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Preface

Inverse methods deal with the problem of estimating a playsjgantity through indirect

measurements. Determining the shape of the bedrock uratbrae ice stream using
measurements of surface velocities is an example of sucbldgon. In general, there

is no single solution to such an inverse problem. Often aagedet of solutions can,

however, be excluded, and certain solutions can be juddaeitwore likely than others. In

the past, these basic aspects of inverse modeling have ¢gpe@med in most glaciological

work. Instead of providing a probability function that debes the probability of any

given solution, most, if not all, work done so far in this fid¢ldve presented one single
solution as the solution to the problem.

In this context, M. Raymond gives nice and timely demongnaof the utilization of
the Bayesian inversion method to find a solution to a key glagical inverse problem.
For the first time, estimates of both basal topography anal sipperiness underneath ice
streams (fast glaciers within an ice sheet) are derived fnface topography and surface
velocity measurements using formal inverse methods. Stexndmes these quantities
using both synthetic data and real data from Rutford IceaBtré\Vest Antarctica. Impor-
tantly, she takes full account of measurements and intatipol errors through the use of
corresponding covariance matrixes, and also states gl retrieval error estimates.

In the first part of the thesis, M. Raymond analyses the inflae basal disturbances on
the surface topography and surface flow field (forward probie the steady-state), by

taking into account both the non-linear rheology of glacterand any finite amplitude

effects. This is a completely new aspect, which was nevatddebefore. In the second
part of her thesis, M. Raymond introduces the nonlinear Biayeinversion approach.

The results obtained for the Rutford Ice Stream in Antaactice impressive and show
the great potential in the field of glaciology of the methadpl adopted. It should be

emphasized, that she first inferred basal properties frafasa measurements without
letting the surface evolve with time. This is a ‘snapshoprgach used so far in all other
treatments of this problem. However, comparison betweeasored and calculated rates
of surface elevation changes revealed large and signifdiietences. Therefore, in a

second step, the surface topography was allowed to evoltieratres of changes were

compatible with measurements. Hence she could determise lbanditions that are

consistent with all surface observations. This again i®@&ida novel approach, never
treated so far in glaciology.

Zurich, September 2007 Prof. Dr. H.-E. Minor
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Abstract

This thesis introduces a nonlinear Bayesian inferenceoggprto estimate the basal prop-
erties of glaciers and ice streams from measurements acutbpography and surface
velocities. A prerequisite to make inferences on the natfieasal conditions indirectly
from surface measurements is the understanding of theoredhip between basal condi-
tions and surface fields.

In the first part of this thesis, the influence of basal distades on the steady-state surface
topography and on surface velocities as well as on the \glbelds of glaciers and ice
sheets is investigated numerically. This is done for fianeplitude basal perturbations
in both bed topography and basal slipperiness using a neaslice rheology and a non-
linear sliding law. The effects of varying the exponenin Glen’s flow law on transfer
characteristics are mainly quantitative, and do not affeetitative aspects of the transfer
amplitudes and phase shifts such as the number of maximanéladtion points when
plotted as a function of wavelength. The effects of nonlimb&ology on the velocity
fields consists primarily in a concentration of the anomslfbow near the base and in a
reduction of the horizontal velocity perturbation near sheface.

The second part of the thesis is devoted to the inverse problge introduce a nonlin-
ear Bayesian inversion approach to estimate both basajtapby and basal slipperiness
beneath ice streams from surface topography and surfaceities measurements. The
inverse procedure is based on an iterative Newtonian opditioin of a cost function in-
volving a forward step solved with a numerical finite-elet@adel. The first order for-
ward model derivatives needed for inversion are approx@hatith linear transfer func-
tions. This approximation is attractive as it greatly erdeanthe numerical efficiency of
the method by sparing the time-consuming evaluation of timearical derivatives. Using
synthetic data generated with a forward finite-element hedeshow that the inversion
procedure gives accurate estimates of the basal pertomisaflhe inversion procedure is
then used to estimate the basal properties along a flow liRutbrd Ice Stream, West
Antarctica. The basal properties we compute for Rutfordsiceam are consistent both
with the surface observations and the radar measuremebéslodck topography.
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Résumé

Cette thése introduit une approche d’inférence bayésianondinéaire pour estimer les
propriétés basales de glaciers et fleuves de glaces a ganieslures de la topographie de
surface et de vitesses de surface. Une condition préalablegouvoir inférer la nature
des conditions basales indirectement a partir de donnégsrtéee est de comprendre la
relation entre conditions basales et champs de surface.

Dans la premiére partie, I'influence de perturbations lesssihusoidales sur la topogra-
phie stationnaire de la surface et les vitesses de surfase qie sur le champs des
vitesses internes du glacier est étudiée a I'aide d’'un neodéiérique. Ceci nous per-
met d’examiner les effets de perturbations basales d’angeas finies du lit glaciaire et
du glissement basal pour une rhéologie non-linéaire dealeegét une loi de glissement
non-linéaire. Les résultats montrent que les caractgues de transfert sont affectées de
maniére principalement quantitative lorsque I'exposade la loi de Glen est varié. Les
effets d’une rhéologie non-linéaire sur le champs des sé&gonsistent principalement
en une concentration du flux anormal proche de la base et doetién de la perturbation
de vitesse horizontale proche de la surface.

La seconde partie est dédiée au probleme inverse. Nougliigans une approche
d’inférence bayésienne pour estimer la topographie dudtigire et le glissement basal
sous les fleuves de glaces a partir de mesures de topographiefdce et de vitesse de
surface. La procédure inverse est basée sur une optinmsetiative newtonienne d’'une
fonction de colt comprenant un pas direct, résolu avec urelaaiimérique d’éléments
finis. La dérivée premiére du probléme direct nécessaiiawéelsion est approximée avec
des fonctions de transferts linéaires. Cette approximg@met d’augmenter I'efficacité
numeérique de la méthode et d’éviter I'évaluation d’'unedinumérique codteuse. Dans
un premier temps, la procédure d’inversion est testée aagdaonnées simulées a l'aide
du modele numérique. Les expériences montrent que la proeédinversion converge
rapidement et permet d’obtenir des inférences précisess Da second temps, la méth-
ode d’inversion est utilisée pour estimer les propriété&sales le long d’'une ligne de flux
sur le fleuve de glace du Rutford, dans I'’Antarctique ouests propriétés basales in-
férées sont consistantes avec les mesures radars pouotadphie du lit glaciaire et les
observations de surfaces.
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Chapter 1

Introduction

In this chapter, we introduce the general framework of tlesig) followed by a descrip-
tion of its aim and outline.

1.1 General Framework

Background

Fast flowing ice streams are dominant features of the flonnteg@nd drainage system
of the West Antarctic Ice Sheet (henceforth WAIS) (Figur®) 1They determine the flux
of ice flowing from the interior towards the coast. These iteans account for most of
the ice discharge from the ice sheet (Bentley and Giovin&860; Bamber et al., 2000).
Changes in flow speed or geometrical configurations of theesstieams affect the mass-
balance of the ice sheet and can have significant effect drabsea level. Recently, some
ice streams showed drastic changes in flow behavior. Ther leegéeon of Ice Stream C,
Siple Coast, shut down about 150 years ago (Retzlaff andd8eni®993). Ice Stream B,
decelerated by 2% during the period 1974-1997 (Joughin et al., 2002). Thesagbs
caused the region to switch from a negative (thinning) tatpes(thickening) mass bal-
ance (Joughin and Tulaczyk, 2002). Changes in ice-streamdawies as revealed by
radar and recorded in the Ross Ice Shelf (Fahnestock ebab) 2urther demonstrate the
large temporal variability in the position and dynamics ¢ streams. This variability
is too fast to be caused by temporal variations in accunmriattes or air temperatures.
Some ongoing changes in basal control on the flow and posifime-stream boundaries
represent the most likely explanation.

The WAIS ice streams are remarkable in that they achieve Hfigh velocities
(~ 300 m yr ') despite small gravitational driving stress {-30 kPa). Under these con-
ditions, the high velocities arise from effective basakloation. In many cases, extensive
and fine-grained tills contribute to the extreme lubricatiélley et al., 1987, e.g). In the
absence of significant resistance from the bed, ice streatomis mainly restrained by
friction from the sides (Whillans et al., 2001). Furtherstdbuted short scale bedrock
undulations or spatial variations in resistance to bagdihgj ('sticky spots’) may support
part of the driving stress on localized regions (Alley, 1p9Bhese spots are thought to

1



2 CHAPTER 1. INTRODUCTION

play an important control on the flow of some fast flowing iceains. Understanding the
basal conditions under ice streams is thus important tagired the future ice discharge
from the ice streams and the resulting sea-level rise.

The basal conditions under ice streams have been examimggsgssmic measurements
(Blankenship et al., 1986) and radar (Gades et al., 2000y dirbct access through bore-
holes (Kamb, 2001). Control and inverse methods have also eveloped to estimate
the basal conditions indirectly from surface measureménésAyeal (1992) and Joughin
et al. (2004) applied control methods to estimate the basarsstress under the Ross ice
streams and the northeast Greenland Ice Stream (Joughlin 20@0) from surface ice
velocity data. Thorsteinsson et al. (2003) inferred botsab&opography and basal Iu-
brication at the bed of Ice Stream E from observations ofeserfelevation and surface
velocities based on the linearized perturbation theorpefttansmission of basal distur-
bances to the ice surface by Gudmundsson (2003).

Rutford Carlson

/ Ice Stream ot Evans
t Antarctic £ 7 / Ice Stream
e Sheet .

mst‘\/tu\e
\ce Strea™

o unda\'\on
\ce Stre? M

quppot FO*° - 320°

Glacier /\/

.
0 500 km

Figure 1.1: The West Antarctic Ice Sheet (modified from (Fehock and Bamber,
2001)). Ice streams are in dark gray, ice shelves in gray aedre in light gray. Ice rises
and inter-stream ridges as well as other grounded ice amrshiowhite. Ice Streams
A to F flow into the Ross Ice Shelf, while Rutford and Evans Ite&mns flow into the
Ronne Ice Shelf. Active ice streams move at velocities ofes6r8 to 1 km a year.

Motivation and Approach

Surface topography and surface velocities of glaciers emdtreams reflect to some ex-
tent the shape of the underlying bed and the basal resistamesal sliding. Gudmunds-
son (2003) shows that the transmission of basal variakdithe surface of glaciers and
ice streams increases when the mean basal motion is largeacedto motion from inter-
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nal ice deformation. Thus, ice streams that move predortiinay basal motion should
be best suited for the estimation of basal properties froriaset measurements.

In this thesis, we introduce a nonlinear Bayesian inversipproach to determine both
basal topography and basal lubrication beneath ice streBmssinvolves the construction
of a forward model encapsulating our understanding of thesigk of the relationship
between basal and surface properties. In this thesis, aterglirface and basal conditions
with a two-dimensional finite-element model using Glen’s\flaw and solving the full
momentum balance equations for which acceleration terenseglected. The model also
calculates the transient evolution of the free surfaces @lows us to consider both the
non-linearity of the constitutive law for ice and nonlindauite-amplitude effects set up
by the basal perturbations.

In Bayesian inference, the inverse problem is of statistiature and the solution to the
inverse problem is a so called a posteriori probability dgrfanction for the model pa-
rameters, i.e bedrock topography and basal slipperingpsré-1.2). In the case where the
forward function is nonlinear, as our finite element modetyé exist no explicit solution
for the inversion and the solution of the inverse problem ie@ssought by some opti-
mization technique. This is accomplished by a nonlinearsSddewton procedure (e.g.
Rodgers, 2000). This procedure involves the determinatidme first order derivatives of
the forward function. These are approximated by analyticaar transfer functions. This
approximation is attractive as it greatly enhances the migadesfficiency of the method
by sparing the time-consuming evaluation of the numeriealdtives.

*
* *

* * Measurements d: surface topography
surface velocities *

N gIaCier

forward surface

g
problem forward
d=g(m)

ES *

inverse
problem

m=g'(d)

glacier
bed

Model parameters m: bedrock topography
basal slipperiness

function

Figure 1.2: Relation between surface measurements and pexdeneters.

The proposed inverse procedure differs significantly froevipus inverse modeling work
on ice streams. Thorsteinsson et al. (2003) inversion’saggh using the theory of glacier
flow perturbations by Gudmundsson (2003) as forward fungsanherently restricted to
small variations about the mean conditions as the pertorb#teory relies on a number
of small-amplitude assumptions about the strength of thieigEations. These limitations
are overcome by the proposed method.
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1.2 Aim of this Thesis

The main objectives are (i) to investigate the nonlineawésd transfer of basal dis-

turbances to the surface of glacier and (ii) to introduce @linear Bayesian inference

approach to determine the basal properties of glaciersanstieams from surface mea-
surements. In afirst step, the inversion procedure is apfisynthetic data. This permits
to explore the capabilities and limitations of the inversidn a second step, the inverse
procedure is applied to a flowline of Rutford Ice Stream, \Wedarctica.

1.3 Thesis outline

This thesis is divided into two independent and self-cav@diparts. The first part of
the thesis is concerned with the non-linear forward probl€hapter 2 describes the
transfer characteristics of finite-amplitude basal distnces to the surface of glaciers
and ice sheets. The influence of basal disturbances on dmyss¢ate surface topography
and on surface velocities of glaciers is investigated nically in two dimensions for
perturbations in bed topography and basal slipperinesg@snon-linear ice rheology. In
Chapter 3, the influence of these perturbations on the flow field of glacis examined.

The second part of the thesis deals with the non-linear s&/problemChapter 4 intro-
duces the method of Bayesian inferenCaapter 5illustrates the application of Bayesian
inversion to synthetic data in which glacier surface dataiaverted for bedrock topog-
raphy and basal slipperines€hapter 6 presents inversion results for the Rutford ice
stream, West Antarctica. Finallghapter 7 gives general conclusions.
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Chapter 2

On the relationship between surface
and basal properties on glaciers, ice
sheets, and ice streams.

This chapter is published under the same title in the Jowwh&eophysical Research, with co-author
G. H Gudmundsson from the British Antarctic Survey, CamdpeidJK.

Abstract

The influence of basal disturbances on the steady-stataceutbpography and on sur-
face velocities of glaciers and ice sheets is investigatedarically. This is done for
finite-amplitude basal perturbations in both bed topogyagitd basal slipperiness using
a non-linear ice rheology and a non-linear sliding law. Tfieats of varying the expo-
nentn in Glen’s flow law on transfer characteristics are mainlymjitative, and do not
affect qualitative aspects of the transfer amplitudes drase shifts such as the number
of maxima and inflection points when plotted as functions a¥@ength. In particular,
the well-known maximum in bed-to-surface transfer ampgitdor a Newtonian medium
at sufficiently high slip ratios (ratio between mean slidue¢pcity and mean ice deforma-
tional velocity) also forms fon > 1. Transfer amplitudes generally become smaller with
increasingn for wavelengths less than about three times the mean identss {). For
larger wavelengths the situation is reversed and transf@liudes increase with. For
active ice streams, characterized by high basal slippesiiew surface slopes<(0.5°),
andn = 3, topographic transfer amplitudes are generally larg®.6) and fairly constant
for all wavelengths longer than about 3 t&a5With increasing: and decreasing surface
slope the lower limit of wavelengths over which horizonta¢ss gradients can be ignored
increases markedly. Perturbation solutions for Newtonmgaium are found to give an
accurate description of the transfer characteristics éolrtick amplitudes up to 5% ice
thickness and for fractional amplitudes of slipperinegsypbations up to 0.5.

7
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2.1 Introduction

In this paper we describe the transfer characteristics ibéfamplitude basal disturbances
to the surface of glaciers and ice sheets. We use a non-ineaerical model to investi-
gate the steady-state relationship between bed and saiaog a flow line when trans-
verse effects can be ignored. Two types of sinusoidal bastlrdances are considered:
1) bedrock undulations, and 2) spatial variations in bagapariness. For both types of
disturbances, the transfer amplitudes and phase shiftabnglated over a large range of
wavelengths using a modified form of Glen’s flow law.

There are two different types of non-linear effects encerett in this problem: rheo-
logical nonlinearities, and finite amplitude effects, ,ithe effects of the amplitude of
the basal perturbations on the bed-to-surface transfeéin, ddowhich have hitherto not
been addressed to the level attempted here. The effecteess stisturbances set up by
basal topography on the effective viscosity distributibice have, for example, not been
addressed by previous authors in their analyses of thedssdrface transfer of basal dis-
turbances through a non-linear medium (Hutter et al., 18Rater, 1983; Balise, 1987;
Jéhannesson, 1992), with the exception of Hindmarsh (2@0w) included first-order
effective viscosity effects in his perturbation approaglthis problem. Furthermore, by
focusing on the (linear) sensitivity of the surface to basaturbations, all previous au-
thors (e.g., Hutter, 1983; Balise and Raymond, 1985; Re®8i/;\Whillans and Johnsen,
1983; Johannesson, 1992; Gudmundsson, 2003) have notlesany finite-amplitude
effects. Our numerical approach to this problem allows uddal with both types of
non-linearities. We estimate the strength of finite-amplé effects and describe how
non-Newtonian rheology modifies bed-to-surface transfer.

We consider variations in basal properties over both shmti@ng scales with respect to
mean thickness, but short compared to the overall span at¢éheheet. This allows us
to consider the glacier geometry as corresponding to a umijoinclined plane slab of
constant thickness on which (finite) perturbations in bed surface are superimposed.
Examples of recent theoretical studies dealing with theotdf of basal topography for
scales much greater than the typical ice thickness and aathe time much shorter than
the horizontal span of an ice sheet can be found in Morlan@Xpand Schoof (2003).

Understanding the relationship between basal conditiodssarface fields is of consid-
erable practical interest as it allows, at least in prirgipiferences on the nature of basal
conditions to be made directly from surface observationge @ the non-linear nature of
this problem, it is difficult to give a full description of theansfer characteristics. In the
linear case, the relationship between bed and surface camniy@etely described in terms
of surface and bed amplitude ratios and phase shifts, gyv&mations of wavelength. In
the non-linear case, the effect of an arbitrary basal distuee is, on the other hand, no
longer just a sum of the effects of its individual sinusoidamponents. We emphasize
that for the problem to be linear it is not sufficient that thechum is linear; finite ampli-
tude effects must also be absent. On the other hand, theepnatdn be approximately
linear, despite the rheology being non-linear. If, for epganperturbations in deviatoric
stresses are small compared to the unperturbed effectegsdistribution, the problem
can be expected to remain nearly linear even when the eféagscosity depends on the
state of stress. The term ‘nearly-linear’ is here used fobl@ms which are non-linear,
but which can be solved by linearization around some statefefence. Although not
limited to do so by our method, we focus our attention to adagtent on situations where
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both the effects of stress perturbations on the effectigeosity and finite amplitude ef-
fects are small enough for the problem in this sense to renearly linear. The strength
of non-linear effects is estimated, and appropriate texrsinction representation of the
relationship between bed and surface are given for thosesparameters for which the
problem is found to be nearly linear.

The most widely used rheological model for glacier ice, Gldéiow law, is a power law.
This power-law model is unrealistic in both the high and th& &train-rate limits. For a
uniform flow down an inclined plane, this rheological modedgticts an effective viscos-
ity distribution approaching infinity at the surface. As asequence one can expect, and
below this will be shown to be the case, the surface respanike & strongly non-linear
function of basal amplitude. The problem can be made maoelgraon-linear by enforc-
ing an upper limit to the effective stress as done for exarbpléiutter (1983) through
the addition of a linear term to Glen’s flow law. Alternatiyethe reference state can
be modified by adding a uniform non-zero longitudinal stiaite across the thickness
as done by J6hannesson (1992) or by assuming the flow to beluqueism as done by
Hindmarsh (2004). In a fully non-linear treatment as préseiihere, there is no need to
enforce an upper limit to the effective viscosity either bgdiiying the flow law or by
introducing a uniform longitudinal strain rate. The distances in flow set up by the basal
perturbations give, on their own account, rise to a finite se&face viscosity.

The structure of the paper is as follows. We start by detangithe strength of finite-
amplitude effects on the bed-to-surface transfer as aifumof amplitude for both linear
and non-linear medium. We then quantify the strength ofdiainplitude effects, deter-
mine the range of basal amplitudes for which they can effelstibe ignored, and de-
termine in absolute terms the range of validity of small-&tage perturbation theories.
Subsequently we focus on cases were the geometrical neariiies play a minor role,
and investigate how the bed-to-surface transfer is affielbyenon-Newtonian rheology.
The effects of surface slope are briefly discussed.

2.2 Finite-Element Ice-Flow Model

We consider flow down an infinite plane with a mean inclinatiorin the(z, z) Cartesian
frame, ther-axis andz-axis are parallel and perpendicular to the mean slopeccésply.
5(i,1) defines the surface arbdi) the base of the glacier with{(z) < z < 5(&,1). Di-
mensional variables are denoted with a tilde, non-dimeraiaithout. Figure 2.1 illus-
trates the geometry of the ice-flow problem. Two-dimendighane-strain calculations
are performed using four-node, isoparametric, quadrdhtéermann elements. A mixed
Lagrangian-Eulerian approach is employed in determiriegobsition of the steady-state
surface (Leysinger Vieli and Gudmundsson, 2004). The figltagons to be solved de-

scribe the conservation of mass for incompressible méderia
0;; =0 (2.1)
and the conservation of angular and linear momentum
Gij=d6; and &y, 4 pgi =0, (2.2)

wherev; are the components of the velocity vectéy; the components of the Cauchy-
stress tensoy; the acceleration due to gravity apdhe density of ice. A nonlinear flow
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law relating deviatoric stresses and strains (Glen, 198in&mann, 1958) is extended
following Hutter (1983) with a linear term to avoid the sitguity in viscosity in the flow
law as the deviatoric stress goes to zero

Gy = AGF T + 7 he. (2.3)
In this equationéj and&i(;.l) are the strain rate and deviatoric stress tensors, regplgcti
7 is the effective shear stresd, is a temperature-independent rate factor, ard the
stress exponent. The paramefgis thecross-over stress at which the linear and expo-
nential terms contribute equally to the total strain ratetréntly 7 is not well constrained
through measurements and could be somewhere within the tang;, < 50 kPa (Pettit
and Waddington, 2003). Compared to typical basal stresseestreams and glaciers of
a few tens of kPa and about 100 kPa, respectively, this iglg farge range.

A sliding relation of the form

iy = C(2)7", (2.4)
is adopted, where, is the sliding velocity tangential to the be@(f) the sliding coeffi-
cient, andr, the bed parallel shear stress. In the numerical modelngligdiintroduced by
adding a uniform thin layer to the base of the glacier. Theldgical properties of this
layer are suitably chosen so that the resulting velocitheuipper boundary corresponds
to Equation (2.4). Thisis a convenient and often used meathodroducing basal motion
in finite element models (e.g., Schweizer and lken, 1992)s @&pproach is not strictly
equivalent to Eq. (2.4), because surface-parallel dewastresses can be present within
this layer. Below, it will be shown that these differences, arowever, small.

Z=s 5-50)

Figure 2.1: lllustration of the glacier geometry and copnadé system. Bedrock perturba-
tion and corresponding surface reaction are shown as a lateckl he dashed lines show
the undisturbed plane slab geometry. The superscript (i¢ates average values over
the whole computational domain.

2.2.1 Boundary Conditions

Periodic boundary conditions are imposed along the glagsstream and downstream
boundaries. Hence, the considered flow section is repeafiedely in z-direction. The

upper surfacé(z, t) is stress free and its time-dependent evolution governedeline-
matic boundary condition

Si+as; =w  Z=5(31). (2.5)
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The mass flux across the upper surface is therefore set to Zbeolength of the model
is equal to the wavelength of the basal disturbance. Sidabkperturbations in bedrock
topographyB are introduced by writing(z) = 5 + Abcos(ki), whereb(z) describes
the basal topography”) stands for the mean bedrock elevatidy, is the amplitude of
the bedrock perturbatiort, = 27 /) the wave number. Similarly, perturbations in basal
slipperiness( perturbations) are written as(z) = C©(1 + AC cos k%) whereC'®

Is the mean basal slipperiness, afdd’ is the fractional amplitude of the slipperiness
perturbation. Note that the total amplitude of the basaldriness perturbation is given
by the producC'® AC, and that the fractional slipperiness amplitude?) is equal to
the ratio of the total amplitude of the basal slipperinessupeation C“ AC) to the
mean value of the basal slipperiness perturbat@f). The superscript (0) indicates
here average values over the whole computational domais.rnbtation is used because
when comparing numerical results with relevant pertudratheories, these correspond
to zeroth order quantities.

2.2.2 Non-dimensionalization

The variables are non-dimensionalized by choosing thgicty values. For example,
spatial scales are non-dimensionalized with a typicaktiess. We will write) = W[ li
the quantities in square brackets represent the respégpieal values, and those without
tilde are the corresponding dimensionless quantities. spagial variables:, z, 3, b, the
velocity components, @, the timet, the stresg and pressurg are non-dimensionalized
as follows,

(z,2,8,0) = (& %35,0b)/[h"]
(ww) = (@)
t = t/[h/id]
(r.0,p) = (7,6,D)/[7]

where [(9)] is a typical mean ice thicknesgij,] a typical contribution of internal de-
formation to the surface-parallel velocity,] = pghsin(a) a typical bed parallel shear
stress. The kinematic boundary condition is invariant utigis set of scalings. In dimen-

nl

sionless form, the rate factof readsA = (;2; + & ~n -)~!. The sliding law has the form

— Cr" with C = C[7"/4). In scaled units, the glacier thickness is equal to unity
and the mean surface paraIIeI deformational velogjty- 1.

2.3 Algorithm

At each time step the velocity field is first calculated by swv(2.1), (2.2), and (2.3)
together with the boundary conditions corresponding tegibne of the two perturba-
tion problems considered. Far=# 1 the effective viscosity distribution is updated and
a new solution calculated. This is repeated until the marinolhange of the velocity
at some node divided by the maximum velocity of the whole danmless than 0.
Then the kinematic boundary condition (2.5) is integrateavard in time with an un-
conditionally stable implicit Crank-Nicholson finite déifence scheme. This procedure is
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continued until a steady-state has been reached, whictgeglto be the case as soon as
the change in vertical displacement is less th@r' of the mean thickness. In all numeri-
cal experiments performed, calculations started from alistuwbed plane-slab geometry
and continued until a steady-state had been reached. Wenbaue/estigated the possi-
bility of a multi-valued geometry-flux relationship pretid for this problem by Schoof
(2004), and therefore can neither confirm nor rule out theipdgy that our steady-state
geometries may depend on the initial geometry chosen.

2.4 Results

For the two types of basal perturbations considered, tlagioakhip between surface to-
pography and velocities depends on a number of parametersa ledrock B) pertur-
bation, the ratio between basal amplitude and mean thisk@¥s/'#) is an important
non-dimensional number. For a basal slipperiness petiorb’), the fractional ampli-
tude of the perturbationYC) plays a similar role. Other parameters affecting the smhut
are the ratio of amplitude to wavelength{/ A andAC'/\), mean surface slope], mean
basal slipperinesg{(?)), and stress exponent In transient runs, the rate factod) af-
fects the time scale, but otherwise has no effect on thetsesiul calculations done for
non-Newtonian medium, the cross-over stregsi6 a further model parameter.

Numerical results are mostly presented in the form of tremifnctions, describing the
effect of the basal perturbations on the surface topograplaysurface velocities. The
transfer functions give the transfer amplitude and thetiveghase shift as a function
of wavelength for sinusoidal perturbations. The transfapltude is the ratio between
surface and basal perturbation amplitudes and descrilvesitueh from the basal pertur-
bation is transmitted to the surface. It is sometimes alt&rned to as amplitude ratio.
The relative phase shift gives the relative phase shift@étirface field with respect to the
basal perturbation. Both transfer amplitudes and phases siie described by complex
numbers. The transfer functioffs are denoted with a two letter suffix. The first suffix
relates to the effect and the second one to the calggefor example, is the transfer func-
tion that describes a change in the surface topographyd#yseperturbation in bedrock
topography, wheredg,¢ is the transfer function describing a change in horizontebse
velocity caused by a spatial variation in the basal slipp=s. As discussed above, this
method of presenting the results is only useful if the respas nearly linear, that is, if
the surface fields can be approximated accurately as stalsairves having the same
wavelength as the basal perturbation. Non-linear effedteduce multiples of the fun-
damental wavelength. Such effects can, in principle, berde=d through higher-order
transfer functions (e.g., Gudmundsson, 1997a). We edtithase higher-order effects,
and present the results in form of transfer functions of tmelmental wavelength when
we judge that these higher-order effects can be ignored.

Numerical results for linear rheology were compared withhbsteady-state and tran-
sient analytical solutions. Figures 2.2a and b shows exasrgilcalculated and analytical
surface-to-bed amplitude ratio and phase shift for a Neiatofiuid as a function of time
for both sinusoidal bedrock and slipperiness perturbatidrhe solid line is the analyti-
cal solution (Gudmundsson, 2003), which for this set of peaters predicts the surface
to oscillate a few times before settling on the steady-sabetion (a kinematic surface
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oscillation). The diamond symbols represent the numergsllts. As can be seen the
agreement between the numerical and analytical solutsoe@saellent.

2.4.1 Finite-amplitude effects
B perturbation

The analytical solution given by Gudmundsson (2003) for avfdaian medium is cor-
rect to first order inAbk, wherek is the wavenumber, and should be accurate when-
ever Abk < 1 and Ab/h < 1. One of the properties of the analytical trans-
fer amplitudes is that they always increase in a direct pitopo to the size of the
basal amplitude. Figure 2.3 shows the percentage differentransfer amplitude, i.e.,
100 x (abs(7g) — abs(7éy))/abs(Téy), whereabs is the complex magnitude and the
superscripts and ¢ stand for analytical and numerically calculated, respetti Also
shown is the absolute difference in phase, negle(7$z) — angle(7&s), whereangle

is the complex phase angle. The differences are plottedragidms of bed amplitude
for C(©) = 0 and for three different wavelengths. As seen in Figure A8 numerical
transfer amplitudes increase slower than linearly witmeasing bed amplitude, and the
percentage difference in transfer amplitude is therefegative. As expected, the differ-
ence between calculated and analytical values increaggexamately quadratically as
a function of Ab for a given wavelength. We have a high confidence in the coress
of the numerical solution and consider the difference betwte analytical and the nu-
merical solutions to be caused by non-linear finite-amgétaffects not accounted for in
the analytical perturbation solution. However, theseedédhces are small, smaller in fact
than might have been expected on the basis that the anélsicdion is only correct to
first order inAbk and only valid forAb/h < 1. For Ab = 0.5, or 50% ice thickness,
andC(® = 0, calculated transfer amplitudes are, for example, onlyuah6 to 20 per-
cent smaller than the analytical values. Py = 0.5 and\ = 5, Abk = 0.62 £« 1,
and one could therefore have expected the difference betamgytical and numerical
values to be larger. This result gives increased confidenasing the analytical solution
to calculate flow over finite amplitude bedrock perturbagion

With increasing amplitude of the bedrock perturbation égiven wavelength), the prob-
lem becomes increasingly non-linear and the surface shaps ® deviate from a pure
sinusoidal form. In Figure 2.4 the transfer amplitudes fa first three harmonics are
shown. As expected, amplitudes of higher order harmonicsrbe progressively stronger
with Abk. Nevertheless, the first-order harmonic agrees well wigtttieoretical transfer
amplitudes (shown as horizontal dashed and solid linesp &b keastAb = 0.3, which
corresponds to aboukbk = 0.37 for A = 5. Even for large basal sliding velocities
(C® = 1000, Figure 2.4b), higher order harmonics are, ok less than about 0.4, at
least 10 times smaller than the fundamental harmonic. Agaifind that the analytical
solutions seem to give an accurate description of the oslsiip between bed and sur-
face geometry even up to moderate valuesAok. As Schoof (2002) has pointed out,
stress perturbations associated with any finite sized b&dverturbation must grow as
the basal sliding velocity is increased. It follows that #esuracy of the analytical so-
lution must depend o'®). This is a well-made point, and stresses the importance of
being able to estimate the errors for any given finite valu€'8f, something that can
only be done through the type of numerical comparison betweeanalytical theory and
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Figure 2.2: Comparison of numerical with analytical amyi ratios and relative phase
shifts as a function of time for a Newtonian rheology=£ 1). (a) Flow over a sinusoidal
bedrock perturbation with amplitud&b = 0.05 and no basal slidingd® = 0); (b)
Basal sliding perturbation with a fractional slipperinassplitudeAC = 0.05, and mean
slipperinesC(® = 1. The wavelength is\ = 200 and the mean surface slopecis=
3°. The diamonds are the numerical results and the solid lieeatialytical solution
(Gudmundsson, 2003).
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and phase shifts as a function of bedrock amplitude for assidal bedrock perturbation
in the absence of basal sliding'® = 0). The medium is Newtoniam( = 1), the
wavelengths ara = 5, 10, 25, and the mean surface slopeis-= 3°. All curves are linear
interpolations of calculated values (diamonds).
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numerical calculations done here. Figure 2.4b gives agatiswer to this issue and
shows clearly that the theoretical transfer amplitudesaaceirate foC® = 1000 up to
aboutAbk = 0.2 or Ab/h = 0.3. In particular, our results do not support Schoof’s (2002)
claim, based on scaling analysis, that the analytical mwiatcan only be used for up to
aboutAb/h = 0.0001 for C© on the order of 1000.

Forn > 1 finite-amplitude effects are, as we will now show, particiyiatrong. Fig-
ure 2.5 shows the effect of basal amplitude on the bed-tiaseitransfer for. = 3 and

n = 5, for various values of the cross-over stregsFocusing on the curves fag = 0,

it is evident that the slope of the transfer amplitudes arasplshifts, as functions of am-
plitude, do not approach zero faxb — 0. The sensitivity of the transfer functions to
the basal amplitude, defined as the partial derivativé afith respect ta\s, is, thus, not
zero in the limitAb — 0. In principle, transfer functions can still be used to deéscthe
bed-to-surface transfer, but they can not be listed indegetty of Ab. However, more
importantly this implies that for, = 0 the problem can not be linearized because finite-
amplitude effects are important irrespectively of how drtteg¢ basal amplitude is. For
a power-law rheology, modifying the geometry of a unifornmglined slab to include
bedrock undulations, however small the amplitude of theskilations may be, causes
the effective viscosity near to the surface to go from infiid some large, but finite,
value. It is this singularity of the near-surface effectiwrscosity in the limit of small
bedrock amplitudes which is responsible for the non-zesped as\b — 0 for 7o = 0 in
Figure 2.5. This singular aspect of power-law rheology ismav and has been discussed
before (e.g., Johnson and McMeeking, 1984). As has beengabaut by Hutter (1983),
Johannesson (1992), and Hindmarsh (2004), to render thepnosuitable for lineari-
sation, the reference state must either be modified to iecdudon-zero surface-parallel
deviatoric stress, or, as an alternative, a cross-ovessstegm must be added to Glen’s
flow law. These two approaches are physically not equivakemd which one is more
appropriate depends on the particular flow regime of thaglamder study, and the rhe-
ological properties of polycrystalline ice at low deviatsstresses which currently are not
well constrained (e.g., Pettit and Waddington, 2003; Devall., 2000; Duval, 2003). At
low enough deviatoric stresses diffusional flow witk= 1 is expected to be the dominant
deformation process, but the upper limit of this stress eaagot known, and it has not
been possible to observe this deformation process in ladigrexperiments (Goldsby and
Kohlsted, 2001). In glaciers and ice sheets, the effeciseosgity of ice at low stresses is
determined by the size of the linear term, and the three-éioeal stress configuration.
Which of these contributions has a larger effect on the sadace effective viscosity
depends, therefore, not only on the magnitude of the cresssiress term, but also on
various factors affecting the near-surface stress, suttfedengitudinal strain-rate which
in turn is related to the accumulation rate.

Note that forry, = 0 andn # 1, finite-amplitude effects are especially pronounced for
small basal amplitudes. This behavior, and the generakshaiithe curves in Figure 2.5,
contrast sharply with what is seen in Figure 2.3/0 1, where finite-amplitude effects
only start to play role for relatively large (abafyb > 0.3) bedrock amplitudes. The finite-
amplitude effects for a power-law medium are presumablyiq4darly strong for small
amplitudes rather than large ones because the change wsuréace effective viscosity
decreases with increasing amplitude.
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C perturbation

In Figure 2.6 the numerically calculated Fourier coeffitsauf the first, second, and third
fundamental harmonics are shown for a slipperiness pettiorb as functions oAC'.
This figure corresponds to Figure 2.4 for a bedrock pertiobatAgain, the analytical
solution valid to first order iMACk is represented through horizontal solid and dashed
lines. Figure 2.6 shows, as did Figure 2.4 for the bed togagrgerturbation, that the
analytical solution is accurate for a considerably largeige of the perturbation parame-
ter (hereA(), than the basic assumption of the analytical thedyg'(< 1) might have

led one to expect. FaP® = 1, for example, the analytical solution is accurate within
a few percent forAC' = 0.2 for both A\ = 5 and\ = 25. Even forC® = 1000, the
analytical solution is similarly accurate upAa”' = 0.1 for both these wavelengths.

Figure 2.7 shows transfer amplitudes and phase shifts fdippesy perturbation as a
function of amplitude AC). A similar behavior is observed as in Figure 2.5, which & th
corresponding figure for a bedrock perturbation. &pe 0 finite amplitude effects are
important even in the limiAC — 0, and the slope of the, = 0 curve does not approach
zero in this limit. With increasingy, the picture changes markedly, and fgr= 0.3 the
response is effectively linear over the amplitude rangevsh0 < AC < 0.2)

Cross-over stress

In the numerical approach used here, the singular behaldbe surface near viscosity as
a function of Ab does not pose any fundamental difficulties. Whenever fiaglitude
effects become important, the transfer functions are, kiew@o longer independent of
Ab. As we have seen this happens for all valueg\éffor n > 1. Clearly this reduces
severely the usefulness of the transfer-function reptasien. Because of this, and more
importantly because the finite-amplitude effects at snraplgudes are caused by phys-
ically unrealistic aspects of Glen’s flow law, we, in the &lling, only calculate transfer
functions forn > 1 with 7, > 0.

As seen in Figure 2.5 the linearity of the problem with respec\b can be regained for
n > 1 using a relatively modest value af. For 7, = 0.3, for example, the response
is effectively linear with respect tc\b over small amplitudes. Using this value for the
cross-over stress the contribution of the linear term todaffiective viscosity becomes
larger than that of the non-linear term™(!) in the uppermost 30; of the thickness
irrespective of surface slope (a consequence of the dadisiscale the stresses with the
mean basal shear stress instead of, for example, overbprdssure). Since most of
the ice deformation contributing to the forward motion cgekrs and ice sheets takes
place below this depth, the mean forward deformationalarglas hardly affected as the
cross-over stress is increased from zer0.80

Polycrystalline ice must, as all materials, posses a fingeosity in limit of vanishingly
small stresses. It is however not clear if the near-surféfeeteve viscosity in glaciers
and ice sheets is typically determined by the size of thetaohsiscosity term or by the
effects of mean longitudinal deviatoric surface-paradlieess on the effective viscosity.
This is an issue that can only be answered through furtheliestton the rheological
properties of polycrystalline ice. In the absence of cleqegimental evidence regarding
the size of the constant viscosity term we, somewhat arbiytraet, = 0.3, which is the
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lowest value that, according to Figure 2.5, makes the tearegfproximately linear as a
function of bedrock amplitude.

Figure 2.8 showS s (a) andZsc (b) for different values of, as a function of wavelength.
The bedrock and fractional slipperiness amplitudes wee= 0.01 and AC' = 0.05,
respectively. As can be seen, the effectpbn the transfer amplitudes varies with wave-
length. The effects of non-linear rheology on transfer abtaristics will be discussed
in detail in the next section, and, as will then become cltar,effect of increasingy

on transfer characteristics is to suppress non-lineafdogeal effects. This is expected
since with increasingy the thickness of the near-surface layer, where the linear te
the flow law exceeds the non-linear one, increases. Varyimgthin the range of 0 t0 0.3
does, however, not lead to large quantitative differeneeésansfer amplitudes and phase
shifts. In Figure 2.8 it can, for example, be seen thg amplitude varies by no more
than by about 0.15 and that @%. by less than about 0.1.

2.4.2 Surface Topography
B perturbation

Figure 2.9 shows the amplitude ratio and the phase shift faralinear rheology for a

B perturbation in the absence of basal motion (a) and in th&epiee of significant basal
motion (C©) = 10, b). For comparison, the transfer function for a linear Nevian
rheology is also shown (solid lines). Numerical values apesented by diamonds, and
for n # 1 the diamonds are connected by a linear interpolationnFer1 the (solid) line
gives the analytical solution valid for small-amplitudefaw closely the diamonds follow
the solid line, thus, gives an estimate of the agreementdmitwumerical and analytical
solution. As can be seen the agreement is good. The numealcailations were done
for bothAb = 0.01 andAb = 0.05 and it was tested that finite-amplitude effects could be
ignored for this amplitude range (see also Figures 2.3 &gl 2.

For C(© = 10 (Figure 2.9b) the numerical values are a few percent smtiber the
analytical solution for wavelengths in the range from ab®ab 50. This difference is
due to the fact that basal motion in the numerical model isukted by adding a thin
basal layer with the right viscosity to give a surface-gdatatelocity at its top equal to the
required sliding velocity. As stated above, this methodndfdducing basal motion has
often been used in numerical finite-element calculatiorgs (8chweizer and Iken, 1992;
Vieli et al., 2000). It is, however, because of surface-jaratress transmission acting
in this basal layer, not strictly equivalent to the use ofidiisy law relating basal motion
and basal shear stress. Figure 2.9 gives the first quavdiedtimate known to us of the
differences in flow due to these two different ways of accmgntor basal motion. That
the differences are so small, or only a few percent, is reagsland can be taken as an
posteriori justification for all previous uses of this method to simelatbasal sliding law
in finite-element models.

As Figure 2.9 shows, the non-linear bed-to-surface togagraransfer functionsZsg)

differ from the linear one in a number of ways. Neverthel¢ls, qualitative features
are quite similar. Focusing on Figure 2.98 = 0, no basal motion), we see that all
transfer amplitudes increase monotonically with incnegsvavelength, irrespectively of
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the value ofn. On the other hand, Figure 2.9b shows that a local maximuorisdd in
all transfer amplitudes faf'® = 10, again irrespectively of the value of

For C® = 0 no local-maximum in transfer amplitudes is found (Figur@a}.a fact
also observed by J6hannesson (1992) in his semi-numeppabach to this problem.
This is a fundamental qualitative difference in bed-tofate characteristics between the
non-sliding and the sliding situation. Nevertheless, thme process leading to a local
maximum forC©) sufficiently large seems to be affecting the transfer amgiis for
any value ofC®, even forC® = 0. It can, for example be observed in Figure 2.9a
that, over the range of wavelengths from about 2 to 7nfee 1, and about 2 to 50 for
n = 5, the transfer amplitudes are larger than one would otherexpect from the shape
of the amplitude curves at both smaller and larger wavelengGudmundsson (2003)
gives a simple physical explanation for the appearanceeofotal maximum in transfer
amplitudes, as being the result of a competition betweerpt@oesses as the wavelength
Is increased: the increase in the vertical extent of the fleupbations as measured from
the bed-line and the decrease in the strength of the petioinbaeasured close to the bed
as the slope parametek{/\) becomes smaller.

As seen in Figure 2.9 the effects of non-linear rheology ettansfer characteristics can
be either to increase or decrease the transfer amplitudieektive phase shifts depend-
ing on wavelength. It is helpful to distinguish between &éwranges of wavelengths: short,
intermediate, and large. Over short wavelengths, trarasfeslitudes are smalk{ 0.1)
and decrease with increasing This range of wavelengths is from 0 to about 2 with the
upper range depending amand increasing with it. Over intermediate wavelengthsigra
fer amplitudes increase markedly withand a local maximum in transfer amplitudes is
formed forC(® large enough. Again the upper limit of this range of interratzlwave-
lengths depends om and shifts to larger wavelengths with increasingForn = 1, the
range of intermediate wavelengths is from about 2 to 30 aod fitbout 2 to 70 fon = 3.
The long wavelength range is characterized by a gradual tonimincrease in transfer
amplitudes towards unity. Over these long wavelengthstrdresfer can be accurately
described by a linearized version of the shallow ice appnaxion (SIA).

One of the qualitative differences betwegyy transfer amplitudes calculated on the basis
of the shallow-ice approximation (SIA) and those calcuddty including all deviatoric
stress components is the different number of inflection fgdimey exhibit as functions
of wavelength. The SIA transfer functions have only one atiten point, and not three
as is found when all stress components are included in tloelleséibns. In Figure 2.9,
the third inflection point of each curve (from concave to @)y counting from\ = 0,
can be taken as marking the transition to long-wavelendiiv&r long-wavelengths, the
shallow-ice approximation gives an accurate descriptiaglacier flow. Over all shorter
wavelengths the flow is to some extent affected by deviagtresses not included in the
shallow-ice approximation. As can be seen from Figure 2&gasing: has the effect
of shifting the third inflection point to higher values. Thsn-linear effect was first
observed by Landon and Raymond (1978) and, as discussedrny téflects an increase
in the range of surface-parallel stress gradients withreasingn.

The lower half of Figures 2.9a and b show relative phasessbifthe surface topography
with respect to the bed topography. In the short and the l@angelength limit, surface
undulations are, as expected, always in phase with the tledimredulations. The phase
shifts are within the range of -90 to 0 degrees, with the Idwat of that range increasing
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(smaller negative numbers) with increasing In steady state, the peak of the surface
undulation is, thus, always upstream of the bedrock unidulatNote that this statement
is not correct for transient flow as Figure 2.2 shows. Withreasingn, phase shifts
increase over short and intermediate wavelengths, buedserover long wavelengths.

C perturbation

The 7s¢ transfer functions for basal slipperiness perturbatioessaown in Figure 2.10

for C© = 1 (a) andC'® = 10 (b). For ease of comparison, transfer amplitudes are scaled
with their respective long-wavelength limit§’?)/(n + 1 + 2C®), see Gudmundsson
(2004)).

As is the case for th&s; transfer functions, distinguishing between short, inedlate,
and long wavelengths is also useful fy:. The respective limits of these ranges of wave-
lengths, and the general effectwofon transfer amplitudes, are found to be the same for
both theZsi and theZs: transfer amplitudes. Note that there is no local maximunm see
in the amplitudes of th&s transfer functions in Figure 2.10. In most other aspecta-ho
ever, there are strong similarities between Figure 2.1022@dthe number of inflection
points is the same in all curves, all amplitudes decreasestvet and increase over inter-
mediate wavelengths with, and the lower-limits of the long-wavelength ranges shdts
larger wavelengths with increasimgfor both 755 andZs.. Note however also that, over
intermediate wavelengths, an increase&’i has a very different effect ofisc than on
Tss. Not only is no local maximum formed with increasing®, transfer amplitudes in
fact become smaller with increasidg®. This quantitative aspect of the transfer ampli-
tudes shown in Figure 2.10, however, depends on them beatgdswith their respective
long-wavelength limits. If that is not done, the long-waareth limit increases with(*)
and with it the transfer amplitudes over the intermediatgesas well.

The lack of a local maximum and reduction in transfer amggsiover intermediate wave-
lengths with increasing'®) (when scaled with their respective long-wavelength lijits
appear to be the most fundamental differences betWgeand7s; transfer amplitudes.
The net effect is to make the transition from weak to strorayfeesurface transfer sharper
with increasingn for high (> 5) values ofC®). Note that the phase shifts shown in the
lower half of Figures 2.10a and b are, within the accuracyhefdalculation, related to
those in 2.9 throughsc = m + ¢, as is expected theoretically (Gudmundsson, 2003).

Influence of surface slope

Figure 2.11a shows the effect of surface slope oriZihgetransfer function. Figure 2.11b

is the corresponding figure f@isc. Increasing mean surface slope results in larger bed-
to-surface amplitudes and relative phase shifts. The saom®tonic increase in transfer
amplitudes is predicted by analytical expressions forsi@mamplitudes valid for long-
wavelengths and arbitrary (see Equation (4.4.6) in J6hannesson (1992)). Generaly th
lower-limit of the long-wavelength range becomes largethwiecreasing surface slope,
and the position of the third inflection point shifts to higlvalues of\. Since the long-
wavelength range corresponds to those wavelengths wheesh#tlow-ice approximation

is valid, this implies that its applicability to problems glacier flow is markedly more
limited for ice sheets with low than high surface slopes.
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Influence of sliding law exponent

As described above, a Weertman type sliding law is here usedralationship between
the basal sliding velocity,, and basal shear stresgs that isu, = C7;". Observations
suggest that the rheology of till under some active ice sigean the Siple Coast, West
Antarctica, can be characterized by high values of therglidiaw exponentn (Kamb,
2001; Tulaczyk et al., 2000a,b). The transfer charactesigor a high value of the expo-
nentm are therefore of interest with regard to the relationshiggvben bed and surface
on fast-flowing ice streams. Figures 2.12a and b show theferamplitudes and phase
shifts for a bedrock and a basal slipperiness perturbatmms = 3 and three different
values of 1, 3, and 20 for the sliding law exponent As can be seen in these figures
increasingn leads to some decrease in transfer amplitudes for both tyfpeasal per-
turbations. However, no new qualitative features are duoed. The absolute changes in
transfer amplitudes as is increased from 1 to 20 are generally less than 0.1, or & rel
tive terms, forA larger than about 3, about 10 to 20 percent. We concludettbatansfer
characteristics are, in this respect, not fundamentaictdd by the degree of rheological
non-linearity of till. We emphasize the fact that we haveuassd a commonly used form
of sliding law. We do not deal here with the important buteliéint issue of understanding
under what conditions this kind of sliding law might be reall, nor what might be the
limits to its applicability. As has been pointed out by 1kédi®81) and recently by Schoof
(2005), itis for example likely that in the case of widespteavitation, sliding velocities
become insensitive to changes in basal shear stress.

2.4.3 Surface Velocities
B perturbation

The steady-state amplitude ratios and phase shifts ofcasfarallel () and surface-
normal (v) surface velocities are shown in Figure 2.13 f@ perturbation in the absence
of basal sliding ¢© = 0). Note that here the terms ‘surface-parallel’ and ‘surface
normal’ refer to the undisturbed plane-slab geometry. Beedhe surface mass-balance
distribution is set to zero, the velocity component norroahte final steady-state geom-
etry is always zero. Analytical amplitude ratios and phdséssfor n = 1 are shown as
solid lines with diamond symbols representing numericadliculated values. As can be
seen the agreement between the analytical and the numswlaéibns is good.

In the limits of both short and long wavelengths the perttidoe in both surface-parallel
and surface-normal velocity components approach zeropesceed. This is related to the
fact that forA — 0, the anomalous flow field becomes increasingly concentratdioe
bed. Slope perturbations calculated on the basis of théoghale approximation, incor-
rectly, do not approach zero as— 0 (Gudmundsson, 2004). For long wavelengths the
slope perturbations approach zero and with them the andplitd the velocity perturba-
tions.

For symmetry reasons the phase shift of surface-paralleciies is zero for\ = 0

(Gudmundsson, 2003). The surface-parallel velocity igs tinitially in phase with the
bedrock perturbation, with its maximum placed directly rothee peak of the sinusoidal
bedrock undulation. With the wavelength increasing fromozéhe phase shift initially
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decreases and then gradually increases again. As a conseg@elocal minimum in
phase (maximum negative value) is formed, althougfer 1 this minimum can hardly
be detected (Figure 2.13a). Note that for negative phadesrtge location of the max-
imum of the surface-parallel velocity component is upstred the bedrock peak. As
is increased towards infinity the relative phase shift apphes+/2 with the velocity
maximum above the maximum in forward bedrock slope.

Because the phase shift of the surface-parallel velocityames close to zero, or even
becomes somewhat negative, for wavelengths up to abouiduyé=2.13a), the maximum
of the surface-parallel surface velocity component is athdirectly above the peak of
the sinusoidal bed-line. This may seem at first sight a soraeaedunterintuitive result
because a bedrock perturbation might be expected to gigeaia maximum increase
in forward surface-parallel velocities downstream of iighest peak. Inspection of the
velocity field shows that for this range of wavelengths whteephase shift is negative,
a circular motion is set up in the perturbed velocity fieldeTdonsequence is reversal in
flow direction of the anomalous flow with depth. Balise and Rapd (1985) showed that
this type of recirculation within the anomalous velocitydies possible during the initial
response to a basal velocity anomaly. The problem consideree is somewhat different
from that considered by Balise and Raymond (1985) as thasaii§ in steady-state and
the basal perturbation a geometrical perturbation in tlapslof the bed-line rather than
a prescribed velocity along an otherwise flat bed. Recitmnids, thus, not just limited
to the non steady-state situations considered by BaliseRayinond (1985), but is a
general feature of glacier flow at short and intermediatealemngths. An observation of
a decrease in surface velocities over a limited area cas, ttai be taken as indicative of
an increase in basal resistance to glacier flow.

Phase shifts for the surface-normal velocity componentafe equal to-=/2 for both

A — 0and)\ — +oo (Figure 2.13b) showing that in these limits the maxima in apv
and downward velocities are found directly above the stetepgward and downwards
slopes of the bed-line, respectively. For all other wavgiles the phase shifts are smaller
(larger negative). For wavelengths around 10, the phases ghiFigure 2.13b are only a
few tens of degrees from 180 degrees, and the maximum downward velocity, therefore,
situated almost directly above the highest position of -lne.

Comparing Figure 2.13 fof€® = 0 to the corresponding Figure 2.14 f6t% = 10
shows that basal motion can give rise to a second local mawimuthe 7,5 transfer
function. Note that, as discussed above, the appearanae additional maximum in
transfer amplitudes is also observed % with increasingC®) (compare Figures 2.9a
and b). Increasing the basal slipperiness from zer@td = 10 leads to an increase in
the phase shifts of the surface-normal velocity componilote that forC(® = 10 the
maximum in surface-normal transfer amplitude is largenttieat of the surface-parallel
velocity.

As is the case for the surface topography, the non-linearcitgltransfer functions are
qualitatively similar to the linear ones. Neverthelessuehber of important differences
are observed. All positions of the respective maxima inasgdparallel and surface-
normal velocities get shifted to larger wavelengths wittr@asing.. Maximum transfer
amplitudes of the: velocity component are reducedass increased, whereas the max-
imum transfer amplitudes of the component are, in most cases shown, larger. One of
the most interesting effects of non-linear rheology on thlecity transfer characteristics
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Figure 2.13: Steady-state amplitude ratios and phases sififsurface-parallel (a) and
surface-normal (b) surface velocities forBaperturbation withC® = 0. Diamonds
indicate calculated values. Solid lines correspond to treydéical solution forn = 1.
Dashed and dotted lines are linear interpolations of catedl values fom = 3 and
n = 5, respectively. The mean surface slopeis 3° andr, = 0.3.
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is seen in the phase shifts ofover wavelengths less than about 10 (Figures 2.13a and
2.14a) where the phase shifts becomes increasingly negaitiv . As discussed above,
this implies that the position of maximum surface-paraidbcity is upstream of the peak

of the sinusoidal bed-line. Although this is not an entirebn-linear effect (fom = 1

the phase shift fofl;;5 also does become negative for wavelengths around 2), siogea

n leads to considerably smaller (larger negative) phasésdfifgures 2.13a and 2.14a).
Similar to what was observed for the topography, the effettsurface-parallel stress
transmission are felt over larger range of wavelengthsiasncreased.

C perturbation

The transfer functions of surface velocities for a basapgriness perturbatiord (per-
turbation) are shown in Figure 2.15 f6K” = 1 and in Figure 2.16 fo€'®> = 10. The
transfer amplitudes of surface-parallel velocities iaseemonotonically with wavelength
from zero towards the maximum 6£9°/((n + 1) + 2C®) (Gudmundsson, 2004). The
phase shift of surface-parallel velocities increases fith lvalues of mean basal slip-
periness from-7 towards zero, showing the same characteristics as the ghéte of
surface-parallel velocities for & perturbation. Note that the transfer amplitudeggaf
decrease with increasing This is similar to Balise (1987) finding that for non-linehe-
ology the instantaneous transfer of a bed-parallel badatig anomaly is less than for
a linear rheology. Note also that the transfer amplitudeshe surface-normal velocity
componentdy,c increase with over the shorter range of intermediate wavelengths.

The effects ofn on the7;, and 7, are not dissimilar from those o,z and 7,y 3.
Increasingn causes a reduction i, amplitudes and the lower limit of the long-
wavelength range (for which the shallow-ice approximatan accurately be used), to
become shifted to higher wavelengths. Phase angles otsyptarallel velocities initially
decrease with\,, and this decrease is more pronounced for higher valuesTiiere is an
overall increase in the phase of the surface-normal vglaoimponent with..

2.4.4 Discussion and summary

The transfer of finite-amplitude topographic and basalpgiy perturbations to the sur-
face of glaciers and ice streams can be broadly summarizédlass. Three different
ranges of spatial scales (short, intermediate, and longpeadentified. For each of these
spatial scales the transfer characteristics differ in alvemof significant aspects.

Over short scale, surface topographic transfer amplit(ifigsandZsc) are small & 0.1)
and the phase shifts for a bedrock and a slipperiness patioinare within a few tens of
degrees of zero and 180 degrees, respectively (Figuresd.2.40). The range of short
scale is from zero to about 3. Increasinghas the effect of reducing the topographic
transfer amplitudes. The anomalous flow is concentratebeoricinity of the bed and
surface velocity anomalies are small.

Over intermediate scale, transfer amplitudes of surfawelal velocity component¥{y, s
and7y,) display a pronounced maximum as functions of wavelengtfufes 2.13, 2.14,
2.15, and 2.16). A local maximum ifisz transfer amplitudes is formed far® suffi-
ciently large (Figure 2.9). No similar maximum i3 is formed, irrespectively of the
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value of C(¥) (Figure 2.10). Topographic transfer amplitudes increaisie #v Intermedi-
ate scale ranges from about 1 to 30#o 1, and from about 2 to 70 for = 3.

By definition of the term ‘long scale’ , the transfer charaistécs over this spatial scale
can be accurately predicted using the shallow ice apprdiomaAs has been observed by
other authors we find that the lower-limit of this range of el@ngths increases markedly
with n (e.g., Landon and Raymond, 1978). We also find that the lowet &f the long-
wavelength range becomes larger with decreasing surfape.sIThis implies that the
applicability of the shallow ice approximation to problewfsglacier flow is markedly
more limited for ice sheets with low than high surface slopEsis is an important and
interesting point. The main assumption of the shallow iceraximation (SIA) is that
the thickness-to-span ratio is small. One might therefgpeet that as the overall slope
decreases, the accuracy of the SIA improves. This is, hawemé correct if no other
spatial scales are of importance. In particular, the pmsehbasal disturbances adds the
ratio of their wavelength to thickness as a further non-disnenal parameter. Figure 2.11
shows that the influence of this parameter extends over arlasgmge of wavelengths
as the slope decreases, thereby limiting the applicalmhit$lA to increasingly larger
wavelengths as the overall slope decreases.

The effects ofn on transfer characteristics are mainly quantitative. @atale aspects,
such as the number of local maxima and inflection points, efid-to-surface transfer
do not change asis varied. As mentioned above, with increasinthe amplitudes of the
topographic transfer functions become smaller over sloatesbut larger over interme-
diate scale, and the transition between intermediate argldoale gets shifted to longer
wavelengths. The amplitude of the surface-parallel vefammponent decreases over in-
termediate scale with, while that of the surface-normal component increases strae
(Figures 2.13, 2.14, 2.15, and 2.16).

The effects of non-linear rheology on bed-to-surface fiearmsan be understood in terms
of how n affects the vertical variation of the effective viscositgtdbution of the unper-
turbed plane slab geometry. For= 1 the viscosity distribution is constant and inde-
pendent of flow. Forn > 1 the effective viscosity of the near-surface layer is latgan
that of the basal ice, and this stiff upper layer acts as asgaide. As a consequence,
the range of horizontal stress transmission increaseswitlhis is, as discussed by Lan-
don and Raymond (1978), the reason why the transition betwéermediate and long
scale shifts to higher wavelengths with The stiff upper layer also has the effect of con-
centrating the anomalous flow towards the bed, leading tdlemntapographic transfer
amplitudes over short scale, and to a reduction in anomalodace-parallel velocities.
Over intermediate scales, the flow field is considerably nooraplicated, as it is only
over this spatial scale that the perturbations in ice thesknand surface slope are suf-
ficiently large to significantly affect the anomalous flow di€bver both short and long
spatial scale the thickness and slope perturbations ark @naaboth tend to zero in the
limits A — 0 and A — +o00.) Nevertheless, with regard to non-linear rheological ef-
fects, the picture is fairly simple. Because of the stiff epfayer, the amplitude of the
surface-parallel surface velocity generally decreasdis nyiand in order for the net flux
perturbation of the anomalous flow field not to be affected —cWin steady state must
be equal to zero — the surface amplitude must increase atathe §me. This same
effect of non-Newtonian rheology on transfer charactiessivas observed by Jéhannes-
son (1992, compare for example Figures 4.5.3 and 4.7.1)sifunidamentally different
approach to this problem.
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The range of longitudinal stress gradients increases @fith As a consequence, there
are a number of similarities between the effects, @indC(®) on transfer characteristics.
Comparing Figure 2.9a with Figure 2.9b, for example, shdwsincreasing: or C¥ in
both cases leads to larger transfer amplitudes over themetiate scale, and the lower
limit of the long scale being shifted to higher wavelengths.

Balise and Raymond (1985) analyzed the transfer of basatiglanomalies to the sur-
face of a glacier assuming linear Newtonian rheology. Timegstigated the transfer of
basal velocity anomalies to the surface of an undisturbadepslab and therefore their
problem differs from the one considered here. Nevertheieisslluminating to consider
the differences, and similarities, of these two problenaid® and Raymond (1985) iden-
tified four longitudinal scales of different behavior. Thking scale was defined as the
scale where basal velocity anomalies appear at the surfetéenuated. In steady-state,
surface velocity anomalies due to bedrock undulations geeto withA — +oco so this
definition of long scale is not applicable to the steadyespaibblem considered here. We
define long scale as the set of wavelengths where the shal®apiproximation gives an
accurate description of the flow. Because the shallow-ipeaimation predicts a perfect
transmission of basal velocity anomalies in the litnit> +oo for the problem considered
by Balise and Raymond (1985), our definition, when applieth&r problem, matches
the definition they use.

Our definition of short scale is also identical to Balise arayfRond’s (1985) defini-
tion of very short scale, as the scale where there is esfigm@surface response. We
define the intermediate scale simply as the set of wavelsngth belonging to either
short or long wavelengths. But the justification for definthgs separate spatial scale is
the fact that over this scale the topographic transfer aoges are considerably larger
than straightforward interpolation from the short and threg-wavelength ranges would
suggest. Balise and Raymond (1985) defined a short scaleeascétte at which sur-
face velocity perturbations are considerably reduced iplénde and the surface-parallel
component is significantly different from that of the bed. aftg because the problem
considered here differs in number of ways from that analyae®alise and Raymond
(1985), their definition does not directly apply. Howevég tange of intermediate wave-
length for which the phase shift of surface parallel velptnegative (see Figures 2.13a,
2.14a, 2.15a, and 2.16a) corresponds roughly with the shal¢ of Balise and Raymond
(1985). Furthermore, inspection of the anomalous veldioglyl reveals that over this
range of wavelengths, the anomalous surface velocity éctéid roughly in the opposite
direction to the velocity directly above the bed-line.

One of the most noteworthy non-linear rheological aspefctseobed-to-surface transfer
is the strong increase in the amplitudes of the topograpinster functions with. across
the intermediate spatial scale. Over this scale the flowangty affected by horizontal
stress-gradients, and the SIA is not valid. In fact, the Sé&ginot predict this type of an
increase in transfer amplitudes. This non-linear effecparticular when acting in com-
bination with the well-known increase in transfer with”), gives rise to considerably
larger transfer amplitudes at intermediate scale thangiestby both the SIA and the an-
alytical full-system theory for Newtonian media. With ieassingC'*), the reduction over
short scale and the increase over intermediate scalenwitinogressively gives th&s
transfer amplitude® the form of a step-function when plotted as a function of wave
length (see Figure 2.9b). This implies that on active iceastrs all Fourier components
of topographic disturbances having wavelengths larger #ieut 3 to 5 are transmitted
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approximately equally to the surface. This is in marked @sttto the transmission prop-
erties of Newtonian medium, where over intermediate wangtles the medium acts as a
band-pass filter predominantly transmitting wavelengtiosiad 3 to 10. Given accurate
maps of bed and surface topography this prediction coulésted.

The general increase in transfer amplitudes, and the agpeaof a local maximum as
a function of wavelength with increasing®, are well-known features of the bed-to-
surface transfer characteristics of linear fluid (Gudmsnds 2003). It has been sug-
gested by Gudmundsson et al. (1998, 2003) that the origiroafsktripes on active ice
streams and observed increase in surface roughness dwsurgeare a consequence of
this increase in transfer amplitude. However, this suggesested on the assumption
that transfer amplitudes for a power-law fluid are not comstly smaller than those of
a Newtonian fluid and that they exhibit a similar increasehwiicreasing basal motion.
Figure 2.9 now shows this to be the case. In fact, the localmmax in theZsz amplitude
becomes larger and broader with increasing@rigure 2.9b). For = 3 up to about 8%

of the amplitude of a sinusoidal bedrock undulation is tfamed to the surface. This
reaches up to 95 of the amplitude of the perturbation far= 5 andC© = 10.

The degree of non-linearity of the basal sliding law doesapgear to affect the bed-
to-surface transfer characteristics fundamentally (sgarés 2.12a and b). This is of
some interest as it has been suggested that appropriats\ait for some active ice
streams on Siple Coast, West Antarctica, are most likelyeratarge ¢ 20) (Kamb,
2001; Tulaczyk et al., 2000a). It seems likely that othersiteams may be characterized
by different and possibly more moderate valuesrof The insensitivity of the transfer
amplitudes to changes i shows that high bed-to-surface transfer amplitudes areto b
expected for all ice streams irrespectively of what may leentiost appropriate value for
the sliding law exponent.
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Chapter 3

The influence of basal disturbances on
the velocity fields of glaciers and ice
streams

This chapter is a draft of a paper to be submitted under the sdi@ to the Journal of Glaciology, with
co-authors G. H Gudmundsson from the British Antarctic 8yrCambridge, UK and M. Vonmoos.

Abstract

The influence of basal disturbances on the velocity fieldsladigrs is investigated nu-
merically in two dimensions. This is done for finite-amptiuperturbations in bedrock
topography and in basal slipperiness for both linear andlmaar rheology. The effects
of nonlinear rheology on the velocity fields are mainly quative consisting essentially
in a concentration of the anomalous flow near the base anceishuetion of the horizontal
velocity perturbation near the surface. At small wavelbadk 3 ice thicknesses) and
small perturbation amplitudes, a recirculation forms i@ ¥elocity pattern for both types
of perturbations. The anomalous flow increases with the lgaggh of the perturbation
and reaches a maximum at around 10 ice thicknesses for saoffichigh slip ratios.

3.1 Introduction

Basal disturbances, such as bedrock undulations and Ispatiations in resistance to
basal sliding, influence both the surface topography andseivelocities as well as the
internal flow field of glaciers and ice sheets. Consideraldekvwas been done on the de-
scription of the transfer characteristics of basal valityto a glacier surface. Analytical
solutions are available for linear rheology (e.g., Hutteale 1981; Johannesson, 1992;
Gudmundsson, 2003) while semi-numerical and numericailtisnls exist for nonlinear
rheologies (e.g., Hindmarsh, 2004; Raymond and Gudmund&8®5). The descrip-
tion of the influence of basal variability on the glacier flowld received, on the other
hand far less attention (Balise and Raymond, 1985). In thfgep we investigate nu-
merically how finite amplitude basal disturbances affeetttho-dimensional steady-state

41



42 CHAPTER 3. VELOCITY FIELDS

flow field of glaciers. The analysis include the surface respdo basal variability. The

glacier velocity fields are computed with a plane-flow firetement model along flow

lines when transverse effects can be ignored. Two typesiaseidal basal disturbances
are considered: (1) bedrock undulations and (2) spatiaght@ns in basal slipperiness
along a flat bed. For both types of basal disturbances, tleetefbf nonlinear rheology

and finite-amplitude effects on the flow pattern are examirieesults for linear rheol-

ogy are compared with relevant analytical solutions (Guadsson, 2003). We consider
only flow field perturbations, i.e flow deviations from the Mehown plane-slab solution.

Figure 3.1b shows an example of velocity field perturbation.
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Figure 3.1: (a) Steady-state velocity fieldurdirection for flow over a sinusoidal bedrock
undulation as in the numerical model. The gray shading spoeds to the different val-
ues of horizontal velocities. (b) Velocity field perturlzatiin reaction to a perturbation
in bedrock topography (as shown in panel a)) depicted instabed glacier geometry
(rectangle) as explained in section 3.3.1. Solid contawedidenote positive velocity
anomalies and dotted lines negative anomalies. Note tkatittusoidal basal perturba-
tion centered at = 0 indicates the position and amplitude of the basal pertirban
disturbed geometry, but has otherwise no direct geomeuetation with the velocity
anomalies depicted in undisturbed geometry. Distancegydler andz axis are in units
of mean ice thickness®).

In this paper, we consider variations in basal properties both short and long scales
with respect to ice thickness, but short with respect to trerail span of the ice sheet,
hence allowing us to consider the glacier geometry as quureting to an inclined plane
slab on which perturbations in bed and surface are supesetpd/Ne restrict our inves-
tigations to 'small’ perturbation amplitudes. By small weam that the amplitude of the
perturbations amount to maximum%f the mean ice thickness. This still allows us to
determine the amplitude range for which finite amplitude&# can be ignored.

The structure of the paper is as follows. We start be introduthe numerical model
in Section 3.2. We describe in Section 3.3 how the perturbatin velocity fields are
determined and validate the results by comparison witlvaglieanalytical solutions. We
then investigate how the velocity field of glaciers is aféecby both types of basal distur-
bances. The effects of finite amplitude and non-linear gpohre discussed separately.
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3.2 Numerical Model

The setup of flow down an infinite plane with a mean inclinatois illustrated in Fig-
ure 3.2. The coordinates are, (), wherez and z are parallel and perpendicular to the
mean slope, respectively. Dimensional variables are eéenwith a tilde, nondimensional
without. The equatiod = 3(z, {) defines the surface arid= b(i) the base of the glacier.
The two-dimensional velocity field is represented by thezwmtal velocity« and the
vertical velocityw.

z h©

Figure 3.2: Geometry of the glacier and coordinate systemsad in the numerical model.
Bedrock perturbation and corresponding surface reacteislaown as a black line. The
dashed lines show the undisturbed plane slab geometry.

The model is implemented in the commercial finite-elemeagpamm MARC. A mixed
Lagrangian-Eulerian formulation in two-dimensions (@astrain flow) is employed to
calculate the solution (Leysinger Vieli and Gudmundss@®4). The numerical model
solves the full force-balance equations for which accélanaerms are neglected and the
mass-conservation equation for incompressible ice. Thegsations read;;; = —pg;
andv;;, = 0, respectively.;; are the components of the Cauchy-stress tensisrthe
ice density,g; the acceleration components due to gravity andre the components of
the velocity vector. The constitutive ice flow law is Glergsv (Glen, 1955; Steinemann,
1958), modified according to Hutter (1983) with a linear téonavoid the singularity in
viscosity at the surface as the deviatoric stress goes to Zée constitutive law reads

&y = AGF T+ 7 e (3.1)

In this equationA is the rate facton the stress exponer&”—, &i(;.l) are the strain rate and

the deviatoric stress tensors, respectively arlie effective shear stress. The parameter
To IS the crossover stress at which the linear and exponeatialst contribute equally to
the total strain rate.

3.2.1 Boundary Conditions

Boundary conditions along the bed are specified by a slidfagion of the form

i, = C(3)7m, (3.2)
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where, is the sliding velocity tangential to the bed;(z) the sliding coefficient,
the bed parallel shear stress andthe sliding law exponent. We present only results
for m = 1. Basal sliding is introduced in the model by adding a unifahim layer of
different viscosity to the base of the glacier such thatii@te3.2 is respected. Sinusoidal
perturbations in basal slipperiness are introduced bymrit

C(z) = CO1 + AC cos ki), (3.3)

whereC'© is the mean basal slipperiness ak€' is the fractional amplitude of the basal
slipperiness perturbation. The total amplitude of the balpperiness perturbation is
given by the product®AC. The wave numbek = 27 /), where) is the wavelength.
Similarly, perturbations in bedrock topography are introeldd by writing

b(z) = b9 () + Abcos ki, (3.4)

whereb©® is the mean bedrock elevation ard the amplitude of the bedrock pertur-
bation. The superscript) indicates averages values addeviations from the mean
(perturbation). This notation is used because when comgartmerical results with rel-
evant perturbations theories, these correspond to zerd#r-quantities. The ice surface
is stress-free and allowed to evolve according to the kinenbaundary condition until
steady-state is reached. The kinematic boundary conditiaats

S; + USz = w, zZ=35(z,t). (3.5)

Accumulation and ablation are not taken into account. Therkiatic boundary condition
is integrated forward in time with an unconditionally setmplicit Crank-Nicholson
scheme (Raymond and Gudmundsson, 2005).

Periodic boundary conditions are imposed along the upsti@ad downstream glacier
model boundaries.

3.2.2 Non-dimensionalization

The variables are non-dimensionalized by choosing thgircé) values. For exam-
ple, spatial scales are non-dimensionalized with a typilcedkness. We will write
v = zZ/ [~]' the quantities in square brackets represent the respegipical values,
and those without tilde are the corresponding dimensisniggntities. The variables
are non-dimensionalized as follows; thicknésslevations, s, b and horizontal position
7 are scaled with a typical mean ice thlckn@s@ ]. The velocity components, w are
scaled with a typical contribution of internal deformatit;mthe mean surface-parallel
velocity [u4]. Pressures and stresses are scaled by a typical bed patedkel stress
(7] = pghsin(a), wherej is the ice density angl the acceleration due to gravity. Time
is scaled by[h/i,). In scaled units, the glacier thickness is equal to unity #wedmean
surface parallel deformational velocity, = 1. The coordinate system is defined so that
2 =350 =1andz = b = 0.
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3.2.3 Model Characteristics

Four-node, isoparametric, quadrilateral Hermann elesnardg used. The model length
correspond to the wavelength of the basal perturbation coh®gputational grid comprises

60 elements in-direction and 30 elements indirection. The basal layer comprises two
elements irc-direction.

3.3 Model Results

B perturbation refer to perturbations in basal topographitent perturbation to pertur-
bations in basal slipperiness. Model results are discusspdrately for both types of
disturbances. We report results for steady-state flows. ofihe mean surface slope is
always 3. All results are presented in nondimensional form. For rhogdes withn = 3,

the cross-over stress is setitp= 0.3 according to Raymond and Gudmundsson (2005)
(see also Chapter 2). The discussion focuses mainly ondraakvelocity perturbations.

3.3.1 Determination of the velocity field perturbations

The velocity field perturbations are presented in the samme &s analytical results from
perturbation theories (Gudmundsson, 2003), allowing toare results for different per-
turbation wavelengths and amplitudes and to validate theemical results by comparison
with analytical solutions. The velocities at the actualulefed coordinatege, ) have to

be transferred to the undeformed zeroth-order coordirfates” ) using a first order Tay-
lor approximation. Note that andz(?) are located at the same relative vertical position
with respect to the actual glacier thickness and undeforsiedulthickness, respectively.
The perturbation in horizontal velocitku(z, (%)) is thus obtained by subtracting from
the horizontal velocity:(z, z) the value of the mean horizontal velocity of the undisturbed
plane slabu® (z, (%) and the product of the vertical derivative of the mean hariab
velocity for the undisturbed plane slég(zi) with the difference between the vertical node
coordinates and the mean vertical elevation for that level » — 2 i.e.,

Ou©®
YA (3.6)
0z
The mean horizontal velocity at the zeroth order levgt, 2(9), i.e. the zeroth-order
infinite plane-slab solution, reads for linear rheology

u(2,29)=1-(1- 2(0)2) +CO, (3.7)
whereas for non-linear rheology and modified Glen’s lavg given by

A2 (4 (1= (1= 20))
u®(z, 29) = i 5 + 00, (3.8)

7

Au(z, 2) = u(z, 2) — uO(z, 2O) —

The perturbation in vertical velocitw (z, 2(?)) equals the vertical velocity (z, z) since
the zeroth order vertical velocity is zera () (x, () = 0).

For notational compactness, we refer in the following wighoeity field (u, w) to the
velocity field perturbationgAu, Aw).
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3.3.2 Validation

Steady-state numerical results for linear rheology wenegared with analytical solutions
for linear rheology and small amplitude perturbations (@uddsson, 2003). Figure 3.3
shows examples of the absolute difference between steaty/+sumerical and analyti-
cal solution for both sinusoidal bedrock and slipperinessysbations. The wavelength
A = 100 and the amplitudes of the perturbatioh$ = AC = 0.05 or 5% ice thick-
ness. As can be seen, the absolute difference is small aragteement between the
numerical and analytical solution good. The numerical sotuhas also been validated
by comparing numerical transient and steady-state sutéabed amplitude ratios and
phase shifts for sinusoidal bedrock and basal slipperipessirbations with analytical
solutions (Raymond and Gudmundsson, 2005). As the agreemasrexcellent, we have
a high confidence in the correctness of the numerical s@iutio

3.3.3 Nonlinear Finite Amplitude Effects

A property of the analytical solution for linear rheologyu@nundsson, 2003) is that
the magnitude of the velocity perturbations increasesgtamally to the amplitude of
the basal perturbations. Theoretically, this is correctirst order in Abk and ACk,
respectively, wheré is the wave number, and the analytical solution should barate
wheneverAbk < 1 or ACk < 1andAb/h®) < 1 or AC/hY < 1, whereh is the
mean slab thickness. We therefore start by examining theityabf this property, i.e we
determine for which range of basal amplitudes finite amgétaffects can be ignored.

B perturbation

Figure 3.4 shows the difference between numerical and tallgolutions forC'(® = 0,

A =1 (a, b) and\ = 50 (c, d) for two different amplitudes of the sinusoidal bedroc
perturbation ofAb = 0.05, 0.1. In the figure, the sinusoidal bedrock undulation centered
at z = 0 indicates the position and amplitude of the perturbatiodigturbed geometry,
but has otherwise no direct geometrical relation with thivaiy anomalies depicted
in undisturbed glacier geometry. Contour lines show the mitade of the difference
in surface-parallel velocity. Note that the term surfaegafiel refer to the undisturbed
plane-slab geometry. Since the numerical solution is ateumve consider differences
between numerical and analytical solution to be due to neali finite amplitude effects
not accounted for in the analytical perturbation solutids.can be seen, the differences
increase with the amplitude of the perturbation and deer@ath wavelength. This is
due to the fact that at small wavelengths, the slope pertioris|aare more pronounced;
for Ab = 0.1 andX = 1, Abk = 0.62 « 1, whereas for\ = 50, Abk = 0.01 < 1.
For A = 50, the analytical solution is accurate for baid = 0.05 andAb = 0.1. These
results are consistent with those from Raymond and Gudnsond2005) showing that
the analytical solution foB perturbation and no basal sliding is accurate for pertishat
amplitudes up ta\b = 0.3 for A = 25.

Interestingly, in all cases shown in Figure 3.4, the diffeein horizontal velocity is nega-
tive over the whole computational domain except at the béerevit becomes negligible.
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Figure 3.3: Absolute difference between numerical andyaical velocity fields for (a) a
sinusoidal bedrock perturbation with amplitutié = 0.05 and no basal sliding{(?) = 0)
and (b) a basal sliding perturbation with a fractional anople AC' = 0.05 and a mean
basal slipperines§®” = 1. The wavelength is\ = 100 and the mean surface slope is
«a = 3°. The basal perturbations centeredzat 0 show the position and amplitude of
the perturbations in disturbed geometry, but have othemisdirect geometrical relation
with the velocity anomalies depicted in undisturbed geoyeSolid contour lines are

positive differences in horizontal velocity and dottedtwam lines are negative differences
in horizontal velocity.
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This shows that in the numerical model, the bed obstaclessttown the flow, i.e., re-
duces the mean velocity. This effect becomes progresstgger with the amplitude of
the perturbation. The difference between the numericalawadlytical solution increases
faster than linearly with increasing amplitude. At the bibe, difference is zero since the
horizontal velocity perturbatiothu(z, () corresponds to the prescribed basal bound-

ary condition in the analytical solutioﬁ{zﬂAz in Eq. 3.6) by Gudmundsson (2003) for
C® = 0. Almost no difference in vertical velocity can be observed.
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Figure 3.4: Difference between numerical and analyticdbaity fields for a bedrock
perturbation withC'® = 0, (a and b)\ = 1 and (c and d)\ = 50. The amplitude of the

perturbation is (a and &%, and (b and dY0%. The surface slope is’3 Contour plots
are of the surface-parallel velocity.

The difference between numerical and analytical solutiwrafbedrock perturbation with
basal sliding is shown in Figure 3.5. At the bed, the diffeeeis not zero as was the case
for no basal sliding. The difference is due to the fact thahannumerical model, basal
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sliding is sensitive to the bedrock perturbations. In theleigthe sliding velocity equals
the required velocity (for examplzeéo) = 10 for C® = 10) as long as no basal pertur-
bations are introduced or if the slope perturbationAt& is small. At small wavelength
and large amplitudes the slope perturbation induces a fesistance to basal sliding,
which is not accounted for in the analytical solution. Thsuténg sliding velocity at
the top of the basal layer is therefore smaller all along gk than the theoretical value.
This effect is particularly pronounced at small wavelesgtor A = 1 andAb = 0.05 the
mean basal sliding velocity reduces fr@[ﬁq =10to u(o) = 3.3 whereas for\ = 10 and
Ab = 0.05, u\” = 9.92. Therefore, as was the case fﬁ@‘” = 0, the difference between
the numerical and analytical solution is negative over thele computational domain.
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Figure 3.5: Difference between numerical and analyticébaity fields for a bedrock
perturbation withC'® = 10, (a and b)\ = 1 and (c and d)\ = 10. The amplitude of the
perturbation is (a and df%, and (b and d}%. The surface slope is’3Contour lines are
of the surface-parallel velocity.

Forn = 3, finite amplitude effects are very similar to those obseffegdinear rheology
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as long as Glen’s flow law is modified with a crossover stress (&qg. 3.1). If this is
not done, finite amplitude effects become particularlyrggrat small amplitudes, as the
ice becomes very viscous near the surface due to the lowsser@sd strains. Because
these finite amplitude effects are caused by physicallyalistec aspects of Glen’s flow
law, we present, in the following, only results for= 3 with y = 0.3. Forn = 3 and
7o = 0.3, numerical simulations not presented here show that finijglitude effects can
be ignored for the amplitude range, AC' < 0.1 for wavelengths\ > 5 ice thicknesses.
Below this value, finite amplitude effects modify the intafrflow pattern significantly as
will be shown in section 3.3.4. In terms of transfer amplasdhowever, finite amplitude
effects can be ignored for smaller wavelengths. Thesetsearg consistent with those
from Raymond and Gudmundsson (2005) (see also Chapter 2).

C perturbation

In Figure 3.6 the difference between numerical and analsiclution is shown for a basal
slipperiness perturbation with(®> = 1 for wavelengths of\ = 1 and\ = 50. As was
the case fo3 perturbations, the difference increases with the ampditaigd diminishes
with the wavelength, but the difference still remains vemyali. At small wavelength
(A = 1), the slope perturbation IAC'k introduces at the bed a vertical velocity which is
not present in the analytical case since the basal boundaditeon

implies that the vertical velocity is zero at the bed siddeis zero (the bed is flat).

3.3.4 \Velocity fields
B perturbation

We present in this section numerical velocity fields for swmidal perturbations in basal
topography for both no basal sliding and constant basahglidResults for both linear
and non-linear rheology are discussed. We focus on sitgiihere geometrical non-
linearities play a minor role except at small wavelengths:(5), where finite-amplitude
effects modify the flow fields. For this wavelength range< 5), we present the results
for different perturbation amplitudes. Figure 3.7 shows Welocity fields for a wave-
length\ = 1 and two different basal amplitudes for both linear and rinadr rheologies
in the absence of basal sliding'” = 0). Contour plots show the horizontal velocity.
The sinusoidal bedrock perturbations and correspondeagdgtstate surface responses
centered at = 0 andz = 1, respectively, indicate the position and amplitude of tee p
turbations in disturbed geometry, but have otherwise nectligeometrical relation with
the velocity anomalies depicted in undisturbed geometrgmall perturbation amplitude
(Ab = 0.01) (Figure 3.7a and c), we observe a reversal in the directidinsoanomalous
flow with depth. At the bed, over the peak of the undulatiorgatee surface-parallel
velocities are observed, whereas over the low of the unidualgbositive velocities. The
reversal in velocity takes place at abaut= 0.2. Above this depth, positive velocities
are observed over the peak of the sinusoidal bed line, andtimegselocities over the
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Figure 3.6: Difference between numerical and analytickdaity fields for a perturbation
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the perturbation is (a, &%, and (b, d)10%. The surface slope is’3Contour plots show
the surface-parallel velocity.
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low. Note that above > 0.6 for the linear rheology case and abave 0.25 for the non-

linear rheology case, the flow perturbation is almost zehe Vielocity field for non-linear

rheology is qualitatively similar to the linear one. Howewes compared to the velocity
field for linear rheology (Figure 3.7a), in the nonlinearegBigure 3.7c), most of the
anomalous flow is concentrated in the vicinity of the bed sTiito be expected since for
non-Newtonian ice, most of the internal deformation takesein a narrow region near
the glacier base. If we consider the perturbations in fluxged for this circular motion
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Figure 3.7: Numerical velocity fields with contour plots afrtzontal velocity for a per-
turbation in basal topography with® = 0. The wavelength = 1 and the amplitude of
perturbation is (a, cAb = 0.01 and (b, d)Ab = 0.05. (a, c) for linear rheologyr{ = 1)
and (b, d) for nonlinear rheology with = 3 andr, = 0.3. The surface slope is’3

in the velocity field becomes clear. To first oder, the fjusan be written as

s(x)
o) = [ ulez)dz = ¢ + g (3.10)
b(x)
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whereq? is the flux for the unperturbed flow anly is the first order flux perturbation,
which is defined as

50

Ag=uDAs — ul()o)Ab + / Au(z, z) dz. (3.11)
bO)

ul” andu,()o) are the zeroth order surface and bed velocity, respecti¥elyand Ab the
surface and bed perturbation, respectively andthe horizontal velocity perturbation as
determined in Eqg. 3.6. Equation 3.11 holds only as long asimear finite-amplitude
effects can be ignored. Finite-amplitude effects intradhigher order terms which must
be considered to ensure mass conservation. In steadytbiaflix perturbation must be
equal to zero, that i&\g = 0. For no basal slidingu,()o) = 0, hence the vertical integral

over the surface-parallel velocity must balan¢8As. As for small wavelength the sur-
face reactiomAs is very weak (\s ~ 0), the integral overAu must also vanish. For a
non-zero perturbation in velocity the integral can only bede zero ifAu changes di-
rection with depth, forming a recirculation. A very similgpe of recirculation has been
shown by Balise and Raymond (1985) to be able to form in a Nettomedia during the
initial response to a perturbation in basal velocities. Bimailar manner, Gudmundsson
(1997b) showed that the surface-near flow field in a confluanea of two glaciers can
also be considered to be affected by anomalous surfacéigbamiecular motion in the
horizontal plane. With increasing amplitude of the bedrpekturbation, the circular mo-
tion disappears (Figure 3.7b and d). This difference is duaite-amplitude effects not
accounted for in the analytical solution. A recirculati@ande observed for wavelengths
up to 3 ice thicknesses.

With increasing\, the velocity perturbation extends towards the surfacetbedurface
geometry starts to react to the bedrock perturbation. Thexig fields for a wavelength

A = 10 for linear (a) and non-linear (b) rheology are shown in Fgg8r8. The flow
pattern is very similar in both cases. Negative horizongddeities are located at the bed
above the peak of the undulation and shifted upstream of ld@eg with height to the
surface. A similar pattern can be observed for positivezuorial velocities located at
the bed above the low of the undulation. As was the case fer 1, the magnitude of
the perturbation increases in the vicinity of the bed with tionlinear rheology. In order
to keep the flux perturbation zero, the vertical integralrdiae surface-parallel velocity
Awu must compensate for the surface reaction. AsXox 10 the surface reaction is
almost identical for linear and non-linear rheology (Raymi@nd Gudmundsson, 2005),
the vertical integral over the surface-parallel velocityshamount the same value for
bothn = 1 andn = 3. Since the magnitude of the perturbation in horizontal ei&as
bigger near the base far= 3, the reversal in flow direction over depth takes place closer
to the base for, = 3 to compensate a bigger flux near the base. This can be obdgrved
looking at the curvature of the zero contour lines in Figu&a3and b.

As ) increases towards infinity, the slope perturbations ampraaro and with them the
amplitude of the velocity perturbations at the surface ({Feég3.9a and b foh = 300 ice

thicknesses). The flow pattern becomes uniform; negatidepasitive velocities extend
respectively from the peak and the low of the undulation togtirface. Almost no ver-
tical velocities can be observed. Again, the flow pertudrafor non-linear rheology is
more concentrated towards the bed. Bedrock perturbatiecse gradually transmitted
entirely to the surface and are in phase with the surfaceiations. In terms of mass
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Figure 3.8: Numerical velocity fields for a perturbation ashl topography with no basal
sliding (C® = 0). The wavelength, = 10 and the perturbation amplitud®b = 0.01.

(a) for linear rheologys{ = 1) and (b) for nonlinear rheology with = 3 andr, = 0.3.

The surface slope is°3 Contour plots refer to the horizontal velocity. Bedrockdan
corresponding surface perturbation centered-at0 andz = 1, respectively, indicate the
position and amplitude of the perturbations in disturbeaihgetry, but have otherwise no
direct geometrical relation with the velocity anomaliepideed in undisturbed geometry.
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conservation, this means thaf’ As is positive and maximum over the peak of the sinu-
soidal bedrock and must therefore be compensated by a wegattical integral ofAw.
The contrary prevails over the low of the sinusoidal bed.IMete that at the surface, the
maximum of the horizontal velocity is located above the nmaxn in forward bedrock
slope.

Figure 3.10 shows the velocity fields for a perturbation isdb@opography with constant
basal sliding ¢® = 10) and a wavelength ok = 10. Two main zones of positive
and negative horizontal velocities extending from the iglabed to the surface may be
distinguished. Positive horizontal velocities are lodaewnstream of the peak of the
undulation, while negative horizontal velocities upstneas compared to the same per-
turbation wavelength and no basal sliding, the amplitudefflow perturbation in both
horizontal and vertical velocity increases markedly. Tedyrbation in the flow field ex-
tends noticeably further towards the surface, particylfan the vertical flow component.
As a result, the surface reaction to the bedrock undulagonuch stronger than for no
basal sliding and increases with A local maximum in bed-to-surface and bed-to-surface
velocity transfer amplitude forms far = 1 andn > 1 at sufficiently high slip ratios (Ray-
mond and Gudmundsson, 2005). Gudmundsson et al. (1998) adich@dsson (2003)
give a simple physical explanation for the appearance adbited maximum as being the
result of a competition between two processes as the waytbles increased: the in-
crease of the vertical extent of the anomalous flow as mea$ue the bed line and the
decrease of the strength of the anomalous flow as the slopelpEionAbk diminishes.
Thus, while with increasing the flow perturbation affects progressively more the se@rfac
geometry, the overall strength of the perturbations dee®aHence there must be some
intermediate wavelength at which the transfer and the atmmdlow field reaches a lo-
cal maximum. The velocity fields for linear and nonlinearalogy are again very similar
with one noticeable difference in the position of the glamalxima in horizontal velocity.
This maxima reaches the surface for linear rheology, wisdicganonlinear rheology it is
located in the lower half of the glacier. This difference lexps the reduction in transfer
amplitudes of the; velocity component as is increased (Raymond and Gudmundsson,
2005).

As for no basal sliding condition, the flow pattern becomesmbgeneous with increas-
ing wavelength (Figure 3.11 fox = 100 ice thicknesses). The perturbation in vertical
velocity diminishes towards zero and the horizontal s@feslocity slowly as well.

C perturbation

Figure 3.12 shows the velocity field for a sinusoidal peratidn in basal slipperiness with
wavelength\ = 1 ice thickness and perturbation amplitudé€’ = 0.05 for both linear
(a) and non-linear rheology (b). The mean basal slippesioé8 = 1 anda = 3°. In
both linear and nonlinear cases, the induced perturbatidhea flow field is very weak
and mostly concentrated at the bed. At the bed, positivecitede are observed directly
above the peak of the sinusoidal basal sliding perturbgtah enhanced basal sliding)
and negative velocities above the low of the perturbatiomh(neduced basal sliding).
Above the peak of the perturbation, the horizontal veloctignges direction with depth
and becomes negative abovex 0.1 to the surface. As was the case foperturbation
and no basal sliding, for both linear and nonlinear rhe@sghe change of flow direction
with depth sets up a circular motion. The center of the carcuiotion lies closer to the
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Figure 3.9: Same as Figure 3.8, but for= 300.
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Figure 3.10: Numerical velocity fields for a perturbatiorbasal topography with basal
sliding (C® = 10. The wavelengthh = 10 and the perturbation amplitudsb = 0.05.

(a) for linear rheology+ = 1) and (b) for nonlinear rheology with = 3 andr, = 0.3.

The surface slope is°3 Contour plots refer to the horizontal velocity. Bedrockdan
corresponding surface perturbation centered-at0 andz = 1, respectively, indicate the
position and amplitude of the perturbations in disturbeahgetry, but have otherwise no
direct geometrical relation with the velocity anomaliepideed in undisturbed geometry.



58

CHAPTER 3. VELOCITY FIELDS

T T T T T
1t J
P c‘: Co
0.8r <=7 T% ¢ y
e &
P B =
R Rt
o8 g -
eg:é-&&é-ke-.
N B I
o G-
O
04f + _
<t
0.2 ]
ot J
) ) ) ) )
-50 -25 0 25 50
X
1r i — < < : k
e & LTS 3
iR - o :
eg&g&ﬁvﬁ IeEa .
A a oo :
0.8f ot <o« ]
e e <
P« B TP SR P A TP ¢ |
[ é\ Lo d ¢ ;5'3
0.6f <F R ——imi« L
PP PP IR ]
N o L . |1 1O
eé—«o—e-@énee‘)é,OQ
TN N s
04f <ccc—Fe« 1
FEOBR RN,
L & Ve e‘&s& i J
0.2 < % - $\o€
et -
b@; Cdped it
O 3 e e e — e « ¢ B
) ) ) ) )

Figure 3.11: Same as Figure 3.10, but ot 100.
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bed and the anomalous field is more concentrated near thebedrflinear rheology than
for linear rheology. Note that for = 3, the anomalous flow field approaches zero in the
upper half of the ice thickness. As fé perturbation, the observed circular motion can
be explained by the perturbation in flux (Eq. 3.11). For baBpperiness perturbations,
the second terméO)Ab of Eq. 3.11 is always zero sing®b = 0 (the bed is flat). Again,
as there is almost no surface reaction to the applied patiorb(As ~ 0), the vertical
integral over the surface-parallel velocity must remainadky small and this can only be

if Au changes direction with depth. (How do you explain g at x =20a8 negative??)

Figure 3.13 shows the velocity field for a wavelength of theabalipperiness pertur-
bation equals to 10 ice thicknesses for linear (a) and neatimheology (b). As fol3
perturbation, the vertical extent of the perturbation éases with the wavelength and the
surface starts to react to the basal perturbation. The flatenpais very similar to that
for B perturbation with no basal sliding and a wavelengthef 10 (Figure 3.8) except
that the sign of the horizontal velocity perturbation iseeed: velocities are positive
there where basal sliding is enhanced (above the peak oinhgosdal basal slipperiness
perturbation) and negative where basal sliding is redudete that the magnitude of the
perturbations is much smaller than for perturbations intbpdgraphy.

As )\ increases towards infinity, the phase shift in horizontafase velocities goes to
zero for alln’s. Figure 3.14a and b shows that fdr= 300 positive velocities reaches
from the bed to the surface of the glacier above the peak gi¢herbation and negative
velocities above the low. The vertical velocity is almostzigom the base to the surface.
The surface topography reaction increases towards themoaxivalue of transfer ampli-
tude of C® /(n + 1 + 2C®) with a phase shift of 180. As the minimum of the surface
perturbation is now located more or less directly above #kpf the sinusoidal basal
sliding perturbation, the term) As in Eqg. 3.11 is thus everywhere negative and compen-
sates for the positive vertical integral over the horizbwédocity perturbation above the
peak of the perturbation. Since the surface perturbati@s glarough zero exactly there
where the basal perturbation is zero, no perturbation iocil field is to be observed at
r=—\4andx = \/4.

3.4 Discussion and Summary

The effects of finite amplitude bedrock and basal slippesn@erturbations on the flow
field of glaciers are broadly summarized referring to theehdifferent ranges of spatial
scales introduced in Raymond and Gudmundsson (2005) (@h2apt this thesis): short,
intermediate and large wavelengths. For each of theseaspgatles, the velocity fields
differ in a number of significant aspects. Raymond and Gudisson (2005) define short
scale as the scale at which there is essentially no surfapemse to the basal perturbation.
Long scale is the scale at which the transfer charactesisao be accurately described
by the shallow ice approximation. The intermediate scakerthe wavelengths not
belonging to either short or long scale.

Over a short scale, the anomalous flow field is concentratedervicinity of the bed
and the perturbed velocities are small. With increasirige anomalous flow gets shifted
towards the bed and the perturbed velocities reduced tatiaedsurface. At small ampli-
tude perturbations{ 0.05), a circular motion sets up in the perturbed velocity fieldisT
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Figure 3.12: Numerical velocity fields with contour plots lodrizontal velocity for a
basal slipperiness perturbation with® = 1. The wavelengti\ = 1 and the fractional
perturbation amplitud&C' = 0.05. (a) for linear rheology{ = 1) and (b) for nonlinear
rheology withn = 3 andr, = 0.3. The surface slope is’3
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Figure 3.14: Same as Figure 3.12 but fo& 300.
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circular motion disappears with increasing amplitude aitt imcreasing:. The range of
short scale is from zero to about 3.

Over intermediate scale, the velocity field is strongly etiééel by the basal perturbations,
as the anomalous flow increases with the wavelength and ttlendss and slope per-
turbations are still sufficiently large. At sufficiently Wiglip ratios, the anomalous flow
reaches a local maximum for perturbations in basal topdyrapghis maximum coincides
with a local maximum in surface transfer amplitudes. Insieg. has the effect of con-
centrating the anomalous flow in the vicinity of the bed, whéducing the amplitudes of
the horizontal velocity perturbations near of the surfadence, the transfer amplitudes of
surface-parallel surface velocity are smaller for nordimdan for linear rheology. How-
ever, for bedrock perturbations and no basal sliding, thelitmae of the surface-parallel
velocity increases with for wavelengths larger than 30 ice thicknesses. The inteiate
scale ranges from about 3 to 70.

Over long scale, as the thickness and slope perturbaticcreate, the strength of the
perturbation diminishes. The flow pattern becomes uniforith @epth. Two zones of
positive and negative horizontal velocities extendingrfrthe glacier base to the surface
can be distinguished. The perturbations decrease stromgbrds the surface. There is
almost no perturbation in vertical velocities.

The effects of nonlinear rheology on the velocity fields am@nty quantitative and do
not affect the overall flow pattern significantly. The magdg of horizontal velocity
perturbations increases strongly withn the vicinity of the bed and the anomalous flow
concentrates near the base for bBtaAndC perturbations.
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Chapter 4

Bayesian inference

This chapter is intended as a short introduction to Bayesi@nence. The Bayesian approach is illustrated
with a simple linear problem.

4.1 Bayesian inference: an introduction

As any inverse method, the goal of Bayesian inference is teemaantitative inferences
about Earth characteristics from remote observations y&awand Scales, 1998). The
Bayesian approach to inversion is named after Thomas Bay#3srekes use of Bayes
theorem on conditional probability. In Bayesian inferenmebability is not interpreted
as the outcome of repeated random trials, but as a measur@widdge about the true
value of a given physical parameter (Tarantola, 2005). Tang prior understanding or
expectation about some quantity to be retrieved may bempacated in the solution. This
information is expressed as a prior probability distribatiln the same way, experimental
errors contained in the measurements can be quantified abaljplity distribution. Once
we have set up a forward function describing the physics efntleasurement process,
Bayes theorem allows us to combine the a priori with the messents and produce
a posterior probability density function for the quanstiee wish to retrieve. In this
context, Bayes theorem is used as a rule to infer or update kprowledge in the light of
new information. Summarizing:

e Prior knowledge available before the measurement is espdess a prior probabil-
ity density function pdf)

e Experimental errors contained in the measurement is destatatistically and the
measurement process is expressed as a forward function

e Bayes’theorem provides a formalism for combining the arpridormation with
the information contained in the data and calculate a postedf by updating the
prior pdf with the measuremeipof

We emphasize here that the posterior probability densitgtfan does not produce an
‘answer’ for the retrieved quantities, but describes hosuttfeasurements improve knowl-
edge of the model parameters. To obtain an explicit answeh&émodel parameters, it
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may be appropriate to single out from the ensemble descbypéukpdf the solution with
the most probable value, i.e the one for which plaéis maximum, which is referred to
as the maximum a posteriori solution (Rodgers, 2000).

In the following, we will denote the quantities we want tori@te by a model parameter
vectorm. The quantities actually measured in order to retrievevill be assembled into
a data vectord. The process of measurement will be described by a forwanrdtitan
which encapsulates our understanding of the measuremeayesBheorem generalized
for the vector case reads

P(djm)P(m)

Plmld) = —=5

(4.1)

P(m|d) is the conditional probability density function of the mbgarametersn given
the measurements Thispdfis the solution to the inverse problem and is generally
referred to as the posterior distribution as it describeatwie know after we have
assimilated the data and prior information.

P(m) is the prior distribution for the model parametersexpressing our knowledge of
m obtained independently of the measurements.

P(d) is the priorpdf of the measurements. Thislf can be shown to be a normalizing
factor and therefore Eq. (4.1) is sometimes written as

P(m|d) = P(d/m)P(m). (4.2)

P(d|m) is the conditional probability distribution describingetlikelihood that, given a
particular model parameter vectot, a data vectord, will be observed. Thipdf
guantifies the misfit between the observed dbsamd the modeled or synthetic data
generated by a suitable forward functiGrirm). Thispdf is generally referred to as
the likelihood function.

With these definitions, the theorem may be paraphrased as

likelihood x prior

posterior= — .
normalizing constant

Generally, both the likelihood and prior probability dagsiistributions are taken to be
Gaussian. For a scalar measurement, the Gaussian distnilitd) with meand and
variances? reads

1 (d —d)?
P(d) = ——— ———. 4.
= @3
The probability that! lies in (d, d + 0d) is P(d)dd. The Gaussian distribution for a vector
is of the form

1 1 Nl g T
P(d):mexp l—é(d—d) Cp '(d d)], (4.4)
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4.2 Application example: a linear problem with Gaus-
sian statistics

In the following, an illustration of the Bayesian approastgiven for a linear problem.
For a linear problem, the forward function describing thatrenship between the mea-
surement vector and the model parameters can be expressed as

d=Gm + e, (4.5)

whereG is the vector-valued forward function amdhe measurement error.

We consider in the following that all uncertainties can beaided by multivariate Gaus-
sian distributions. The Gaussian distribution is commardgd to describe probability
density functions as many processes are well describedhngliit is algebraically conve-
nient (Rodgers, 2000).

Thus, the a priori probability distribution can be expresas

P(m) = exp [—%(m - mprior)TCM’l(m - mprior)] , (4.6)

wherem,,, is the a priori value ofn andCy,; is the associated covariance matrix. The
likelihood functionP(d|m) reads

P(dlm) = exp {—%(d —~Gm)"Cp(d — Gm)} : 4.7)

with Cp the covariance matrix for the measurement errors. The ptaafuthose two
distributions yields the following expression the a pasteéprobability density function
P(m|d)

P(m|d) = exp [(d — Gm)'Cp ' (d— Gm) + (m — myio) Cy Hm — mprior)] )

(4.8)
Taking the minus logarithm of the above expression and miakig with respect tan
defines a maximum a posteriori solution for the estimates

m = Mpsior + CuGT (GCMGT + Cp) ™ (d — GMmipior)- (4.9)






Chapter 5

Estimating basal properties of glaciers
from surface measurements: a
non-linear Bayesian inversion approach
applied to synthetic data

This chapter is a draft of a paper to be submitted under the sélmin the Journal of Geophysical Research,
with co-author G. H Gudmundsson from the British Antarcticvi&y, Cambridge, UK.

Abstract

We introduce a non-linear Bayesian inference approachtimaie the basal properties
of a glacier, i.e. bedrock topography and basal slippesifresn observations of surface
topography and surface velocities. The inverse procedubased on an iterative New-
tonian optimization of a cost function involving a forwartg solved with a numerical
finite-element model. The first order forward model derivegineeded for inversion are
approximated by analytical linear transfer functions (@uadsson, 2003). Using syn-
thetic surface data generated with a forward finite-elemetdel, we show that the inver-
sion procedure resolves accurately the perturbations ameeoges quickly to the correct
solution. The number of iterations needed for convergenceeases with the amplitude
of the basal perturbations.

5.1 Introduction

The goal of geophysical inverse problems is to make quanBtanferences about Earth
characteristics from remote observations (e.g., GouvethScales, 1998). Estimating
basal properties of glaciers from surface measuremenggpi®an example of an inverse
problem. In this paper, we use a probabilistic Bayesiarrémfee approach (e.g., Rodgers,
2000; Tarantola, 2005) to estimate bedrock topography asdllslipperiness from sur-
face velocities and surface geometry. In Bayesian infergaqriori information about
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the basal properties is expressed as a probability densittibn and combined with the
surface measurements to give an a posteriori probabiktyidution which describes the
final uncertainty of the estimates. The solution of the ieegroblem, i.e. the a posteriori
probability distribution, provides an ensemble of solodrom which we single out the
most likely one corresponding to the maximum of the a postigprobability.

The forward function describing the relationship betwelke model parameters, i.e.
bedrock topography and basal slipperiness, and the oltggrsai.e. surface topogra-
phy and surface velocities, is solved numerically with anplatrain finite-element model.
This allows to consider both the rheological nonlinearityhe ice and nonlinear finite-
amplitude effects of basal perturbations. As there exisexicit solutions for the in-
version of this non-linear forward function, the soluticintiee inverse problem must be
sought numerically and iteratively. Hence, the a posteporbability distribution for
the model parameters is optimized via a nonlinear Gaussdteprocedure to find the
maximum of the a posteriori probability. A key issue in theigagion of the solution
is the determination of the first order derivatives of thesard function. These can be
evaluated numerically, but as the computational time w@lfor this is long relative to
the original forward model computation, it is preferablest@luate the algebraic deriva-
tives of the forward function (Rodgers, 2000). Thus, we & approximate the first
order derivatives of the forward model with analytical ster functions (Gudmundsson,
2003). These transfer functions correspond effectivethédfirst order forward function
derivatives only in the case where the ice rheology is lirreat in the case where finite-
amplitude effects are absent. This approximation is a atdeature of the proposed
method, as it would greatly enhance its numerical efficiefidye main concern of this
paper is therefore to determine whether this approximai@dequate when nonlinear
effects are present.

In this paper, no assumptions need be made about the strehgik finite-amplitude
effects. This can only be ensured by the fully nonlinearttnest proposed here. Inverse
methods making use of a forward function approximated tyrdxy the analytical theory
developed by (Gudmundsson, 2003) as done by Thorsteinssdn(2003) will on the
other hand always be inherently restricted to small vanetiabout the mean conditions
since the perturbation theory relies on a number of smapiéngde assumptions about
the strength of the perturbations. Thorsteinsson et a3RApplied a linear least-square
inversion to infer both bed elevation and basal lubricafrom surface observations on
Ice Stream E, West Antarctica.

Further examples of inversion of surface observations terdening basal conditions
under glaciers can be found in e.g. Van der Veen and WhillB®89); MacAyeal (1992);
MacAyeal et al. (1995); Vieli and Payne (2003); Joughin et(2004); Truffer (2004).
MacAyeal (1992) and MacAyeal et al. (1995) applied contrelary to determine the basal
shear stress under ice streams from ice velocity data, ickenss and surface elevation.
Joughin et al. (2004) modified the method to yield a direceision for the basal stress
corresponding to a weak plastic bed. Truffer (2004) inwkaténearized one-dimensional
forward model to calculate the basal velocity of a valleycgga

The purpose of this paper is to introduce and test the siiitabi a non-linear Bayesian

inference approach to determine the bedrock undulatiod$asal lubrication under ice
streams from observations of surface topography, horgamtd vertical surface veloc-
ity. The inference approach is applied along flow lines wirandverse effects can be
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ignored. We restrict the observations to noise-degradethsyic surface data generated
with a forward numerical model for different types of bas&ltdrbances. The amplitude
of the applied basal disturbances is varied such that theeiméle of the finite-amplitude
effects on the inversion can be investigated. These nanliim@te-amplitude effects are
investigated first separately for linear rheology. Theythem combined with the rheologi-
cal nonlinearity of the ice. The influence of the temperatigpendence of the flow on the
inversion is also examined. The case studies presentedalto explore the capabilities
of the inverse procedure and in particular to assess thadulity of the approximation of
the first order derivatives of the forward function by liné@nsfer functions. We deter-
mine to what extent the inverse procedure converges to tieeswlution and how many
iterations are needed.

The structure of the paper is as follows. We start by deswgiin Section 5.2 the forward
theory, i.e the numerical model. We then introduce the mosal Bayesian inference
method in Section 5.3. The results of the proposed invensiethod are presented in
Section 5.4, where the suitability of the method is discdsse

5.2 Bed-to-surface transfer and forward model

The forward problem’ consists in calculating the steathtes surface topography and
surface velocities of glaciers from bedrock topography basal slipperiness distribu-
tions. This problem is non-linear because the ice rheolegynlinear and because the
surface reacts in a nonlinear fashion to finite amplitudeabpsrturbations. Defining a
vectord which contains all available surface quantities and a weetocontaining the
basal properties, we can write the relation between bed anfigce as

d=g(m), (5.1)

whereg is the forward function. We use as forward function a nordminite-element
model that allows us to deal with both types of nonlineasitieentioned above. We refer
in the following to the forward functiog as the forward model. The numerical model
is two-dimensional, plane-strain. Four-nodes, isopataoeuadrilateral Hermann ele-
ments are used. A mixed Lagrangian-Eulerian approach isogmenbin determining the
position of the steady-state surface (Leysinger Vieli andii@undsson, 2004). The nu-
merical model solves the full force-balance equations foictvacceleration terms are ne-
glected and the mass-conservation equation for incomptesse. These equations read
0i;; = —pgi andv; ; = 0, respectively, where;; are the components of the Cauchy-stress
tensor,p is the ice densityy the acceleration due to gravity andare the components of
the velocity vectow = (u, w). The glacier geometry corresponds to a uniformly inclined
plane slab of constant thickness on which perturbationsthamd surface topography are
superimposed. Figure 5.1 illustrates the problem geom@tng coordinates arer, z),
wherez is parallel andz perpendicular to the mean slope. The equation s(z,t)
defines the surface and= b(x) the base of the glacier. The constitutive law is Glen’s
flow law, extended, following Hutter (1983), with a linearrteto avoid the singularity in
viscosity as the deviatoric stress goes to zero

éij = A(Tn_l + Ton_l)O'-(U»l). (52)

2
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z RO
/[ X /\

Figure 5.1: lllustration of the problem geometry and cooaté system. Gaussian-shape
bedrock perturbation and corresponding surface react@sleown as a black line. The
dashed lines show the undisturbed glacier geometry.

In this equationA is the rate factor the stress exponerit,;, ai(f) andr are the strain rate,
the deviatoric stress tensors and the effective sheasstespectively. The parametgr
is the crossover stress at which the linear and power termisilsote equally to the total
strain rate. This parameter has been introduced only in hrods where the model
geometry did not give rise to a sufficiently big mean longitiadl strain rate to avoid a
large effective viscosity at the surface. Else, its inflleeismegligible. In nondimensional
form, the rate factord equals toA = (n + 1)/2. In dimensional units and isothermal
conditions, the rate factod follows the value from Paterson (1994). The numerical
model has also been run under cold temperatures conditidthsawinear increase of
temperature with depth from minus 2& at the surface to°0C at the bottom. The
temperature-dependent rate factor has been introducéé mumerical model following
Smith and Morland (1981).

Boundary conditions along the bed are specified by a slidgtagion of the form

up, = C(x)7)", (5.3)

whereuw,, is the sliding velocity tangential to the be@(z) the sliding coefficient, and
7, the bed parallel shear stress. Basal sliding is introduceté finite-element model
by adding a uniform thin layer of different viscosity to thade of the glacier such that
relation (5.3) is respected. The function describing theabtopography(x) is defined
as

b(z) = b@ + Ab(x), (5.4)

whereb® is the mean bedrock elevation and(z) the variation around this mean value.
Similarly, the function describing the mean basal slippessC'(x) reads

C(x) = CO(1 + AC(x)), (5.5)

with C(©) the mean basal slipperiness and’(z) the fractional amplitude of the basal
slipperiness perturbation. Note that the total amplituidth® basal slipperiness perturba-
tion is given by the product® AC. The mean basal slipperineS§” corresponds to the
ratio of sliding velocity to the surface-parallel deformoatal velocity, i.e. the slip ratio.
Perturbations in bedrock topography are referred to in ¢tleving as5 perturbations
and perturbations in basal slipperinesg ggerturbations.
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The ice surfaceA = s(z,t)) is stress-free and evolves with time according to the kine-
matic boundary condition until steady-state is reachee@. Kilnematic boundary condition
reads

St + us, = w, (5.6)

wheres(z,t) describes the surface elevatianis the time, and: andw are the hori-
zontal and vertical velocities, respectively. Accumuatand ablation are not taken into
account. The kinematic boundary condition (5.6) is integgdorward in time with an
implicit Crank-Nicholson scheme. To speed up the evolutibthe free surface towards
steady-state, we initialize the computations with the el steady-state surface pro-
file for linear rheology and respective basal perturbati@sdmundsson, 2003). Peri-
odic displacement boundary conditions are imposed aloagpistream and downstream
glacier model boundaries, i.e. both horizontal and vdrtiedocities of the upstream
model boundary are constrained to be equal to those of thestosam boundary at all
times. Hence, the flow section is repeated infinitelycidirection. Periodic boundary
conditions can only be imposed in cases where the glaciekribss is the same at both
boundaries. If the glacier thickness is not the same, pressuust be prescribed at the
edges.

The size of the mesh in thedirection follows a Gaussian repartition centered ardined
middle of the prescribed perturbations where we expectdtgest deformations. This
allows to reduce the total amount of elements and computatione. The results of the
numerical model have been validated by comparison witlvaelieperturbation theories
(Raymond and Gudmundsson, 2005; Chapter 2 in this thesis).

Similarly to the basal perturbations, the steady-statéasartopography, horizontal ve-
locity and vertical velocity can be partitioned agr) = s© + As(z), u(x) = u® +
Au(z),w(r) = w® 4+ Aw(x), respectively. In the following, we focus on the relation-
ship between basal and surface perturbations and for anghtcompactness we refer
with s, u, w to the surface perturbations and withC' to the basal perturbations.

5.3 Non-linear Bayesian Inversion

Notation

Vectors will be denoted by bold face italic letters (edy.and matrices by bold uppercase
letters (e.g.C). The notationP(m/|d) indicates the probability density functiopdf) of

m conditional ond. Ind = g(m), the forward functiory is vector-valued and returns the
vectord for a given value of the vecton. Retrieved values are denoted by a circumflex
(e.g.m) which indicates an estimated quantity and are the resudtpefating on the
measurement with some inverse or retrieval metRao@n = R(d)) (Rodgers, 2000).

5.3.1 Formulation of the Problem

To estimate the basal properties of a glacier from surfacesorements, we will consider
the unknowns assembled into a so called model parametarvectand the measured
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guantities into a data vectdr In Bayesian inference, the notion of knowledge and uncer-
tainty about data and model parameters is expressed in ténpnebability distributions.

In the Bayesian inference approach, the solution of therg@g/problem is an a posteriori
probability distribution for the model parameters. This posterior probability density
results from the combination of prior information,,;, with the datad using Bayes
theorem

Pim|m,,)P(d|(m,m,,))

P(m|(d, my.,)) = bt 5.7
(m|< Y mprlor)) P<d|mprior) ) ( )
where the datd, model parametein and a priori vectors
d = (s,u,w)” (5.8)
m = (bC), (5.9)
Myprior = (bprion Cprior)T7 (510)

consist of surface topograplsy horizontal and vertical velocities, w, bedrock topog-
raphyb, basal slipperines€’, and a priori values ob, C, respectively. The superscript
T means transposition, here to column vectors. Noteghat (sy, s, ..., sy), With N
the number of discretization points for inversion. Thesmsodo not correspond to the
discretization points of the finite-element model. The ey, w, b, C are of the same
length ass. Hence, the length of the measurement vedtand model parameter vector
m is3 x N and2 x N, respectively. Moreover?(m/|(d, m . )) denotes the posterior
probability density functiongdf) for the model parameters conditional ond and prior
informationm,;,, andp(m/|my,i.,) is the priorpdf for the model parametens:. This
pdf incorporates prior information on the model parametersithknown independently
of the measurements. As an example, the bed topography lbeldown independently
from radio-echo sounding measurements. The a priori indtion may also arise from
theoretical considerations (e.g., bedrock perturbatiastrbe smaller than ice thickness),
or from a definition (e.g., basal speed is not negatiigl| (m, m.,;,,)) refers to the like-
lihood function. The likelihood function describes the Ipability of observing the datd

if the model parameters wevra. The denominato (d|m,,;.,) in expression (5.7) can

be shown to be a normalizing factor for the postepdir P(m|(d, m,,,)) since
PAmtyie) = [ D] 10,)) Pl 0) . (5.11)
For simplicity, the posteriopdf (5.7) is commonly redefined as
P<m|(d’ mprior)) = P<m|mpr10r>P(d‘(m’ mprior))' (512)

Equation (5.12) measures how well the model parameters agtie the prior knowledge
updated in the light of the measurements. It describes tlaé dimcertainty of the esti-
mates. The solution presented here has been derived usyeg Beeorem (e.g., Rodgers,
2000; Jeffreys, 1939). Solutions derived from the notiothefconjunction of probabili-
ties as done by Tarantola and Valette (1982) and Tarantd@b(2 although more general
than the one presented here, reduce to the same conclusiahparticular cases.
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Equation (5.12) is general. In this study, we assume thdt data and modeling un-
certainties can be described by Gaussian distributions ddsumption is very common
since many processes can be described by the Gaussiabudistriand it is algebraically
convenient (Rodgers, 2000). The a priori probability dgninction therefore reduces
to

1
P(m|mprior) = €Xp [_é(m - mprior)TCMil(m - mprior):| ) (513)

whereC, is the a priori covariance matrix describing the uncertagin the prior model
parameters. The likelihood function is given by

Pld|m. M) = exp |~ (d— g(m))"Co(d—glm))|. (514)

Here, Cp, is the covariance matrix of the noise in the data gtigh) is the forward
modeling operator encapsulating the relevant physicsametation between surface data
d and model parametefs as described thoroughly in Section 5.2.

Defining the cost function by (m) = —21In P(m|(d, m,,)) and substituting (5.13)
and (5.14) into (5.12) we obtain

J(m) =[(d—g(m))"Cp " (d—g(m)) + (M —Mprier) Cna ™ (M~ Mipricy)]. (5.15)

We solve Eq. (5.15) for the minimum of(m) corresponding to the maximum of the
posterior probability distributio® (m|(d, m,;,,)), that is, we single out the most likely
model parameterg: from the ensemble described by thdf. This solution is referred
to as the maximum a posteriori solution (MAP). Because tin@dod modeling operator
g(m) is non-linear, there is no explicit solution to Eq. (5.15).e \fherefore perform
a nonlinear optimization to find the maximum a posteriorugoh 72 that maximizes
P(m|(d, myio)). To find the minimizers off (m) we equate the derivative of Eq. (5.15)
to zero.

Defining
¢(m) =V, J(m) = -K'(m)Cp '[d - g(m)] + Cy '(m — mi), (5.16)

whereK(m) = V,,g(m) is the Jacobian or the Fréchet derivative matrix, the smhuti
the optimization problem is given ky(m) = 0.

The value ofm is found using Newton’s method via the iteration
M =m; — [V,o(my)] " é(m;), (5.17)
where the subscrigtdenotes the-th iteration, the inverse is a matrix inverse and

Vaud(m) = Cy ' + K(m)'Cp 'K(m) — [V,,K'(m)]Cp '[d — g(m)]. (5.18)

Van¢(m) is the second derivative of the cost function also calledHigssian. Equa-
tion (5.18) involves both the first derivatii€(m) and the second derivativé,, K(m)
of the forward model, whose resulting product is small inrti@derately non-linear case



78 CHAPTER 5. NON-LINEAR INVERSION OF SYNTHETIC DATA

(Rodgers, 2000). Ignoring this term and substituting (paktl (5.18) into the Newtonian
iteration (5.17) gives then, ., iteration according to the Gauss-Newton method, namely

m; . =m;+(Cy '+ K/ Cp 'K;) '[K]Cp '(d—g(m;)) — Cy ' (1 — mprion)]
(5.19)

whereK; = K(m;). The first derivatives of the forward modHl;, are approximated
using linear transfer functions, i.e

dg(m)s  9dg(m)s T T-
9b 9C SB SC
K, — Bg(afg)u Bg%fg)u ~| Tus T (5.20)
9g(m)w  9g(m)w
gab gaC TWB TWC

The transfer functiong are analytical solutions for linear rheology and small atage
variations of the bed topography and basal slipperinesgdalsing perturbation methods
(Gudmundsson, 2003). The transfer functions describesthganship between basal and
surface perturbations in terms of transfer amplitudes r@he of surface and basal am-
plitudes for sinusoidal perturbations) and phase shift®rgas functions of wavelength.
They depend on the glacier slopeand the slip raticC®). The transfer function¥ have

a two letter suffix. The first suffix denotes the effect and theosd one the causfss
describes a change in surface topography caused by a @rturin bedrock topography,
whereas/;,c describes a change in surface-parallel velocity causeddpatal variation
in basal slipperiness. Figure 5.2 shows examples of analyttansfer functions as func-
tions of the perturbation wavelength for both types of sodal perturbations3 andC
for C©) = 200 and a surface slope of = 0.5°.
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Figure 5.2: (a) Steady-state amplitude ratios and pha$s i both bedrockZsz) and
basal slipperiness perturbations{). (b) Steady-state amplitude ratios and phase shifts
of surface-parallel velocities for a bedrock, ) and basal slipperiness perturbati@p().

The medium is Newtonian. The mean surface slopessand mean basal slipperiness is
CO) = 200.

To use the transfer function formulation f&f;, the inversion must be done in Fourier
space. In (5.19) all vector components, i.e, surface fi@lgsiori and basal perturbations
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are therefore transformed into frequency space. The @weimatrices for the data and
model parameter€p and Cy; are transformed into the Fourier space by the relation
FCF whereF is the discrete Fourier transform matri,the matrix to be transformed
and“ the Hermitian transpose. The transpdse Eq. (5.19) is substituted with the
Hermitian transposé.

Covariance matrices

The covariance matrix for the noise in the ddts defined as

C. 0 0
Co=| 0 Cc. o |. (5.21)
0 0 C,

The matrixCyp is a block diagonal matrix consisting of the matrices déseg the un-
certainties in the surface topograpky, horizontal velocityC, and vertical velocity
C. along the main diagonal. The off-diagonal blocks are zertrioes, since no cross-
correlation between errors in surface topography, hotadand vertical velocity is con-
sidered. Note the data covariance matrix can easily be nadddidescribe the correlation
between some surface fields, as would be required for examplg SAR interferometry
data where surface velocity errors depend on surface elewatrors.

The covariance matrix for the noise in surface topographyakes the form

2 2 2
08181 08182 e USISN
2 2 2
03281 08232 e USZSN
CS = )
2 2 2
Osys1 Tsys2 """ Osysy

where N is the number of discretization points. The matrix elemehgsj is the co-
variance ofs; ands;, with 1 < 4,5 < N. If the noise in the data is uncorrelated, the
corresponding covariance matrix is of diagonal for@,, andC,, are of the same form
but with the indices replaced by andw, respectively.

The covariance matrix fam,,;., is defined as

_[(Cg O
CM—( 0 CC), (5.22)

in whichCg andC¢ have the same structure@s. No a priori cross-correlation between
the two model parameters is considered.

The correlation between off-diagonal elements is assuméallow a Gaussian distribu-
tion ,
Cali, j] = o5 exp (—(“ﬂcl_f%)) . (5.23)
B
op describes the variance of the fluctuation about the megan,. of the Gaussian proba-
bility density that characterizes the uncertainty of thei@arpestimate/ is the correlation
length andr the position.
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First guess

To start the Newtonian iteration we need an initial guessrfgr, in Eq. (5.19). The
initial guess generally corresponds to the a priori valeestfe model parametefs,,;ior
(Rodgers, 2000). As stated above, we consider here tHatiitknown a priori and set
deliberatelym,,;,, = 0. To definem,—,, we assume that the relationship between basal
and surface properties is linear (i.e the ice rheology edirand the amplitude of the basal
perturbation is small) and can be completely describedgusia perturbation theory of
Gudmundsson (2003). Thus, the forward relation (5.1) sitepltod = Km + €, where
K is a matrix of transfer functions. As all pdf’s are still Gaian, the cost function is of
same form as (5.15) but witi(() replaced byK. Taking the minus logarithm of this
new expression and maximizing with respecttdhe maximum a posteriori solution is
given by

mlinear = mprior + (CMi1 + KTCDilK)_lKTCDil(d - Kmprior)~ (524)

Hence, we start the optimization of the objective functibfm) by settingm,—, =
mlinear-

Convergence

The convergence of the Gauss-Newton iteration is seconel §Rbdgers, 2000). The
convergence analysis is required to determine when thengatiion of the objective
function (5.15) is reached. The convergence test is basadeofunction./(m) being
minimized such that

J(my) — J(mi_1) < (3 x N) (5.25)

at the minimum, witt8 x N the length of the measurement vectbrAt the minimum,
3 x N corresponds theoretically to the expected valué(aef) (Tarantola, 2005).

Inverse procedure

In summary, the different steps involved in the iterativéimpzation by which the objec-
tive function/(m) is minimized, are:
i Define afirst guess fam,;_

i Calculate the steady-state surface respayse;) for the given bedrock and the
distribution of the basal slipperiness with the forwardtérelement model

iii Test for convergence using (5.25). Once the stoppingidn is satisfied, stop the
iteration procedure, else

iv Determine incremental corrections to the bedrock praiild the distribution of the
basal slipperiness using (5.19). Return to step (ii)
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5.4 Numerical simulations

All synthetic surface data sets (i.e. surface topograpbsizbntal and vertical velocity)
have been generated with the finite-element forward modsrdeed in Section 5.2. The
perturbations in bedrock and basal slipperiness correseiiner to Gaussian peak distri-
butions or to step functions. Different slopes and slippatiave been used. The synthetic
surface data set was corrupted by uncorrelated Gaussis@. ridie forward relation (5.1)
hence modifies to

d=g(m)+e, (5.26)

wheree are the measurement errors. Fourier transformation ofutface fields requires
them to be interpolated onto an equidistant grid. Two déiféinterpolation methods were
used for this purpose on different data sets. First, a sitim@ar interpolation was applied.
The covariance matrix for the noise in the data followed th&waussian distribution,

Csli, j] = 0si0s; €xp <—M) , (5.27)

l2

with o,; the standard deviation of each point dpndhe correlation length. Secondly, the
observations were interpolated using the geostatistitaipolation method of universal
kriging (Kitanidis, 1997). The method makes use of the expental variogram to de-
scribe the spatial variability of the measurements. Thectire of the data as described
by the variogram is then approximated with an isotropic Geusmodel. The covari-
ance matrix for the noise in the data results directly fromititerpolation method. The
noise-degraded, interpolated surface fields are consideriee the observed data for the
inversions. The results presented in the figures of this@etdcus on the perturbations.
The total model length varies, however, between 400 and 7@4nnte thicknesses de-
pending on the model geometry. All results are presentedimdimensional form. The
dimensional variables entering the problem are substitit®ugh scalings by nondimen-
sional variables (Raymond and Gudmundsson, 2005; Chapte¢hi? thesis). The spatial
variables, z, s, b are scaled with the mean ice thickn@$8 and the velocity components
u, w with the mean surface-parallel deformational velocity The stresses and the pres-
sure are scaled by the mean basal shear styeBesults for linear rheology are presented
first, followed by results for non-linear rheology. In botlises, we distinguish between
small and largeX 0.1) perturbation amplitudes.

5.4.1 Linear rheology

All calculations for linear rheology are isothermal. Thefage data were corrupted by
uncorrelated Gaussian noise with zero mean and standaiatidavequal to 5x10* for

the surface topography, 1®and 3x10°2 for the horizontal and vertical velocity com-
ponents, respectively. This noise-level correspondsd@gpected surface measurement
errors when performed with GPS. The prpolf used in the inversions was set by assum-
ing that little was knowra priori; the prior modebn,,;,, was set to zero (dotted lines in
Figures 5.4, 5.6 and 5.8). The standard deviation of the pras 0.25 of the ice thickness
with a correlation length of 10 ice thicknesses.
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Small amplitude perturbations

Figure 5.3 illustrates a synthetic surface data set gesebraith the numerical forward

model for Gaussian peak distributions for both bedrock aashbslipperiness pertur-
bations. The interpolation was done with the method of basal unbiased estimator
(BLUE). The amplitude of both basal disturbances amounfiof the mean ice thick-

ness.

0.05

0.04p---u s 1

0.03} , \ -
N 0.02f , ) -

0.01r / ) T

_001 1 1 1 1 1
-60 -40 =20 0 20 40 60

Figure 5.3: Steady-state surface topographlyorizontal: and verticakw velocity com-
ponents generated for Gaussian peak distribution$ fand C' as shown in Figure 5.4
(solid lines with circles). The medium is Newtonian. The mearface slopex = 0.5°
and mean basal slipperineS$’ = 200. Note that for this illustration, the surface veloc-
ities are normed with the slip ratio© .

Figure 5.4 shows the inferred bed topography and basaleslipgss distribution for the
inversion of the surface perturbations shown in Figure S.Be first guess and subse-
guent iterations are shown as well as the maximum a postsdlution (MAP) obtained
with two iterations. The true basal disturbances (soliddimvith circles) are shown for
comparison. As can be seen in Figure 5.4, the first guess-(iastd lines), obtained
by assuming a linear relationship between basal and supfagerties, already resolves
accurately both basal perturbations. This is to be expesite the ice rheology is linear
and for small perturbation amplitudes, non-linear finitepitude effects not accounted
for in the analytical perturbation theory, are particytavieak (Raymond and Gudmunds-
son, 2005). Interestingly, through non-linear optimiaatiwe are able to improve the
estimates such that the maximum a posteriori solution fefemward model parameters
1 IS almost identical to the true value of the basal disturbame. The 5 perturbation
is better resolved than th@ perturbation in the first guess as well as at the end of the
iteration process. We will see below that this is generdily ¢ase. This feature can be
explained by looking at the sensitivity of the retrieval be ttrue basal perturbation, i.e.
the averaging kernel. This shows that information aboubtmal slipperiness perturba-
tions is transmitted at longer wavelengths than the bedpecturbations (Gudmundsson
and Raymond, in preparation).

Figure 5.5 shows the residuals between observations anddee! predictions for, (a)
the surface topographis, (b) the horizontal velocityAu and, (c) the vertical velocity
Aw for iteration number 0 and 2. The residuals are defined@s= d — g(m;) where
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Figure 5.4: Inferred, (a) bed topography and, (b) basabslipess distributions estimated
from the surface data set shown in Figure 5.3. The true basalrpations are the solid
lines with circle, and the iterations are labeled with itena number. The maximum a
posteriori solution (MAP) is the solid line. The a priori wast to zero. The medium
is Newtonian, mean surface slope)is® and mean basal slipperineS§”) = 200. Note
that the Oth iteration and the MAP virtually coincide witletttrue bedrock perturbation in
panel (a).
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Figure 5.5: Residuals between observations and FE-modelighions for (a) sur-
face topography, (b) horizontal and (c) vertical velocifjhe residuals are defined as
Ad; = d — g(m;) with i the iteration number. The dotted lines correspond to the
square-roots of the main diagonal of the data covariancex@g determined with the
optimal interpolation method BLUE. Note that the first anda® iteration lines are
almost superimposed in panel (a).



5.4. NUMERICAL SIMULATIONS 85

Ad, is the vector of residuals argdm;) the forward finite-model prediction for the model
parametersn; at iteration numbers= 0, 2. The optimization procedure has been carried
out until the model fits the observed data to one noise stdrdariation (dotted lines).
As can be seen, only the horizontal velocity is poorly prestidy the FE-model for the
first guess. The finite-element model predicts with some @kagts smaller horizontal
velocities for the regions where the slipperiness pertishdas been underestimated and
larger horizontal velocities in regions where the perttidmahas been overestimated.

Figure 5.6 shows the inferred bedrock and basal slippesipedurbations for step per-
turbations and perturbation amplitudes of 0.05 ice thisknél'he mean surface slope is
1° and mean basal slipperine§$” = 40. The noise-degraded surface data have been
linearly interpolated. Since the transfer function thedescribing the forward model
derivatives treats the model boundary as periodic, we reatlaviate the discontinuities
introduced by the step function at the edges. The perigdodithe inverse model is en-
sured by returning the perturbations to zero with a sinetfan@ver a distance of about
10 ice thicknesses at both sides.
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Figure 5.6: Inferred, (a) bed topography and, (b) basapslipess distributions. The true
basal perturbations are shown for comparison (solid linés eircles). The a priori was
set to zero (dotted lines). The medium is Newtonian, the nseaface slope is°land
mean basal slipperines§® = 40. Note superimposing of MAP line with true bedrock
line in panel (a).

As was the case in the previous example, the infeffeahd C perturbations with the
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analytical solution (first guess) are very close to the tregysbations. Here again, the
non-linear finite-amplitude effects are very limited andfact, only two iterations are

needed to compute the MAP. The bedrock perturbation is kextsl recovered, whilst the

basal slipperiness perturbation remains somewhat ove@std over the whole domain
shown. Figure 5.7 shows that primarily the horizontal viglois poorly reproduced by

the forward finite-element prediction of the first guessiegal. The negative variation in

Aw is mainly the reaction to the underestimatégberturbation betweem = —60 and

z =0.

Large amplitude perturbations

Figure 5.8 shows the inferred bedrock and basal slippesipegurbations for the same
Gaussian peak distributions as shown in Figure 5.4, but éotupobation amplitudes of
20%. The surface data have been interpolated using BLUE. Thenreedace slope
a = 0.5° and the mean basal slipperings¥) = 200. With increasing amplitude of the
basal perturbations, the problem becomes increasinglylinear and finite-amplitude
effects can no longer be ignored. The surface perturbationso longer correspond to
the sum of the effects of the individual sinusoidal compas@nh the basal perturbations
and the relationship between bed and surface can no longmrbpletely described by
a linear forward relation as assumed for the first guessexeti As expected, the first
guess retrieval is poorer than it was for small amplitudéypbations; still, the bedrock
perturbation is only somewhat overestimated around theugiation center. The first
guess retrieval locates a peak in the basal slipperinese atght position £ ~ —10).
However, it also produces a negative pealk at 10 with a considerable amplitude of
more than 10 ice thicknesses. This negative peak becoméw@as iteration number 1
in order to compensate for the too small horizontal velesitit the surface (Figure 5.9).
The retrieval converges then quickly to the true solutiomo ™ore iterations are needed
as compared to the case with perturbation amplitude/ofdreduce the residuals to one
noise standard deviation (Figure 5.9). A total of four itenas is needed to compute the
MAP.

These three examples of Bayesian inversion of noise-dedrsutface data for linear rhe-
ology show accurate retrievals for both Gaussian-shapedi@p perturbations. Interest-
ingly, for small amplitudes perturbations, although a Erigear inverse step is sufficient
to predict the basal properties accurately, a few iteratgtifl improve the estimates. The
results show that with increasing amplitude of the pertuoba, a single linear inversion
step does not suffice any more to determine accurately thed pesperties and particu-
larly the basal slipperiness distribution. The method [satde of separating the effects
of B andC perturbations, althoug8i perturbations generally have less influence on the
surface characteristics th&hperturbations.

5.4.2 Non-linear rheology

All calculations for non-linear rheology have been perfedwith a value of the stress
exponentn in the constitutive equation (5.2) of = 3. Here, both non-dimensional
and dimensional models have been run. Isothermal condipoevail unless otherwise
stated. As for linear rheology, results for small amplitpeeturbations are presented first
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Figure 5.7: Residuals between observations and FE-moeéédigbions for (a) surface
topography, (b) horizontal and (c) vertical velocity. Thettdd lines correspond to the
square-roots of the main diagonal of the data covariancexnfas,.
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Figure 5.8: Same as Figure 5.4 but for basal perturbatioritudes of 0.2. Note exten-
sive superimposing of different lines with true bedrockdagmaphy for iterations>1 in
panel (a).
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Figure 5.9: Residualdd; between observations and FE-model predictions for (agsarf
topography, (b) horizontal and (c) vertical velocity. Thettdd lines correspond to the
square-roots of the main diagonal of the data covariancexr@g determined with the
optimal interpolation method BLUE.



90 CHAPTER 5. NON-LINEAR INVERSION OF SYNTHETIC DATA

followed by results for large amplitude perturbations. dfly) case studies involving ice
temperature effects on the flow, differing value of the slgdiaw exponent or less surface
data points for inversion are presented. In all cases ptedete prior modetn,,;,, was
set to zero as was the case for linear rheology.

Small amplitude perturbations

Figure 5.10 presents the estimaidnd C perturbations obtained by inversion of the
noise-degraded surface data generated for Gaussian makidions with perturbation
amplitudes of 5%. The true perturbations are the solid lines with circlese Bhrface
observations have been interpolated with BLUE. The meathickness is(®) = 1000 m,

the surface slope s = 0.2° and the mean sliding velocity amounts to 200 times the mean
surface-parallel deformational velocity, = 4.03 m a*, i.e the slip ratioC'®© = 200.

The cross-over stresg = 10 kPa lies within the range of values suggested by Pettit and
Waddington (2003). The maximum a posteriori solutidhhas been obtained with 7
iterations (solid lines) and reproduces well the true pbdtions. As for linear rheology
and small-amplitude perturbations, finite-amplitude @Beare here particularly weak.
Nonlinear effects arise primarily from the nonlinearitytbé ice rheology. The first guess
retrieval obtained by assuming linear rheology and smaplautde perturbations does
not capture the whole basal slipperiness perturbation egttigis some oscillations over a
horizontal distance covering about twice the extent of the perturbation. On the other
hand, theB perturbation is estimated very well by the first guess. Tghooon-linear
optimization, the amplitude of the oscillations of iti@erturbation is reduced iteratively
to settle around the true perturbation.

The residuals between surface observations and FE-moeldicpons are shown in Fig-
ure 5.11. Mainly the FE-model prediction of the horizontadl aertical surface velocity
deviate from the observations at iteration 0. The residfalshe surface topography
(Figure 5.11a) already almost fall into one noise standaxédion.

Figure 5.12 shows the estimated bed topography and baspéshess for step pertur-
bations of relative amplitude df%. The observations were computed for a mean ice
thicknessh(?) = 300 m, a surface slope = 1° and a slip ratiaC® = 40. The cross-
over stress, = 0 kPa and the mean surface deformational velogjty= 3.36 m a!.
Five iterations are needed for convergence (solid linesy.fok linear rheology, thés
perturbation is resolved more accurately thandhgerturbation. The first guess retrieval
predicts for the basal slipperiness perturbation, in &oltlib the step perturbation, a peak
atx = —3 km. This peak is reduced continuously towards the ttyerturbation as are
the residuals towards the noise level (Figure 5.13).

Large amplitude perturbations

We now consider the inversion of noise-degraded synthati& generated for non-linear
rheology and relative amplitudes of the basal perturbata0%. Both types of non-
linearities are thus combined and affect the surface respohhe calculations are non-
dimensional, the cross-over stregs= 0.3, the mean surface slope = 0.25° and slip
ratio C(®) = 200. The surface observations have been interpolated with BOWE maxi-
mum a posteriori solution, computed with 11 iterations isvghin Figure 5.14 along with
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Figure 5.10: Inferred (a) bed topography and (b) basal stippss distributions. The true
basal perturbations are the solid lines with circles. Thei@ipvas set to zero. The ice
rheology is non-lineam, = 3, 7y = 10 kPa, the mean surface slope= 0.2° and the slip
ratio C(®) = 200. Note superimposing of Oth and 7th iteration line with treeltock line
in panel (a).
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Figure 5.11: Residuals between observations and FE-maddigbions for (a) surface
topography, (b) horizontal and (c) vertical velocity. Thettdd lines correspond to the
square-roots of the main diagonal of the data covariancexnfdt,.
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Figure 5.12: Inferred (a) bed topography and (b) basal stippss distributions. The true
basal perturbations are shown for comparison (solid linés eircles). The a priori was
set to zero. The ice rheology is non-linear= 3, 7, = 0 kPa. The mean ice thickness
is300 m, a = 1°, C® = 40. Note extensive superimposing of different lines with true

bedrock topography in panel (a).
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square roots of the main diagonal of the data covariancexr@ss.
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the true basal disturbances (solid lines with circles). &s be seen, the MAP solution
converged to the correct solution and reproduces well taegoibed basal disturbances.
This is a very good result as it shows that the approximatfahefirst order derivatives
of the forward model with analytical linear transfer furectiin the optimization procedure
(Eg. 5.19) is adequate to determine the basal propertieswelien both nonlinear rhe-
ology and finite-amplitude effects are combined. The amg@étof the initial guess was
enforced to remain smaller than 0.3 and the variations wewsen to be smooth in order
to ensure a quick convergence of the solution. The initigiresge (iteration 0) foC cap-
tures no effect directly under the true perturbation, btrotiuces a broad Gaussian-peak
disturbance at ~ 10 ice thicknesses (dash-dotted lines with crosses in Figl).
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Figure 5.14: Inferred (a) bed topography and (b) basal stippss distributions for non-
linear rheology and perturbation amplitudes of Q2= 0.25°, C© = 200, n» = 3 and
7o = 0.3. Note superimposing of MAP line with true bedrock topognaphpanel (a).

The combination of this feature with a slightly strondeperturbation atr ~ 10 ice
thicknesses leads to higher horizontal surface velocitias measured in the domain
—10 < x < 20 (Figure 5.15b, dash-dotted lines with crosses). At iteratl, theC
estimate is more or less reversed; its amplitude becomésead r ~ —10, respectively
negative atr ~ 10 (solid line with diamonds). The amplitude of tifeperturbation is
reduced. This time, the horizontal surface velocities oted for these model parameters
by the forward finite-element model are smaller than thogb@imeasurements for <
—15. This is again compensated for at iteration 2 with an invéigeer and shallower
peak atr = 10. This oscillating behavior disappears at iteration 3.

As compared with the non-linear inversion of surface dataegmted for the same
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topography, (b) horizontal and (c) vertical velocity. Thettdd lines show the standard
deviation (square roots of the diagonal elements of the@atariance matrix).
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Gaussian-peak disturbances but for linear rheology (Eigu8), we see that twice as
many iterations are needed in order to fit the surface data tigtnoise level.

Temperature-dependent ice rheology

Starting from the same basal disturbances as shown in Figli2e the surface data used
for the inversion presented in Figure 5.16 have been gestefat the same forward model
characteristics as described above (small amplitude ghetions, step perturbation!®
=300 m,a = 1°, C® = 40, 7, = 0 kPa), but for a temperature-dependent ice rheology.
The ice temperature is -2%t the surface and’@t the bottom. The temperature gradient
is linear. The rate factod is determined from a double exponential fit derived by Smith
and Morland (1981). The surface-parallel deformationdbaiey amounts in this case
tou; = 1.27 m a!. As can be seen in Figure 5.16, even for a non-linear temyrerat
dependent ice rheology, the linear initial guess (daskeddines with crosses) captures a
step perturbation for botB andC perturbations (margins in Figure 5.16). The perturba-
tion in basal topography is resolved by the first guess agammdy as it was for isothermal
conditions (Figure 5.12a).
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Figure 5.16: Same as Figure 5.12, but for a temperature depeice rheology.n =
3,70 = 0. The temperature profile is linear with surface temperatw25° and bottom
temperature Q

A substantial information loss around the center of the lsggperiness perturbation can
be observed for the first guess as compared with the isotheasa (Figure 5.12b). The
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Figure 5.17: Residuals between observations and FE-maddigbons for (a) surface
topography, (b) horizontal and (c) vertical velocity forawerations. The dotted lines
show the standard deviation.
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maximum a posteriori model has been computed with 14 itrat{solid lines in Figure
5.16). In contrast to Figure 5.14, the estimates convergartts the solution without
oscillations and the residuals (Figure 5.17) diminish oardusly toward the noise-level.
About 4 times as many iterations are needed as comparedheittotresponding isother-
mal case to fit the observed data up to the noise level. $HIMAP model estimates are
as good as the corresponding estimates for isothermal tommgli This is an encourag-
ing result for the application of this inverse procedure eal ice streams as long as the
forward model characteristics are accurately known.

Sliding Law Exponent

As stated above, we use a Weertman type sliding law, whietiegthe basal shear stress
7, to the basal sliding velocity,, v, = C(z)7". Observations suggest that the rheology
of till under some ice streams on the Siple Coast, West Atitaranay be characterized
by high values of the sliding law exponemt (Kamb, 2001; Tulaczyk et al., 2000a,b).
It is hence important to investigate the influence of theistjdaw exponent on the pro-
posed inverse method. The surface data were computed fas@aweak distributions
with perturbation amplitudes of%. The sliding law exponent: = 3, 7o = 10 kPa,
the mean ice thickness® = 1000 m, the surface slope = 0.2°, the deformational
surface velocityu, = 4.03 and the slip ratia”® = 200. The surface observations have
been interpolated with BLUE. Figure 5.18 shows the infetved topography and basal
slipperiness distributions. The corresponding residaasshown in Figure 5.19.

The maximum a posteriori estimates have been computed @ittedations (solid lines)
and reproduces well the prescribed basal disturbances déhonstrates that the approx-
imation of the forward model derivatives by linear trangdterctions for higher values of
the sliding law exponent still gives remarkably accuratinestes of the basal perturba-
tions.

Sparse surface observations

We now turn to the problem of estimating the basal propediggacier when only sparse
observations are available. To this end we rejected rand@0il of the surface data
generated with the forward numerical model for the samellpesturbations and model
characteristics as described above (Section sliding lgwment), but forn = 1. The
remaining surface data points were corrupted by uncoa@l@aussian-noise and subse-
quently interpolated with BLUE. Hence, the number of ditigegion points for inversion

is the same as in all previous examples. As can be seen inegFgRt the variances of
the individual elements of, © andw (diagonal elements of the data covariance matrices)
are larger than in Figure 5.19 and vary alandepending on the number of observations
available in the neighborhood. Thus, in regions where thadsrd deviation is larger
than the residuals between observations and FE-modelcpicedino more information
can be gained from the observations for inversion. The apétion of the objective func-
tion has been stopped after 6 iterations. The inferred hasalerties capture the basal
disturbances particularly well betweer20 < = > 20 km. This zone is characterized
by the smallest variances of the surface observations. TAE Rredicts on the other
hand a negative bump in basal topography at —40 km and a positive bump in basal
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Figure 5.18: Inferred (a) bed topography and (b) basal stippss distributions for a
basal sliding exponent of 3.

slipperiness distribution at = —35 km. Both features are not present in the prescribed
basal disturbances, but are as probable as any other fesituze no information can be
obtained from the surface observations in these regions.cise study show that regular
and dense surface measurements are needed in order toyparf@ccurate retrieval.

5.4.3 Modeling errors

Until now, the model characteristics entering the forwaudherical model for generation
of the synthetic surface data were the same as those useavérsion (e.g. mean ice
thicknessh(?), slip ratioC®). The artificial noise introduced in the data and the interpo
lation of the surface fields were the only sources of errorsth® success and accuracy
of any retrieval depend on the forward model and on the falwaodel characteristics,
we now investigate the effects of modeling errors on theredes. Only errors in the for-
ward model characteristics will be considered. The physmntsring the forward model
will be kept unchanged. By forward model characteristicsmeasan surface slope ,
mean ice thickness?, slip ratioC®), mean surface-parallel deformational veloaity
and temperature distribution in the ice. For real data, tinevdrd model characteristics
are not knowra priori but have to be estimated from the surface observations or fro
other sources of informations such as radar or ice temperateasurements. In the fol-
lowing, we assume that both surface slepand mean ice thickne$s” are known. This
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Figure 5.19: Residuals between observations and FE-maeddigtions for (a) surface
topography, (b) horizontal and (c) vertical velocity forawerations. The dotted lines
show the standard deviation.
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Figure 5.20: Same as Figure 5.18, but for= 1. 70 % of the surface data generated
with the forward numerical model have been rejected rangdrafore interpolation and
inversion.
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Figure 5.21: Residuals between observations and FE-maeddigtions for (a) surface
topography, (b) horizontal and (c) vertical velocity forawerations. The dotted lines
show the standard deviation.
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will generally be the case in areas where such an inversiocepiure might be applied.
The slip ratioC'®© will have to be estimated from the measured mean longitlidinéace
velocity and from the estimated contribution of deformasibvelocityu, to the surface
velocity. Sinceu, is itself sensitive to the chosen value of the rheologicahpeetersA,

n, o and to the temperature distribution in the ice, there wiligmally exist a range of
plausible values for, andC© that equally describes the surface observations. For now,
only the temperature profile will be estimated, the samelduygcal parameters as used
for the generation of the synthetic surface data will be u¥eel expect to be able to iso-
late the nearest to the true model characteristics by Igokirthe value of the maximum

a posteriori solution at the minimum.

Let us consider the synthetic surface data generated fopstéurbations with linear tem-
perature profile increasing from -2t the surface toOat the bottom (see the case for
temperature-dependent ice rheology in Subsection 5.8t true deformational velocity
amounts to 1.27 ma and the corresponding slip ratio@&? = 40. As the temperature
profile is not known, we start by estimating a linear tempeeprofile with surface tem-
perature -20and bottom temperature 0The mean surface deformational velocityis
estimated to be 1.45 nrausing the standard temperature-dependent flow law for ice.
The slip ratio is then estimated from the mean longitudinaese speed t6'© = 35.
These estimated values of the forward model charactesiate subsequently introduced
in the inverse calculations as well as in the forward finiesvent model.

Figure 5.22 shows a comparison of the maximum a posteriodietas obtained with the
true model characteristics and with the modeling error® tfine basal properties are also
shown for comparison. In both cases, the basal topograpttyrpation is completely
recovered. The basal slipperiness perturbation is, onttier diand, resolved less accu-
rately for the case with the wrong estimated model charsties than with the true ones.
The inversion procedure has been stopped after 7 itergbotise wrong model and after
14 iterations for the true one. The value of the maximum agy@si solution.J(+72) at
the minimum for the case with the wrong model charactesssc8 times bigger than
for the true model and also about 8 times bigger than the ¢tieally expected value of
J(m) = 3 x N at the minimum. Thus, if we were to select a forward model abizr-
istics set best describing the observations, we would @t one for which the value
of the maximum a posteriori solutioi() is closest to the theoretical one. The MAP
solution for the wrong model characteristics would obvlgle discarded.

5.5 Conclusions

Using a non-linear Bayesian inference approach appliegirithstic surface data gener-
ated with a finite-element numerical model, we have showtthigainverse method gives
remarkably accurate estimates of the basal perturbativescould demonstrate that the
first order derivatives of the forward model entering the §salNewton retrieval method
can be adequately approximated by linear transfer funstf@udmundsson, 2003) even
when the relationship between basal and surface propestieslinear. This approxima-
tion is attractive as it greatly enhances the numericalieffay of the method by sparing
the time-consuming evaluation of numerical derivativase proposed method is capable
of dealing with both non-linear finite-amplitude effectdaheological nonlinearities.
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Figure 5.22: Comparison between MAP (a) bed topography bBhthdsal slipperiness
as obtained with the true model characteristics £ 1.27 m a ', C© = 40; dashed
lines) and with the wrong estimated model characteristigs< 1.45 ma*, C©) = 35;
dashed-dotted lines). The true basal perturbations apesal®vn for comparison (solid
lines).
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In all case studies considered, the inversion procedureecged quickly and to the cor-
rect solution. Examples of inversion of noise-degradedaserdata for linear rheology
and small amplitude perturbations show that although desiingear inverse step is suf-
ficient to predict the basal properties accurately, the &deswton method nevertheless
improves the estimates. With increasing amplitudes of #réupbations and for nonlin-
ear rheology, the results show that a single linear invelese does not provide accurate
estimates of the basal perturbations, particularly of tagabslipperiness perturbation.
Bedrock perturbations required generally only two to thtemtions to be fully recov-
ered, whereas perturbations in basal slipperiness nequtxl1b iterations to converge.
This difference in convergence speed between the two tyfdessal disturbances consid-
ered can be explained by looking at the averaging kernethessensitivity of the retrieval
to the true perturbations. This shows that information abfmeibasal slipperiness is trans-
mitted at longer wavelengths than bedrock disturbancestatdhe information transfer
is weaker than for topographic perturbations. Rheologioalinearities require generally
more iterations to convergence than non-linear finite-#oge effects.

We did not investigate the sensitivity of the maximum a pastesolution to the initial
guess used in the optimization of the objective functi¢m). In nonlinear optimization,
there might be multiple minima and the solution might cogeeto the local minimum
closest to the initial guess.

By applying the procedure to real data, modeling errors lnalle to be inevitably con-
sidered. We showed that amongst a range of plausible modedceristics entering the
forward model, it is possible to select those approachirgj teethe true parameters as
long as the model physics remains unchanged. We did nottigaés the implications
of incomplete or incorrect model physics. Modeling errasstsas incomplete or incor-
rect model physics might also be accounted for by considenithe objective function a
probability density function describing the modeling urtamties (Tarantola, 2005).



Chapter 6

Estimating glacier basal properties
from surface measurements: a
non-linear inversion approach applied
to the Rutford Ice Stream, West
Antarctica

This chapter is a draft of a paper to be submitted under the siélmin the Journal of Geophysical Research,
with co-author G. H Gudmundsson from the British Antarcticvi&y, Cambridge, UK.

Abstract

We introduce a non-linear Bayesian inversion approach, (€agantola, 2005; Rodgers,
2000) to estimate the basal properties, that is bedroclgtapdy and basal slipperiness,
along a flow line of Rutford ice stream from observations afate topography and sur-
face velocities. The forward function describing the rielaship between the basal prop-
erties and the observations is solved numerically with agstrain finite-element model.
As there exist no explicit solution for the inversion of then-linear forward function, the
solution of the inverse problem is sought numerically ardhitively by using a nonlinear
Gauss-Newton procedure. The first order forward model devies needed for inversion
are approximated by analytical linear transfer functiddadmundsson, 2003). This ap-
proximation is attractive as it greatly enhances the nurakgfficiency of the method
by sparing the time-consuming evaluation of the numeriealdtives (Chapter 5 in this
thesis; Raymond and Gudmundsson (2007)).

Inversions performed with synthetic data showed that thersion procedure behaves
correctly and converges to the correct solution. The basglgrties we compute for
Rutford ice stream are consistent both with the surfacergbgens and the radar mea-
surements of bedrock topography.

107
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6.1 Introduction

Ice streams of the West Antarctic Ice Sheet exhibit high fle@logities despite small
gravitational driving stresses (Whillans et al., 2001).veal studies have shown that
these high velocities are enabled by an efficient basaldabon (e.g., Alley et al., 1986;
Blankenship et al., 1986; Kamb, 2001). In many cases, exteasd fine-grained tills
contribute to the extreme lubrication (Alley et al., 198M).this paper, we introduce a
nonlinear Bayesian inversion approach to estimate thd pasgerties from surface data
along a flow line under Rutford Ice Stream, West Antarcticgaikable data consists of
recently acquired Global Positioning System (GPS) obsienvgas well as airborne radar
data combined with velocities observations from Frolichlef1987). Rutford ice stream
flows southeast into the Ronne Ice Shelf. It is bounded onetst Wank by the Ellsworth
Mountains and on its east by the Fletcher Promontory andsrstmse it shares both the
attribute of an ice stream and of an outlet glacier. It vanesidth from 20 to 30 km and
is over 2000 m thick along most of its length (Doake et al.,1)00

The proposed inversion method uses observations of suefaeations and surface ve-
locities to infer both bedrock topography and basal lultieca In Bayesian inference,
probability is interpreted as a measure of knowledge anddaheéion to the inverse prob-
lem is a probability distribution for the model parametars,the basal properties we
seek to estimate. Any information about the basal conditenrailable prior to the mea-
surements may be incorporated into the solution as a pradrgtnility density function.
Bayes theorem then allows us to combine this prior distidiouwith the measurements to
produce a posterior probability density function for thentities we wish to retrieve.

The forward model describing our understanding of the pisysf the relationship be-
tween basal and surface properties is a numerical finiteezidé model for ice stream flow
including all terms of the momentum balance equations. ifiodel allows us to calculate
the transient evolution of the free surface.

The structure of the paper is as follows. We start by desuiltihe forward ice stream
model in Section 6.2. We then introduce the non-linear Bayemference method in
Section 6.3 and show results for synthetic data in Sectién Bhe inversion results for
Rutford Ice Stream are presented in Section 6.5, followed @igcussion.

6.2 Forward Ice Stream Model

We use a commercial finite-element program MARC to model tleediynamics along
the flow line on Rutford Ice Stream shown in Figure 6.7. Theveod model is two-
dimensional and plane-strain. Four-nodes, isoparamgtradrilateral Hermann elements
are used. A mixed Lagrangian-Eulerian approach is employeetermining the position
of the steady-state surface (Leysinger Vieli and Gudmuwnms®004). The coordinates
are (z, z), wherez is taken in the direction of the flow line andis the vertical. The
surface and the bed are givenby- s(z,t), z = b(x), respectively, andrepresents time.
u denotes the horizontal velocity amdthe vertical velocity.

The numerical model solves the full force-balance equationwhich acceleration terms
are neglected and the mass-conservation equation for premsible ice. These equa-
tions reado;; ; = —pg; andv;; = 0, respectively, where;; are the components of the
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Cauchy-stress tensar,is the ice densityy the acceleration due to gravity angdare the
components of the velocity vector. The glacier geometryoisstrained by surface and
bed topography measurements. The constitutive law is &faw law, extended follow-
ing Hutter (1983) with a linear term to avoid the singulaiityiscosity as the deviatoric
stress goes to zero

éij = A(Tnil + Tonil)O'Z(jd). (61)
In this equationA is the rate facton the stress exponerit;, aff) andr are the strain rate,
the deviatoric stress tensors and the effective sheasstespectively. The parametgr
is the crossover stress at which the linear and exponeatiaktcontribute equally to the
total strain rate. In this study, = 3 and the rate factoA = A,B(T') is temperature
dependent. The rate factor is expressed as the product ofstac rate factorl, at a
reference temperature and a param&tr’) describing the temperature dependence. The
paramete3(T") follows a double exponential fit derived by Smith and Morlghéi81)

B(T) = 0.9316 exp(0.327697) + 0.0686 exp(0.07205T), T > —7.65°C, (6.2)
B(T) = 0.7242exp(0.69784T) + 0.3438 exp(0.14747T), T < —7.65°C, (6.3)

whereT is the Celsius temperature. The temperature profile is asgumincrease lin-
early from a mean surface temperaturdpt= —25 ° C to7, = 0° C at the bed.

6.2.1 Boundary Conditions

At the upstream and downstream model ends, velocities asepbed. Along the bed,
we prescribe a sliding relation of the formy = C(x)7", which relates the basal shear
stressr, to the basal sliding velocity,. C'(x) is the sliding coefficient angh the sliding
law exponent. The sliding law exponentis= 1 in this study. Basal sliding is introduced
in the numerical model by adding a uniform thin layer with tight viscosity to give a
surface-parallel velocity at its top equal to the requirgdirsy velocity.

The ice surface is stress free and evolves with time acogtdithe kinematic boundary
condition. The kinematic boundary condition reads

St + UsSy — Ws = b(l‘), (64)

wheres(z, t) describes the surface elevatiors the time, and., andw, are the horizontal
and vertical surface velocity, respectively drd) is the accumulation rate function.

6.2.2 Parameterization of the Shear Margins

Several studies of West Antarctic ice streams indicaterti@gt of the resistance to ice
stream flow originate at the bed and at the lateral marginbdlateyer et al., 1994;
Whillans et al., 2001, e.g). In our FE two-dimensional pkatrain model the lateral
shear cannot be physically considered. It will be paranegdrbased on the theory by
Van der Veen and Whillans (1996) for force balance in iceastr® In their theory, the
force balance in the flow line direction, integrated in thetical and lateral directions,

reads

Ohold 5
7 +—=1+T = —,ogh—s (6.5)

—2 ox %% oz’
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whereh andW are the ice thickness and the ice stream width, respecti\téﬁ/is the
deviatoric part of the longitudinal stress, is the basal shear stress ands the lateral

shear stress expressed as
2u, \ ™
T — (AW) y (66)

with n and A the exponent and the rate factor of Glen’s flow law apthe velocity inz-
direction in the center of the ice stream. In our two-dimenal model, the first two terms
of the left-hand side of (6.5) (variation of longitudinalests and basal shear) balance the
term on the right-hand side (body force). Since our modekdu® account for shear
effect, we rewrite (6.5) as

Ohold) . », 0s
-2 e + T =—pg h%, (6.7)
wherep*g* plays the role of an effective body force defined as
1/ 2u \"[9s]"
gt = — - — . 6.8
Py pg+W(AW) {&J (6.8)

Hence,pg is reduced by the effect of the shear margi§§ i6 negative). In the finite-
element model, the prescribed body fopges replaced by the effective body forpgy*.
The value of the centerline velocity. in (6.8) is determined from velocity measurements
on Rutford Ice Stream.

6.3 Non-linear Bayesian Inversion

Notation

Vectors will be denoted by bold face italic letters (edy.and matrices by bold uppercase
letters (e.gC). The notationP(m|d) indicates the multidimensional probability density
function (pdf) of the vectorm conditional ond. In d = g(m), the forward functiory is
vector-valued and returns the vectbfor a given value of the vectaon.

6.3.1 Formulation of the problem

To estimate the basal properties under Rutford Ice Streaenp&form a nonlinear
Bayesian inverse calculation consisting in determinit{gn|d), the probability density
for the model parameters, i.e the basal properties, conditional on the surface measu
mentsd. This probability distribution is termed the a posterioistdbution and can be
written using Bayes'rule as

P(m[m,;,)P(dlm)
p(d)

P(m|(d7 mprior)) = (69)

The denominator of Eq. 6.9 can be shown to be a normalizingrfand will therefore
be ignored. Hence, the a posterior distribution reducesagtoduct of two terms, i.e the
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likelihood function and the a priori distribution. The likeood function P(d|m) mea-
sures the probability of observing the dat#d the model parameters werg, while the a
priori probability densityP (m|mp.ior) incorporates information that is known indepen-
dently of the data.

We assume in the following that both the measurements earatshe prior estimate can
be described by multidimensional Gaussian distributioesthe likelihood function is
given by

Pldim) = exp |~5(d  gtm)) o ~(d — glom)|. (610

while the a priori probability distribution is given by
1
P(m|myyio) = exp [—é(m — mprior)TCM_l(m — mprior)] ) (6.11)

g(m) represents the numerical forward ice stream model thatiledés the surface com-
ponents given a discretized model = [b C]*, with b andC the basal topography and
basal slipperiness vectors, respectively. The observwéaicgudatal = [s u w]” consists
of the surface topography, horizontal surface velocity and vertical surface velocity
w. Cp is the data covariance matri&; is the model covariance matrix amd,;., the
center of the a priori probability density.

Taking twice the minus of the logarithm of the product of EqL@Gand Eq. 6.11, defines
the following cost function/(m) = —2In P(m|(d, m,;,))

J(m) = [(d—g(m))"Cp ' (d—g(m)) + (M — Mypior) " Ot~ (M — Mpricr)] (6.12)

from which we single out the model with the largest prob#pilieferred to as the max-
imum a posteriori model (MAP). The maximum a posteriori mddederived from an
iterative optimization process of the objective functiéril@) that minimizeg (m).

We have used a nonlinear Gauss-Newton method in the mirtimiza& he Fréchet deriva-
tives, which are the first derivatives of the forward modehwespect to the model param-
eters, are approximated with analytical transfer fundi@@udmundsson, 2003). These
transfer functions are valid for linear rheology and smalpéitude variations of the basal
disturbances. They are complex functions of the wavenuméetor k and of a set of
zeroth-order parameter that describe the mean state ofldbeig i.e surface slope,
slip ratioC®), mean ice thickness® and mean deformational surface veloaity This
approximation is very convenient since it avoids havingualeate the first derivatives
of the forward model numerically. This greatly enhancesrthmerical efficiency of the
method. Raymond and Gudmundsson (2007) show that this dpgaton is suitable
for large amplitudes of the basal perturbations as well aado-linear ice rheology and
non-linear sliding law.

The use of the analytical transfer functions for the Frédeeivatives involves respecting
the geometrical assumptions for which they are valid. Ini@uddsson’s (2003) theory,
derived using perturbation methods, the glacier geomstayparallel-sided slab of thick-
nessh(?), with slopex, on which small perturbations in basal properties are supased.

The Rutford ice stream geometry cannot be approximatedaoadiel-sided slab at global
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scale. At small scale, however, the ice stream can be coesides a parallel-sided slab
for which a set of zeroth-order parameter describing themséate of the glacier can be
determined. By small scale we mean here approximately 2thicknesses. Hence, the
minimization of the objective function (6.12) is repeateddéach point along the profile.

To use the transfer function formulation, the minimizatadthe objective function (6.12)
has to be done in Fourier space. Thus, all vector componatesmg the objective func-
tion (6.12), i.e surface fields, a priori and covariance oas; are transformed into fre-
quency space. The transposés substituted with the Hermitian transpd$e The co-
variances matrices for the data and model paramétgrandCy; are sent to the Fourier
space by the relatioRCFH whereF is the discrete Fourier transform matr{X,the ma-

trix to be transformed andl the Hermitian transpose. The transformation of the above
components into frequency space requires them to be fisspioiated onto an equidistant
grid. This gives rise to interpolation errors and some spatrrelation between interpo-
lated values, both of which can be estimated using geastatisiterpolation method.

The optimization of the objective function 6.12 starts with a priori values for the model
parametersn o,

Inverse procedure

The different steps involved in the iterative optimizatimnwhich the objective function
J(m) is minimized, are:

i Define an a priorim,,;,, for the bedrock topography and basal slipperiness distri-
bution to start the optimization of the objective function.

i Calculate the steady-state surface respaise;) for the given bedrock and the dis-
tribution of the basal slipperiness with the forward fintlement modeli indicates
the i-th iterate withm,—y = Mo

iii Test for convergence using (5.25). Once the stoppingidn is satisfied, stop the
iteration procedure, else

iv Determine incremental corrections to the prior bedropifife and distribution of
the basal slipperiness by inversion. Return to step (ii)

6.3.2 Quantifiying uncertainties
Data Uncertainties

The covariance matrix for the noise in the détg defines the uncertainties in the data.
The matrixCp is a block diagonal matrix consisting of the matrices déseg the un-
certainties in the surface topography, horizontal velocityC,, and vertical velocity
C,, along the main diagonal. The off-diagonal blocks are zertrioes, since no cross-
correlation between the surface fields is considered. Tématbts along the main di-
agonal of the block matrices are the variances of the indalictheasurements about the
mean of the multidimensional Gaussian probability and thdiagonal elements show to
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what extent these individual measurements are correl@tegimeans of these probability
densities are defined by the observed data

Cs

0 0
Cb=| 0 C, 0 |. (6.13)
0 C

0

w

The covariance matrices f@rs, C, andC,, result from the geostatistical interpolation
method of best linear unbiased estimator (BLUE) (Kitani@d&97) , where we follow the
assumption that the measurement errors have a Gaussidbutish.

Uncertainties in the model parameters

The prior probability (6.11) is represented by a multidisienal Gaussian probability
density, characterized by the meau),,;,, and covariance matri€y;. The meam,io,
contains both a priori bed topography and basal slippesift@s,i,; = [bprior C’prior]T).
We describe in Section 6.5.2 how those priors are computatiédRutford inversion.

The covariance matriCy; is of block diagonal form and consists of the maifig de-
scribing the uncertainties in the prior bedrock topographgCc in the prior basal slip-
periness along the main diagonal. No cross-correlationdst bed topography and basal
slipperiness is considered so that the off-diagonal blotks,, are zero matrices.

Cg O
cMz( OB Co ) (6.14)

As a first approximation, the variances of the prior (diag@k@ments ofCg andCc)
about the meam,;,, are taken to be of constant values and the correlation battiee
individual points is assumed to decrease with the distamléaiing a Gaussian distribu-
tion.

6.4 Inversions with synthetic data

As stated above, the inversion procedure applied to pextiomrs superimposed on a paral-
lel sided slab has been tested thoroughly in Chapter 5. Hetest whether the inversion
procedure modified for the case that the ice stream cannqtpreximated to a parallel
sided slab at global scale, still converges and to the cos@ation. The synthetic sur-
face data used for inversion are generated with the forwaadiream model described
above. These surface data are corrupted with uncorreladée@dszan noise to simulate
measurement errors. The noisy data are taken to be the eds#ata in the inverse calcu-
lation. We present two examples of inversions with two défe set of basal properties to
illustrate the capabilities and limitations of the invepsecedure. In both cases, the ini-
tial surface topography of the finite-element model, usestaa the forward calculations
until steady-state, is obtained by applying a 40 km Lancztes [Emery and Thomson,
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2001, p.533-539) to the measured surface topography atenfijowv line on Rutford Ice
Stream. The Lanczos filter filters the data in frequency spgocemoving all frequen-
cies greater than the cut-off frequency. The zeroth-ordespeters entering the transfer
function calculations, i.e slip ratio, surface slope, acef deformational velocity and ice
thickness are determined from the finite-element modeltrésuhe priorg(m i) and
filtered with a 40 km Lanczos filter, such that these mean gadieenot vary too fast along
the flow line. The finite-element model length correspondhéolength of the selected
flow line on Rutford Ice Stream. The finite-element mesh hasa#ia resolution of 1 km
in z-direction and 200 m in-direction.

6.4.1 Simple geometry

The first inversion experiment uses a simplified bedrock ggonof that measured on
Rutford Ice Stream. This choice is arbitrary and only destjto test whether the inver-
sion procedure behaves correctly when there is a strongegitad ice thickness and sur-
face slope in flow direction. The synthetic bedrock topogyegnd basal slipperiness dis-
tribution used to generate the synthetic surface data daeenell as follows. The bedrock
topography is computed by applying a 100 km Lanczos filteh&rheasured bedrock
topography along the flow line and by adding a sinusoidalpeation of wavelength 40
km to the filtered data. The amplitude of the perturbationegalong the profile follow-
ing a Gaussian distribution and amounts to a maximum ¢ 1 the mean ice thickness
in the middle. The resulting bedrock topograplby,.(.) is shown in Figure 6.1a (solid
line). The basal slipperiness distributiof'(.,.) is chosen such as to produce horizontal
surface velocities of the order of magnitude of those meason Rutford ice stream.
To that endC,.. was estimated from the basal shear stressomputed from the local
ice thickness and surface slope and from the basal velogifuiford Ice Stream by the
relationC',,. = u,/ Ty, Wherew,, is approximated with the measured horizontal surface
velocity. A sinusoidal perturbation was also added on thsgridution. The resulting
basal slipperiness distribution can be seen in Figure Gald(line). The prior distri-
bution B, and C ;.. needed to start the optimization procedure consists ofrtiee t
distributions without sinusoidal perturbations (daskletted lines with crosses in Figure
6.1a and b). The zeroth-order parameter entering the gafsictions are shown in Fig-
ure 6.3. Starting from the prior distributions, 8 iteragdmave been needed to compute
the maximum a posteriori solution (dashed line in Figurg.6The maximum a posteri-
ori solution reproduces both bedrock topography and béipalesiness distribution very
well, except in the regio75 < = < 300 km. The residuals between observations and
finite-element predictions are presented in Figure 6.2 hodshat the inverse procedure
is capable of reducing the difference between measuredéaaead data up to the noise
level in the data (dotted lines in Figure 6.2).

6.4.2 Rutford bedrock topography

In this subsection, we use as synthetic bedrock topogrdpmhyneasured bedrock geom-
etry along the selected flow line on Rutford Ice Stream. Tlsmts to examine the
capabilities of the inversion procedure when short-scaabperturbations (of the order
of 2-5 mean ice thicknesses) are present. The measuredckegFometry was interpo-
lated using BLUE to define the basal topography of the forviiarte-element model. As
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Figure 6.1: Estimated (a) bedrock topography and (b) béipplesiness distribution from

synthetic surface data generated with the finite-elemermeifor the true distributions

(solid lines). The dashed lines show the prior distribudiosed to start the optimization
procedure. The maximum a posteriori solution (dashed I{Ne&SP)) has been reached
after 8 iterations. The other lines show intermediate itenaresults.
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Figure 6.2: Residuals between observations and FE-moeelgtions for (a) surface

topography, (b) horizontal and (c) vertical velocity. Thattdd lines correspond to the
square roots of the main diagonal of the data covariancexass.
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Figure 6.3: Zeroth-order parameter entering the transfiectfons determined from the
finite-element results for the priog(m.i.:)) by applying a Lanczos filter of 40 km,
which corresponds to removing all frequencies greater #pgproximately 20 mean ice
thicknesses. (a) Mean surface deformational velagjty(b) slip ratioC®, (c) mean ice
thickness and (d) mean surface slope.
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in Section 6.4.1, the basal slipperiness distribution @selm such as to produce horizontal
surface velocities of the order of magnitude of those meamkan Rutford Ice Stream by
applying the same method as described above. The prioibdistm for the bedrock to-
pography consists of the true bedrock smoothed with a Laxfiiter of 30 km. The prior
basal slipperiness distribution is estimated from theZwoial surface velocity, local ice
thickness and basal shear stress as explained in subséetian The set of zeroth-order
parameters entering the transfer functions and calcufabed the finite-element model
result for the priofg(m,.;) are shown in Figure 6.4.

Figure 6.5 shows the inferred bedrock and basal slippesidissributions (dashed lines).
Interestingly, most of the bed features are very well recedefter only 2 iterations
(dashed-dotted line). The maximum a posteriori solutioobitained with 12 iterations.
The estimated basal slipperiness distribution is verylaimo the true distribution, ex-
cept that the amplitude of the peak of the basal slipperidegsbution ¢ = 250 km)
is overestimated. The width of the peak is on the other hapbdeiced correctly. As
can be seen in Figure 6.6, the estimated surface topogragghsuaface velocities fit the
observed data up to the noise level.

6.5 Rutford Ice Stream Inversion

In the following, we present the results obtained for thesteld flow line on Rutford Ice
Stream. The basal properties are first inferred from sunfiaeasurements without inte-
gration of the surface evolution with time in the forward rebdThe surface geometry
of the forward finite-element model is imposed throughoetaptimization (at each it-
eration of the inversion procedure) by the measured sutfgmegraphy on Rutford Ice
Stream. The inversion produces estimates of the basal piepthat best reproduce the
measured surface velocities for the given surface topdgrapthe measurement moment.
This 'snapshot’ approach corresponds to what has been adadis all other treatments
of the problem (e.g., MacAyeal et al., 1995). However, consoa between measured
and calculated rates of surface elevation changes revegal #amd significant differences.
Therefore, in a second step, the surface topography is @tlda evolve with time in the
forward model until steady state is reached according t&Eg. The glacier surface ge-
ometry of the forward finite-element model is no longer imguhsbut results, similarly
to the surface velocities, from the inferred basal condgioThis second approach al-
lows to determine basal conditions that are consistent Wwathobservations of surface
topography and surface velocities and with observed rdtsgréace elevation changes.

6.5.1 Data

The selected flowline on Rutford Ice Stream is shown in Figuve The corresponding
surface and bedrock topography data come from airborne sadending and were pro-
vided by H. Corr from the British Antarctic Survey, UK. Therimontal and vertical ve-
locity data are a combination of Global Positioning Syst&RE) observations collected
continuously from late December 2003 until mid-Februar@2@om G. H. Gudmunds-
son and of observations of stake movement from aluminumspsleveyed in 1984/85
and 1985/86 from R. M Frolich (Frolich et al., 1987). We aseuhat the flow regime of
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Figure 6.4 Zeroth-order parameter entering the transfiectfons determined from the
finite-element results for the priog (m,.i0;)) by applying a Lanczos filter of 40 km which
corresponds to removing all frequencies greater than appetely 20 mean ice thick-
nesses. (a) Mean surface deformational velogity (b) slip ratioC®), (c) mean ice

thickness and (d) mean surface slope.
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Figure 6.5: Estimated (a) bedrock topography and (b) béipalesiness distribution from
synthetic surface data generated with the finite-elememteifor the true distributions
(solid lines) and added noise. The maximum a posteriorit&slueproduces the true
bedrock topography very accurately. The basal slippesidestribution is recovered well,
but overestimated at = 250 km.
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topography, (b) horizontal and (c) vertical velocity. Thettéd lines show the standard
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matrix Cp).
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Rutford Ice Stream did not change significantly over thetlastdecades. By comparing
ground-based GPS measurements, Gudmundsson and Jerddi@$ {@und no signifi-
cant decadal-scale velocity changes of Rutford Ice Stre@orface accumulation data
were computed by R. Arthern from the British Antarctic SypveK, using polarization
of 4.3-cm wavelength microwave emission (Arthern et alQ&0 All raw data are pre-
sented in Figure 6.8. Horizontal surface velocities inseeiom 0.8 m per day at the
beginning of the flow line to 1.1 m per day at the grounding.lifieere is a gap in vertical
surface velocity between 180 km and 230 km. The data werepioigged for inversion
using BLUE. The interpolated data are shown in Figure 6.9e dbtted lines in Fig-
ure 6.9a show the standard deviation of the bedrock topbgraghich amounts to 30 m.
This error is bigger than the measurement errors. The dpeossplotted on the velocities
in Figures 6.9b and c correspond to the square roots of the diagonal elements of
the data covariance matr@p. As can be seen, the standard deviation of the velocities
increases in regions where no or only few data points aréadlai

0 2,000
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L
Ellsworth, =
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Figure 6.7: Selected flow line on Rutford Ice Stream, Wesg#Agtica.
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Figure 6.8: Rutford Ice Stream data. (a) Surface and bedaudgraphy as measured
from airborne radar, (b) horizontal surface velocity, (eytical surface velocity and (d)

ice equivalent accumulation rate along the profile showniguife 6.7. Velocities are in

meters per day. The grounding line is located at 299 km.
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Figure 6.9: Rutford Ice Stream interpolated data. (a) $erfand bedrock topography,
(b) horizontal and (c) vertical surface velocities withagrbars and (d) ice equivalent
accumulation rate along the profile shown in Figure 6.7. &ékes are in meters per day.
The grounding line is located at= 299 km.
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6.5.2 Prior model parameters

For the inversion of the Rutford surface data, the prior fier hedrock topographly,io
was obtained by interpolating the radar measurements shhowingure 6.8a onto an
equidistant grid using BLUE. The resultirtg,;,, is shown in Figures 6.9a and 6.12a
(solid line). The prior basal slipperine€s,,;,. (Figure 6.10) was estimated from the
basal shear stress, computed from the local ice thickness and surface slope r@md f
the basal velocity on Rutford Ice Stream by the relatign,,, = u,/7;. The basal veloc-
ity is taken here to be the surface velocity, since the dedtional ice velocity is generally
small on Rutford ice stream. The prior distribution for thesal lubrication can be seen
in Figure 6.10.C,;,, increases from the upstream end of the flow line to the grawndi
line. A large peak in basal slipperiness centered at 245 kncioke with a deep through
in basal topography. This peak in basal slipperiness iseteaalreproduce more or less
the measured horizontal surface velocity as the surfage sédocally reversed.

The set of zeroth-order parameters entering the transfetiins are determined by ap-
plying a 40 km Lanczos filter on the finite-element model ressialr the prior (1M ior))
obtained without calculating the forward transient sugfagolution in time. These pa-
rameters are shown in Figure 6.11. In the numerical modelpbgerve extrusion flow
in the region240 < x < 260 km, as the surface slope is locally reversed (negative). By
applying the 40 km Lanczos filter described above on the deitional velocity, we get
negative deformational velocities in this region. In théedmination of the zeroth-order
deformational velocityt,;, we combine a 60 km Lanczos filter with the 40 km filter in
the region230 < = < 270 km in order to enforce a positive; in this region. We em-
phasize here that the cut-off frequency of the Lanczos,fiter., 40 km, does not have to
correspond to an exact spatial scale, but should be of deveithicknesses such that the
filtered data reflect the general trend of the zeroth-ordestieam geometry. Figure 6.11a
shows that the deformational velocity diminishes from GOBer day at the upstream end
of the flow line to 0.002 m per day at the grounding line. Hetiee basal sliding velocity
increases towards the grounding line. This can be seen urd-i§11b as the slip ratio
increases from 40 to 500 at the downstream end of the flowTihe.ice thickness varies
from 2300 m at the upstream end to 1700 m at the grounding litteanpeak of 2230 m
at 250 km. The surface slope diminishes fren©0.3> to 0.1° at the grounding line. At
around 250 km, a small surface slope coincides with smadirdedtional velocity and a
high slip ratio.

6.5.3 Inversion without surface evolution

In this section we estimate the basal properties along teetsd flow line without calcu-
lating the transient evolution of the free surface with timéhe forward model (Eq. 6.4
is not used). As we invert for the differences between oleskdata and finite-element
predictions d — g(m;) in Eqg. 6.12), and the surface remains unchanged througheut t
optimization,As remains identically zero and does not provide any inforamafor in-
version. This represents an important information losghisi case, the basal conditions
are determined from the differences between observed aielélement predictions of
horizontal and vertical velocities. Figure 6.12 shows treximum a posteriori solution
for the bedrock and basal slipperiness distribution foisétlected flow line on Rutford Ice
Stream. The prior distributions are shown for comparisoiguifeé 6.12a shows that the
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Figure 6.10: Prior distribution for the basal slipperinakshg a flow line on Rutford Ice
Stream determined from the estimated basal shear streésaaldvelocity by the relation
Cprior = Ub/Tb.

overall estimated bedrock shape is consistent with the radasurements. Over the first
half of the flow line, the estimated bedrock topography is/\@milar to the measured
bed but some estimated peaks become more pronounced. @wecitind half of the flow
line, the estimated bed differs more from the measured lo&dopography and becomes
less deep. We observe also some peaks which are not preseatadar data.

Figure 6.12b shows the estimated basal slipperinesshiistn as compared to the prior
distribution. The estimated basal slipperiness does remti@f much over the first half of
the flow line, but detects some small features. From 220 to the grounding line, the

estimated basal slipperiness differs more in amplitude ftiwe a priori.

The residuals between observations and finite-elementagbiets are shown in Figure
6.13. The non-zerd\s residuals (Figure 6.13) are due to interpolation errors;esthe
grid for inversion is not exactly the same as in the forwarddetio The differences in
horizontal velocity diminishes towards the noise in theadater the first half of the pro-
file, then increases in the regi@30 < x < 270 and are reduced again at the down-
stream end. The increase in the residuals for the horizentédce velocity in the region
230 < x < 270 can be explained by the fact that in this region, the surfloyeess locally
reversed and produces extrusion flow.

Figure 6.14 shows a comparison between observed and idfgata along the flow line.
The surface agreement is excellent as the prescribed surfdahe finite-element model
is the measured surface topography interpolated to thefadment model grid. The
finite-element model reproduces the horizontal velocisttygrwell except in the region
220 < x < 260. The vertical velocities are reproduced less preciselyaadften over-
or underestimated.

Figure 6.15 shows the calculated rates of surface elevelianges for the inferred surface
data. The calculated rates of surface elevation changdargeeand vary strongly along
the profile between -0.04 nrd and 0.04 m d*. These calculated rates differ significantly
from the measured rates of surface elevation changes oarlite Stream which amount
approximately to 0.1 my:.



6.5. RUTFORD ICE STREAM INVERSION 127

150 200 250 300

150 200 250 300

150 200 250 300
d 0.4

0 1 1
150 200 250 300
distance along profile (km)

Figure 6.11: Zeroth-order parameter entering the trarigfeations determined from the
finite-element results for the priog (m,.i0;)) by applying a Lanczos filter of 40 km which
corresponds to removing all frequencies greater than appetely 20 mean ice thick-
nesses. (a) Mean surface deformational velogity (b) slip ratioC®), (c) mean ice
thickness and (d) mean surface slope.
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Figure 6.12: Inferred (a) bedrock topography and (b) baggperiness distribution for
the selected flow line on Rutford Ice Stream for the case witkarface evolution in the
forward finite-element model. The solid lines correspondapthe prior bedrock dis-
tribution obtained by interpolating the airborne radaradasing BLUE to the forward
finite-element grid and (b) the prior basal lubrication disition. The maximum a poste-

riori solution is shown as a dashed line.



6.5. RUTFORD ICE STREAM INVERSION 129

As (m)

150 200 250 300

Aw (md™h

150 200 250 300
distance along profile (km)

Figure 6.13: Residuals between observations along thetsdl8ow line on Rutford Ice
Stream and FE-model predictions for (a) surface topogrgphyorizontal and (c) verti-
cal velocity. The solid lines show the residuals for the pdistribution and the dashed
lines for the maximum a posteriori solution. The dotteddicerrespond to the standard
deviation of the observed data, corresponding to the squats of the main diagonal
elements of the data covariance maitiy. Note that theAs residuals (panel (a)) are
coincident since the surface is not evolved with time. Nakeshd 14th iteration residual
lines are superimposed in panel (a).
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Figure 6.14. Comparison between observed (solid line ira @) crosses in (b) and (c))
and inferred data (dashed lines) along the flow line on Rdtfoe Stream. (a) surface
topography, (b) horizontal and (c) vertical velocity. Tinéerred data correspond to the
finite-element prediction for the maximum a posteriori $iol shown in Figure 6.16.
The surface fit is excellent as the surface is not evolved tivitk in the forward model.
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Figure 6.15: Calculated rates of surface elevation chafaethe inferred surface data
along the flow line.

6.5.4 Inversion with surface evolution

In this section, the surface of the forward finite-elementeias evolved with time until
steady-state with the basal conditions is reached (Eqg. Bef)ce, we look for basal con-
ditions that not only reproduces the measured surface tapbg and surface velocities
as close as possible, but also the measured rates of suléae¢ien changes. The for-
ward calculations of the free surface with time in the forveainite-element model started
from the interpolated measured surface topography. Stsetad is defined to be reached
as soon as the change in vertical displacement between e cotive time steps is less
than 0.05 cm. The difference between the observations astelady-state surface fields,
i.e surface topography, horizontal and vertical velod@tyhe finite-element model is then
calculated in Eq. 6.12 for inversion.

Figure 6.16 shows the estimated bedrock topography and slggzeriness distribution
along the flow line. The a priori distributions are shown fongparison. From the up-
stream end of the profile to the grounding line, the overapghof the bed is similar to
the measured bedrock. From the upstream end to 220 km, thigwhepand widths of
several peaks and troughs differ from those measured. Natesome of the estimated
troughs are deeper. For the regitofd < x < 220 km, the estimated bed lies always
deeper than the measured bedrock. From 220 km to the grauinkén the estimated bed
is less deep, but this estimate feature may not be relialtie.step in the bed at position
x = 270 km is maintained by the inversion.

The estimated basal slipperingsss shown in Figure 6.16b. As compared to the a priori,
the maximum a posteriori solution predicts small scaleuiest from the upstream end of
the profile tor = 220 km. The peak in the basal slipperiness:at 250 km is increased
as well as much of the a priori down to the grounding line.

The residuals between observations and finite-elemenigi@ts are shown in Fig-
ure 6.17. For the maximum a posteriori solution, the difiess between observed and
inferred data is almost reduced to the noise level in the fdaa the upstream end of the
selected profile to 220 km. Downstream from 220 km to the gidmmline, the finite-
element results deviate systematically from the measuaéal drhis shows that in this
region, the model assumptions must be questioned.



132 CHAPTER 6. NON-LINEAR INVERSION OF REAL DATA

a  _1400 . .

—-1500

|
BN
2}
o
o

-1700

-1800

Bed elevation (m)

~1900/ 3 priori

- --12. (MAP)
-2000 ' '
150 200 250 300

x10*
b 25— 3 priori
---12. (MAP)

=
ul

c(mdtkral
|_\

0.5

O 1 1
150 200 250 300
distance along profile (km)

Figure 6.16: Estimated (a) bedrock topography and (b) tsdipgleriness distribution for
the selected flow line on Rutford Ice Stream for the case tiesurface is evolved until
steady-state is reached. The solid lines correspond tdéaprior bedrock distribution
and (b) the prior basal lubrication distribution. The madima posteriori solution is
shown as a dashed line.
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Figure 6.17: Residuals between observations along a flerolnRutford Ice Stream and
FE-model predictions for (a) surface topography, (b) hartal and (c) vertical velocity.
The solid lines show the residuals for the prior distribntéond the dashed lines for the
maximum a posteriori solution.
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Figure 6.18 provides a comparison of observed and infeuedee data along the flow
line. As can be seen, the agreement between the observeafamdd surface topography
(Figure 6.18a) is very good from the upstream end of the jerdfwn to 220 km. From
220 km down to the grounding line, the agreement is poor kecatithe influence of the
reverse surface slope betwezit) < = < 260 km as explained above. The figure shows
nicely how the surface gets more reversed in this region wiéhforward calculation
in time. For the horizontal and vertical velocity (panelsrda in Figure 6.18), the
agreement between observed and estimated surface dasa igoald from the upstream
end of the profile to 220 km. Interestingly,at= 270 km, the observed trough in vertical
velocity is reproduced by the finite-element model but watiuced amplitude.

Figure 6.19 shows the calculated rates of surface elevelianges for the inferred surface
data. The rates of changes are generally small and excegthanfew places along the
profile -0.005 m d! or 0.005 m d!. The calculated rates of changes are compatible
with measurements of surface elevation changes on Rutter&iream (approximately
0.1myb).

6.6 Discussion

The inversion results presented above are consistent hdttiive surface observations
and the radar measurements of bedrock topography. Edgenighe case that the sur-
face is evolved with time to steady-state, over the uppdrdiahe profile to 220 km, the
fit between measured and inferred surface topography isgawy (Figure 6.17a). This
shows that the assumption that the surface data are in sttaigywith the basal condi-
tions must be correct. Over the lower part of the profile, theérbck differs significantly
more from the radar measurements than over the upper pdm¢ pirofile. One observes
a systematic deviation of the finite-element predictiomsnfthe measured data. In the
numerical model, we observe a reverse surface slope in genr240 < = < 260 km
which produces locally extrusion flow. As the surface evsli@vards steady-state, this
reverse slope gets more and more negative and has the dffdotving down the flow
of a large part of the ice stream (fro220 < = < 280 km). The horizontal surface ve-
locity diminishes continuously starting from a velocitysfl m d! to ~ 0.75 m d'!

in steady-state. This systematic deviation indicatestti@imodel assumptions, i.e two
dimensional, must be questioned. Indeed, in this regiansirerse radar measurements
showed the presence of a broad channel from which we expeet-thmensional effects.
Transverse effects may also play a dominant role in carrgowgn the ice to the ice shelf.
In this respect, the estimated basal conditions over therdalf of the profile may be
regarded as effective basal conditions in line with the rhadsumptions.

6.6.1 Comparison between inversion results with and withousur-
face evolution

Figure 6.20 compares the estimated bedrock topography asal klipperiness distri-
bution for both types of inversions. The solid line corraspado the inversion without
forward calculation of the surface with time and the dashee 1o the inversion with
surface evolution. The deep bedrock through located at 160 km coincide for both
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Figure 6.18: Comparison between observed (solid line irafa) crosses in (b) and (c))
and inferred data (dashed lines) along the flow line on Rdtfoe Stream. (a) surface
topography, (b) horizontal and (c) vertical velocity. Tinéerred data correspond to the
finite-element prediction for the maximum a posteriori $iolo shown in Figure 6.16.
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Figure 6.19: Calculated rates of surface elevation chafgethe inferred surface data
along the flow line.

inversions. The horizontal position of much of the peaks @odghs are the same. The
inversion with surface evolution tends to predict a deest dver the first half of the
profile. Note that the position of the step in the bed is theesEomboth inversions as well
as the amplitude of the peak of the step. The inversion withordace evolution predicts
some peaks at the bottom of the step.

The basal slipperiness distribution is very similar fortbotversions over the first half
of the profile, but some small scale features differ. Overldeer half of the profile to
the grounding line, a large peak in basal slipperiness imagtd in both cases, but with
different widths and maximum amplitude.

Figure 6.21 shows a comparison of the residuals betweemagams and finite-element
model predictions for the maximum a posteriori solutionattbinversions. The residuals
for the horizontal and vertical velocity (Figure 6.21b arjdshow that over the upper
half of the profile, the inversion with surface evolution reguces somewhat better the
measured data. Over the lower half of the profile, the hotedarelocity is clearly better
reproduced by the inversion without surface evolution fa teasons discussed above.
Hence, for the upper part of the profile where the model astongare generally correct,
we would select the inversion results with surface evotutio

Figure 6.22 shows a comparison between the calculatedabdesface elevation changes
for the inferred surface data for both inversion approadie @alculated rates of surface
elevation changes are clearly much smaller over the wha&@ior the inversion with
surface evolution than without. The calculated rates ohgkea for the inversion with sur-
face evolution are compatible with observations of surfelegation changes on Rutford
Ice Stream.

6.7 Conclusions

Using a nonlinear Bayesian inversion method, we have shbamit is possible to es-
timate both bedrock topography and basal slipperinesgyadtow line on Rutford Ice
Stream from observed surface topography and surface tiekci
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Figure 6.21: Comparison of the residuals between obsenséind finite-element predic-
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(c) vertical velocity for the inversion without ('no surfaevolution’, solid line) and with
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Figure 6.22: Calculated rates of surface elevation chafaethe inferred surface data
along the flow line.

We first inferred basal properties from surface measuresweitihout calculating the evo-
lution of the surface with time in the finite-element modelhid 'snapshot’ inversion
corresponds to the approach used so far in all other treasnuérthis problem (e.g.,
MacAyeal et al., 1995). However, comparison between meadsand calculated rates
of surface elevation changes revealed large and signifaiiatences. Therefore, in a
second step, the surface topography was allowed to evoliesteady-state in the finite-
element model. The steady-state finite-element predgfionthe surface data were then
used for inversion. With this inversion, we could deternmasal conditions that are con-
sistent with all surface observations, i.e., surface togoigy, surface velocities and rates
of surface elevation changes.

For both inversions, the estimated bedrock topographynsistent with radar measure-
ments of the bed and vary from the measurements approxiyvéieh up to 100 m locally.
Over the first half of the selected flow line, the estimatedhbalpperiness is very sim-
ilar for both inversions. By inverting the surface data withforward calculation of the
surface evolution in time, we lose informations on surfagography. This may explain
some of the differences observed between the results oftgp#s of inversions per-
formed. The inversion results of the second half of the prd¢flom 220 < = < 280 km)
are limited by the influence of a reverse surface slope on thdefad ice stream dynam-
ics. These limitations could be overcome by introducingraemion term for the ignored
transverse effects.

The Bayesian inversion method introduced allowed to inelagriori informations about
the model parameters known independently of the surfacesunements. For the se-
lected flow line, we incorporated in the inversion the meaddredrock topography from
airborne radar as well as an a priori for the basal lubricatietermined such as to pro-
duce horizontal surface velocities of the order of magmtotthose measured on Rutford
Ice Stream.






Chapter 7

General Conclusions

This chapter provides a general conclusion, an overviewefésults as well as an out-
look.

This thesis aimed at estimating the basal properties undetieams by means of inverse
modeling of surface data. A nonlinear Bayesian inferenqggagrh was developed for
this purpose. In Bayesian inference, information aboutideal properties is quantified
in term of probabilities. By doing so, the uncertaintiesogssted with the inverse cal-
culation due to data errors and due to our prior understgnolirexpectation about the
basal conditions are formally incorporated into the calttah. Those probabilities are
combined using Bayes theorem to derive a final a posterioliadility distribution, from
which we extract the most likely estimates correspondimgniiaximum of the probabil-
ity. In this thesis, both uncertainties in surface measergsiand prior estimates have
been characterized by Gaussian probability distributiohkey issue of the proposed
method was to determine whether the first order derivati¥éiseoforward model can be
adequately approximated by linear transfer functions or no

As any inverse method, the Bayesian inversion method iotred requires the construc-
tion of a forward function describing the relevant physitthe relationship between sur-
face and basal properties. This forward problem consistaliculating the steady-state
surface geometry and surface velocities of ice streams kwiegs for a given bedrock
topography and basal slipperiness. The forward problewived with a numerical finite-
element model allowing to consider the nonlinear ice rhgpland the nonlinear effects
of finite-amplitude basal perturbations on the surfacehBlo¢ forward and inverse mod-
els are two-dimensional and can be applied along flow linesrmthansverse effects are
of small importance.

This forward function was used in a first step to investigate éffects of basal distur-
bances on the steady-state surface topography and sudlac#ties (Chapter 2) as well as
the internal flow field of glaciers (Chapter 3). Two types ofusioidal basal disturbances
were considered; (1) bedrock undulations and (2) spati#t@ans in basal slipperiness.
This contributes to the understanding of the relationskeigveen basal and surface con-
ditions, i.e how and if basal disturbances are transmitbeithé surface of glaciers, for
nonlinear rheology and finite-amplitude effects and alléovdetermine, at least in prin-
ciple, if inferences on the nature of basal conditions framfiese observations have some
chance of success or not.
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The proposed inverse method was first applied to syntheictdaest the suitability of the
method to determine the bedrock perturbations and bagglesiness under ice streams
from observations of surface topography, horizontal anticad velocity. The inversion
of the non-linear forward function, i.e forward finite-elent model, is accomplished by
a nonlinear Gauss-Newton method (Rodgers, 2000). The &réehivatives are approx-
imated by linear transfer functions (Gudmundsson, 2003)is &pproximation is a key
issue of the proposed method as it greatly enhances the ivafredfficiency of the method
by sparing the time-consuming evaluation of the numeriedldtives. The main concern
of Chapter 5 was therefore to determine whether this appratkon is adequate or not.

The inversion method was then extended such that it can besdpp real data. The
proposed inversion method was applied along a selectedifievoh Rutford Ice Stream,
West Antarctica and showed that it is possible to estimatlk bedrock topography and
basal slipperiness from observed surface topography afatswelocities. The inversion
results were consistent with both surface observationsadat measurements of bedrock
topography. Over the upper half of the profile, relativelyainperturbations in basal
slipperiness are necessary to fit the surface data. Oveowes half of the profile to the
grounding line, a large peak in basal slipperiness is estithdn this region, transverse
effects are known to play an important role and in this respgbe model assumptions
must be questioned.

In the following we give a short overview of the achieved fesiDetailed summaries of
the results and conclusions have been provided at the eratbfahapter.

7.1 Overview of the results

7.1.1 Forward problem

The effects of varying the exponentin Glen’s flow law on transfer characteristics are
mainly quantitative and do not affect qualitative aspedt¢he transfer amplitude and
phase shifts such as the number of maxima and inflectiongaimeén plotted as a function
of wavelength.

Qualitatively, the information transfer from the basal bdary towards the surface in-
creases with the wavelength of the basal perturbationsdibr Imear and non-linear rhe-
ology. The transfer also increases with increasing slip rand with increasing mean
surface slope.

Transfer amplitudes generally becomes smaller with irgtngan for wavelengths less
than about 3 times the mean ice thickness. For larger waytlethe situation is re-
versed and transfer amplitudes increase witlA strong increase in the amplitudes of the
topographic transfer functions withh can be observed for wavelength from 3 to 70 ice
thicknesses.

The degree of nonlinearity of the basal sliding law does ppear to affect the bed-to-
surface transfer characteristics fundamentally.

For active ice streams, characterized by high basal shipges, low surface slope (<Gp
topographic transfer amplitudes are generally large0(5) and fairly constant for all
wavelengths longer than about 3 to 5 ice thicknesses.
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As for transfer characteristics, the effects of nonlinéeotogy on the internal flow field
of glacier are mainly quantitative and do not affect the alldlow pattern significantly.
Increasingn has the effect of concentrating the anomalous flow toward<#d. For
wavelength shorter than about 3 ice thicknesses and smalitade perturbations (<
0.05), the perturbed velocities are small and a circularionatets up in the perturbed
velocity field.

7.1.2 Inverse problem

The synthetic surface data inversion experiments showatdtiie inversion procedure
converges quickly and to correct solution, giving rematkazcurate estimates of the
basal perturbations for both non-linear rheology and fiaitelitude effects. In all case
studies considered, the first order derivatives of the fadwaodel entering the Gauss-
Newton retrieval method could be adequately approximayelthkar transfer functions,

in the sense that the method converged quickly and to theaasolution.

Bedrock perturbations generally require two to three itens to be fully recovered,
whereas perturbations in basal slipperiness need up terdidns to converge.

In the case where the glacier geometry cannot be approxintata parallel sided slab
at global scale, the inversion procedure has to be appledtively along a flow line.
Inversions performed using synthetic data show that indase as well, it is possible to
retrieve much of the basal features and that convergenceedk.q

We have shown that it is possible to estimate both bedroocbgi@phy and basal lubri-

cation along a flow line on Rutford Ice Stream from observediase topography and

surface velocities. The basal properties we compute foloRliice stream are consistent
both with the surface observations and the radar measutsrathbedrock topography.

Over the second half of the profile to the grounding line, tiveision results are limited

by the influence of a reverse surface slope on the modeledrie@ns dynamics. Here,

transverse effects play likely a dominant role and shouldnbkided in the numerical

model.

7.2 Outlook

The non-linear Bayesian inference method as developedsrittasis represents a very
promising approach to estimate the basal properties undestieams from surface data
along flow lines. As such, the method could be applied to oteestreams flow lines
where transverse effects are believed to play a minor role.

The proposed inversion procedure is not adequate for prabiehere transverse effects
are important. For such cases, an expansion of the methduaee timensions should
be considered and should be fundamentally possible. letliraensions also, the first
order derivatives of the forward model could probably berapinated by analytical
linear transfer functions (Gudmundsson, 2003), but thisikhbe tested. As the number
of unknowns in the inverse problem will increase considigrabthree dimensions, the
computational cost of the procedure proposed here wilkaee significantly.
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As our inversion experiments showed, the accuracy of thergmon estimates depends on
the accuracy of the surface observations as well as on théeamd spatial repartition
of the surface observations. In order to obtain accuratmatds of the basal properties
under ice streams regularly spaced surface measuremerdn ardispensable condition.
A separation distance between surface measurements aba@pjtely one ice thickness
would be optimal.
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