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Motivation

Many contemporary structural engineering problems
are inherently multiscale in nature:

Numerical simulation of masonry walls
Fatigue assessment of wind turbine blades

The SBFEM is (1) highly efficient and (2) flexible,
featuring a semi-analytical solution that introduces
many advantages:

1 Egger et al. (2017), A robust and efficient
SBFEM [...], Arch .of Appl. Mech.

2 Ooi et al. (2015), Adaptation of quadtree
meshes [...], Eng. Fract. Mech.

courtesy of Dr. Amir Salmanpour

https://www.wind-watch.org
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SBFEM: Discretization and coordinate system
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Legend:

P(x̂, ŷ)= point in domain

P(x, y)= point on boundary

(ū, t̄)= boundary conditions of domain

(ūe, t̄e)= boundary conditions of elements (i.e. discretized boundary)

= nodes of line element with coordinates (xn, yn)

O = scaling center and origin of normalized radial coordinate ξ

(ξ,η)= scaled boundary coordinates with 0≤ ξ≤ 1 and −1≤ η≤ 1

DOFi = degree of freedom of each node in global (x,y)-direction

(x, y)= global coordinate system
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Coordinates: x(ξ ,η) = x0 + ξ [N(η)]{x}
Displacements: u(ξ ,η) = [Nu(η)]{u(ξ )}
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SBFEM : Scaled boundary finite element equation

Upon application of the principle of virtual work two equations arise. The first is
valid only on the boundary, while the second term holds for the domain and is
termed the scaled boundary finite element equation:

{P}= [E0]{u},ξ + [E1]T{u} (1)

[E0]ξ 2{u(ξ )},ξ ξ + [[E0] + [E1]T − [E1]]ξ{u(ξ )},ξ − [E2]{u(ξ )} = {0} (2)

with the following substitutions:

[E0] =
∫

∂Ω
[B1(η)]T [D][B1(η)]|J|dη (3a)

[E1] =
∫

∂Ω
[B1(η)]T [D][B2(η)]|J|dη (3b)

[E2] =
∫

∂Ω
[B2(η)]T [D][B2(η)]|J|dη (3c)
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SBFEM: Hamiltonian eigen-problem in 2D

Assuming the general solution as a power series,
we can rewrite the previous equations in modal form:

{u(ξ )}= [φ ]ξ d−λc{c} (4)

such that (1) and (2) may be more compactly
rewritten as:

[Z ]

{
φ

q

}
= dλc

{
φ

q

}
=

[
λ−

λ+

][
[φ1] [φ2]

[Q1] [Q2]

]
(5)

with the Hamiltonian matrix Z given as:

[Z ] =

[
[E0]−1[E1]T −[E0]−1

[E1][E0]−1[E1]T − [E2] −[E1][E0]−1

]
(6)

λ = 0 λ = 0

λ = −0.5 λ = −0.5

λ = −1 λ = −1

λ = −1 λ = −1
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SBFEM: Generating stiffness matrix

Retaining the bounded response corresponding to the negative eigenvalues:

{u(ξ )}= [φ1]ξ d−λ−c{c1} (7)

and thus on the boundary (ξ = 1) after rearranging:

{c1}= [Φ1]−1{u(ξ = 1)} (8)

By equation to the modal representation of the external forces on the boundary:

{Pbounded}= [q1]{c1}= [q1][Φ1]−1{u(ξ = 1)}= Kbounded{u(ξ = 1)} (9)

The stiffness matrix Kbounded , though fully populated, is symmetric and only
of dimension nDOFboundary .
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SBFEM: Post-processing the stress intensity factors

By inspection of the general solution, the singular modes, corresponding to
the range of eigenvalues −1 < λsλsλs < 0, are identified.
Consequently, an expression of the singular stresses follows as1:

{σs(ξ ,η)}= [D](−λs[B1] + [B2])[φs]ξ−[λ ]−[I]{cs} (10)

Assuming a square root type singularity,
the stress intensity factors are obtained by
substitution of the numerically obtained
singular stresses into their formal definition:{

KI
KII

}
=
√

2πL0

{
∑{σs

yy (ξ = 1,η = ηA)}{cs}
∑{σs

xy (ξ = 1,η = ηA)}{cs}

} A

y

xθ

r

L(θ)

Lθ=0

1https://doi.org/10.1007/s00419-017-1280-7
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Principles of the Extended Multiscale Scheme

Numerical basis functions (NBF), Gi, map the response between the fine
(e-micro) and coarse (E-macro) mesh, while maintaining energy equivalence.

Ge

Unit Cell Macro Element

Πe =
1
2 uT

e Keue

ue = GeuE

Πe =
1
2 uT

EGT
e KeGeuE

ΠE = ∑
p
e=1 Πe

KE = ∑
p
e=1 GT

e KeGe

K = Am
e=1 KE

KU = F

= 1
2 uT

E(∑
p
e=1 GT

e KeGe)uE
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Quadtree based multiscale SBFEM analysis

SBFEM and quadtree type decompositions
complement each other:

Complex geometries such as inclusions and
discontinuities are easily and efficiently meshed
No hanging node issues
Precomputation of stiffness matrices
Irregular shapes (curves) considered via higher
order SBFEM elements
Control over boundary discretization beneficial
for constructing numerical basis functions
Permits use of oversampling

SBFEM
polygon block
regular node
hanging node
scaling center

FEM SBFEM
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Numerical examples: Introduction, Investigations

Influence of the amount of coarse nodes on the accuracy of the solution for
RVE’s containing large discontinuities and their corresponding SIFs.

Cracked domain
Abaqus (reference),
SBFEM, MSBFEM
||uh−uref ||2/||uref ||2
SIFs

4

8

4

248

248

124 8 248 8 124

4 248 8 248 4

SBFEM vs MSBFEM
plots umagn.

h and σmises
h

||uh−uref ||2/||uref ||2
Computational savings

SBFEM

Hybrid BC
Higher order
elements
SIFs
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Numerical examples: Introduction, Setup details

Fully restrained base
Top surface load:
shear & tension, q = 0.1
Ebri

mod = 11, Emor
mod = 7,

vi = 0.25
side length l = 512

4

8

4

248

248

124 8 248 8 124

4 248 8 248 4

Fully restrained base
Top surface BC: y = 0
Top surface load:
shear q = 0.1
Ebri

mod = 11, Emor
mod = 7,

vi = 0.25

Isotrop. domain
Embedded in
wall assembly
E = 200,
v = 0.25
varying a/L ratio
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Numerical Example 1: A sample RVE

Step 1:
Definition of
RVE can be as
easy as taking a
photograph

Step 2:
The domain is
partitioned into
blocks by
quadtree
decomposition

Step 3:
Each block
represents an
SBFEM polygon
element and is
then assembled

Step 4:
Double nodes are
inserted to create
crack seams.
Blocks are merged
to position the
crack tip.
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Numerical Example 1: Displacements

Error in displacement norms:

#cNodes Linear Periodic
Q4 331 ·10−3 324 ·10−3

Q8 118 ·10−3 102 ·10−3

Q12 38 ·10−3 170 ·10−3

Q16 16 ·10−3 192 ·10−3

SBFEM 428 ·10−5 -

Observations:
For higher noded coarse elements,
periodic BC underperform. Oscillatory
behavior does not mimic the structural
response when discontinuities are
present in domain.

Q4 Linear Q4 Periodic

Q16 Linear Q16 Periodic
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Numerical Example 1: Stress intensity factors

Top crack tip

2-N K1 %Err K2 %Err 2-N K1 %Err K2 %Err

Q4 0.925 55.7 1.716 51.9 Q4 0.971 53.5 2.245 37.1
Q8 1.296 37.9 2.605 27.0 Q8 1.584 24.1 2.518 29.4
Q12 1.692 19.0 3.251 8.9 Q12 1.762 15.6 3.284 8.0
Q16 1.864 10.7 3.281 8.1 Q16 1.830 12.4 3.336 6.5
SBFEM 1.982 5.1 3.356 6.0
Abaqus 2.088 - 3.569 -

3-N K1 %Err K2 %Err 3-N K1 %Err K2 %Err

Q4 0.956 54.2 1.803 49.5 Q4 1.008 51.7 2.364 33.7
Q8 1.345 35.6 2.735 23.4 Q8 1.649 21.0 2.655 25.6
Q12 1.760 15.7 3.424 4.1 Q12 1.837 12.0 3.464 2.9
Q16 1.944 6.9 3.456 3.2 Q16 1.907 8.7 3.518 1.4
SBFEM 2.069 0.9 3.539 0.9

Linear periodic

Linear periodic

Lower crack tip

2-N K1 %Err K2 %Err 2-N K1 %Err K2 %Err

Q4 1.271 8.0 2.059 26.4 Q4 0.898 35.0 2.037 27.2
Q8 1.383 -0.1 1.941 30.6 Q8 0.745 46.1 2.461 12.0
Q12 1.149 16.9 2.334 16.6 Q12 0.623 54.9 2.848 -1.8
Q16 1.288 6.8 2.547 9.0 Q16 0.886 35.9 2.840 -1.5
SBFEM 1.306 5.5 2.633 5.9
Abaqus 1.382 - 2.797 -

3-N K1 %Err K2 %Err 3-N K1 %Err K2 %Err

Q4 1.327 4.0 2.153 23.0 Q4 0.941 31.9 2.145 23.3
Q8 1.456 -5.3 2.037 27.2 Q8 0.783 43.3 2.594 7.2
Q12 1.204 12.8 2.455 12.2 Q12 0.649 53.0 3.005 -7.4
Q16 1.352 2.1 2.682 4.1 Q16 0.927 33.0 2.997 -7.2
SBFEM 1.370 0.9 2.776 0.8

Linear periodic

periodicLinear

Annotations:
Reference SIFs (Abaqus) computed via contour integral and quadratic
elements, nodes at quarter points, and contrasted to SBFEM & MSBFEM, with
the cracked domain modeled by 2-noded (2-N) or 3-noded elements (3-N).
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Numerical Example 2: Full wall assembly

Performance comparison:

Reduction of overall DOF
Reduction of computational time
Computational cost of offline NBF stage
Effect on error norm of displacements

L P L P L P L P Units
DOF SBFEM -
DOF MSBFEM -
Ratio x
Time SBFEM [s]
Time MSBFEM [s]
Ratio x
Time NBF 0.667 0.700 1.027 1.325 1.537 1.894 1.862 2.534 [s]
Displ. Norm 34.54 28.83 3.65 65.06 1.86 46.57 1.31 43.37 -

0.6247

131227243762
0.00480.00280.00260.0008

0.62470.62470.6247

Q4 Q8 Q12 Q16

96189 961899618996189
51036884 226
18862614425611451

Notes:

Periodic BC more expensive,
requires lagrange multipliers
Linear BC offer better error
norms for Q8 - Q16
Large error norms for
periodic BC

• Oscillatory behavior
violates global BC

• Superior in approximating
interior displacements and
stresses though
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Numerical Example 2: Displacement plots, linear NBF

SBFEM reference: Q4:

Q12:

Q8:

Q16:
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Numerical Example 2: Von Mises stress plots, linear NBF

SBFEM reference: Q4:

Q12:

Q8:

Q16:
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Numerical Example 3: Hybrid boundary conditions

Hybrid BC scheme for NBF

1

1

1

A+ A�

B+

B�

y

x

y

x

xA+ = xA� + �x

�x

yA+ = yA�

xB+ = xB� + �x

yB+ = yB�

1
�x

a/L K1 K2 K1 K2 K1 K2 K1 K2 K1 K2 K1 K2
0.45 29.00 32.66 20.57 15.24 21.83 17.85 8.27 24.17 10.24 1.56 8.57 4.95
0.40 23.10 27.54 13.93 17.78 15.31 19.24 5.03 16.35 12.76 1.66 6.19 3.86
0.35 18.46 23.19 9.43 19.62 10.79 20.16 2.13 10.89 12.29 0.75 3.66 2.27
0.30 14.50 18.96 6.48 19.21 7.68 18.99 0.41 7.45 10.16 0.18 1.87 1.27
0.25 10.91 14.67 4.39 16.44 5.37 14.94 2.51 5.76 7.52 0.12 3.26 0.96
0.20 7.55 10.42 2.76 12.22 3.48 10.69 4.17 5.38 4.99 0.21 4.29 0.99
0.15 4.51 6.43 1.47 7.65 1.92 6.61 5.43 5.96 2.82 0.21 3.21 1.07
0.10 2.03 3.06 0.53 3.63 0.76 3.15 6.20 7.19 1.14 0.09 1.90 1.15
0.05 0.42 0.85 0.02 0.96 0.08 0.87 5.72 8.91 0.09 0.05 0.94 1.38

a/L K1 K2 K1 K2 K1 K2 K1 K2 K1 K2 K1 K2
0.45 4.50 1.82 8.77 0.89 5.14 1.03 0.60 5.07 4.09 3.03 1.12 3.34
0.40 1.63 0.21 8.92 0.93 2.72 0.32 0.05 3.66 4.79 3.75 0.76 3.67
0.35 0.73 0.42 8.01 0.69 1.82 0.46 0.54 2.15 4.75 2.85 1.17 2.25
0.30 0.63 0.75 6.26 0.08 1.47 0.18 0.58 1.10 4.02 1.70 1.10 1.19
0.25 0.63 0.84 4.36 0.24 1.19 0.33 0.44 0.54 3.03 0.91 0.83 0.60
0.20 0.54 0.73 2.73 0.30 0.87 0.36 0.28 0.28 2.04 0.47 0.55 0.31
0.15 0.36 0.49 1.45 0.25 0.52 0.29 0.16 0.15 1.17 0.21 0.31 0.16
0.10 0.17 0.25 0.53 0.18 0.23 0.19 0.07 0.08 0.49 0.04 0.13 0.05
0.05 0.04 0.07 0.03 0.12 0.03 0.07 0.01 0.04 0.05 0.07 0.02 0.04

Q12 Q16
Linear Periodic Hybrid Linear Periodic Hybrid

Q4
Linear Periodic Hybrid

Q8
Linear Periodic Hybrid

Benefits: Better representation of displacements and overall strain within
domain. More consistent characterization of SIFs. Benefits of periodic BC,
where applicable, while considering physical crack behavior.
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Conclusions

Positive:
Fusion of quadtree decomp.,
SBFEM and EMsFEM concepts
Significant computational savings
Accurately capture SIFs
Hybrid BC proposed

Negative:
Increased program complexity
NBF computationally intensive,
but an offline calculation and
embarrassingly parallel
NBF computational toll recovered
only for time dependent problems

Outlook:
Quadtree decomposition with higher order elements
Behaviour when cracks extend across RVE boundaries
Multiple cracks in same problem domain
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