
 
 

FULL SEISMIC WAVEFORM MODELLING 
AND INVERSION 

 
by 
 

ANDREAS FICHTNER 

 
 
 
 
Contents 
 
1 Preliminaries          1 

1.1 A brief historical overview         1 
1.2 The full waveform tomographic inverse problem - probabilistic vs. deterministic 3 
1.3 Terminology: Full language confusion      4 

 
PART I - NUMERICAL SOLUTION OF THE ELASTIC WAVE EQUATION 
 
2 Introduction           9 

2.1 Notational conventions        9 
2.2 The elastic wave equation        11 
2.2.1 Governing equations        11 
2.2.2 Formulations of the elastic wave equation      13 
2.3 The acoustic wave equation        13 
2.4 Discretisation in space         14 
2.5 Discretisation in time or frequency        15 

2.5.1 Time-domain modelling        16 
2.5.2 Frequency-domain modelling       18 

2.6 Summary of numerical methods        19 
 
3 Finite-difference methods          23 

3.1 Basic concepts in one dimension        24 
3.1.1 Finite-difference approximations       24 
3.1.2 Discretisation of the one-dimensional wave equation    30 
3.1.3 Von Neumann Analysis: stability and numerical dispersion   33 

3.2 Extension to the three-dimensional cartesian case      38 
3.2.1 The staggered grid        38 
3.2.2 Anisotropy and interpolation       42 
3.2.3 Implementation of the free surface      44 

3.3 The 3D spherical case         49 
3.4 Point source implementation        52 
3.5 Accuracy and efficiency         54 

 
4 Spectral-element methods          57 

4.1 Basic concepts in one dimension        57 
4.1.1 Weak solution of the wave equation       58 
4.1.2 Spatial discretisation and the Galerkin method      59 
4.2 Extension to the three-dimensional case       64 

4.2.1 Mesh generation         64 
4.2.2 Weak solution of the elastic wave equation     67 
4.2.3 Discretisation of the equations of motion      68 



4.2.4 Point source implementation       73 
4.3 Variants of the spectral-element method       75 
4.4 Accuracy and efficiency         77 

 
5 Visco-elastic dissipation          79 

5.1 Memory variables          79 
5.2 Q-models           81 

 
6 Absorbing boundaries          85 

6.1 Absorbing boundary conditions        85 
6.1.1 Paraxial approximations of the acoustic wave equation    86 
6.1.2 Paraxial approximations as boundary conditions for acoustic waves  88 
6.1.3 High-order absorbing boundary conditions for acoustic waves   89 
6.1.4 Generalisation to the elastic case       91 
6.1.5 Discussion         92 

6.2 Gaussian taper method         93 
6.3 Perfectly matched layers (PML)        94 

6.3.1 General development        95 
6.3.2 Standard PML         98 
6.3.3 Convolutional PML        99 
6.3.4 Other variants of the PML method      103 

 
PART II - ITERATIVE SOLUTION OF THE FULL WAVEFORM INVERSION PROBLEM 
 
7 Introduction to iterative non-linear minimisation       109 

7.1 Basic concepts: minima, convexity and non-uniqueness     110 
7.1.1 Local and global minima        110 
7.1.2 Convexity: global minima and (non)uniqueness     112 

7.2 Optimality conditions         116 
7.3 Iterative methods for non-linear minimisation      117 

7.3.1 General descent methods       118 
7.3.2 The method of steepest descent       120 
7.3.3 Newton’s method and its variants       121 
7.3.4 The conjugate-gradient method       124 

7.4 Convergence          130 
7.4.1 The multi-scale approach        130 
7.4.2 Regularisation         132 

 
8 The time-domain continuous adjoint method       137 

8.1 Introduction          137 
8.2 General formulation         139 
8.3 Derivatives with respect to the source       143 
8.4 Second derivatives          144 

8.4.1 Motivation: The role of second derivatives in optimisation 
        and resolution analysis        144 
8.4.2 Extension of the adjoint method to second derivatives    148 

8.5 Application to the elastic wave equation       152 
8.5.1 Derivation of the adjoint equations      152 
8.5.2 Practical implementation        156 

 
9 First and second derivatives with respect to structural and source parameters   159 

9.1 First derivatives with respect to selected structural parameters    159 
9.1.1 Perfectly elastic and isotropic medium      161 
9.1.2 Perfectly elastic medium with radial anisotropy     163 
9.1.3 Isotropic visco-elastic medium: Qμ and Qk      165 

9.2 First derivatives with respect to selected source parameters     167 
9.2.1 Distributed sources and the relation to time-reversal imaging   167 
9.2.2 Moment tensor point source       168 

9.3 Second derivatives with respect to selected structural parameters    168 
9.3.1 Physical interpretation and structure of the Hessian    169 
9.3.2 Practical resolution of the secondary adjoint equation    174 
9.3.3 Hessian recipe         175 



9.3.4 Perfectly elastic and isotropic medium      176 
9.3.5 Perfectly elastic medium with radial anisotropy     178 
9.3.6 Isotropic visco-elastic medium       180 

 
10 The frequency-domain discrete adjoint method       183 

10.1 General formulation         183 
10.2 Second derivatives         185 

 
11 Misfit functionals and adjoint sources        187 

11.1 Derivative of the pure wave field and the adjoint Greens function    188 
11.2 L2 waveform difference         189 
11.3 Cross-correlation time shifts        191 
11.4 L2 amplitudes          193 
11.5 Time-frequency misfits         195 

11.5.1 Definition of phase and envelope misfits      196 
11.5.2 Practical implementation of phase difference measurements   197 
11.5.3 An example         199 
11.5.4 Adjoint sources         200 

 
12 Fréchet and Hessian kernel gallery        205 

12.1 Body waves          206 
12.1.1 Cross-correlation time shifts       207 
12.1.2 L2 amplitudes         212 

12.2 Surface waves          214 
12.2.1 Isotropic Earth models        215 
12.2.2 Radial anisotropy        218 

12.3 Hessian kernels: Towards quantitative trade-off and resolution analysis   219 
12.4 Accuracy-adaptive time integration       222 

 
PART III - APPLICATIONS 
 
13 Full waveform tomography on continental scales      227 

13.1 Motivation           228 
13.2 Solution of the forward problem        230 

13.2.1 Spectral-elements in natural spherical coordinates    230 
13.2.2 Implementation of long-wavelength equivalent crustal models   231 

13.3 Quantification of waveform differences       242 
13.4 Application to the Australasian upper mantle      246 

13.4.1 Data selection and processing       247 
13.4.2 Initial model         249 
13.4.3 Model parameterisation        253 
13.4.4 Tomographic images and waveform fits      253 
13.4.5 Resolution analysis        254 
13.4.6 Discussion         257 

 
14 Application of full waveform tomography to active-source surface-seismic data  
      [written by FLORIAN BLEIBINHAUS]          263 

14.1 Introduction          263 
14.2 Data           264 
14.3 Data pre-conditioning and weighting       267 
14.4 Misfit functional          267 
14.5 Initial model          268 
14.6 Inversion and Results         270 
14.7 Data fit           272 
14.8 Discussion          275 

 
15 Source stacking data reduction for full waveform tomography at the global scale  
     [written by YANN CAPDEVILLE]          279 

15.1 Introduction          280 
15.2 Data reduction          280 
15.3 The source stacked inverse problem       281 
15.4 Validation tests          282 



15.4.1 Parameterisation        283 
15.4.2 Experiments setup and input models      284 
15.4.3 Test in a simple 2-parameter model      286 
15.4.4 Tests in a realistic degree-6 global model     287 

15.5 Towards real cases: dealing with missing data      292 
15.6 Discussion and conclusions        296 

 
Appendix A: Mathematical background for the spectral-element method    299 

A.1 Orthogonal polynomials         299 
A.2 Function interpolation         300 

A.2.1 Interpolating polynomial        300 
A.2.2 Lagrange interpolation        301 
A.2.3 Lobatto interpolation        303 
A.2.4 Fekete points         307 
A.2.5 Interpolation error        308 

A.3 Numerical integration         310 
A.3.1 Exact numerical integration and the Gauss quadrature    310 
A.3.2 Gauss-Legendre-Lobatto quadrature      312 

 
Appendix B: Time-frequency transformations       315 
 
References            319 
Index             337 


