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Assignment 1

a)

Consider the loop:

while 1 < k do

i:=1+1;
r :=r *n
end

Which of the following formulas are invariants of this loop? For those which are not, show why
the proof of invariant preservation (i.e., the premise of the axiomatic semantics rule for while
loops) fails.

i>0Ar=nt (1)
i>0ANi<kAr=n’ (2)
i>0ANi<kAr=n' (3)

b)

Use the above while loop to write a program s such that
F{K>1 AK=k}s{r=nf}



Assignment 2

Recall the rule of consequence as presented in the lecture

{P'}s{Q}
{P}s{Q}

ifP=Pand Q = Q

and compare it to the following unsound variation

{(P}s{Q}
{P}s{Q}

ifPP=Pand Q= Q

Give textual arguments why the first rule is sound and why the second one is not and support
your argumentation with two illustrating examples.

Assignment 3

X
Consider the following programme s computing the quotient and the remainder of v

z := 0;
while y <= x do
z =z + 1;
X =X -y

end

Find a suitable precondition P and prove that
F{x=XAy=YAP}s{X=x+Y*xzAY>x}.

Assignment 4

Show, by structural induction on s, that = { P } s { 0 = 0 } for all statements s and all
properties P.



Assignment 5 - Headache of the week

Consider the following programme s computing the greatest common divisor (gcd) of two given
positive integers:

b := x;

c = Y;
while b # ¢ do
if b < ¢ then

c:=c-b
else
b:=b-¢c
end
end;
z :=Db

Convince yourself that the programme terminates when x and y store positive integers.
Tasks:

1. Formalise the claim that the above programme computes the gcd of x and y as pre- and
postcondition P, Q, respectively.

2. Find an invariant for the loop (and prove that it is preserved by the loop).
3. Showthat -H{P } s { Q }.

Recall the definition of the gcd:

Let z,y be positive integers. The number z is the greatest common divisor of = and y iff z|z
and z|y and there is no 2/, with 2’ > z, such that 2’|z and 2’|y. Here, z|z means that z divides
x,i.e., z-k=ux, for some k € N.

Hint: Consider using a relationship between the input variables x, y and the 'loop’ variables b,
c as part of your loop invariant.



