nVfy0Astnom

V s ð20Þ

where rk(t) is obtained from Eqs. (14) or (15) for nV stir-
rups, see Fig. 5.

If flexure and shear are considered, then the critical com-
bined limit state is

GtiðX Þ ¼ min½GM;tiðX Þ;GV;tiðX Þ� ð21Þ

The cumulative probabilities of failure for flexure (pfM),
shear (pfV) and combined (pf) limit states anytime during
this time interval are, respectively
j=NM

C beam, for flexure.

k=NV

m, for shear with s/d = 0.5.
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pfMð0; tLÞ ¼ 1� Pr½GM;ttðX Þ > 0 \ GM;t2ðX Þ
> 0 \ . . . :: \ GM;tK ðX Þ
> 0� t1 < t2 < � < tK 6 tL ð22Þ

pfVð0; tLÞ ¼ 1� Pr½GV;ttðX Þ > 0 \ GV;t2ðX Þ
> 0 \ . . . :: \ GV;tK ðX Þ > 0� t1 < t2 < � < tK 6 tL

ð23Þ
pfð0; tLÞ ¼ 1� Pr½GttðX Þ > 0 \ Gt2ðX Þ

> 0 \ . . . \ GtK ðX Þ > 0� t1 < t2 < � < tK 6 tL

ð24Þ
For deteriorating structures the deterioration process will
reduce structural resistance and so structural resistance is
time-dependent. This represents a first passage probability.

It is often assumed by other researchers, often for com-
putational convenience, that failure events are independent
events, which leads to

pfð0; tLÞ � 1�
YK
i¼1

½1� PrðGtiðX Þ 6 0Þ� ð25Þ

However, the assumption of independence of failures in
different years overestimates the probability of failure [6].
Eq. (25) may provide a good approximation for some high
reliability problems. On the other hand, the accuracy de-
creases as the coefficient of variation of resistance increases,
which is relevant for deteriorating structures as they tend to
have high variability of resistance due to spatial and tem-
poral uncertainties of corrosion phenomena. For example,
Stewart and Al-Harthy [13] observed that the approximate
solution given by Eq. (25) overestimated the probability of
failure calculated from Eq. (22) by more than 80% for typ-
ical RC beams subject to reinforcement corrosion. Hence,
there is ample evidence to suggest that Eq. (25) is a poor
approximation of the more accurate first passage probabil-
ities given by Eqs. (22)–(24) for deteriorating structures
and so Eq. (25) is not used herein.

4.3. Spatial and time-dependent mechanical behaviour of

reinforcement

Eqs. (14) and (15) show that the mechanical behaviour
of reinforcing bars can significantly affect structural capac-
ity. The mechanical behaviour for all main reinforcement
and stirrups in a RC beam cannot be predicted ‘a priori’.
However, it is possible to predict the probability that at
least one reinforcing bar in a RC section (or element) com-
prising n reinforcing bars is brittle at time t, denoted herein
as Pr(brittle,t). If Pr(brittle,t) is high then the assumption
that all reinforcing bars exhibit ductile behaviour is not
valid, and that the mechanical behaviour for some or all
reinforcing bars is brittle. The derivation of Pr(brittle,t) is

Prðbrittle;tÞ ¼ Prðat least one rebar is brittleÞ
¼ 1� Prðall rebars are ductileÞ
¼ 1� ½Prðone rebar is ductileÞ�n

¼ 1� ½PrðQ corrðtÞ < QlimitÞ�
n ð26Þ
If for the sake of illustration the probability distribution of
Qcorr(t) is assumed normally distributed and the corrosion
loss for each reinforcing bar is assumed statistically inde-
pendent, then

Prðbrittle;tÞ � 1� U
Qlimit � kðtÞ

rðtÞ

� �� �n

ð27Þ

where U() is the standard Normal distribution function,
k(t) and r(t) are the mean and standard deviation of the
distribution of Qcorr (=Apit(t)/Astnom) for a single reinforc-
ing bar of uniform capacity length LU at time t, Qlimit is the
corrosion loss when brittle behaviour occurs (=20%) and n

is the number of reinforcing bars used to calculate section
capacity. The probability distribution of Qcorr is dependent
on the random variability of corrosion rate and pitting fac-
tor R (Eq. (1)). To be sure, the estimate of Pr(brittle,t)
could be obtained by more accurate methods (such as sim-
ulation). The assumption implicit in most reliability analy-
ses of deteriorating structures is that all corroding
reinforcement will behave in a ductile manner, so the intent
of the present section is to simply show that such an
assumption may seldom be correct for many deteriorating
structures.

Fig. 6 shows the mean proportional loss of cross-section
k(t) for Y10, Y16 and Y27 reinforcement for deterministic
corrosion rates of 0.5 lA/cm2, 1 lA/cm2 and 2 lA/cm2. As
expected, k(t) increases as the reinforcing bar diameter
reduces or as the corrosion rate increases. Given the high
variability of pitting factor the coefficient of variation
(COV) of Qcorr is significant, varying from 0.13 to 0.30.
Eq. (27) and data from Fig. 6 are then used to calculate
the time-dependent probabilities that at least one reinforc-
ing bar in a RC section is brittle Pr(brittle,t) for Y10, Y16
and Y27 reinforcement for corrosion rates of 1 lA/cm2 and
2 lA/cm2 and n = 2, 6, 10, 20 (see Figs. 7 and 8). Note that
Pr(brittle,t) � 0 for icorr = 0.5 lA/cm2. For corrosion rates
of 1 lA/cm2 or higher Figs. 7 and 8 show there is a high
likelihood that the mechanical behaviour of Y10 reinforce-
ment is not ductile. This likelihood increases with the num-
ber of reinforcing bars and time since corrosion initiation.
As the diameter of reinforcement increases the likelihood
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of brittle behaviour decreases. Fig. 9 shows that brittle
behaviour of some reinforcement is still likely even if the
corrosion loss limit between ductile and brittle behaviour
(Qlimit) is increased from 20% to 40% or 60%, for
icorr = 2 lA/cm2.

Figs. 7 and 8 clearly show that in a RC structural compo-
nent that comprises of many reinforcing bars and elements
there is a strong likelihood of non-ductile behaviour in at
least one corroding reinforcing bar irrespective of structural
configuration (with the possible exception of very low cor-
rosion rates). Hence, some reinforcement which is more
heavily corroded than other reinforcement will exhibit brit-
tle behaviour, and other (less corroded) reinforcement
ductile behaviour. Clearly, this phenomena is very difficult
to model either numerically or by stochastic FEA. In light
of such difficulties, it is reasonable to assume two bounds
on structural reliability, namely, all reinforcement in a
RC structural component exhibits: (i) ductile behaviour
(pf-ductile) or (ii) brittle behaviour (pf-brittle). As the capacity
of a perfectly brittle parallel system is less than that of a
perfectly ductile parallel system, it follows that the actual
structural reliability (pf) of the RC structural component
will thus lie somewhere between these structural reliabilties
such that pf-ductile < pf < pf-brittle.

4.4. Computational method

Monte-Carlo simulation is used herein to calculate
pf-ductile and pf-brittle which are based on an evaluation of
Eqs. (22)–(24). A reinforcing bar will be subject to multiple
pits, and the deepest pit (Gumbel distribution described by
Eqs. (1) and (2)) is assumed to occur in the middle of each
element. Hence the capacity of an element is taken at the
cross-section of the middle of the element. For each simu-
lation run, the pitting factor (R) for each reinforcing bar in
each element is randomly generated at t = 0. The maxi-
mum pit depths and remaining cross-sectional areas of
reinforcing steel are then inferred from Eqs. (2)–(5). The
flexural and shear resistances of the same (randomly gener-
ated) beam are then calculated at each time interval for ele-
ments j and k, respectively. The applied loads are then
randomly generated for the time increment and the flexure
and shear load effects calculated for each element j and k.
The limit state functions given by Eqs. (17), (19) and (21)
are then checked for all elements. This process continues
for successive annual time increments and elements until
failure occurs (Gti < 0) or until its service life is reached.
At the completion of all simulation runs, the cumulative
probabilities of failure given by Eqs. (22)–(24) are inferred
at each time increment. An advantage of Monte-Carlo sim-
ulation is its ability to infer intermediate statistics on sys-
tem performance, such as statistics on resistance and
corrosion loss at time of failure.

5. Example structural configuration

5.1. RC beam

The structural configuration is a simply supported RC
beam with cross-section given by Fig. 3. The nominal (or
design) capacity of an uncorroded RC beam is denoted as
Mnom and Vnom for flexure and shear, respectively. In the
present case, the nominal resistance in RC design is
obtained from the design condition /Rnom = 1.2Gn+1.6Qn



Table 3
Typical corrosion rates for RC structures in lA/cm2

Classification Andrade and
Alonso [40]

Dhir
et al. [41]

BRITE/
EURAM [42]

Roberts
et al. [43]

Negligible <0.1 – <0.1 –
Low 0.1–1.0 0.1 0.1–0.5 <0.2
Medium 1.0–10 1 0.5–1.0 0.2–1.0
High 10–100 10 >1.0 >1.0
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[26] where / = 0.9 and / = 0.75 for flexure and shear,
respectively. It follows that nominal flexural and
shear capacities are Mnom = (1.2Gn +1.6Qn)/0.9 and
Vnom = (1.2Gn +1.6Qn)/0.75, respectively. The nominal
capacity depends on the live-to-dead load ratio q = Qn/Gn

where Gn and Qn are design dead and live loads respectively.
For shear design, the ratio Vs/Vc is used to denote the ratio
of nominal (or design) concrete (Vcnom) to reinforcement
shear (Vsnom) capacities.

The ultimate-to-nominal flexural resistance (Mu/Mnom)
for a RC beam is modelled as a normal distribution with
mean of 1.135 and COV of 0.085 [31]. These statistics
include the random variability of ME, Ast, f 0c , fy, b and d

as defined in Eq. (10). The ultimate-to-nominal shear
resistance provided by concrete (Vc/Vcnom) is normally dis-
tributed with mean of 1.22 and COV of 0.20 [31]. The ulti-
mate-to-nominal shear resistance provided by shear
reinforcement (Vs/Vsnom) is inferred from Nowak et al.
[31] as being normally distributed with mean of 1.2 and
COV of 0.15. These shear statistics include the random
variability of MEc, MEs, Av, f 0c, fy, b, s and d as defined
in Eqs. (12) and (13).

Statistical parameters for a stochastic office floor load
are shown in Table 2. The load effects from these uniformly
distributed loads produces a bending moment (Sj) and
shear force (Sk) which is obviously spatially variable. The
time period is taken as 50 years, with extraordinary live
load effects updated annually and sustained live load effects
updated every 8 years resulting in K = 50 load events.

While the structural configuration considered herein is a
RC beam assuming stochastic office floor loading, the RC
section shown in Fig. 3 is appropriate also for bridges, car-
parks, wharf structures and a range of other RC structures.
The reliability of these structures would be similar to that
for commercial structures, and so the results presented
herein can be generalised to a range of RC structures
exposed to aggressive environments.

The mean corrosion current density (icorr) can vary sig-
nificantly (see Table 3), however, for the present paper
icorr = 1 lA/cm2 is used as a ‘‘medium corrosion intensity”

estimate. Corrosion rate is influenced by concrete proper-
ties and cover (e.g., [10,32]). Since there is random variabil-
ity of concrete properties and cover, Vu [33] suggested that
the COV for corrosion rate can vary from 0.25 to 0.60 for
typical covers and concrete strengths. This is in broad
agreement with Enright and Frangopol [34] who suggested
a COV of 0.3 based on the range reported for corroded
Table 2
Load model statistics

Load Duration Mean COV Distribution Reference

Dead load Permanent 1.05Gn 0.10 Normal [35]
Live load

Sustained 8 Years 0.30Qn 0.60 Gamma [36,37]
Extraordinary 1 Year 0.19Qn 0.66 Gamma [38]

Note: Gn, Qn design loads specified from ANSI/ASCE 7 [39].
bridges. Thus, corrosion rate is assumed normally distrib-
uted with a COV of 0.3. In principle, other parameters such
as concrete strength and cover, etc. could also have been
modelled as spatial variables which in turn would further
influence Mj(ti) and Vk(ti). Gumbel parameters for the pit-
ting factor used in Eq. (1) are taken from Table 1.

Section 2.3 found that there are a number of difficulties
in quantifying the uniform capacity length LU, with previ-
ous researchers assuming LU from 100 mm to over
1000 mm. For this reason, the uniform capacity length
LU for main reinforcement is assumed to be 125 mm,
250 mm, 500 mm or 1000 mm to assess the sensitivity of
flexural structural reliabilities (pfM) to LU. On the other
hand, shear diagonal cracking can occur anywhere along
a stirrup within an element, so in this case the maximum
pit along a stirrup is obtained using LU = length of stirrup.

The baseline case for subsequent analyses is a RC beam
with L/d = 12 as this is typical in practice with L = 8 m,
nM = 6 main reinforcing bars, stirrup spacing of s/d = 0.5
(nV = 2), ay = 0.005, icorr = 1 lA/cm2, LU = 500 mm for
main reinforcement and stirrups, and DV = d. The purpose
of the structural reliability analysis is comparative only.
They should not be interpreted in an absolute sense.

5.2. Results

It has been shown that probabilities of failure consider-
ing spatial variability of pitting corrosion were up to 200%
higher than probabilities of failure obtained from a non-
spatial analysis [12,13]. Hence, the importance of consider-
ing spatial variability in a structural reliability analysis for
deteriorating structures is well documented and proven.
The analyses presented herein will consider the effect of
limit state, corrosion loss, uniform capacity length, rein-
forcing bar diameter and number of reinforcing bars on
time-dependent structural reliability. The live-to-dead load
ratio (q = 0.5–1.5) and the reinforcement ratio (Vs/
Vc = 0.5–1.5) did not affect the overall trend of the results
presented herein, hence results to follow are for q = 1.0 and
Vs/Vc = 1.0.

Note that the reliability index (b) after 50 years, assum-
ing no deterioration, is 3.51. This is consistent with target
reliability indices for RC members for buildings and
bridges, and shows that the resistance and load modelling
is consistent with that experienced by RC members in
general.
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5.2.1. Effect of mechanical behaviour on structural resistance

and reliability

The effect of mechanical behaviour on the time-depen-
dent reduction in flexural and shear capacities for any ele-
ment are shown in Fig. 10. In this case, mean capacity
based on brittle behaviour is up to 9% less than that pre-
dicted from ductile behaviour. Moreover, the COV of
capacity increases by up to 25% for brittle behaviour.
Fig. 11 shows how mechanical behaviour affects the gov-
erning (critical) limit state, and that the governing limit
state is not always at the region of peak actions (mid-span
for flexure, support for shear). Since capacity is reduced for
brittle behaviour (see Fig. 10), the governing limit state for
brittle behaviour is more likely to occur in an element with
reduced structural action (e.g. reduced bending moment),
resulting in governing limit states being further away from
the element with the peak structural action. The observa-
tions made from Figs. 10 and 11 all suggest that assuming
brittle behaviour for all reinforcement in a RC section will
lead to higher probabilities of failure.

Fig. 12 shows the cumulative probabilities of failure for
ductile behaviour (pf-ductile) and brittle behaviour (pf-brittle),
for flexure, shear and combined limit states. The probabil-
ities of failure considering all reinforcement to exhibit brit-
tle behaviour are up to 450% higher then probabilities of
failure assuming all reinforcement exhibits ductile behav-
iour. Clearly, the mechanical behaviour of reinforcement
has a significant effect on structural reliability, and the
bounds on the actual probability of failure pf-ductile <
pf < pf-brittle can be considerable after as little as 15–20 years
of corrosion.

Stewart [12] showed that the variability of structural
resistance of reinforcement subject to ductile behaviour
increases as the number of reinforcing bar decreases, lead-
ing to higher probabilities of failure. For example, the pres-
ent analysis shows that reducing Y16 reinforcement from
10 to 2 bars increases the probability of flexural failure
by 100%. However, for brittle behaviour, the resistance
given by Eq. (17) is related to the variability of the weakest
reinforcement. Hence, as the number of reinforcing bars
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spatial position of governing limit state over 50 years of pitting corrosion.
increases, the likelihood of deeper pits increase, leading
to reduced section capacity and higher probabilities of fail-
ure. However, the present analysis shows that this increase
is marginal; for example, increasing Y16 reinforcement
(assuming brittle behaviour) from 2 to 10 bars reduces
the probability of flexural failure by less than 15%. Hence,
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the number of reinforcing bars in a RC section has the
greatest influence on structural reliability for ductile
mechanical behaviour.
5.2.2. Effect of uniform capacity length on structural

resistance and reliability

Eq. (1) shows that the uniform capacity length LU is a
key parameter in the Gumbel distribution of pitting factor.
As LU increases the mean pitting factor increases, leading
to an increased reduction in flexural capacity as LU

increases from 125 mm to 1000 mm (see Fig. 13). It is also
apparent that the difference between mean flexural capacity
for ductile and brittle behaviour is approximately 5–9%.
Note that in the present paper LU for stirrups is fixed at
500 mm, so the effect of LU on structural resistance and
reliability is investigated for the flexural limit state only.

Fig. 14 shows that cumulative probability of flexural
failure at t = 50 years can be quite sensitive to LU. As this
is a series system, it might be expected that more elements
(reduced LU) would cause an increase in probability fail-
ure; however, this effect is outweighed by the observation
in Fig. 13 that as LU increases the capacity of an element
decreases. It is for this reason that Fig. 14 shows that
cumulative probability of flexural failure increases as LU

increases. This trend may not always be observed (e.g.,
Y27 when LU = 1000 mm), however, since load effect (Sj)
is taken at the midpoint of an element, which will decrease
as LU increases. As discussed in Section 2.3, the quantifica-
tion of LU for RC sections containing multiple reinforcing
bars, each with spatially variable pitting corrosion, is a dif-
ficult and complex phenomenon to model. More research is
needed to better understand this phenomenon, which may
include a time or event-based non-linear FEA to progres-
sively track the redistribution of loads between and along
adjacent reinforcement considering the pitting and
mechanical behaviour of reinforcement.
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5.2.3. Statistics of corrosion loss
Finally, Fig. 15 shows the average corrosion loss for all

reinforcement, and the average corrosion loss in an element
conditional on exceeding the flexure or shear limit state. It
is observed from Fig. 15 that at the time of shear failure the
average corrosion loss of stirrups is in excess of 50% after
50 years. The average corrosion loss is reduced for main
reinforcement (due to its larger bar diameter), but is still
significant. The variability of corrosion loss for all rein-
forcement is also very high, often with a COV in excess
of 0.5. This is not unexpected due to the highly variable
nature of the spatial and temporal characteristics of resis-
tance and load.

6. Conclusions

An improved spatial time-dependent reliability analysis
is developed for a RC beam subject to corrosion-induced
pitting corrosion, for shear and flexural limit states. The
analysis considered the spatial and time-dependent vari-
ability of pitting corrosion, structural resistance and load
effects. The effect of the mechanical behaviour of reinforce-
ment, corrosion rate and uniform capacity length on struc-
tural resistance and reliability are presented. It was found
that the probability of failure assuming brittle reinforce-
ment behaviour is up to 450% higher than assuming ductile
behaviour. It was also found that the length of reinforce-
ment needed to distribute loads from severely corroded
reinforcement to adjacent reinforcement (uniform capacity
length) has a significant effect on structural reliability. The
results show that including mechanical behaviour of rein-
forcement subject to pitting corrosion is an important con-
sideration when calculating structural reliabilities of
corroding RC structures.
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