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Abstract

This project presents an application of uncertainty quantification techniques, namely
polynomial chaos expansions (PCE) and sensitivity analysis (SA), in a hydrology con-
text. More specifically, a Sobol’ analysis on a subset of the parameters of the phys-
ically based and fully distributed rainfall-runoff model TOPKAPI-ETH (TE) is per-
formed.

The analysis uses a PCE-based approach, and for a relatively low amount of model
evaluations is shown to perform reasonably well for all the investigated hydrological
quantities. These are a total of 30 scalar values obtained from roughly 1000 TE model
runs using a 3-year simulation time span, and describe: magnitude and volume of
discharge flood events, 7-day low flows, average snow cover and evapotranspiration
averages. For each one a PCE was computed using the (hybrid) LAR algorithm, and
afterwards the Sobol’ indices were obtained from post-processing of the coefficients
of said PCE.

The results obtained can help hydrologists start the calibration process while ap-
propriately considering the importance of all the model parameters.

Keywords: Uncertainty Quantification; Rainfall-runoff models; Polynomial Chaos
Expansions; Surrogate modeling; Sensitivity Analysis
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1 Introduction

In this section an overview of the development of hydrological rainfall-runoff (R-R) mod-

els is first presented, up until the starting point of this thesis. Afterwards, a very brief

description of the uncertainty quantification software is given, followed by the outline of

the thesis.

1.1 Rainfall-runoff models

Computational models are extensively used in hydrology to predict various relevant pro-

cesses. Some examples are models for stochastic rainfall (or more in general, weather)

generation, general circulation models (GCM) and R-R models. This last type of model is

going to be the focus of the application presented in this thesis.

Due in part to the limited availability of computational resources, as well as a lesser

understanding of the hydrological processes to be analyzed, R-R models were initially

designed as conceptual, meaning based on theoretical considerations. The calibration

of these models involves a large amount of data and curve fitting, with results not al-

ways easy to interpret. The development then continued towards the direction of empir-

ical models. These too require a high amount of data for their calibration, and depend

on mathematical expressions valid only for the catchment under observation. Physically

based models provide, through solving of differential equations for the continuity of mass

and momentum, the most accurate results. These models do not require such a labori-

ous calibration process since they depend on parameters which have a direct physical

interpretation. The spatial representation of the catchment to be investigated went from

purely lumped models, to semi-distributed and finally to fully distributed models. In

this case as well, the evolution was also allowed by an increase in computational power

(Paschalis et al., 2014; Ciarapica and Todini, 2002; Devia et al., 2015).

For the case of fully distributed physically based models, an application on a large

catchment, although feasible, can still be computationally very demanding due to com-

plex interactions between the various hydrological processes. To circumvent this issue

while still keeping the advantages of these kind of models, Todini (1988) suggested to

integrate equations in space to obtain a scale-independent representation only based on

a limited number of physically interpretable parameters.

The TOPKAPI model is the result of this approach: a model which is parsimonious in

its parameters, and therefore in its calibration, and which does not lose physical meaning

across spatial scales (Ciarapica and Todini, 2002). It is based on the knowledge and

expertise mainly obtained from two earlier models: the ARNO model (Todini, 1996)

and the TOPMODEL (Beven and Kirkby, 1979). A substantial improvement is given by

the TOPKAPI-ETH (TE) model (Paschalis et al., 2014; Fatichi et al., 2015), used in this

project.

Among the fields of application are land use and climate change assessment, extreme

flood analysis as well as the possibility of integration with general circulation models (Liu
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and Todini, 2002). Thanks to its physically based nature, it is also possible to use it in

ungauged catchments.

The process of calibration involves perturbation of the model parameters within an

expert-defined space, to minimize the difference between observed and simulated catch-

ment outlet discharge values, or in other words, to maximize indicators such as the Cor-

relation Coefficient R2 or the Nash-Sutcliffe Efficiency Coefficient NSE (Paschalis et al.,

2014).

Though parsimonious in its formulation, the model still remains very complex, and

affected by a high amount of uncertainty. Since the model parameters have a direct inter-

pretation in the physical catchment characteristics, they could theoretically be measured

through fieldwork. However, this is not always the case in practice, in that some of the

parameters represent physical processes either very hard to measure, or highly heteroge-

neous. This makes the calibration process unavoidable even for this kind of model (Liu

and Todini, 2002). A more complete overview of the uncertainties within a hydrological

model can be found in 2.5.

To aid in the calibration process and to therefore obtain reliable results from TOPKAPI-

ETH, it is helpful to quantify the relevance of its model parameters. This is where sensi-

tivity analysis techniques can be used.

Sensitivity analysis techniques can be divided into two main categories: local and

global methods. Local sensitivity analysis can be seen as determining the impact of the

input variables around a specific value. The gradient of the model response is therefore

computed. Global sensitivity analysis methods quantify the impact of the uncertainty

in the input variables, or combinations thereof, on the output variability. Sobol’ indices

belong to the global methods (Sobol, 1993; Gratiet et al., 2016).

1.2 UQLab

Aside from the TE model, the other software that will be employed during the project

is UQLab (Marelli and Sudret, 2014). This is a MATLAB toolbox developed by the Chair

of Risk, Safety and Uncertainty Quantification at ETH Zürich. The software finds its

theoretical foundation in the uncertainty framework introduced by Sudret (2007). This

states that any uncertainty quantification problem may be decomposed as follows:

• Step A: Definition of the computational model

• Step B: Identification and quantification of the sources of uncertainty in the system

• Step C: Propagation of uncertainty through the system

• Step C’ (optional): Sensitivity analysis

Within the software is UQLink (Moustapha et al., 2019), which allows to connect to

the TE model, as well as the modules to surrogate the TE results using polynomial chaos

expansions (PCE) (Marelli and Sudret, 2019), and to perform sensitivity analysis (Marelli

et al., 2019).
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1.3 Outline

The TE model is described in more detail in Section 2. This includes the input to the

model, the input to the uncertainty quantification framework, as well as the chosen out-

put quantities of interest. Afterwards, in Sections 3 and 4, is the explanation of polyno-

mial chaos expansions and sensitivity analysis. The setup used to obtain the results, from

running the TE model up to the Sobol’ analysis, is described in Section 5. The results

are presented in Section 6, then discussed and interpreted in Section 7. This section also

includes suggestions for further research on the topic.
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2 TOPKAPI-ETH

As briefly mentioned in 1.1, the data is obtained with the TE model. A more detailed

description is given in this section.

In the model’s fully distributed version, the catchment’s area is divided into a grid of

cells, or computational elements, over which the differential equations are integrated.

The basin chosen for this thesis is the Kleine Emme, an alpine catchment located in

central Switzerland. Its total area amounts to approximately 477 km2, which for a chosen

grid cell size of 100m x 100m, results in 47, 707 computational elements. The elevation

ranges from 430 and 2300 m a.s.l. (Peleg, Skinner, Fatichi, and Molnar, Peleg et al.), with

a mean value of 1, 047 m a.s.l.. The mean annual precipitation is 1, 650 mm, and the mean

slope of approximately 16°. The catchment is characterized by a high space-time variabil-

ity of rainfall, is glacier-free and does not show any anthropogenic disturbances such as

irrigation withdrawals or hydropower use. Furthermore, data records for both rainfall

and streamflow are available. Three raingauges and weather radar coverage (both from

MeteoSwiss) provide the necessary meteorological data (Paschalis et al., 2014).

The chosen time span is 1.1.2000-31.12.2002. Historical data for the catchment out-

let discharge shows how this time span does not include any flood event with an ex-

tremely high return period, such as the one from 2005. The data also indicates a yearly

flood event towards the month of July. Additionally, for the chosen time span, an event

larger than the yearly flood occurred towards the summer of 2002.

In the following a more in-depth look at the model used is given. In particular, it is

possible to distinguish three main different stages: the input to the model, the model

itself, as well as the outputs it produces.

2.1 Hydrological input

First is the input representing the climate forcing, in this case made of temporal data

for precipitation, air temperature and cloud cover transmissivity for the selected time

span. In the context of this project, the entire hydrological input is provided by ground

observations.

Also characteristic of both catchment and time span are the initial conditions

2.1.1 Climate forcing

The time series for precipitation can either come from observations, or from stochastic

models. If observations are used, such as in this project, a possible source can be mea-

surement stations from the MeteoSwiss network, weather radars, whereas if simulated

data is chosen, a wide array of models is available, such as the STREAP model (Paschalis

et al., 2013), cluster models or random cascade models.

The air temperature values can be provided by measurement stations (like MeteoSwiss).

In order to obtain spatially distributed data, interpolation techniques such as Thiessen
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polygons can be employed (Burlando, 2017).

The cloud cover transmissivity was derived from the hourly sunshine duration mea-

surements following the empirical relation proposed by Kasten and Czeplak (1980).

2.1.2 Initial state

The initial conditions were set by running a simulation for an earlier time span finish-

ing just before the very beginning of the one chosen for this project. The state of the

simulation at that time, in this case December 31th, 1999, will yield all the necessary

information for the successive three years.

Of particular importance are the saturation volume in both the upper and the lower

soil layers, and the amount of snow cover.

2.2 Hydrological model

As its main assumptions, TOPKAPI-ETH represents the channel flow, the surface flow

and the subsurface flow using the kinematic wave approximation, resulting in three non-

linear reservoirs (Paschalis et al., 2014). For each cell, or computational element, the

partial differential equations for the continuity of mass and momentum are approximated

through the use of the equations described in 2.3.1. These equations are solved analyti-

cally, as shown in Liu and Todini (2002).

The flow paths are computed from the Digital Terrain Model, starting from the so-

called source cells and continuing along the downstream cells following the principle of

minimum energy. Every active cell moves within a reduced 3 × 3 window along a tree-

shaped network, receiving upstream contributions from up to three cells connected along

the edges and being connected with one downstream cell. The source cells are those

without any upstream contribution (Ciarapica and Todini, 2002).

From all the available model parameters, it was decided in the context of this thesis to

only modify 21. These are scalar values constituting the uncertainty quantification (UQ)

input, and influencing 31 variables (see Table 1, note that ETCF refers to evapotranspi-

ration crop factor). The values given to these parameters follow a uniform distribution

with ranges a and b, resulting in the notation xk ∼ U(a, b), with xk as either pi or mj . For

a more detailed description of how to generate the parameter samples, see 5.1.

Each set of parameters results in a slightly different characterization of the catchment,

and therefore in a different model output.

In order to consider the spatially varying character of the catchment properties, dif-

ferent values must be assigned to different grid cells. However, because of the fine res-

olution, this would be simply unfeasible as the total amount of information required for

all grid cells would soon be too demanding (except for small catchments or coarse reso-

lutions). It is possible however, to identify areas in the catchment having similar charac-

teristics. This results in grid cell IDs for each of the three variable categories: soil, surface

and snow. Each variable will have as many entries as IDs for its respective category. For
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the soil and surface variables, this produces row vectors, whereas for the snow variables

only scalar values (meaning variables valid over the entire catchment). The values of

the variables at this stage are then multiplied with the parameter samples to obtain the

variables final values, which are written in the files containing the model variables to be

changed. The procedure to generate these files according to the different realizations of

the parameter set will be explained in 2.4.

The uniform distribution allows one to investigate what effect values different from

the initial ones have on the results, while at the same time keeping the values in the

entire range equally likely. The boundaries of these ranges were chosen based on expert

knowledge.

Note that the parameters can each influence one to two variables, and that each one

multiplies the respective entire affected variable(s). The changes therefore always affect

the entire grid.

2.3 Output

For each of the chosen outputs, a description of the corresponding physical processes

implemented in TOPKAPI-ETH is given below. Although the model offers more accurate

settings for some of the outputs, it was concluded to avoid using them, since beside there

not being a significant difference between the results with and without the more accurate

settings, a higher precision was beyond the project scope.

2.3.1 Catchment outlet hourly discharge peaks

There is a number of reasons why flood events must be considered. For example, it is

important to make sure that boundary conditions such as culverts, dikes or bridges are

not violated, i.e. that the peak discharge does not exceed a specified design value. In case

hydropower production is present on the catchment, a flood event is usually accompanied

by a very high amount of sediments, which significantly damages the turbines.

The discharge at the catchment outlet collects the water from the three components

mentioned in 2.2.

The subsurface component is a Darcy-based expression which substitutes the full

Richard’s equation, an assumption justified by the chosen grid cell size (Benning, 1995;

Ciarapica and Todini, 2002), whereas the overland and channel flow stem from the

Manning-Strickler formula. Using the subscripts s and o for subsurface flow and over-

land and channel flow respectively, the equations for the specific discharge (discharge

per meter width in m2 s−1) can be defined as follows:

qs = Depth ·Ks · sExp (1)

qo =
1

MannSurf
· tan(β)

1
2 · h

5
3
o (2)
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Table 1: Input parameters

Parameter name Prob. Input Meaning Variables affected

Soil

p1 U(0.2, 4) Depth of Soil Layers Depth and Depthlow

p2 U(0.3, 3) Theta
Theta s, Theta slow,

Theta r and Theta rlow

p3 U(0.3, 3) Permeability
Ksh,Ksv,

Kshlow and Ksvlow

p5 U(0.3, 3) Percolation Parameter
Exph,Expv,

Exphlow and Expvlow

Snow

p6 U(0.5, 2) Shortwave Radiation SRF

p7 U(0.5, 2) Temperature Factor TF

p8 U(0, 4) Threshold Air Temperature PrecSF

p9 U(−1, 4) Threshold Snow Melt Tt Snow

Surface

p4 U(0.2, 4) Surface Roughness (Manning) MannSurf

m1 U(0, 5) ETCF January Jan ETCF

m2 U(0, 5) ETCF February Feb ETCF

m3 U(0, 5) ETCF March Mar ETCF

m4 U(0, 5) ETCF April Apr ETCF

m5 U(0, 5) ETCF May May ETCF

m6 U(0, 5) ETCF June Jun ETCF

m7 U(0, 5) ETCF July Jul ETCF

m8 U(0, 5) ETCF August Aug ETCF

m9 U(0, 5) ETCF September Sep ETCF

m10 U(0, 5) ETCF October Oct ETCF

m11 U(0, 5) ETCF November Nov ETCF

m12 U(0, 5) ETCF December Dec ETCF

where Eq. 1 refers to the specific discharge in both soil layers, horizontally and verti-

cally. In this equation, Depth is the soil thickness (in m), Ks the hydraulic conductivity at

saturation (in m s−1), s the soil moisture (in the [0, 1] range) and Exp is the percolation

parameter (dimensionless). In Eq. 2, MannSurf is the Manning surface roughness (in

m−
1
3 s), β is the slope angle and ho the water depth over the soil surface (in m).
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From this quantity, it was chosen to consider the extreme values, i.e. the flood events.

A number of peak discharges was first selected in a TE standard run, meaning using a set

of parameters chosen within the input space, and representative for it. These same events

were then identified in each of the other TE runs (the ones with different values of the

model parameters). Due to the short time span of the simulation, methods such as the

annual maximum flood are not particularly suited. Instead, the sampling technique for

the peaks over threshold (POT) method was employed (Lang et al., 1999). This allowed

to obtain a longer data series, made of a number of independent flood events.

The POT method specifies a number of criteria to facilitate the choice of a reason-

able threshold. For this catchment however, it is known through expert knowledge that

the 6 largest events take place during the summer. Adding another event (in this case

happening in early spring) provides a seasonal perspective to the analysis. This results

in a threshold of 165 m3/s, or 1.24 mm/h. These units of measurement refer to the dis-

charge collected at the catchment outlet and distributed over the entire catchment area

respectively.

The procedure first starts by finding all the peaks above the threshold in the TE stan-

dard run. The peaks found are then checked for independence. To do this, Lang et al.

(1999) specifies two conditions:

θ > 5 days + ln(Asqmi) (3)

Xmin < (3/4)min[Q1, Q2] (4)

where θ indicates the number of days between the two peaks, Asqmi the catchment

area in square miles, Xmin the minimum discharge between the peaks, and Q1 and Q2

the two peak discharges.

Should one or both conditions not be satisfied, the peaks belong to the same flood

event.

It must be mentioned that Lang et al. (1999) applied these criteria to the discharge

on the daily scale, whereas here they refer to hourly values. However, the application to

daily values yielded the same results.

Since the initial search for peaks follows the time span (the peaks found are already

sorted according to time), a possible issue can arise where an independent peak is found

in a secundary peak within the flood event, i.e. too early. Because of this, it is necessary

to make sure that the independent peak is actually the maximum value within the event.

Therefore, after finding an independent peak and comparing it to the next candidate

peak, the following condition can be formulated: should the candidate peak violate Eq.

3 but be within a reasonable time distance (chosen for this project as 2 days) and at the

same time be bigger than the independent peak, then this candidate peak becomes the

new independent peak. This ensures that the flood event is climbed to the very top while

still keeping the same number of independent peaks.
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The independent peaks found in the standard run occur at the times shown in Table

2.

Table 2: Peak times in standard TE run

Peak 1 2 3 4 5 6 7

Time 6 Aug ’00 21 Mar ’01 15 Jul ’01 9 Sep ’01 7 Jun ’02 15 Jul ’02 11 Aug ’02

At this point, the times at which the independent realizations occur are recorded, and

intervals of fixed length are built around them. The duration of each interval is fixed at

the minimum duration of an independent flood event as given in Eq. 3. For a catchment

area of around 477 square kilometers, this amounts to 10 days.

Each TE run is then searched in all of these intervals to identify the corresponding

flood event, where every time the peak discharge, as well as its volume are computed.

The magnitude of a peak is intuitively given by the maximum value in the interval.

To compute the volume, the time series is integrated over the respective interval.

2.3.2 Catchment outlet 7-day low flows

The daily discharge can be computed through aggregation of the hourly discharge. The

aggregation can be done as shown below:

Qd =
1

24

23∑
i=0

Qh (5)

From this time series, the 7-day low flow is observed. This quantity describes the

lowest mean daily discharge in a 7-day period. It defines the flow conditions during dry

weather, the availability of habitats along the river network, the irrigation during the

warm season, and in case of hydropower production, it regulates the environmental flow

release.

In each TE run both the summer and winter 7-day low flows are going to be computed,

as they are the result of different physical processes. The centers of the 7-day intervals

during which the low flows are taking place are given in Table 3.

Table 3: 7-day low flow times in standard TE run

7-day low flow summer winter

Time 26 Aug ’01 25 Dec ’01

The intervals in which to search for these low flows in the TE runs last 30 days, and

are centered around the times in Table 3.
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2.3.3 Snow cover

As one of the sources of water to both discharge and evapotranspiration, the snow cover

is computed from the results of the enhanced temperature-index (ETI) model (Pellicciotti

et al., 2005; Rimkus, 2013). At the grid cell scale, the amount of snow is obtained through

a mass balance involving solid precipitation, snow melt (with the aforementioned ETI

model) and gravitational snow redistribution from an upstream cell.

For each grid cell, the snow melt M (in mm h−1) is obtained from the following

equation:

M =

{
TF · T (t) + SRF ·R↓(t) · (1− α) T (t) ≥ Tt Snow
0 T (t) < Tt Snow

(6)

with TF as the temperature factor (in mm h−1 °C−1), T as the air temperature (in

°C), SRF as the shortwave radiation (in m2 mm W−1 h−1), R↓ as the global irradiance

(in W−1 m−2), αi as the snow or ice albedo (dimensionless) and Tt as the threshold

temperature for the onset of snow melt (in °C).

From this time series, the mean value of each TE run is taken, resulting in the average

snow cover. Thanks to this quantity it is possible to determine which parameters control

the snow cover variability.

Since the model returns the number of snow covered grid cells at any given time

during the simulation, it is first necessary to divide the values by the total amount of grid

cells in the catchment, so as to compute the mean of a time series ranging from 0 to 1.

2.3.4 Total actual evapotranspiration

Evapotranspiration is one of the main components of the hydrological budget as it plays

a key role in the soil moisture volume during the warm season. It is composed of two

processes, evaporation and transpiration. Assuming an infinite supply of water, it is possi-

ble through the Penman-Monteith equation to compute the potential evapotranspiration

(Allen et al., 1998; Monteith, 1965). This approach represents the combination of the

energy and mass transfer methods (Burlando and Fatichi, 2018).

A simplified version of the Penman-Monteith equation, and also one implemented in

the TE model, is given by the Priestley-Taylor equation (Priestley and Taylor, 1972). To

obtain this, the model offers two approaches after Makkink (see below).

Another correction can be made to account for the different land-uses on the catch-

ment. This is done by using the crop factors from 2.2:

ET = ETCF · ETP (7)

where ETP is the potential (meaning not limited by the water supply in the soil)

evapotranspiration calculated for a reference crop (often grass). The two approaches

after Makkink read as follows (Rimkus, 2013; Jacobs and De Bruin, 1998):
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Makkink (A):

ETP = ETCF · s

s+ γ
·
(
c1 · IG↓
L

+ c2

)
(8)

where s is the slope of the saturation water vapour-temperature curve at air temper-

ature, γ is the psychrometric constant, IG↓ is the global irradiance in W m−2, L is the

specific heat of vaporization in W m−2 d mm−1, and c1 and c2 are empirical constants.

A simplification of this expression is given in the next approach.

Makkink (B):

ETP = ETCF · s

s+ γ
·
c1 · IG↓
L

+ c2 (9)

To quantify the impact these factors have on the process, the data is separated into 12

time series per TE run, each containing the evapotranspiration values for the respective

month throughout the time span. The time series are then averaged to obtain the monthly

means of the evapotranspiration.

It is also important to find out which parameters control the overall variability of

the process other than the monthly crop factors. Since evapotranspiration only shows

significant values during the warmer months of the year, the average of the months from

April to September is going to be analyzed.

This quantity is computed through averaging of the monthly means described above

for the aforementioned range.

2.3.5 Further available outputs

Although not the focus of this thesis, the model can also return spatial outputs in the

form of maps. These can describe quantities such as the total actual evapotranspiration,

the snowmelt or the channel discharge. Other outputs can also be additional time series,

for example the infiltration, the heights of the snowpack and of the channel flow, or the

albedo.

Furthermore, aside from the time series showing variables aggregated over the entire

catchment, it is also possible to save the time series (in the very same representation as

in the main output file, but with a different name) at up to 500 grid cells. This allows e.g.

to check for local issues (localized scarcity in water supply, despite not being problematic

at the catchment scale).

2.4 Running the model

In order to execute properly, the model needs a certain amount of information. Among

them are the following:

• The executable file (to be run on Linux): topkapi

• The catchment specific files (named after the catchment itself)
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– The configuration file: KEMME.tpk

– The spatially distributed catchment properties: KEMME.tes and KEMME.cel

– The Digital Terrain Model (DTM): KEMME.dem

• The file allowing to recognize on which catchment to run the simulation: fiume.txt

• The time series for precipitation, air temperature and cloud cover transmissivity:

files in .csv and .csv.xyz format for each quantity

• The initial state file: 199912310000.stt

The three time series listed above represent the hydrological input to the TE model

described in 2.1.1, and are given as fixed for all the simulations, along with the rest of the

files in the list. However, each simulation is run with a different set of model parameters

according to Table 1, which in turn represent the input to the uncertainty quantification

framework.

The model can be run on any Linux machine. For this project, the remote cluster Euler

was used, with each simulation requiring one core to compute. Despite this, certain limi-

tations regarding how much RAM and scratch space each core can use make it necessary

(for this study) to specify the resource requirements needed for each job. More precisely,

4 GB of both RAM and local scratch space are requested.

In order to run simulations with different parameter values as described in 2.2, the

following can be added to the actual execution line, which also allows to change the

output location as well as the initial state:

./topkapi -I=CalibrationDirectory/Calibration.tpk -L=OutputDirectory/

-o=OutputDirectory/ -s=199912310000.stt.

with ./topkapi as the Linux executable, and Calibration.tpk as the file containing the

model variables to be changed. This procedure could theoretically be extended to any of

the variables present in KEMME.tpk. In case no Calibration.tpk file is provided, the

variables values are taken from the configuration file.

2.5 Uncertainties in hydrology

In the case of a hydrological model, uncertainties are due to a wide range of causes,

located both in the model, and in the input to it (Burlando, 2017).

Possible sources of uncertainty in the input are due to:

• Lack of data

• Climate variability

• Spatial variability of meteorological forcing

• Measurement errors
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On the other hand, model uncertainties can be the result of:

• Poor knowledge of the physical system

• Spatial heterogeneities and anisotropies

• Model approximations

• Model parameters

The result is a model output that is also uncertain. Since it was chosen for this project

to fix the meteorological input data, the focus is directed towards the uncertainties due

to the model parameters.
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3 Polynomial chaos expansions

When dealing with a costly computational model such as the TE model, the quantifica-

tion of the uncertainties in its parameters can require a high amount of evaluations. To

circumvent this issue the use of surrogate modeling techniques such as polynomial chaos

expansions can prove to be advantageous.

3.1 General definition and polynomial basis

Defining the PCE of a finite variance computational model can be done with the following

expression:

Y =M(X) =
∑
α∈NM

yα ·Ψα(X) (10)

where X ∈ RM is the input random vector, M the number of input variables, and

Ψα(X) the matrix of multivariate polynomials, defined as the tensor product of the

univariate polynomials:

Ψα(x)
def
=

M∏
i=1

ψ(i)
αi

(xi) (11)

The polynomials must be orthogonal with respect to the input probability distribution:

〈ψ(i)
j (xi), ψ

(i)
k (xi)〉

def
=

∫
DXi

ψ
(i)
j (xi)× ψ(i)

k (xi)fXi(xi)dxi = δjk (12)

where:

fXi = marginal probability density functions

δjk =

{
1 j = k

0 j 6= k

For the case of uniformly distributed variables, this results in Legendre polynomials

(Xiu and Karniadakis, 2002). A table showing the polynomial basis of each distribution

can be found in Marelli and Sudret (2019).

The other terms in Eq. 10 are the coefficients yα, These are used to characterize the

surrogate so as to resemble the model response, and will be explained in 3.2.

3.1.1 Truncation

The general definition of a PCE given in Eq. 10 leads to an infinite series. A property

is that this series will converge to the true output. However, for practical applications it

must be truncated to a manageable form. To do this several schemes are available. One
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of the most common is the total degree truncation scheme, where all PCE terms having a

total polynomial degree not exceeding p are considered:

AM,p = {α ∈ NM : |α|≤ p} (13)

with:

cardAM,p ≡ P =

(
M + p

p

)
(14)

Due to considering every interaction between the input variables, this scheme often

results in a large amount of PCE terms. Furthermore, not all PCE terms contribute in the

same way to the accuracy of the surrogate, with low order interactions often as the most

significant.

To solve this problem while still considering the most important terms, several schemes

have been proposed. Among them are the maximum interaction and the hyperbolic trun-

cation schemes.

Chosen for this project is the hyperbolic truncation scheme, which through the use

of the q-norm discourages the PCE basis from retaining high-degree terms in high order

interactions.

In practice, the basis can be built with the following expression:

AM,p,q = {α ∈ AM,p :‖α‖q ≤ p} (15)

with:

‖α‖q =

( M∑
i=1

αqi

)1/q

(16)

q ∈ (0, 1]

This can be combined with the maximum interaction scheme to further reduce the

basis. This scheme sets a maximum number r of non-zero entries in the multi-indices

comprising the basis:

AM,p,r = {α ∈ AM,p :‖α‖0 ≤ r} (17)

with:

‖α‖0 =

M∑
i=1

1{αi>0} (18)

3.2 PCE Coefficients - Ordinary least-squares regression

The PCE coefficients can be computed through numerous techniques. Two non-intrusive

and commonly used methods are projection and ordinary least-squares regression (OLS).

In the case of OLS, the coefficients are found by representing the output as the sum of
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the truncated PCE and a residual.

Y =
∑
α∈A

yα ·Ψα(X) + εP (19)

Using a N ×M sample X (also called experimental design (ED)) of the input random

vector, as well as the corresponding N model realizations Y, a best-fit estimate of the

coefficients is found so as to minimize that residual. This can be done with the following

equation:

ŷ = (ATA)−1ATY (20)

where A corresponds to the evaluations of the polynomials at the ED points, and Y =

{y(1), ..., y(N)}T the model realizations on the input X = {x(1), ...,x(N)}T.

In order to ensure sufficient stability, the size of the ED is often chosen between two

to three times the amount of coefficients to be estimated.

The sampling method used to generate the ED has a direct influence on the PCE co-

efficients, and can be chosen among several alternatives, such as Monte Carlo sampling

(MCS), latin hypercube sampling (LHS), Sobol’ or Halton Sequence. For this project, LHS

was chosen (McKay et al., 1979), since it is both random and space-filling. To guaran-

tee the optimality of the sample, the method is repeated a number of times, with the

realization having the maximal minimal distance between any two points being chosen

(Fajraoui et al., 2017).

In the context of this project, least squares regression will be used together with the

LAR algorithm (see 3.4.1).

3.3 Leave-one-out cross-validation error

To quantify the accuracy and predictive ability of a surrogate model, one commonly used

criterion is the generalization error. For the input random vector X and the model re-

sponse Y , its definition reads:

egen = E
[
(M(X)− M̂(X))2

]
/Var[Y ] (21)

If no validation set is available, one way to estimate egen is through the leave-one-out

cross-validation error eLOO:

eLOO =

∑N
i=1(M(xi)− M̂\i(xi))2∑N

i=1(M(xi)− µ̂Y)2
(22)

where xi ∈ X .

According to the above formula, a metamodel M̂\i is built on an experimental design

missing one point, and a comparison is made between the observed value and the pre-

dicted value for that same point. The procedure is then repeated for each point in the

ED.
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However, if the PCE is built using OLS, the estimation considerably simplifies, as the

calculation of N metamodels can be avoided entirely (Marelli and Sudret, 2019):

eLOO =

N∑
i=1

(
M(xi)− M̂(xi)

1− hi

)2/ N∑
i=1

(M(xi)− µ̂Y)2 (23)

with h as the column vector given by:

h = diag
(
A(ATA)−1AT) (24)

where A refers to the same matrix from Eq. 20.

The UQLab software offers a correction to this error measure to make sure it does not

get underestimated. Such a situation can occur especially for the case of small experi-

mental designs. According to Marelli and Sudret (2019), the correction has the following

form:

e∗LOO = eLOOT (P,N) (25)

where P indicates the number of regressors with non-zero coefficient, which increases

the correction factor, andN the size of the experimental design. For a largeN , T (P,N)→
1.

3.4 Least angle regression

Although truncation schemes such as the one chosen and described in 3.1.1 tend to favour

sparsity compared to the standard truncation scheme, it is possible to further reduce the

basis. Two main categories of algorithms in the PCE context are basis-adaptive PCE

and sparse PCE. In the first strategy, starting from a small initial basis, elements are

gradually added until the corresponding PCE meets the required generalization error.

On the other hand, sparse PCE selects to have non-zero coefficients only a few basis

elements causing the greatest impact on the model response. The properties of both the

strategies described above can be combined into a single method. One example is the

least angle regression (LAR) algorithm (Blatman and Sudret, 2011)(Marelli and Sudret,

2019), where regressors are moved iteratively from a candidate set to an active set based

on their correlation with the residual. The algorithm reads as follows:

0. Initialize:

– yα = 0 with α ∈ AM,p,q

– Active and candidate sets as ∅ and Ψα respectively

– Residual r0 = Y

1. Move all coefficients in the current active set towards their least-square value until

their regressors are as correlated with the current residual as another regressor Ψαj

in the candidate set
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2. Update coefficients and residual and calculate the leave-one-out error for the cur-

rent iteration ejLOO

3. Move Ψαj from the candidate to the active set

Steps 1 to 3 are repeated until the active set reaches the size m = min(P,N − 1), or

using the early-stop criterion if eLOO has increased several times in a row, then the basis

resulting in the PCE with the lowest leave-one-out error is selected.

Including basis-adaptivity into this algorithm, it is possible to repeat the steps above

for all polynomial degrees p = 1, ..., pmax. The candidate set of basis elements, is given by

the chosen truncation scheme(s). The algorithm stops at the degree resulting in a sparse

PCE whose eLOO increases several times in subsequent interations.

3.4.1 Hybrid LAR

Because the LAR algorithm is defined on non-constant regressors only, the leave-one-out

error cannot be calculated as in Eq. 23 (see Eq. 22 instead). This issue can be solved by

adding the constant regressor to the current active basis after each LAR iteration. In this

case, the basis elements are selected using standard LAR, whereas coefficients and eLOO

are computed with OLS.

3.5 PCE Moments

The mean value and the variance of a PCE can be calculated directly from its coefficients,

using the following equations:

µ̂ = ŷ0 (26)

σ̂2 =
∑
α∈A
α 6=0

ŷ2α (27)

3.6 Elementary effects

To see the contribution a single input variable is giving to the model response, its elemen-

tary effect can be observed. For each input variable, this is the sum of those univariate

PCE terms which only involve this variable. In cases of models without significant inter-

actions, the elementary effects allow to obtain a close representation of how each input

influences the output.

For each input variable, the corresponding elementary effect EEi, with i = 1, . . . ,M ,

can be obtained as follows:

AM,p,i = {α ∈ AM,p : αj = 0, j = 1, . . . ,M, j 6= i} (28)
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EEi =
∑

α∈AM,p,i

yα ·Ψα(X) (29)

The truncation scheme AM,p,i is defined for each input variable, and only considers

elements of α referring to the input variable for which the elementary effect is to be

computed.

3.7 Bootstrap PCE

Local error estimates for a PCE can be obtained using bootstrap resampling. A number of

replications B of the experimental design are generated through resampling with substi-

tution, as described in Marelli and Sudret (2019). For each of these replication a PCE is

computed, to eventually obtain the desired error estimate.

Should the computation of B PCEs be time consuming, UQLab offers the possibility

to use a sparse basis obtained on the original experimental design X , and only compute

the PCE coefficients for each bootstrap replication. This is also the UQLab default option

when using bootstrap PCE.
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4 Sensitivity analysis

To find out how much the input variables (in this case the TE model parameters) influence

the variability of the response, sensitivity analysis can be performed. Several ways to do

that are present in the literature. For this project it was decided to use the variance

decomposition with subsequent computation of the Sobol’ indices.

In this technique, the share of the output’s total variance due to the uncertainty in

the single input variables is represented by the first-order indices, whereas higher-order

indices indicate how much of the output variance is due to interactions between the

variables.

This section gives a brief overview of the model and variance decomposition as well

as of the PCE-based approach to compute the Sobol’ indices originally proposed by Sudret

(2008).

4.1 Hoeffding-Sobol’ decomposition

4.1.1 Model decomposition

By using the Hoeffding-Sobol’ decomposition, it is possible to divide a computational

model into summands of increasing dimension. A model with M input parameters is

defined:

Y =M(X) (30)

To simplify, it is assumed that:

Xi ∼ U(0, 1), i = 1, . . . ,M (31)

The Sobol’ decomposition is carried out as follows:

M(x1 . . . xM ) =M0 +

M∑
i=1

Mi(xi) +
∑

1≤i<j≤M
Mij(xi, xj) + . . .+M12...M (x1, . . . , xM )

(32)

In the above equation the term M0 is the mean of M(X), whereas the summands

represent every possible contribution given by the input variables to the model response

and are orthogonal to each other. The integrals of these summands with respect to their

variables, a subset i1, . . . , is of all the input variables, vanish, leading to terms with zero

mean:

∫ 1

0
Mi1...is(xi1 , . . . , xis)dxk = 0 (33)

for all k ∈ i1, ..., is (34)
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It is shown in Sudret (2008) how the decomposition in Eq. 32 is unique, provided

M(X) is square-integrable on DX .

4.1.2 Variance decomposition

The model decomposition can be applied to obtain an analogous expression for the vari-

ance of the model response.

By defining the total variance of Y as:

D =

∫
DX

M2(x)dx−M2
0 (35)

and thanks to Eq. 32 as well as to the orthogonality of the summands, it is possible

to decompose the total variance as follows:

D =
M∑
i=1

Di +
∑

1≤i<j≤M
Dij + . . .+D12...M (36)

It is also possible to define the partial variances using the following equation:

Di1...is =

∫
[0,1]s

M2
i1...is(xi1 , . . . , xis)dxi1 . . . dxis (37)

4.2 Sobol’ indices

The Sobol’ indices can be computed as the ratios of partial and total variances:

Si1...is =
Di1...is

D
(38)

For the case of single input variables, the first-order indices can be expressed as simply

as:

Si =
Di

D
(39)

The total contribution of an input variable to the output variance is given by the total

Sobol’ indices. These are computed through the sum of all the indices involving that

variable:

STi =
∑

{i1...is}⊃i

Si1...is (40)

Obtaining the relative importance of each input variable with respect to the model

response also allows to determine which variables can be considered as unimportant.

After running the Sobol’ analysis, this allows to fix those variables to deterministic values.

To obtain the values of the partial and total variances, various methods can be em-

ployed. One of them is to realize that a PCE is an approximation to the Hoeffding-Sobol

decomposition of a model in terms of polynomials.
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4.3 PCE-based estimation of Sobol’ indices

By expressing the total variance in terms of the PCE coefficients, the partial variances can

also be formulated using a similar notation as for the total variance:

σ(Mv(xv))2 =
∑
α∈Av
α 6=0

ŷ2α (41)

Where v denotes the index set of the PCE expansion terms depending only on the

subset of input variables xv.

v def
= {i1, . . . , ik} ⊂ {1, . . . ,M} (42)

From the ratio between Eqs. 41 and 27 it is possible to obtain the Sobol’ indices di-

rectly from post-processing of the PCE coefficients, allowing to obtain all indices basically

for free.

Since the first-order indices allocate a share of the total variance to each single model

parameter, their values will range from 0 to 1. The total indices will always be greater

than or equal to the first-order indices, since they also contain the interaction terms,

when any are present. These can be repeated among different total indices (interaction

between two parameters increases value of two total indices). The sums will therefore

be:

M∑
i=1

Si ≤ 1 ≤
M∑
i=1

STi (43)

4.3.1 Bootstrap-based Sobol’ indices confidence intervals

Through bootstrap resampling it is possible to obtain the 95%-confidence intervals of

the Sobol’ indices. To do this, the set of coefficients of each of the B bootstrap PCE

replications is used to compute the indices, resulting in B realizations of each index.

From this, the empirical quantiles can be calculated to obtain the confidence intervals.
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5 Workflow and setup of the numerical experiments

As mentioned in 2.4, the simulations are run on ETH’s high performance computing

cluster Euler. One of the many advantages this choice offers is the possibility to run

parallel computations. This section gives a general overview of how it is possible to

connect the TE model to MATLAB using UQLink, and how the results in Section 6 are

obtained. This also includes the settings of both the PCEs and the Sobol’ analysis. A

graphical representation of the procedure is given in the following scheme:

Figure 1: Setup of SA study using the computing cluster Euler and several specialized
UQLab modules

As Fig. 1 shows, each step of the setup happens within a UQLab session. In case the

default dispatcher is used, the main MATLAB script can be run directly from the local

workstation. Else, it is necessary to manually connect to the cluster. Thanks to the Euler

batch system the MATLAB script must only be executed once, with all runs within the

same job.

Independently from how the cluster is reached, once there the input data consisting

of the different parameter sets is generated. At this point, the module UQLink takes care

of connecting to the third-party software, in this case TOPKAPI-ETH, and to dispatch the

requested model runs. To do this, it creates a text file with the input values at the start of

each run. The UQLink module also takes care of submitting the job and feeding the input

file to the third-party software. As soon as the job is completed the UQLink parser looks

for the specified output file and converts its content (more specifically only the content
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of interest to the user) in MATLAB-readable variables.

This sequence is carried out for all runs. In order to keep track of each run separately,

UQLink automatically appends a numeric counter at the end of the input file name, right

before the extension. In case the output file has the same name (with different file

extension) as the input file, the same counter will be appended. However, this is not

the case of the TE model, which produces a file named 1.catchment.ts. It is still possible

to assign a unique name to each of these files. This is done by copying and renaming them

in the same way as the input files (once again with different file extension). UQLink will

then append a counter on this renamed file.

Once all the simulations have run, it is possible to obtain the quantities of interest

from the model outputs. These quantities are the subject of the next two phases, starting

with the PCE module, where a polynomial chaos expansion is created for each quantity

of interest.

After the PCEs have been obtained, the computation of the Sobol’ indices can finally

be carried out. This is possible thanks to the Sensitivity Analysis module.

5.1 Creating the PCE

The PCEs are created for a total of 30 quantities of interest, with each one having the

same settings.

The initial basis is provided by the hyperbolic truncation and the maximum interac-

tion schemes, and is then reduced using the LAR algorithm. In the truncation schemes,

the q-norm was set at 0.7, whereas a maximum interaction of 2 was allowed. The max-

imum polynomial degree ranges from 2 to 7, thanks to the degree-adaptivity offered by

UQLab. For each quantity of interest, the selected degree is the one resulting in the

metamodel with the smallest e∗LOO. The amount of bootstrap replications was set at 500.

To check if the PCEs do in fact converge with an increase in the ED size, the original

LHS design is enriched with additional batches of points. The enrichments still follow

the LHS method, so that the result is a nested LHS experimental design. The size of

the initial LHS design and of each enrichment amounts to 5 times the number of PCE

dimensions. The PCE convergence is then checked by sequentially adding an enrichment

to the current ED.

It happened that due to some particular combination of the input parameters, the TE

model failed to produce an output. This was the case for 3 runs, which were omitted from

the ED. The final sizes of the experimental design steps are given in the array below:

NED = {105; 209; 314; 419; 524; 628; 733; 837; 942; 1, 047}

The results shown in the next section were obtained using the largest ED, consisting

of 1, 047 points, except for the convergence plots in Appendix C.

Since the discharge peaks and 7-day low flows, as well as the evapotranspiration

monthly averages show rather low values, the corresponding metamodels returned, to a
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varying extent, negative values for the lower end of the data set. Because the Sobol’ anal-

ysis is a SA method based on the variance of a quantity, small fluctuations into negative

values, although not physically valid, do not impact the quality of its results. This is also

the reason why possible solutions such as surrogating the logarithm of the data may lead

to inaccurate results: a metamodel built after the log-transform fits small values much

better than larger values, which affects the variance significantly. On the other hand, a

metamodel built on the actual data fits all values equally well.

In any case, since the PCEs are not used for prediction purposes, the validity of the

subsequent Sobol’ analysis is not impacted.

5.2 Computing Sobol’ indices

The Sobol’ indices are computed using the PCE-based approach discussed in 4.3 for each

of the quantities of interest. From each Sobol’ analysis the indices up to order 2 are

obtained, as well as the total indices. The maximum order was chosen based on the

limit given by the maximum interaction scheme. The confidence intervals are obtained

by evaluating 500 bootstrap replications.
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6 Results

6.1 Catchment outlet discharge

6.1.1 Hourly peaks

In order to give the analysis of the hourly discharge peaks described in 2.3.1 a seasonal

perspective, and since except for one event the peaks always take place during the sum-

mer, the spring peak as well as the maximum summer peak, where maximum refers to

the independent peak magnitudes in the standard TE run, were analyzed in more detail.

These are the peaks number 2 and 6 respectively. It must also be mentioned how peak 6

is much higher than the rest of the summer peaks, suggesting a flood event with a higher

return period.

Two quantities which can help characterizing the shape of a hydrograph are the peak

magnitude, as well as the peak volume. For this reason, these are also the quantities

shown in this peak analysis.

The following figures show the first-order indices and the difference to the total in-

dices for the peak magnitudes and volumes. For each parameter, this difference denotes

the importance of interaction terms involving that parameter. Also shown are the con-

fidence intervals for the first-order indices, as well as (for some of the quantities shown

here, refer to Appendix D for the rest) the elementary effects for the most relevant pa-

rameters. To be considered as relevant, a parameter must have a first-order index higher

than 0.07. This threshold is entirely subjective, and mainly chosen so as to include as

many indices as possible. Note that the value of this threshold is the same for all the

examined quantities (not just the hourly peaks).

Figure 2: First-order and total indices for the magnitude of hourly peak 2 (spring peak)

The first-order indices for the spring peak magnitude in Fig. 2 show a strong depen-

July 10, 2020 - 27 -



Uncertainty propagation and sensitivity analysis in hydrology

dence on p1, the depth of the soil layers, with approximately 75% of the total variance.

Another relevant parameter appears to be the saturated water content p2, although the

difference in importance remains evident. A small contribution to the total variance is

also given by both permeability and percolation.

The confidence intervals bounds for this peak magnitude are very narrow, indicating

the obtained indices are very close to the actual true values of the PCE approximation,

and the underlying PCE has essentially converged.

The second order contributions for this quantity are practically negligible.

(a) Elementary effect for p1 (b) Elementary effect for p2

Figure 3: Elementary effects for most relevant parameters of magnitude of hourly peak 2
(spring peak)

The elementary effects for the two most significant parameters are given in Fig. 3. It

can be observed how generally for both parameters the lowest values result in the highest

discharge magnitudes. For p1 a low value means a reduced capacity of the soil to hold

water, resulting in a faster saturation, and therefore in more water in the overland and

channel flow networks, which provokes a faster catchment response. A similar observa-

tion can be made for p2, although it must also be noted how for high values the discharge

has a minimum at p2 around 2, and then starts to slightly increase again.

From the summer peak results in Fig. 4 it can be seen how p1 and p2 are the most

relevant parameters for this peak as well, although in a slightly different proportion. A

very small contribution is also given by the July evapotranspiration crop factor m7, which

is reasonable given how peak 6 happens in that same month.

The confidence intervals bounds for the magnitude of this flood event are still quite

narrow, though wider than for peak 2.

The total indices for peak 6 indicate significant interaction terms involving parameters

p1 and p2, hinting at second order indices mostly involving these 2 parameters.

The elementary effects for p1 and p2 in Fig. 5 show a similar behavior as in Fig. 3,

indicating how despite the seasonality varies the proportion of the indices for these two

parameters, they remain the most relevant ones throughout the year.
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Figure 4: First-order and total indices for the magnitude of hourly peak 6 (summer peak)

(a) Elementary effect for p1 (b) Elementary effect for p2

Figure 5: Elementary effects for most relevant parameters of magnitude of hourly peak 6
(summer peak)

The first-order indices for the discharge volume on the spring peak in Fig. 6 show how,

unlike the magnitude for this same peak, there is not one key parameter explaining most

of the variance. Instead, 4 parameters are the most relevant, with a relative importance

ranging from 15% to 30% of the total variance, and with very narrow confidence intervals.

These 4 parameters include m3, which can once again be justified seeing how it concerns

the month in which the peak is taking place, as well as p1, p2 and p3. The threshold

temperature for precipitation state transition p8 also appears in the plot, although with

minor importance. However, this is plausible, given how the air temperature at the time

of the spring peak begins to rise again after the colder months. During the days preceding

the spring peak, the air temperature is still relatively low, possibly very similar to p8.
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Figure 6: First-order and total indices for the volume of hourly peak 2 (spring peak)

The volume total indices in Fig. 6 indicate mostly a p1p2 term, accounting for ap-

proximately 10% of the total variance, as well as less significant interactions of these two

parameters with p3 and p5.

Figure 7: First-order and total indices for the volume of hourly peak 6 (summer peak)

Looking at the summer peak (Fig. 7), aside from the usual p1 and p2, the percolation

p5 accounts for approximately 15% of the total variance, which was not seen in Fig. 6.

Another difference is the much heavier importance of the evapotranspiration crop factor

m7.

Higher order interactions for this quantity were found to be spread across several
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parameters, namely all those having non-zero first-order indices.

Figure 8: Stacked first-order indices for the magnitudes of the hourly peaks

Figure 9: Stacked first-order indices for the volumes of the hourly peaks

Next, the first-order indices for all seven peaks in the form of a stacked bar plot are

displayed, where different colors denote different model parameters. Fig. 8 confirms the

paramount role of p1 and p2, which for all the peaks, although in different proportions,

account combined to 80 − 90% of the output variability. The influence of these two

parameters is much more pronounced in peak 2 than in any other peak, making it quite

easy to recognize the spring flood event. What the figure also shows is the similarity

of peaks 1, 3 and 6. This is not surprising given the strong similarity in their timing
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within their respective year. Peak 7 also takes place at a similar timing, but shows slightly

different results. This could be due to the fact that peak 6, given the higher return period,

has altered the initial conditions in that a lot of water has already been discharged from

the catchment.

Comparing with the stacked first-order indices for the peak volumes displayed in Fig.

9, it is possible to notice how the percolation parameter p5 exhibits a rather low impor-

tance in the summer peak magnitudes, but represents a significant fraction of the total

variance for the summer peak volumes. At the same time, an almost opposite behav-

ior can be observed for the spring peak. This suggests a seasonal dependence for this

parameter.

The evapotranspiration crop factors in the peak volumes from Fig. 9 shows a pattern

where significant importance is given to the crop factor relative to the peak timing, along

with a small carryover from the previous month’s crop factor. The exceptions to this are

the spring peak, where only a dependence on the corresponding crop factor is identified,

and peak 1, where another proportion is observed. This could suggest how peak 1 is

actually part of the yearly July flood event, only having a delayed response.

The peak volumes in Fig. 9 also show how the contribution to the total variance of

the permeability is much more pronounced in the spring peak than in the summer peaks.

6.1.2 7-day low flows

Following are the bar plots for the 7-day low flow for both a summer and a winter period.

Figure 10: First-order and total indices for the summer 7-day low flow

In the first-order Sobol’ indices for the summer 7-day low flow shown in Fig. 10,

the two main parameters responsible for approximately 80% of the total variance are

the percolation p5 and the August evapotranspiration crop factor m8, the same month in
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which the low flow is taking place.

Though still at reasonably low width, the bounds of the confidence intervals are the

highest out of the quantities presented in this section. This quantity is also one that

exhibited a very slow convergence of the first-order indices, with little improvement after

the first few enrichments. For the convergence plots, see Appendix C.

Among the second-order indices, the most significant term represents the interaction

between the two main parameters p5 and m8.

(a) Elementary effect for p5 (b) Elementary effect for m8

Figure 11: Elementary effects for most relevant parameters of summer 7-day low flow

The summer 7-day low flow elementary effects show how for both parameters, low

values result in higher discharges. Low values of these parameters also provoke the most

drastic changes in the flow value.

Figure 12: First-order and total indices for the winter 7-day low flow

Fig. 12 illustrates quite clearly how the winter low flow is a result of different pro-
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cesses than the summer low flow. The three most important indices indicate soil param-

eters, whereas the evapotranspiration coefficients play a negligible role.

The reaction to the enrichments is also different than for the summer low flow, with

the final ED size resulting in narrower confidence intervals.

Second-order indices indicate mostly a p2p5 term, along with a few other less signifi-

cant interactions.

(a) Elementary effect for p1 (b) Elementary effect for p2

(c) Elementary effect for p5

Figure 13: Elementary effects for most relevant parameters of winter 7-day low flow

The plots of the elementary effects in Fig. 13 show an almost opposite behavior for p1

and p2 compared to Fig. 3, where low values resulted in higher discharges. In this case,

this 7-day low flow takes place during winter and during a period of low precipitation.

This means that the river network will be mostly fed by the subsurface component, which

makes for a discharge both slower and more spread-out over time. Lower values for p1

and p2 result in a higher influence of the subsurface flow component, and thus in lower

discharges. The percolation has a maximum at around 0.8.

The total indices show how significant interaction is present between almost all pa-

rameters. However, the most relevant interaction only concerns p2 and p5. In fact, the

total index for p1 contains smaller, less significant interactions, even though their sum
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may appear similar to the one for p2 and p5.

6.2 Average snow cover

Figure 14: First-order and total indices for the average snow cover

The average snow cover first-order indices in Fig. 14 show a dependency only on the

snow parameters, namely from p6 to p9. These are also the parameters of the ETI model

from 2.3.3. The reason for this could be that the snow cover dictates the availability

of water for the discharge, but not the other way around. In other words, even if a

parameter combination should provoke a high discharge volume during spring, it will

only do so up to a certain point if there is not enough snowmelt available. It is also

possible to see from the figure how almost all of the variance is explained by first-order

indices, and how much more pronounced the influence of the threshold temperature for

precipitation state transition p8 is with respect to the other snow parameters.

6.3 Evapotranspiration

6.3.1 Monthly averages

Below are the results for the monthly evapotranspiration averages. A more detailed view

is given for the February and June averages, so as to identify the most different seasonal

patterns.

The February evapotranspiration average in Fig. 15 is influenced mostly by the Febru-

ary crop factor. The percolation also plays a role, although much smaller. This is a

parameter that affects the flow of water through the soil, therefore influencing the water

supply for evapotranspiration. Some rather minor influence is also given by the snow
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Figure 15: First-order and total indices for the February evapotranspiration

parameters, indicating how the snow cover does have some control over the availability

of water.

It must also be noted however, that the values for the evapotranspiration in the winter

months are relatively small, and how even though the results for this quantity do show

some differences to the ones in Fig. 16 (evapotranspiration during a summer month), it

does not have a major influence on the total water budget during that period.

This quantity shows very small confidence intervals bounds. The total indices show

interactions mostly between the two parameters mentioned above, p5 and m2.

Figure 16: First-order and total indices for the June evapotranspiration
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The first-order indices in Fig. 16 show similarities with the ones for the February

evapotranspiration average, with percolation and June crop factor explaining most of the

variance. However, the influence from the snow parameters, although already rather

small, disappears altogether for this month, with some contribution given by p1, p2 and

p3. The first two of these parameters were also the most relevant ones for the peak

discharge magnitudes from Fig. 8, where they showed how important their role is in

controlling the soil water storage capacity. During a month of high evapotranspiration,

such as June, water availability can become an issue, therefore explaining the presence

of these parameters. Also present in the figure is the crop factor for the previous month,

a pattern that was already noticed in the peak discharge volumes from 9.

The second-order indices show an interaction between p1 and m6, along with a num-

ber of less important interaction terms.

Figure 17: Stacked first-order indices for the monthly evapotranspiration averages

In Fig. 17 the stacked first-order indices for the monthly evapotranspiration averages

are displayed. From this, a number of observations can be made.

First of all, around 90 − 95% of the variance is explained by the first-order indices

already. Throughout the year, the percolation p5 accounts for a significant part of the

total variance. As mentioned in 6.3.1, this parameter acts on the water flow through

the soil, where the water available for evapotranspiration is stored. Also, aside from

the dominant role of each crop factor in their respective month, there seems to be a

small carryover during the months from April to September of the previous month’s crop

factor. These are also the months where the evapotranspiration reaches its highest values.

This carryover was noticed previously in the hourly and daily discharges taking place

during these same months, and confirms a link between these two processes (higher

evapotranspiration causes lower discharges).
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During almost the same period, specifically from April to August, a small influence of

p1 and p2 can be seen, whereas the monthly averages from November to March show a

small dependency on the snow parameters instead.

6.3.2 Evapotranspiration April to September

Figure 18: First-order and total indices for the evapotranspiration from April to Septem-
ber

By averaging the April to September monthly evapotranspiration averages, it can be

observed from Fig. 18 the predominant role of the percolation p5 during these months,

although it must be noted how this parameter is actually relevant throughout the entire

year. The monthly crop factors belonging to the aggregated averages add up to approx-

imately 30% of the output variability, with neither one standing out. This is expected,

since each crop factor is relevant mostly in its respective monthly average.

The figure also shows the recurring influence of the parameters p1 and p2 during this

period.

The sum of the first-order indices amounts to approximately 95% of the total variance,

with the rest mainly explained by a p1p5 interaction term.

The elementary effects in Fig. 19 show rather similar behaviors, where higher values

result in a more pronounced evapotranspiration (more water can be stored in the soil,

and is therefore available for evapotranspiration). These curves follow an almost opposite

behavior with respect to the elementary effects (for these same three parameters) of the

volume of the summer discharge peak (see Appendix D).
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(a) Elementary effect for p1 (b) Elementary effect for p2

(c) Elementary effect for p5

Figure 19: Elementary effects for most relevant parameters of the evapotranspiration from April
to September
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7 Discussion and conclusions

Summary and overall performance Within this thesis, an application of uncertainty

quantification techniques, mainly sensitivity analysis, in a hydrology setting has been pre-

sented. After running 1, 047 TOPKAPI-ETH model evaluations, several outputs were se-

lected and surrogated using polynomial chaos expansions. This made it possible to carry

out the sensitivity analysis on those quantities based on the results of the PCEs, therefore

allowing to limit the computational costs to the evaluation of the PCE coefficients.

Each quantity is surrogated separately. This is different from what is done in hy-

drological models, where the results of one quantity influence the others. Still, this is

not an issue since each PCE is fed the same input data. For example, a combination of

model parameters which causes a low amount of snowmelt will still result in a low spring

discharge peak volume, even without the results of the PCE for the average snow cover.

The sensitivity analysis conducted on 1, 047 model evaluations performed quite well

for all quantities of interest, therefore confirming the validity of the application in a

hydrology context of UQ techniques, both SA and indirectly PCEs. It was possible to

identify which model parameters had the most influence on the total variance for all the

chosen quantities. Additionally, smaller, although still relevant indices could be obtained.

For the observed quantities, these are results both useful and easy to interpret. They

reflect the insights an expert would obtain or expect, with the further advantage of being

reasonably well and objectively quantified (indices values), which allows hydrologists to

start the calibration process properly considering the actual importance of each of the

involved model parameters.

From a total of 30 quantities of interest, the 10 that were examined in more detail in

Section 6 are briefly summarized in Table 6 in Appendix F in terms of first-order indices of

the most relevant parameters. It can be seen how for neither one more than 4 parameters

are necessary to explain most of the total variance.

Although the model chosen for the application is composed of parameters rather easy

to interpret due to its physically based nature, obtaining the same insights as the ones

from this project by using a trial-and-error approach would be a more laborious process.

The analysis also confirmed how the Manning surface roughness p4 has no influence

or close to none on all the analyzed quantities. This was also observed on other research

work, where the effects on flood volume and attenuation due to changes in channel and

overland roughness for small-to-mid size catchments were found to be rather small.

Seasonality A seasonal effect could be observed in the Sobol indices, with different

parameters governing the output variance in different seasons. This is evident for exam-

ple in the evapotranspiration monthly averages. In this case, the seasonality also controls

the output variance (see Appendix E). Seasonality was also observed in the discharge

peak magnitudes, where the permeability only influenced the variance of the spring peak,

and the percolation showed a stronger importance than in any of the summer peaks. With

regard to the discharge peak volumes, only the spring peak proved to be influenced by
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the snow parameters, although in small measure. This peak volume was also the one

showing a high importance of the permeability and a low importance of the percolation,

a behavior which was reversed in the summer peak volumes.

Importance of interaction terms A high percentage of the total variance could

be explained by first-order indices for most of the quantities in the analysis. Only for the

case of the discharge peak volumes the seasonality was found to have an effect, where the

spring peak discharge volume had more second-order interaction terms than the summer

peaks.

For those quantities whose amount of interaction terms is relatively low, it is insightful

to look at the plots of the elementary effects. These are plotted in the results section, as

well as in Appendix D for the most relevant parameters.

For all the analyzed quantities, the Sobol’ indices converged faster than the eLOO.

This is expected, given how the indices are computed from the PCE coefficients.

Discharge timings During the peak analysis, in addition to peak volumes as well

as peak and 7-day low flow discharge magnitudes, the discharge timings were also in-

vestigated. They were not included in the results in Section 6 since issues were noticed,

with values bifurcating into several events, and often truncated at the start or end of an

interval. However, this does not impact the validity of the discharge magnitudes, and in

the case of the hourly peaks, the discharge volume. Furthermore, it does not impact the

validity of the UQ techniques involved in the project either, since the issue lies in finding

an efficient strategy to obtain those values in the first place. Possible solutions include

further restricting the intervals in which to search (like it is already being done in practice

by hydrologists). A possible problem is that this yields the maximum (or minimum) value

within an interval, rather than finding the exact same event reliably. On the other hand,

the observed values for the peak timing did not show a high variability, which would

mitigate this problem.

An alternative to this would be substituting the standard TE run with default values

for another combination of the model parameters. However, since the input space for

these parameters is rather large, it is very difficult to find a parameter combination rep-

resentative of the entire space. This could perhaps be solved by using multiple sources

(multiple ”standard runs“ on which to look for independent events).

A third possibility could be to identify the independent flood events and low flows on

each of the TE model runs, eliminating the dependence on the standard run altogether.

While slower, the difference in the required computational time would be in the order of

minutes at most. This alternative would call for a new definition of the peak discharge

volume, which could be the discharge amount while above the baseflow.

7.1 Outlook

There remains a wide margin for both improvement on the current topic and application

on further aspects of hydrology. One example is sensitivity analysis of the likelihood. This
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would involve analyzing the two coefficients R2 and NSE mentioned in 1.1.

The procedure presented in this thesis can easily be applied to another catchment, as

well as to quantities of interest obtained from other output time series, and depending on

other model parameters. These could be discharge quantities outside of the flood events,

such as the baseflow briefly mentioned earlier, or the (monthly) mean infiltration. The

peak discharges could also be looked at from another perspective, meaning selecting in-

dependent events using different conditions than the ones from Lang et al. (1999), for

example focusing more directly on the soil water content. It is also possible to consider

local quantities within the catchment. Some examples are water withdrawals for irriga-

tion or hydropower use, and particularly the sources of water for the flood events: spring

peaks must not necessarily be fed by snowmelt. Further, because the application only de-

pends on the TE model and its parameters, the feasibility of the procedure extends to the

entire range of application of the hydrological model, including for example ungauged

catchments.

Should the application presented in this thesis be applied to a longer simulation time

span, the extreme flood events to be analyzed could be chosen based on considerations

different from the POT sampling technique, such as for example the return period. In

fact, as already mentioned in 6.1.1, of the 7 peaks considered, peak 6 showed the highest

value overall by a significant margin, indicating it belongs to a much lower probability of

occurrence than the usual July-August yearly flood events.

Additionally, should there be a need to investigate an entire time series, its entries

could be compressed to principal components. The Sobol’ indices could be calculated

on those components, which would then be expanded back to the original time series.

Although on a different time scale (storm event vs years), the feasibility of this was proven

successfully in Nagel et al. (2017).

Doing sensitivity analysis only on the important parameters would drastically reduce

the PCE basis, therefore allowing higher degrees and q-norm. This can be done after

running the Sobol’ analysis on all 21 parameters (like it was done in this project). From

its results, the important parameters for each quantity of interest can be defined as those

having non-zero values of the total-indices for that same quantity. The same TE runs

could be used for this additional sensitivity analysis. The Sobol’ indices would converge

faster, making better use of the available TE model runs. This would be helpful especially

when the ED is not as large as in this project, yet contains enough points for an accurate

identification of important and unimportant parameters.
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A PCE results

Although not the main focus of the thesis, it is still worth it to consider the quality of

the PCEs, as they are the foundation of the Sobol’ analysis when using the PCE-based

approach.

As it can be seen from Table 5, the PCE degree chosen by UQLab (i.e. with the

smallest LOO error) was found to range between 6 and 7, whereas the modified leave-

one-out error stays in the 1 × 10−3 to 1 × 10−2 range, with the exception of the average

snow cover, which attains even lower values.

The size of the full PCE basis using the hyperbolic truncation and maximum inter-

action schemes is given in Table 4 for every maximum polynomial degree tried in the

analysis.

Table 4: Size of full basis per PCE maximum polynomial degree

Max. polynomial degree 2 3 4 5 6 7

Size of full basis 43 274 715 736 1, 387 2, 248
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Table 5: Quantities of interest (1047 runs).

Variable name e∗LOO PCE degree Sparse PCE basis CV [%]

Qh peak 1 2.41× 10−2 7 151 124.291

Qh volume 1 2.54× 10−2 6 133 67.055

Qh peak 2 4.47× 10−3 7 148 52.268

Qh volume 2 1.92× 10−2 7 202 12.035

Qh peak 3 3.00× 10−2 7 164 134.395

Qh volume 3 2.99× 10−2 7 191 78.177

Qh peak 4 1.74× 10−2 7 114 108.049

Qh volume 4 2.84× 10−2 7 142 69.369

Qh peak 5 1.98× 10−2 7 160 135.801

Qh volume 5 2.43× 10−2 7 206 68.586

Qh peak 6 2.96× 10−2 7 124 123.605

Qh volume 6 2.65× 10−2 7 191 72.916

Qh peak 7 1.54× 10−2 7 212 86.320

Qh volume 7 2.33× 10−2 7 164 59.160

Qd 7−day low flowmean discharge summer 7.00× 10−2 7 139 104.935

Qd 7−day low flowmean dischargewinter 3.69× 10−2 7 204 34.644

AvgSnow 6.13× 10−4 7 131 14.604

ETaTOTjan 6.81× 10−3 7 128 68.089

ETaTOTfeb 5.99× 10−3 7 137 64.952

ETaTOTmar 6.99× 10−3 7 112 62.850

ETaTOTapr 1.04× 10−2 7 182 56.733

ETaTOTmay 1.76× 10−2 7 154 48.874

ETaTOTjun 1.76× 10−2 7 166 43.548

ETaTOTjul 1.51× 10−2 7 121 49.057

ETaTOTaug 2.09× 10−2 7 184 47.003

ETaTOTsep 1.26× 10−2 7 105 52.269

ETaTOToct 6.00× 10−3 7 205 59.219

ETaTOTnov 4.57× 10−3 7 158 63.728

ETaTOTdec 4.15× 10−3 7 147 65.013

ETaTOTapr−sep 9.66× 10−3 6 209 25.524
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B Y-Y plots

In the following, the Y-Y plots for the quantities selected in section 6 are shown. It can be

seen how for many of them the metamodel returns a negative response for small values.

However, as already explained in 5.1, this is not an issue as the PCEs are not used for

prediction, but only for sensitivity analysis.

(a) Discharge magnitude of hourly peak 2 (b) Discharge magnitude of hourly peak 6

(c) Discharge volume of hourly peak 2 (d) Discharge volume of hourly peak 6

Figure 20: Magnitude and volume of hourly discharge peaks 2 and 6
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(a) Summer 7-day low flow (b) Winter 7-day low flow

Figure 21: Summer and winter 7-day low flow

Figure 22: Average snow cover

July 10, 2020 - 49 -



Uncertainty propagation and sensitivity analysis in hydrology

(a) February evapotranspiration (b) June evapotranspiration

(c) Evapotranspiration April to September

Figure 23: Monthly evapotranspiration averages for February and June, as well as April-
September aggregated averages
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C Convergence plots

The following plots show the convergence of the most relevant first-order indices as well

as that of the modified leave-one-out error for a few selected quantities of interest. More

specifically, one quantity converging later than the others in its category (discharge vol-

ume of peak 5, Fig. 24, later convergence than other peak volumes), one quantity whose

PCE showed a quite high leave-one-out error (summer 7-day low flow, Fig. 25), and one

converging very fast (average snow cover, Fig. 26).

The values for each Sobol’ index, as well as the bounds of its confidence interval, are

plotted as a percentage of its respective final value (value at final ED size).

Figure 24: Volume of hourly discharge peak 5 convergence

Figure 25: Summer 7-day low flow convergence
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Figure 26: Average snow cover convergence
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D Elementary effects

For some of the quantities of interest selected and analyzed in section 6 (out of a total

of 30) the elementary effects of the most relevant parameters were shown. The relevant

elementary effects for the rest of those quantities are shown here.

(a) Elementary effect for p1 (b) Elementary effect for p2

(c) Elementary effect for p3 (d) Elementary effect for m3

Figure 27: Elementary effects for most relevant parameters of the volume of hourly peak 2
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(a) Elementary effect for p1 (b) Elementary effect for p2

(c) Elementary effect for p5 (d) Elementary effect for m7

Figure 28: Elementary effects for most relevant parameters of the volume of hourly peak 6
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(a) Elementary effect for p6 (b) Elementary effect for p7

(c) Elementary effect for p8 (d) Elementary effect for p9

Figure 29: Elementary effects for most relevant parameters of the average snow cover

(a) Elementary effect for p5 (b) Elementary effect for m2

Figure 30: Elementary effects for most relevant parameters of the February evapotran-
spiration
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(a) Elementary effect for p5 (b) Elementary effect for m6

Figure 31: Elementary effects for most relevant parameters of the June evapotranspira-
tion
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E Variance-scaled plots of first-order indices

The stacked bar plots showing the first-order indices for all quantities of interest from

Section 6 are repeated here, only scaled with the total variance. It can be seen how

the maximum summer peak (peak 6) shows a higher variance for both magnitude and

volume. The spring peak (peak 2) on the other hand has the lowest variance overall

(again for both magnitude and volume). For both 7-day low flows and monthly evapo-

transpiration averages, a higher variance resulted in a PCE with higher e∗LOO (see Table

5). Additionally, the monthly evapotranspiration averages showed a strong seasonality,

with the variance of the summer months on a different order of magnitude than the one

for the winter months.

Figure 32: Stacked first-order indices of magnitudes of hourly discharge peaks
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Figure 33: Stacked first-order indices of volume of hourly discharge peaks

Figure 34: Stacked first-order indices of 7-day low flows
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Figure 35: Stacked first-order indices of monthly evapotranspiration averages
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F Summary

For the 10 out of 30 quantities analyzed in more detail in Section 6, the most relevant

parameters together with the value of their first-order Sobol’ index, are shown here.
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