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ABSTRACT

Full-waveform modeling serves as the basis for many emerging imaging techniques within ultrasound computed
tomography. Being able to accurately depict strong material interfaces, such as in the case of soft tissue and
bone, is particularly important for ensuring that these numerical methods produce physically correct results.
We present a procedure for constructing digital twins of various parts of the human body through the use of
conforming hexahedral meshes, which are used together with the spectral-element method to accurately model
the interactions of the ultrasound wavefield at these sharp material boundaries. These computational meshes
can be used for applications such as imaging tissue properties using ultrasound computed tomography, treatment
planning in focused ultrasound therapy, and optimal experimental design. In silico examples of a cranial phantom
and a knee phantom are presented to illustrate the effectiveness of this virtual prototyping strategy.

Keywords: Ultrasound Computed Tomography, Hexahedral Mesh, Digital Twin, Finite-Element Analysis,
Spectral-Element Method, Acoustic-Elastic

1. INTRODUCTION

Many fields of medical physics rely on finite-element analyses to simulate the response of tissues and bones
to externally applied sources such as forces, heating, or pressures. These simulations rely on high quality
computational meshes to represent the interior of the human body. Techniques such as the spectral-element
method (SEM) have been shown to be very effective for accurately modeling the propagation of mechanical waves
through complex media within both medical ultrasound imaging as well as seismology problems in geophysics.1–3

Accurate full-waveform modeling tools are imperative for utilizing waveform-based inversion approaches within
the field of ultrasound computed tomography (USCT) given that the wave equation must be solved numerous
times throughout the inversion process.4,5 The SEM is particularly well suited for modeling wavefields within
media which contain distinct material boundaries such as those observed between soft tissue and bone since these
interfaces can be accurately represented within the computational mesh itself.6

Modeling the propagation of ultrasound waves within soft tissue-bone systems introduces a number of ad-
ditional forward modeling challenges, which are otherwise not present within purely soft tissue systems. In
particular, (1) the significant material contrast at the soft tissue-bone interface causes a strong reflection of the
incident ultrasound wavefield and (2) the acoustic-elastic coupling effects at the fluid-solid interface leads to
considerable conversions from P- to S-waves (and vice versa).7,8

Several studies in the literature have proposed novel approaches for modeling the propagation of ultrasound
waves within such high contrast systems using modeling techniques on rectilinear grids.9–12 Employing a forward
modeling procedure based on the finite-element method may serve as an alternative framework for performing
such simulations, particularly for multiphysics application where the computational mesh is required to align
with the interfaces between the tissues and bones. While conforming hexahedral meshes are desirable in terms
of simulation efficiency, they are considerably more challenging to construct when compared to non-conforming
hexahedral meshes or tetrahedral meshes. Thus, this study outlines a model generation procedure that can be
used for constructing conforming hexahedral meshes for high-contrast systems which contain both soft tissue
and bone.
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2. BACKGROUND

A brief overview of the SEM is provided along with a summary of the spatial discretization strategies which can
be used for constructing the computational meshes required for use within the SEM. Please note that only the
acoustic wave equation using a displacement potential will be considered here for the sake of brevity; please refer
to Komatitsch et al.2 and Afanasiev et al.1 for more details.

2.1 Spectral-Element Method

The SEM is a specialized finite-element method which employs the tensorized Gauss–Lobatto–Legendre (GLL)
basis as the discretization such that the resulting global mass matrix is diagonal.13 This allows for the use of
explicit time stepping schemes which do not require the solving of a linear system. Due to the structure of the
SEM basis on hexahedral elements, spatial derivatives can be computed efficiently using tensor contractions.
This enables a matrix-free implementation using on-the-fly computations, which is particularly effective on GPU
accelerators.

A domain Ω with coordinates x ∈ Ω ⊂ R
3 over a time interval t ∈ T ⊂ R is considered. The strong form of

the acoustic wave equation can be parameterized in terms of the density ρ(x) ≡ ρ and the compressional wave
(P-wave) velocity vp(x) ≡ vp as

ρ−1v−2
p ∂2

t φ−∇ ·
(

ρ−1
∇φ

)

= f, (1)

where φ(x, t) ≡ φ is a scalar potential and f(x, t) ≡ f is a source term.1,2

The corresponding weak form of the acoustic wave equation can be obtained by multiplying equation (1) by
a test function w, integrating over space, and then applying Green’s first identity. This yields the weak form
given by

∫

Ω
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t φ d3x−

∮

∂Ω
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ρ−1w∇φ
)

· n̂ d2x+

∫
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∇w · ∇φ d3x =

∫

Ω

wf d3x, (2)

where ∂Ω is the surface of the domain and n̂ is the normal vector. The objective of solving the weak formulation
in equation (2) is to determine a solution of φ for any test function w.

As previously mentioned, only the acoustic wave equation is considered here for the sake of concision. Thus,
the only surface conditions acting on ∂Ω which must be considered here are on the outer absorbing boundaries
∂Ωabs ≡ ∂Ω. However, interface conditions for coupled acoustic-elastic systems could also be included in ∂Ωi ⊂

∂Ω when extending this to a coupled system.2,14

The absorbing boundaries considered for this study consist of a combination of the Sommerfeld condition
and sponge layers.15,16 The first-order Sommerfeld radiation condition can be expressed as

1

ρ
∇φ · n̂ = −

1

ρvp
∂tφ, on ∂Ωabs (3)

and is primarily intended to absorb the outgoing ultrasound waves which are of near-normal incidence relative
to the absorbing boundaries. However, small reflections may still occur off of these absorbing boundaries, thus
requiring an additional absorbing boundary layer to negate remnant reflections proximal to ∂Ωabs. The addition
of so-called sponge layers act to reduce these reflections by tapering the wavefield using two additional terms of

2γ∂tφ+ γ2φ, (4)

which are added to the left-hand-side of equation (2). The taper function γ(d) ≡ γ is defined as

γ =

{

α
(

1− sin2
(

πd
2l

))

0 ≤ d ≤ l,

0 else,
(5)

where d is the distance from ∂Ωabs, l is the thickness of the sponge layer, and α is the maximum taper amplitude.
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2.2 Conforming Hexahedral Meshes

Hexahedral meshes possess a number of considerable advantages over tetrahedral meshes when used in conjunc-
tion with the SEM.17 While possessing lower dispersion errors compared to tetrahedral elements, the tensorized
structure of the hexahedral elements leads to an overall reduction in the computational cost of the subsequent
SEM simulations compared to tetrahedral meshes. The primary limitation associated with utilizing hexahedral
meshes for the SEM simulations pertains to the increased complexity of generating the computational meshes
when compared to generating tetrahedral meshes.

The so-called staircasing effects which can occur within grid-based discretizations at strong material interfaces
are well known and have been extensively explored in the literature within both the fields of seismic imaging
and medical ultrasound.18–20 Such discrepancies become particularly pronounced at curved interfaces where
the boundary is approximated by a rectilinear grid such that the interface appears blocky on the scale of the
dominant wavelength.21

Such staircasing artifacts can be mitigated as the curvature of the interface becomes better resolved in the
limit as the element size approaches zero. However, most conventional grid-based discretization schemes require
a uniform grid size throughout the domain, which can lead to a dramatic increase in the overall number of voxels
throughout the domain to ensure that these curved interfaces can be sufficiently resolved. Furthermore, the size
of the voxels influences the time step required to ensure that the simulation remains stable given the Courant-
Friedrichs-Lewy (CFL) criterion wherein the spatial voxel size is proportional to the time step. Thus, this finer
discretization can lead to a significant penalty in the time step, which can result in a substantial increase in
the overall computational cost. Note that alternative sophisticated strategies for dealing with these interfaces
on rectilinear grids exist, but come at the cost of significantly increasing the implementation complexity of the
numerical scheme.22

It is important to emphasize that such staircasing artifacts only become apparent at interfaces where a
significant material contrast is present. The lower material contrasts which are present between different soft
tissues do not serve as sufficiently strong reflectors to introduce noteworthy staircasing effects in the resulting
wavefield. Thus, only the soft tissue-bone interfaces need to be explicitly incorporated within the mesh.

The term conforming in this context refers to the absence of hanging nodes within the resulting mesh.23

Meshes with hanging nodes are characterized by elements which have nodes on their edges which do not belong
to that element. An example of a conforming versus non-conforming mesh can be seen in figure 1.

(a) Conforming mesh. (b) Non-conforming mesh.

Figure 1: A comparison between a conforming and a non-conforming mesh. Notice that the non-conforming
mesh in (b) possesses a single hanging node (indicated in red) which is located along one of the edges of an
adjacent element, but is not a vertex of said element.

The presence of hanging nodes poses challenges with defining the shape functions between adjacent elements
given that the shape functions effectively become discontinuous.24 While techniques such as the discontinu-
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ous Galerkin method may be capable of dealing with such geometries, such an implementation would require
additional linear constraints, which would negate many of the benefits of the SEM.

3. METHODS

The proposed modeling procedure involves three fundamental steps: (1) generate a surface representation of the
bones, (2) construct a hexahedral mesh based off of the surface representation, and (3) utilize the hexahedral
mesh in an SEM solver to obtain a solution to the wave equation. Each of these steps utilize a different software
application, namely: Blender,25 Coreform Cubit,26 and Salvus,1 respectively.

3.1 Blender: Surface Meshing

The software Blender has been used for constructing high quality surface representations of the bones.25 Blender
is an open source computer aided design (CAD) software which is widely used in the fields of animation, vi-
sual effects, and motion graphics. The wide range of both solid modeling and sculpting tools available within
Blender make this a well-suited application for constructing the surface representations required for generating
the subsequent hexahedral meshes.

A total of three processing steps are applied in Blender: (1) mesh cleanup, (2) remeshing, and (3) smoothing.
The overall strategy utilized can be seen in figure 2.

Figure 2: The processing workflow applied in Blender for constructing the surface representations of the meshes.

An initial surface mesh can typically be constructed based on a set of segmented voxel data. There are a
plethora of algorithms such as the marching cubes27 or flying edges28 algorithms which can be used for producing
such an isosurface; these will not be discussed in detail here. A common artifact of such isosurface contouring
algorithms is that small loose features (small portions of the model which are discontinuous from the remainder
of the mesh) may be included within the surface representation, particularly when the segmentation is based on
a noisy dataset. These erroneous features must be removed as they can be quite problematic to try and include
within the subsequent volumetric mesh.

Next, the surface is remeshed using a Remesh Modifier to produce a quadrilateral mesh of the geometry.
The subsequent smoothing operations assume that the element size across the surface of the mesh is relatively
uniform; this remeshing ensures that the topology of the mesh fulfills this criterion. A consequence of this
remeshing process is that some local areas of non-manifold geometry may appear within the mesh. These non-
manifold areas are resolved prior to applying smoothing to ensure that no additional artifacts are introduced
during the smoothing process.
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Two forms of smoothing are applied: global smoothing and local smoothing. The global smoothing effectively
reduces the angles between adjacent faces across the entirety of the mesh and is particularly well suited for
reducing inherent remnant staircasing which may be apparent from the isosurface generation process. The
local smoothing allows for the targeting of specific problematic regions of the mesh to ensure that the resulting
hexahedral mesh is able to maintain relatively uniform element sizes along the material boundaries.

This process of remeshing and smoothing is typically conducted in an iterative fashion depending on the
application. Simpler geometries such as the bones in the knee can typically be meshed in a single pass whereas
more complex geometries such as the skull may require several passes to ensure a mesh of sufficient quality. Once
an adequate mesh is produced, the resulting surface is exported as a .stl mesh for use within the volumetric
meshing software.

3.2 Coreform Cubit: Hexahedral Meshing

The surface mesh generated in Blender is subsequently used as a basis in Coreform Cubit for constructing the
(volumetric) hexahedral mesh.26 The conforming hexahedral mesh is generated from volume fractions using the
sculpt functionality within Coreform Cubit.29 This meshing procedure accepts a series of surface representations
for a particular geometry and generates a grid-based mesh, but which still precisely follows the bone interfaces.
An example of such a discretization can be seen in figure 3.

(a) Surface mesh. (b) Hexahedral mesh.

Figure 3: An example showing a comparison between a surface mesh in (a) and the resulting hexahedral mesh
in (b). Note that the hexahedral mesh in this example is coarse for the sake of visualization.

Note that both pillowing and element refinements are disabled for all meshes constructed for this study. The
reason for this is that both of these parameters typically result in areas of small elements which, in turn, lead to
a significant penalty in the global time step used during the SEM simulations.

The resulting volumetric meshes are exported as Exodus (.e) meshes for use within the SEM solver.

3.3 Salvus: Spectral-Element Modeling

The primary tool used for modeling the propagation of ultrasound waves within this study is Salvus.1 As
previously mentioned, the hexahedral meshes from Coreform Cubit are exported as Exodus (.e) format and are
then converted to native HDF5 (.h5) file format for use within Salvus. While the imported Exodus meshes use
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first-order (linear) elements, these meshes are subsequently converted to order four, which matches the polynomial
degree of the spectral-element basis used in the simulations. Using a higher polynomial degree already within
the meshing process gives the benefit of representing both the material properties and the shape of the elements
more accurately. The order controls the number of nodes per element – (np + 1)

3
nodes per element for a given

degree of np – and thus adds additional degrees of freedom. It is important to note that although the file size
of the mesh will certainly be larger for meshes of higher order, the computation time itself is not impacted by
increasing the polynomial degree of the mesh.

4. RESULTS

Several examples are presented to highlight the importance of accurately resolving the soft tissue-bone interfaces
within the meshes. Examples of conforming hexahedral meshes for both the knee and the skull are also considered
to illustrate the effectiveness and generality of this meshing procedure.

4.1 Staircasing for Rectilinear Meshes

As discussed in section 2.2, staircasing artifacts can potentially lead to significant numerical discrepancies within
the resulting wavefield. These numerical artifacts are particularly prevalent for high contrast systems such as
those observed at the soft tissue-bone interfaces. To motivate the importance of accurately resolving the material
boundaries between distinct portions of the domain, consider a curved interface within an otherwise homogeneous
medium. The resulting wavefields using a 500 kHz point source placed to the left of the interface can be seen in
figures 4a and 4b.

(a) Staircased interface. (b) Accurately resolved interface.

Figure 4: A comparison between the 500 kHz ultrasound wavefields observed in the presence of a high-contrast
interface within either (a) rectilinear or (b) medium-aware meshes. Both of these meshes contain a similar number
of elements per wavelength (≈ 2.0 for both meshes). The staircasing artifacts behind both the transmitted and
reflected wavefronts would require a significantly finer mesh for the rectilinear case to resolve the interface
sufficiently.

As can be seen in figure 4a, considerable staircasing artifacts are observed behind both the reflected and
transmitted wavefronts within the wavefield. These artifacts are entirely absent for the case where a mesh is
used which accurately follows the shape of the interface. While the number of elements for both meshes are
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similar with each mesh possessing ≈ 3.8× 105 elements, a significantly finer mesh would be required to suppress
these staircasing effects using a rectilinear mesh. Reducing the element size would result in both an increase
in the number of elements within the domain as well as a significant penalty in the global time step; these
consequences would lead to a considerable increase in overall computational cost for the simulation.

4.2 Meshing the Knee

To demonstrate the effectiveness of the proposed hexahedral meshing strategy, a model of the human knee
adapted from the Duke full-body phantom is considered.30 Only the bones are utilized for this proof-of-concept
such as to emphasize the interactions at the bone interfaces; soft tissues are not interpolated onto the resulting
mesh. The initial surface representations of the bones are given by a series of relatively coarse .stl surface
meshes as seen in figure 5a. These surface meshes were modified using the workflow outlined in figure 2 to obtain
the final surface representations seen in figure 5b.

(a) Original surface mesh. (b) Smoothed surface mesh.

Figure 5: A comparison between the original surface mesh of the knee in (a) and the final smoothed surface
mesh as seen in (b). The surface meshes consist of the femur, patella, tibia, and fibula.

Next, the smoothed surface mesh is used for constructing the hexahedral mesh within Coreform Cubit as seen
in figure 6a. This hexahedral mesh is then used for computing the propagation of a 500 kHz center frequency
piston-type ultrasound transducer placed at a distance of approximately 4.2 cm from the condyles of the tibia;
the transducer position and corresponding wavefield can be seen in figure 6b.

4.3 Element Size Sensitivity Analysis

As discussed in section 3.2, the technique of generating hexahedral meshes from volume fractions begins with a
grid-based discretization. This grid-based mesh is then deformed to conform with the isosurface which defines
the interface between the two distinct materials. The underlying grid size for this discretization was varied to
assess the differences in the resulting wavefields.

The same surface mesh of the knee adapted from the the Duke full-body phantom which was used in section
4.2 was also considered for this sensitivity analysis. The underlying grid sizes considered for the sensitivity
analysis along with some of the statistics for each of the meshes are outlined in table 1.

A piston transducer with the same source characteristics as in section 4.2 was considered along with a circular
array of 128 receivers circumferentially surrounding the knee at an uniform radial distance of approximately
85 mm from the intercondylar eminence. The resulting shot gathers for each forward simulation can be seen in
figure 7.

While the majority of the features within these shot gathers are quite similar across the different discretiza-
tions, there are some notable ringing artifacts which are present for the cases where grid sizes of 2.0 mm and
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(a) Hexahedral mesh. (b) Wavefield snapshot.

Figure 6: The resulting hexahedral mesh of the knee along with the wavefield observed using a 500 kHz piston
transducer.

Table 1: An overview of the meshes constructed for the sensitivity analysis.

Grid Size
[mm]

Elements per Wavelength
(In Water; 1500 m/s)

Number of Elements

2.0 1.5 ≈ 2.4× 106

1.5 2.0 ≈ 5.7× 106

1.0 3.0 ≈ 18.8× 106

0.75 4.0 ≈ 44.2× 106

1.5 mm are considered. Given that these artifacts are absent for the discretizations of 1.0 mm and 0.75 mm, this
suggests that using an insufficiently fine grid size may lead to additional numerical discrepancies.

To analyze the differences between the wavefields further, the absolute differences can be computed between
the 0.75 mm shot gather relative to every other shot gather as seen in figure 8. Notice that the relative differences
for the 2.0 mm and 1.5 mm cases are primarily concentrated in the area close to the source as well as the region on
the opposite side of the knee (where the recorded data corresponds to transmission information). As previously
discussed, the discrepancies close to the source position stem from an insufficient sampling of the wavefield given
the relatively coarse meshes used for the 2.0 mm and 1.5 mm cases. Furthermore, the discrepancies for the
receivers at angles 3π

4
< ϑ < 5π

4
at t ≈ 85 µs are likely a result of the incident wavefront becoming distorted

upon both entry (proximal to the source) and exit (opposite side relative to the source) from the bones.

Comparing the relative difference between the 1.0 mm and 0.75 mm meshes highlights the slight differences
in where the soft tissue-bone interfaces are placed between the two meshes given the volume fraction meshing
procedure employed. This slight mismatch between the 1.0 mm and 0.75 mm shot gathers is apparent by a minor
phase shift in some of the reflected arrivals within the wavefield. However, given that the maximum difference
between these two shot gathers is approximately 1.6%, this would likely be below the measurement uncertainty
of the observed data.
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(a) Grid size ≈ 2.0 mm (b) Grid size ≈ 1.5 mm

(c) Grid size ≈ 1.0 mm (d) Grid size ≈ 0.75 mm

Figure 7: A comparison between the shot gathers for varying grid sizes of 2.0 mm, 1.5 mm, 1.0 mm, and 0.75 mm.
Notice that considerable non-physical ringing effects becomes apparent close to the source when the grid size is
chosen to be too coarse.

4.4 Meshing the Skull

The knee mesh used in sections 4.2 and 4.3 possessed the unique challenge that they consisted of a system of four
independent bones which had to be incorporated into a single mesh. However, the geometries of these individual
bones were not particularly complex. In order to test the ability for this meshing procedure to handle more
complex geometries, a model of the skull is considered.

An adaptation of the Multimodal Imaging-Based Detailed Anatomical (MIDA) model is considered in the
context of a transcranial ultrasound study.31 The primary area of interest for transcranial focused ultrasound
(FUS) therapy or transcranial USCT is the cranium; portions of the skull such as the mandible and zygomatic
processes of the temporal bone as well as the vertebrae are ignored. The initial skull model along with the final
smoothed surface model can be seen in figures 9a and 9b, respectively.

The hexahedral meshing procedure utilized within sculpt in Coreform Cubit implicitly assumes that the
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(a) Grid size ≈ 2.0 mm. (b) Grid size ≈ 1.5 mm.

(c) Grid size ≈ 1.0 mm.

Figure 8: The absolute difference between the 0.75 mm shot gather and the shot gathers for grid sizes of (a)
2.0 mm, (b) 1.5 mm, and (c) 1.0 mm. The relative difference in both (a) and (b) is dominated by the ringing
artifacts close to the source position as well as the wavefront which has travelled through the bone. In contrast,
the errors for (c) appear to be dominated by a slight shift in the bone interfaces between the two meshes, as is
evident by the slight phase mismatch between some of the reflected events.

meshes are, at least on a local scale, somewhat smooth to ensure that a high quality mesh can be produced. In
order to enforce this local smoothness within the mesh, a greater number of local smoothing operations were
applied to the skull mesh when compared to the model of the knee. Portions of the model which required
increased smoothing included the cranial base and the maxilla. The resulting conforming hexahedral mesh for
the skull can be seen in figure 10.

Unlike the knee model previously considered, soft tissues were also included within the model as a proof-of-
concept. However, as previously noted, these soft tissues were not explicitly incorporated within the hexahedral
mesh given that the material contrasts between adjacent soft tissues are relatively low. Thus, these soft tissues
were interpolated onto the hexahedral mesh as a post-processing step after the hexahedral mesh had been
constructed for the skull. The final hexahedral mesh as well as the acoustic wavefield from a 500 kHz piston

Proc. of SPIE Vol. 12031  120313H-10
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 28 Jun 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



(a) Initial skull model. (b) Smoothed skull model.

Figure 9: A comparison between the initial surface representation of the skull in (a) as well as the smoothed
surface mesh in (b).

Figure 10: A detailed view of the hexahedral mesh of the skull. Note that the background medium (within the
cranial cavity and surrounding the skull) as well as the left portion of the frontal bone have been hidden for
the sake of visualization. Several close-up sections of the skull have been identified to highlight the efficacy with
which this meshing workflow is able to capture the complex curved interfaces of the skull.
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transducer placed along the sagittal suture can be seen in figures 11a and 11b, respectively.

(a) Hexahedral mesh of the skull with soft tissues
interpolated onto the mesh.

(b) Wavefield snapshot.

Figure 11: The final hexahedral mesh of the skull as well as a snapshot of the resulting wavefield. The mesh
shown in (a) is identical to that previously seen in figure 10. However, here the soft tissues as well as the coupling
fluid outside of the skull have been included. Note that only two slices of the volumetric wavefield (in the xz-
and yz-planes) have been extracted in (b) for the sake of visualization.

5. DISCUSSION

The proposed meshing strategy has been successfully applied to construct conforming hexahedral meshes of both
the knee and the skull. Each of these examples considers a different source of complexity, namely (1) constructing
a single conforming hexahedral mesh which contains several independent bones and (2) being able to accurately
represent complex geometries within the hexahedral mesh. Being able to effectively incorporate several bones
within the same mesh is of particular relevance for applications which involve joints between bones (eg. knee
or elbow) or between several adjacent bones (eg. ribs or vertebrae). Furthermore, the ability for this meshing
procedure to accurately represent highly irregular surfaces such as those observed in the cranial base highlights
the flexibility with which this strategy can be applied.

It has been shown that an element size of approximately 3.0 elements per wavelength is sufficient for avoiding
numerical discrepancies introduced at larger element sizes. Choosing an element size which is too coarse (<3.0
elements per wavelength) leads to increased dispersion errors within the wavefield, which appear in the form of
high-frequency noise.

While the primary application of interest for this study has been for modeling the propagation of ultrasound
waves in the context of USCT and FUS, these meshes can certainly be used for other finite-element simulations.
In particular, multiphysics applications which look to study the interactions between different physical couplings
may be particularly well suited for use with these meshes. For example, both the topics of heat transfer and
structural mechanics may be of relevance for systems where one wishes to introduce high intensity ultrasound
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waves into the body. In the case of transcranial FUS, the residual heating of the brain tissue during treatment due
to the thermal losses of the incident ultrasound waves is of considerable interest. Such multiphysics couplings
are also certainly relevant for modeling photoacoustic imaging systems; such a modeling approach may be a
convenient tool for quantifying these interactions.

Being able to effectively construct hexahedral meshes of these complex geometries is an important step
towards creating digital twins for specific parts of the human body. These digital twins may be of particular
importance for generating forward modeling data which can be used for training convolutional neural networks
in the context of physics informed machine learning.

Despite the success with which this meshing strategy has been applied, it is important to highlight the
current shortcomings and limitations of this meshing procedure. In particular, quantifying a precise smoothing
strength for both the global and local smoothing operations remains a challenge. Similar to other forms of
regularization within ill-posed inverse problems, the choice of smoothing strength is somewhat subjective. While
the smoothing strength has been determined empirically on a case-by-case basis for this study, performing more
robust convergence analyses for determining appropriate smoothing parameters could be applied in future studies.
Determining a more robust method for deriving the smoothing strength is of particular importance for ensuring
that the model retains sufficient detail within the final surface representation.

The geometries considered for this study assume that the domains are locally smooth and do not contain
sharp corners where the angle η between adjacent elements is not η ≪ 180◦. Achieving sufficient resolution of
sharp corners could be achieved using adaptive mesh refinements at the edges in question. However, applying
local refinements to the mesh may lead to a significant penalty in the global time step given the proportionality
between the element size and the time step within the CFL criterion. This limitation may be of particular
relevance for cases where bone fractures or spurs must be precisely resolved and for simulations where medical
implants are to be accurately modeled.

6. CONCLUSIONS

This study has explored strategies for constructing conforming hexahedral meshes of soft tissue-bone systems for
use within finite-element simulations. Being able to accurately resolve the interfaces between soft tissue and bone
within these digital twins is of particular relevance for ultrasound simulations, especially for applications such as
ultrasound computed tomography or focused ultrasound therapy. The proposed strategy consists of preparing a
surface representation within Blender, constructing a volumetric hexahedral mesh of the domain within Coreform
Cubit, and then modeling the propagation of the ultrasound wavefield within Salvus using the spectral-element
method. This technique has been shown with examples to be effective for meshing both geometries such as the
knee and the skull.

Future works should aim to quantify the smoothing required for the surface representations constructed
within Blender to ensure that detailed features within the mesh are not discarded during the preprocessing of
the surface meshes. Furthermore, techniques of incorporating sharp corners within the mesh should be explored
for applications such as bone fracture modeling or resolving medical implants within the tissue.
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