Fibring Labelled Deduction Systems^∗

João Rasga, Amílcar Sernadas, Cristina Sernadas

CMA, Departamento de Matemática, IST Av. Rovisco Pais 1049-001 Lisbon, Portugal

http://www.cs.math.ist.utl.pt/s84.www/cs/{jfr,acs,css}.html
             {jfr,acs,css}@math.ist.utl.pt

Luca Viganò

Institut für Informatik Albert-Ludwigs-Universität Freiburg Georges-Köhler-Allee 52 D-79110 Freiburg, Germany

http://www.informatik.uni-freiburg.de/~luca
     luca@informatik.uni-freiburg.de

Abstract

We give a categorial characterization of how labelled deduction systems for logics with a propositional basis behave under unconstrained fibring and under fibring that is constrained by symbol sharing. At the semantic level, we introduce a general semantics for our systems and then give a categorial characterization of fibring of models. Based on this, we establish the conditions under which our systems are sound and complete with respect to the general semantics for the corresponding logics, and establish requirements on logics and systems so that completeness is preserved by both forms of fibring.

Keywords: Fibring of Logics, Labelled Deduction Systems, Natural Deduction, General Semantics, Category Theory.

1 Introduction

Context The problem of combining logics has attracted much attention lately. Besides leading to interesting applications whenever it is necessary to work with different logics at the same time, combining logics is also interesting on purely theoretical grounds [7], and among the different techniques for combining logics, fibring [15, 17, 18, 25, 26, 29] deserves close study.

∗Journal of Logic and Computation 12(3):443–473, 2002; © Oxford University Press. URL:

http://www3.oup.co.uk/logcom/hdb/Volume 12/Issue 03/

The fibring of two logics is obtained by combining their languages, deduction systems and semantics. The language of the fibring is obtained by allowing the use of the language constructors (atomic symbols and connectives) from the logics that we want to combine. So, for example, when fibring a temporal logic and a deontic logic, “mixed” formulae, like ((Gα) ⇒ (O(F β))), appear in the resulting logic. In many cases one wants to share some of the symbols, and we then speak of fibring constrained by symbol sharing. For example, the formula above illustrates the constrained form of fibring imposed by sharing the common propositional part of a temporal and a deontic logic. Alternatively, we may consider unconstrained fibring, where no symbols of the two given logics are shared.

The deduction system of the fibring is obtained by the free use of the inference rules from both given logics, provided that these logics are endowed with deduction systems of the same kind (e.g. both logics with Hilbert systems or both with natural deduction systems). Moreover, this approach is of practical interest only if the two given deduction systems are schematic, in the sense that their inference rules are “open” for application to formulae with “foreign” symbols. For instance, when in some Hilbert system modus ponens is defined by the rule MP, {(ξ_1 ⇒ ξ_2), ξ_1} ⊢ ξ_2, one may implicitly assume that the instantiation of the metavariables ξ_1 and ξ_2 by any formulae, possibly with symbols from both logics, is allowed when applying MP in the fibring.

The semantics of the fibring is complicated and, similar to deduction systems, it is better to consider the case where both logics have semantics of the same kind (i.e. with similar models). A possible, quite general, model for many logics with a propositional basis is provided by a triple ⟨U, B, ν⟩ where U is a set (of points, worlds, states, whatever), B ⊆ ℘U, and ν(c) : B^n → B for each language constructor c of arity n ≥ 0. Given two logics L^′ and L^{′′} with such a semantics, the semantics of their fibring is a class of models of the form ⟨U, B, ν⟩, such that at each point u ∈ U it is possible to extract a model from L^′ and one from L^{′′}. If symbols are shared, the two extracted models should agree on them.

This paper follows a program started by [25], where a categorial characterization of fibring of logics with a propositional basis is presented, continued in [26] with the study of fibring of logics with terms and binding operators, and in [29] where preservation of (strong) completeness by fibring is obtained for logics with a propositional basis. All these works consider Hilbert-style deduction systems. Here, we concentrate our attention on fibring of logics endowed with labelled deduction systems.

To illustrate why considering these systems is important, observe that Hilbert-style systems, although uniform, are difficult to use in practice, especially in comparison with the more “natural” Gentzen-style systems such as natural deduction, sequent and tableaux systems. Unfortunately, devising Gentzen-style systems for modal, relevance and other non-classical logics often requires considerable ingenuity, as well as trading uniformity for simplicity and usability. A solution to this problem is to employ labelling techniques, which provide a general framework for presenting different logics in a uniform way in terms of Gentzen-style deduction systems. The intuition behind these techniques is that labelling (sometimes also called prefixing, annotating or subscripting) allows one to explicitly encode additional information, of a semantic or proof-theoretical nature, that is otherwise implicit in the logic one wants to capture. So, for instance, instead of considering a modal formula φ, we can consider the labelled formula w:φ, which intuitively means that φ holds at the point denoted by w in U within the underlying semantics. We can also use labels to specify the way in which points are related in a particular model; for example, the relational formula w:R w^′ tells us that the world w^′ is accessible from w in a Kripke model (which is a particular, simple, instance of the general models of the form ⟨U, B, ν⟩).

Labelled deduction systems have been given for several non-classical logics, e.g. [1, 2, 3, 4, 8, 10, 12, 14, 16, 19, 28]. Research on labelling has focused not only on the design of systems for specific logics, but also, more generally, on the characterization of the classes of logics that can be formalized this way. General properties and limitations of labelling techniques have also been investigated. For example, [4, 28] highlight a tradeoff between limitations and properties: if we reason on the semantic information provided by labelling using Horn-style rules, then we are able to present only a subset of all possible non-classical logics, but we can still capture many of the most common ones and, more importantly, labelling provides an efficient general method for establishing the metatheoretical properties of these logics, including their completeness, decidability and computational complexity. Moreover, [4, 28] also contain some preliminary results on combining labelled deduction systems.

Contributions The main contribution of this paper is an account of how labelled deduction systems can be fibred. We concentrate on logics with a propositional basis, endowed with labelled deduction systems, and where labels provide additional information of a semantic nature. Specifically, our contributions can be summarized as follows. Our approach is general and we give here a novel (algebraic) presentation of labelled deduction systems that provides a suitable basis for defining their fibring, and that subsumes, as simple special cases, the more standard labelled natural deduction systems of our previous work [3, 4, 28]. Based on this presentation, we then give a categorial definition of (unconstrained and constrained by symbol sharing) fibring of labelled deduction systems. Afterwards, we adapt the general semantics advocated for Hilbert systems in [29] to the case of labelled deduction systems; hence, the general approach that we consider here subsumes our previous work also at the semantic level (the Kripke-style semantics that we gave for labelled natural deduction systems is a simple, special case of the general semantics). Then we establish the conditions under which our systems are sound and complete with respect to the general semantics for the corresponding logics, and define (both forms of) fibring at the semantic level. Finally, building on the completeness theorem, we establish requirements on the given logics and systems so that completeness is preserved by (both forms of) fibring. Preservation of other metatheoretical properties such as the finite model property and decidability will be subject of future work.

Organization The remainder of this paper is organized as follows. In Section 2 we introduce labelled deduction systems at the abstract level we need and their fibrings. In Section 3 we focus on semantics, and in Section 4 we prove the completeness theorem and the preservation results. In Section 5 we draw conclusions and discuss related and future work.

2 Labelled deduction systems

In this section we introduce our labelled deduction systems for logics with a propositional basis. In Section 2.1 we define the language of our systems, specifying how to build formulae and judgements. Then, leading up to the definition of consequence, in Section 2.2 we define inference rules and derivations in our systems, giving in passing some examples for modal and temporal logics. Finally, in Section 2.3 we introduce unconstrained and constrained fibring as categorial constructions and illustrate them with an example from modal logic.

2.1 Language

We introduce the notions of signature, formula and judgement.

Definition 1 A signature is a pair Σ = ⟨C, O⟩ of families of language constructors, with C = {C_k}_{k∈N} where each C_k is a set, and O = {O_k}_{k∈N}+ where each O_k is a set. The elements of C_k are formula operators (or connectives) of arity k, and the elements of O_k are relational operators of arity k. ■

Notation 2 We fix once and for all a family of schema variables Ξ = {Ξ_j }_{j∈{lb,wf }}, where Ξ_{lb} is a set of label schema variables and Ξ_{wf} is a set of (well-formed) formula schema variables. ■

Formulae in our systems are then built from Σ and Ξ according to the following definition.

Definition 3 The set L(C, Ξ_{wf} ) of schema formulae is defined inductively as follows: (i) ξ ∈ L(C, Ξ_{wf} ) for all ξ ∈ Ξ_{wf} ; (ii) c ∈ L(C, Ξ_{wf} ) for all c ∈ C_0; and (iii) c(ϕ_1, . . . , ϕ_k) ∈ L(C, Ξ_{wf} ) for all c ∈ C_k and ϕ_1, . . . , ϕ_k ∈ L(C, Ξ_{wf} ).

The set L(O, Ξ_{lb} ) of relational schema formulae is defined as the set of o(w_1, . . . , w_k) for all o ∈ O_k and w_1, . . . , w_k ∈ Ξ_{lb} . The set L(Σ, Ξ) of labelled schema formulae is

L(Σ, Ξ) = {w:φ | w ∈ Ξ_{lb} and φ ∈ L(C, Ξ_{wf} ) ∪ L(O, Ξ_{lb} )}. ■

Notation 4 We write lb(Δ) to denote the set of all labels (label schema variables) that appear in the formulae of a set Δ ⊆ L(Σ, Ξ) of labelled schema formulae. ■

The examples below, in particular Examples 10 and 11, will illustrate the idea behind these definitions: the connectives are in a many-to-many relationship with the relational operators. This is a generalization of the techniques adopted in [3, 4, 28], where labelled natural deduction systems for several non-classical logics are given by associating each non-classical connective of arity n with a syntactic representative of a semantic relation of arity n + 1.^1 To illustrate this, take the simple example of modal logics. We can evaluate formulae built using the unary modal connectives � and � in terms of two distinct binary semantic relations R_� and R_�, which we represent in a modal labelled natural deduction system by means of formulae of the form w:R_� w^′ and w:R_� w^′. Moreover, in the case that the logic we are considering is,

1Note that the techniques of [3, 4, 28] are in turn an adaptation and extension of the principles of “Boolean algebra with operators” [22] and of “gaggle theory” [13].

for example, the basic mono-modal logic K, we have that R_� and R_� coincide so that in our system for that logic the connectives � and � are associated with the same binary relational operator R . Similar observations apply for the other non-classical logics considered in [3, 4, 28], e.g. binary relevant implication is associated with a ternary “compossibility” relation.

In [3, 4, 28] we restricted our attention to relationships between connectives and relational operators that are bijective relationships and where the arities are fixed beforehand. But there are logics in which this is not the case; a notable example is given by temporal logics, where the binary “until” connective is associated with a relation that is also binary (cf. Example 11). Hence, here we loosen these restrictions: we allow for a liberal relationship between connectives and relational operators, and we do not fix their arities beforehand.

There is however an aspect in which we follow the restrictions of previous work more closely, and we do so in order to simplify the development. Definition 3 says that in our systems we consider two distinct kinds of unlabelled schema formulae, so that the meaning of a labelled schema formula w:φ will explicitly depend on φ. If φ is a schema formula c(ϕ_1, . . . , ϕ_k), then w:φ means that the formula c(ϕ_1, . . . , ϕ_k) holds at the world denoted by w. If φ is a relational schema formula o(w_1, . . . , w_k), then w:φ means that the worlds denoted by w_1, . . . , w_k are in the relation denoted by o at the world denoted by w. For example, when o is the accessibility relation R of modal logics, w_1:R w_2 means that the expression “w_2 is accessible”, denoted by R w_2, holds at w_1, i.e. that at w_1 we can see w_2.

We do not admit “hybrid” formulae where the operators can be freely mixed, e.g. c_1(o_1(c_2(w_1, w_2))). Formulae of this form are used for instance in presentations of non-classical logics based on hybrid languages, e.g. [6], or on semantic embeddings (i.e. on translations into first or higher-order logic; see, for example, [23]). Moreover, our relational formulae are atomic and cannot be composed.

A consequence of these restrictions is that we will not be able to give labelled deduction systems for all logics that can be presented using hybrid languages, semantic embeddings or other similar approaches based on labelling or translations. However, like for [3, 4, 28], to which the reader is referred for further details and comparison with related approaches, the restricted language that we adopt will suffice to give labelled deduction systems for several of the most common non-classical logics; in fact, thanks to our generalizations, we will be able to give labelled deduction systems for many more logics than the ones considered in previous work.^2

Returning to the technical development, we now define what is a judgement. Loosely speaking, a judgement is a relation between a labelled schema formula δ, a finite set of labelled schema formulae Δ, and a finite set of label schema variables Φ, which will allow us to define when a formula follows from a set of formulae (cf. Definitions 21 and 22), and also to represent intermediate steps in a derivation where fresh variables may occur.

Definition 5 A judgement ⟨Δ, δ, Φ⟩ is a triple where Δ ∈ ℘_{fin} L(Σ, Ξ) is a finite set of labelled schema formulae, δ ∈ L(Σ, Ξ) is a labelled schema formula, and Φ ⊆ Ξ_{lb} is a

2It is then interesting to investigate if our generalizations allow us to inherit the properties shown for the labelled natural deduction systems of previous work, e.g. normalization of derivations and the subformula property. We conjecture that this is the case, but leave a detailed analysis for future work.

finite set of label schema variables, which will represent fresh variables in a derivation. ■ Notation 6 We write J(Σ, Ξ) to denote the set of all judgements. Moreover, we represent a judgement ζ = ⟨Δ, δ, {w_1, . . . , w_k}⟩ by

⟨Δ, δ⟩ ▷ w_1, . . . , w_k ,

and we also denote Δ by Ant(ζ), δ by Cons(ζ), and {w_1, . . . , w_k} by Fresh(ζ). Furthermore, when Fresh(ζ) is empty, we represent ζ by writing simply ⟨Δ, δ⟩. ■

2.2 Deduction and consequence

In order to define a consequence relation for proving assertions using hypotheses, which we will do in Prop/Definition 27, we need to say when a judgement follows (i.e. can be derived) from a set of judgements. Hence, we now introduce inference rules and define our labelled deduction systems.

Definition 7 An inference rule is a pair ⟨Prem, Conc⟩ where Prem ∈ ℘_{fin} J(Σ, Ξ) is a finite set of premise-judgements, and the conclusion-judgement Conc ∈ J(Σ, Ξ) is such that Ant(Conc) = ∅ and Fresh(Conc) = ∅. ■

Notation 8 We represent an inference rule r = ⟨{ζ_1, . . . , ζ_k}, ζ⟩ by

ζ_1 · · · ζ_k ζ r , and we denote the premises {ζ_1, . . . , ζ_k} by Prem(r) and the conclusion ζ by Conc(r). We write R(Σ, Ξ) to denote the set of all inference rules. ■

Definition 9 A labelled deduction system (lds) is a pair ⟨Σ, D⟩ where Σ is a signature and D ⊆ R(Σ, Ξ). ■

Even though we imposed some simplifying restrictions on signatures, e.g. that schema formulae cannot be mixed with (atomic) relational schema formulae, our inference rules and lds’s are general enough to subsume (as simple instances) the labelled natural deduction systems of [3, 4, 28] for modal, relevance and other nonclassical logics.^3

To illustrate this, we now give lds’s for the mono-modal logic K and its extensions, and for basic temporal logic with ⊥, → and the until operator U. In the case of

3By natural deduction systems we mean, as is usual, systems for proof under assumption that consist of introduction and elimination rules for each of the connectives except falsum, i.e. ⊥, for which only an elimination rule is given [27]. These rules define the meaning of each connective, specifying how it is introduced in a formula or eliminated from it. Our lds’s subsume labelled natural deduction systems because we do not commit ourselves here to such requirements on the rules but allow for the more general form of rules of Definition 7. For example, while we do require that our rules are single-conclusioned, we do not require that they necessarily have the form that makes them introduction or elimination rules. Related to this, it is interesting to investigate whether our general approach generalizes, in a similar way, other forms of labelled Gentzen-style systems such as labelled tableaux or sequent systems; we conjecture that, with minor modifications, this is indeed the case but leave a detailed analysis for future work.

modal logics, we can give lds’s that are indeed simple notational variants of the labelled natural deduction systems of previous work, and which contain elimination and introduction rules for each connective c (denoted by cE and cI), except for ⊥, for which we give only the rule ⊥E.

Example 10 An lds ⟨Σ, D⟩ for the mono-modal logic K is defined as follows: Σ = ⟨C, O⟩ is such that C_0 = Π ∪ {⊥} where Π is some set of propositional symbols, C_1 = {�}, C_2 = {→}, and O_1 = {R }; D contains the rules:

⟨{w:ξ → ⊥}, w^′:⊥⟩ ⟨∅, w:ξ⟩

⊥E ,

⟨∅, w:ξ_1 → ξ_2⟩ ⟨∅, w:ξ_1⟩ ⟨∅, w:ξ_2⟩

→ E ,

⟨{w:ξ_1}, w:ξ_2⟩ ⟨∅, w:ξ_1 → ξ_2⟩

→ I ,

⟨∅, w:�ξ⟩ ⟨∅, w:R w^′⟩ ⟨∅, w^′:ξ⟩

�E ,

⟨{w:R w^′}, w^′:ξ⟩ ▷ w^′ ⟨∅, w:�ξ⟩

�I .

■ By considering the rule �I (�-Introduction), we can now informally explain the role of the finite set of fresh label schema variables. (We will give a formal explanation after Definition 19 below.) Intuitively, the rule �I says that if for every w^′ accessible from w we have ξ (i.e. w^′:ξ follows from w:R w^′ with w^′ fresh), then we can conclude that in w we have �ξ (i.e. w:�ξ). In other words, the universal quantification corresponds to the side condition that w^′ is fresh, and the antecedent of the premise-judgement requires that w^′ is accessible from w.

Note also that, given C, we can define other formula operators using standard abbreviations, e.g. ¬ξ ≡_{abrv} (ξ → ⊥), ξ_1 ∧ξ_2 ≡_{abrv} ¬(ξ_1 → ¬ξ_2), and �ξ ≡_{abrv} ¬�¬ξ. The inference rules for these connectives are then derived from those for the primitive ones in C, as we show for instance in Example 24 for � elimination.

Systems for other modal logics extending mono-modal K are obtained by extending the lds for K with rules expressing properties of R . For example, we obtain lds’s for T and K4 by respectively extending the lds for K with the rules

⟨∅, w:R w⟩ refl and ⟨∅, w:R w^′⟩ ⟨∅, w^′:R w^{′′}⟩ ⟨∅, w:R w^{′′}⟩ trans ,

we obtain an lds for S4 by extending the lds for K with both refl and trans, and an lds for S5 by further adding a rule for the Euclidean property, e.g.

⟨∅, w:R w^′⟩ ⟨∅, w:R w^{′′}⟩ ⟨∅, w^′:R w^{′′}⟩ eucl .

More generally, we can extend our lds’s with Horn-style rules similar to the “relational rules” of [3, 4, 28]. That is, with rules of the form

⟨∅, w^1:φ^1⟩ · · · ⟨∅, w^n:φ^n⟩ ⟨∅, w^0:φ^0⟩ where φ^i is a relational schema formula for each i such that 0 ≤ i ≤ n.

Since these example labelled deduction systems are not much different from the ones in [3, 4, 28], we refer the reader to these works for further examples of systems for modal and other non-classical logics, most notably relevance logics.^4 The following example, on the other hand, shows that the general approach taken here allows us to give a labelled (natural) deduction system for basic temporal logic, which was not possible with the formal machinery of previous work.

Example 11 An lds ⟨Σ, D⟩ for basic temporal logic (with ⊥, →, and the until operator U associated with a binary relational operator R ) is defined as follows: Σ = ⟨C, O⟩ is such that C_0 = Π∪{⊥} where Π is some set of propositional symbols, C_2 = {→, U} and O_1 = {R }; D contains the rules ⊥E, → E, → I, trans, and the following rules for U:

⟨∅, w:ξ_1Uξ_2⟩ ⟨∅, w:R w^′⟩ ⟨{w:R w^{′′}, w^{′′}:ξ_2}, w^′:R w^{′′}⟩ ▷ w^{′′} ⟨∅, w^′:ξ_1⟩

UE1 ,

⟨∅, w:ξ_1Uξ_2⟩ ⟨{w:R w^′, w^′:ξ_2}, w^{′′}:ξ_3⟩ ▷ w^′ ⟨∅, w^{′′}:ξ_3⟩

UE2 ,

⟨∅, w^{′′}:ξ_2⟩ ⟨{w:R w^′, w^′:R w^{′′}}, w^′:ξ_1⟩ ▷ w^′ ⟨∅, w:ξ_1Uξ_2⟩

UI .

■ Note, however, that due to the restrictions we imposed on our language we are not able to give lds’s for extensions of this logic where time is linear and/or discrete, which would require us to introduce connectives (e.g. disjunction) with which we can compose relational formulae. Moreover, even though here we can give rules

ζ_1 · · · ζ_k ζ_0 r in which we mix judgements ζ_i, where Cons(ζ_i) is a labelled schema formula, with judgements ζ_j , where Cons(ζ_j ) is a labelled relational schema formula, there are other logics that require further interaction between formula and relational operators. That is, there are logics that require us explicitly to consider hybrid formulae, in which operators can be mixed freely.^5

We now motivate the following definitions. The objective is to say when a formula γ is derived from a set of formulae Γ in an lds ⟨Σ, D⟩, i.e. Γ ⊢_{⟨Σ,D⟩} γ. We will say

4Note that the guarantee that our lds’s for K and its extensions are indeed deduction systems for these logics, i.e. that they are sound and complete with respect to the standard Kripke semantics for these logics, follows then trivially by the soundness and completeness of the labelled natural deduction systems of previous work.

5In other words, we allow mixing of operators at the metalevel, by having rules that mix judgements with different kinds of formulae as conclusions, but we forbid mixing of operators at the object level, i.e. inside formulae. Note also that although the inference rules we give here are more general than the ones in [3, 4, 28], the above limitations are a consequence of the results reported in these works as, mutatis mutandis, the observations made there apply straightforwardly in this setting. As we remarked above, labelled deduction systems built using an extended language will be subject of future work.

that this is the case when the judgement ⟨Γ, γ, ∅⟩ is derived from the empty set of judgements. For this purpose we have to define first what it means that a judgement ζ is derived from a set of judgements Θ in an lds ⟨Σ, D⟩, i.e. Θ∼_{⟨Σ,D⟩} ζ, and we do so after introducing some basic notions such as substitutions, instantiations and derivation trees.

Definition 12 A substitution is a pair σ = ⟨σ_{lb} , σ_{wf} ⟩, where σ_{lb} : Ξ_{lb} → Ξ_{lb} and σ_{wf} : Ξ_{wf} → L(C, Ξ_{wf} ) are maps called respectively label substitution and formula substitution. ■

Notation 13 We write Sub(Σ, Ξ) for the set of all substitutions, and id for the identity substitution on Ξ. ■

Since our inference rules are schematic, to be able to carry out derivations we need to define the concepts of substitution for a rule and instantiation. For the former we need to say when two assignments are equivalent up to a particular set of labels.

Definition 14 Let σ and σ^′ be substitutions and Φ ⊆ Ξ_{lb} be a set of labels. We say that σ and σ^′ are Φco-equivalent, in symbols σ ≡_Φ σ^′, iff σ_{wf} = σ^′_{wf} and σ_{lb} (w) = σ^′_{lb} (w) for each w ∈ Ξ_{lb} such that w ∉ Φ. ■

Definition 15 Let r = ⟨{ζ_i}_{1≤i≤k}, ζ⟩ be an inference rule. An r-substitution is a pair ⟨{σ_i}_{1≤i≤k}, σ⟩ such that σ_i ≡_{Fresh(ζi )} σ for each i = 1, . . . , k. ■

Notation 16 In the following, given a labelled schema formula δ, a set of labelled schema formulae Δ and a substitution σ, we denote by δ σ the labelled schema formula that results from δ by the simultaneous replacement of its schema variables by their value given by σ. By extension, Δ σ denotes the set consisting of all γ σ for each γ ∈ Δ. Similarly, given a label w and a set of labels Φ, we denote by w σ the label σ_{lb} (w), and denote by Φ σ the set consisting of all w σ for each w ∈ Φ. ■

Definition 17 The judgement ⟨Γ, γ, Υ⟩ is an instance of the judgement ⟨Δ, δ, Φ⟩ by the substitution σ iff (i) δ σ is γ, (ii) Φ σ ⊆ Υ, (iii) Δ σ ⊆ Γ, and (iv) w σ ∉ (Ξ_{lb} \{w}) σ for each w ∈ Φ. ■

Notation 18 We denote by Inst(ζ, σ) the set of instances of a judgement ζ by σ. ■

Definition 19 The pair ⟨{⟨Γ_i, γ_i, Υ_i⟩}_{1≤i≤k}, ⟨Γ, γ, Υ⟩⟩ is an instance of r = ⟨{⟨Δ_i, δ_i, Φ_i⟩}_{1≤i≤k}, ⟨∅, δ, ∅⟩⟩ by an r-substitution ⟨{σ_i}_{1≤i≤k}, σ⟩ iff δ σ is γ, and for each i, with 1 ≤ i ≤ k,

• ⟨Γ_i, γ_i, Υ_i⟩ ∈ Inst(⟨Δ_i, δ_i, Φ_i⟩, σ_i),

• lb(Γ) ∩ Φ_i σ_i = ∅,

• Γ_i = Γ ∪ Δ_i σ_i, and

• Υ_i \ Φ_i σ_i = Υ. ■

Observe that, reasoning backwards from goal to axioms, i.e. applying rules from conclusion to premises, the image of any fresh variable in a premise should not have been already used in the derivation we are building, and that the hypotheses in the conclusion are transferred to the premises, and so are (more strictly) the fresh variables.

Consider again the rule

⟨{w:R w^′}, w^′:ξ⟩ ▷ w^′ ⟨∅, w:�ξ⟩

�I .

The meaning of the “fresh” label schema variable w^′ can now be specified formally as follows: any instantiation of w^′ is a variable not present in the formulae of the instance of the judgement except in the ones indicated in the judgement under instantiation (i.e. w:R w^′ and w^′:ξ.)

Notation 20 We denote by Inst(r, s) the set of all rules that are instances of rule r by the r-substitution s. ■

Definition 21 A judgement ζ is derivable from a set of judgements Θ in an lds ⟨Σ, D⟩, in symbols Θ∼_{⟨Σ,D⟩} ζ, iff there is a tree annotated by judgements such that (i) the annotation of the root is ζ, and (ii) for each node,

• the pair formed by the annotation of the node and the set of annotations of its successors is an instance of some rule of D,

• or the node has no successors and its annotation is an axiom, i.e. it is of the form ⟨Γ ∪ {γ}, γ, Υ⟩,

• or it has no successors and there is an hypothesis ⟨Δ, δ, Φ⟩ ∈ Θ and a substitution σ ≡_Φ id such that if its annotation has the form ⟨Γ, γ, Υ⟩ then Δ σ ⊆ Γ, lb(Δ ∪ {δ}) σ ∩ Υ ⊆ Φ σ and γ is δ σ. ■

A tree in the conditions of the previous definition will be called a derivation tree for Θ∼_{⟨Σ,D⟩} ζ. In the following, when there is no ambiguity, we will identify a node with its annotation. When it is not convenient to do so, we will refer to the annotation of a node x by a(x) or by a_T (x) when referring to the underlying tree T .

We can now finally define what are derivations in our lds’s.

Definition 22 A labelled schema formula γ is derivable from a set of labelled schema formulae Γ in an lds ⟨Σ, D⟩, in symbols Γ ⊢_{⟨Σ,D⟩} γ, iff ∅∼_{⟨Σ,D⟩} ⟨Γ, γ⟩. ■

Notation 23 When no confusion arises, we will simply write Θ∼ ζ and Γ ⊢ γ instead of Θ∼_{⟨Σ,D⟩} ζ and Γ ⊢_{⟨Σ,D⟩} γ, respectively. ■

As an example, we now employ the derived rules for negation to derive rules for � in our lds for the mono-modal logic K. All these derived rules are clearly also derivable in lds’s extending that for K.

Example 24 It is easy to see that, in our lds for the mono-modal logic K, ⟨∅, w:⊥⟩ can be derived from ⟨∅, w:¬ξ⟩ and ⟨∅, w:ξ⟩, and that ⟨∅, w:¬ξ⟩ can be derived from ⟨{w:ξ}, w:⊥⟩. Hence, the following rules for negation are derivable:

⟨∅, w:¬ξ⟩ ⟨∅, w:ξ⟩ ⟨∅, w:⊥⟩

¬E and

⟨{w:ξ}, w:⊥⟩ ⟨∅, w:¬ξ⟩

¬I .

In (1) we derive ⟨∅, w^{′′}:ξ_2⟩ from the hypotheses ⟨{w^′:ξ_1, w:R w^′}, w^{′′}:ξ_2⟩ ▷ w^′ and ⟨∅, w:�ξ_1⟩.

⟨{w^{′′}:ξ2 → ⊥}, w:¬�¬ξ1⟩ HYP (2) ⟨{w^{′′}:ξ2 → ⊥, w:R w^′}, w^′:¬ξ1⟩ ▷ w^′ ¬I ⟨{w^{′′}:ξ2 → ⊥}, w:�¬ξ1⟩ �I ⟨{w^{′′}:ξ2 → ⊥}, w:⊥⟩ ¬E ⟨∅, w^{′′}:ξ2⟩ ⊥E (1)

⟨{w^′:⊥ → ⊥, w^{′′}:ξ2 → ⊥, w^′:ξ1, w:R w^′}, w^{′′}:ξ2 → ⊥⟩ ▷ w^′ AX (3) ⟨{w^′:⊥ → ⊥, w^{′′}:ξ2 → ⊥, w^′:ξ1, w:R w^′}, w^{′′}:⊥⟩ ▷ w^′ → E ⟨{w^{′′}:ξ2 → ⊥, w^′:ξ1, w:R w^′}, w^′:⊥⟩ ▷ w^′ ⊥E (2)

⟨{w^′:⊥ → ⊥, w^{′′}:ξ_2 → ⊥, w^′:ξ_1, w:R w^′}, w^{′′}:ξ_2⟩ ▷ w^′

HYP (3)

Hence, the following rule for � elimination is derivable:

⟨∅, w:�ξ_1⟩ ⟨{w^′:ξ_1, w:R w^′}, w^{′′}:ξ_2⟩ ▷ w^′ ⟨∅, w^{′′}:ξ_2⟩

�E .

Similarly, we can derive the introduction rule

⟨∅, w^′:ξ⟩ ⟨∅, w:R w^′⟩ ⟨∅, w:�ξ⟩⟩

�I ,

since we can easily show that {⟨∅, w^′:ξ⟩, ⟨∅, w:R w^′⟩}∼ ⟨∅, w:�ξ⟩ ■

Two remarks. First, note that �E inherits from �I a freshness side condition on a label schema variable: w^′ is a new variable that is different from w and w^{′′}, and does not occur in any formula of the premise-judgement other than w:R w^′ and w^′:ξ. Second, to illustrate the instantiation of rules by given substitutions, note that in the instantiation of �I (with straightforward substitutions) in the derivation (1) the antecedent of the conclusion (w^{′′}:ξ_2 → ⊥) is inherited in the premise, and that the other formula (w:R w^′) in the antecedent of the premise is an instantiation of the corresponding formula in the rule.

We now prove two useful properties of derivations, which will allow us to introduce a consequence operator in Prop/Definition 27. We first show that derivations are monotonic, in the sense that if a labelled schema formula γ is derivable from a set of labelled schema formulae Γ, then γ can be derived also from Γ ∪ Ψ, where Ψ is an arbitrary set of labelled schema formulae. Then, in Lemma 26, we show that derivations are idempotent, since if ∅∼ ⟨Γ, ψ⟩ and ∅∼ ⟨{ψ}, γ⟩ then ∅∼ ⟨Γ, γ⟩.

Lemma 25 For each Ψ ⊆ L(Σ, Ξ) and Υ ⊆ Ξ_{lb} we have ∅∼ ⟨Γ ∪ Ψ, γ, Υ⟩ whenever ∅∼ ⟨Γ, γ⟩.

Proof Assuming that we are given a derivation tree for ∅∼ ⟨Γ, γ⟩, we want to define a derivation tree for ∅∼ ⟨Γ ∪ Ψ, γ, Υ⟩. The basic idea is to rename the fresh variables used in the first derivation so that no clash appears with the variables occurring in Ψ and Υ. This is achieved by introducing a family of substitutions that for each node will carry out the renaming of the variables of the judgement in that node.

Consider a derivation tree T for ∅∼ ⟨Γ, γ⟩, and for each node x define a substitution ρ_x such that

• the substitution of the node root is id, and

• if a node x and its successors {y_1, . . . , y_k}, where k ≥ 0, are instances of a rule r = ⟨{⟨Δ_i, δ_i, Φ_i⟩}_{1≤i≤k}, ⟨∅, δ, ∅⟩⟩ by an r-substitution ⟨{σ_i}_{1≤i≤k}, σ⟩, then for each 1 ≤ i ≤ k we have that ρ_{yi} ≡_{Φi σi} ρ_x and w σ_i ρ_{yi} ∉ (Ξ_{lb} \ {w}) σ_i ρ_{yi} ∪ lb(Ant(a(x)) ρ_x ∪ Ψ) ∪ Υ for any w ∈ Φ_i.

Consider a tree with the same nodes and structure as T and such that each node x has the annotation ⟨Γ^′ ρ_x ∪ Ψ, γ^′ ρ_x, Υ^′ ρ_x ∪ Υ⟩ if its annotation in T is ⟨Γ^′, γ^′, Υ^′⟩. We now show that this tree is indeed a derivation tree for ∅∼ ⟨Γ ∪ Ψ, γ, Υ⟩.

Observe that the annotation of the root is ⟨Γ ∪ Ψ, γ, Υ⟩. Observe also that for each node x we have two cases, both of which are straightforward: (i) the node x has no successors and its annotation is an axiom, if the same happens in T ; and (ii) the pair formed by the annotation of the node x and the annotations of its successors is an instance of a rule r = ⟨{⟨Δ_i, δ_i, Φ_i⟩}_{1≤i≤k}, ⟨∅, δ, ∅⟩ by the r-substitution ⟨{ρ_{yi} ∘ σ_i}_{1≤i≤k}, ρ_x ∘ σ⟩, if in T the pair formed by the corresponding annotations is an instance of r by the r-substitution ⟨{σ_i}_{1≤i≤k}, σ⟩. ■

Lemma 26 If ∅∼ ⟨Γ, ψ⟩ and ∅∼ ⟨{ψ}, γ⟩, then ∅∼ ⟨Γ, γ⟩.

Proof Assume ∅∼ ⟨Γ, ψ⟩ and ∅∼ ⟨{ψ}, γ⟩. Then, by Lemma 25, there exists a derivation tree T for ∅∼ ⟨Γ ∪ {ψ}, γ⟩. If ψ ∈ Γ then ∅∼ ⟨Γ, γ⟩. Otherwise let X_ψ be the set of all nodes of T whose annotation is an axiom over ψ and ψ was not introduced by some rule used in the derivation from the root to that node. For each node x in X_ψ, consider a derivation tree T_x for ∅∼ ⟨Ant(a(x)) \ {ψ}, ψ, Fresh(a(x))⟩ (observe that T_x exists because Γ ∈ Ant(τ(x)) \ {ψ} and ∅∼ ⟨Γ, ψ⟩, so we can use Lemma 25). Thus, we can define a derivation tree T^′ for ∅∼ ⟨Γ, γ⟩ as follows: the nodes and structure of T^′ are obtained from T by replacing the nodes x in X_ψ by T_x; for each node x^′ of T^′, a_T ′ (x^′) is

• a_T (x^′), if x^′ is a node from T and ψ was introduced in T in the derivation from the root to x^′;

• a_{Tx} (x^′), if x^′ is from T_x, for some x ∈ X_ψ;

• ⟨Ant(a(x)) \ {ψ}, Cons(a(x))⟩, otherwise. ■

Note that the converse of idempotence of derivations is interpolation: if ∅∼ ⟨Γ, γ⟩ then there exists an interpolant ψ such that ∅∼ ⟨Γ, ψ⟩ and ∅∼ ⟨{ψ}, γ⟩. Interpolation holds for some lds’s (logics) but may fail for others, so that, unlike the idempotence lemma, we cannot prove such a result for all lds’s that fall under our general method.

Prop/Definition 27 The map^⊢:℘(L(Σ, Ξ)) → ℘(L(Σ, Ξ)) such that Γ^⊢ = {γ | Γ ⊢ γ} is a consequence operator (i.e. it is extensive, idempotent and monotonic). ■

2.3 Fibring

We now introduce a categorial characterization of fibring of lds’s. We begin by defining morphisms between signatures and between lds’s. A signature morphism h : Σ → Σ^′ is a pair ⟨h^c, h^o⟩ of families h^c = {h^c_k}_{k∈N} and h^o = {h^o_k}_{k∈N}+ , where each h^c_k : C_k → C^′_k and each h^o_k : O_k → O^′_k are maps. Signatures and signature morphisms constitute the category Sig.

We can associate to each signature morphism h a translation map (slightly abusing notation also denoted by h) between the respective languages, judgements and rules. We can then define an lds morphism h : ⟨Σ, D⟩ → ⟨Σ^′, D^′⟩ as a morphism h : Σ → Σ^′ in Sig such that h(r) ∈ D^′ for each r ∈ D.

It is straightforward to prove by induction on the length of derivations that morphisms preserve derivations.

Proposition 28 If Θ∼ ζ then h(Θ)∼^′ h(ζ), and if Γ ⊢ γ then h(Γ) ⊢^′ h(γ). ■

Lds’s and their morphisms constitute the category Lds. Furthermore, the maps N(⟨Σ, D⟩) = Σ and N(h : ⟨Σ, D⟩ → ⟨Σ^′, D^′⟩) = h constitute the forgetful functor N : Lds → Sig. In order to define constrained fibring by sharing constructors (i.e. formula and relational operators) we will employ the construction below, which follows straightforwardly by showing that ⟨Σ^′, h(D)⟩ is an lds, that h is an lds morphism, and that the universal property of the cocartesian lifting is fulfilled.

Proposition 29 For each ⟨Σ, D⟩ in Lds and each h : Σ → Σ^′ in Sig, the morphism h : ⟨Σ, D⟩ → ⟨Σ^′, h(D)⟩ is cocartesian by N for h on ⟨Σ, D⟩. ■

We consider two forms of fibring: unconstrained fibring (no sharing of constructors) and constrained fibring (in which constructors are shared). The former is a coproduct, whereas the latter is a cocartesian lifting.

Prop/Definition 30 The unconstrained fibring ⟨Σ^′, D^′⟩⊕⟨Σ^{′′}, D^{′′}⟩ of two lds’s ⟨Σ^′, D^′⟩ and ⟨Σ^{′′}, D^{′′}⟩ is the coproduct ⟨Σ^′ ⊕ Σ^{′′}, i^′(D^′) ∪ i^{′′}(D^{′′})⟩ endowed with the injections i^′ and i^{′′}. ■

This follows straightforwardly by verifying that ⟨Σ^′ ⊕ Σ^{′′}, i^′(D^′) ∪ i^{′′}(D^{′′})⟩ is an lds, that i^′ and i^{′′} are morphisms between lds’s, and that the universal property of the coproduct is fulfilled.

Definition 31 Let ⟨Σ^′, D^′⟩ and ⟨Σ^{′′}, D^{′′}⟩ be lds’s and f^′ : Σ → Σ^′ and f^{′′} : Σ → Σ^{′′} injective signature morphisms. The constrained fibring by sharing is the codomain of the cocartesian morphism by N for q on ⟨Σ^′, D^′⟩⊕⟨Σ^{′′}, D^{′′}⟩, i.e. q(⟨Σ^′, D^′⟩⊕⟨Σ^{′′}, D^{′′}⟩), where q is the coequalizer of i^′ ∘ f^′ and i^{′′} ∘ f^{′′}. ■

The signature Σ includes the shared constructors, and the morphisms f^′ and f^{′′} indicate how the shared constructors are related to the constructors in Σ^′ and Σ^{′′}.

To illustrate these definitions, we give an example of fibring lds’s for modal logics where all the constructors are shared.

Example 32 Let L^′ be an lds for K4 with �^′ associated with R^′, and L^{′′} be an lds for T with �^{′′} associated with R^{′′}. Fibring of L^′ and L^{′′} by sharing all constructors (i.e. all operators, including �^′ and R^′, and �^{′′} and R^{′′}) yields an lds L with � = �^′ = �^{′′} associated with a relational operator R that inherits the properties of both R^′ and R^{′′}, i.e. R is both transitive and reflexive.

It is easy to verify that L is an lds for S4 (as given above). Rather than proving this, we give an example of a derivation in L, showing in (4) that using the derived �I rule we can derive in L the labelled formula w:�^{′′}�^′�^{′′}ξ → �^{′′}�^′�^′�^′�^{′′}ξ, i.e. w:�ξ → �ξ. (5) ⟨{w:�ξ, w:R w1}, w:�ξ⟩ ▷ w1 �I ⟨{w:�ξ}, w:�ξ⟩ �I ⟨{w:�ξ}, w:R w⟩ refl ⟨{w:�ξ}, w:�ξ⟩ �I ⟨∅, w:�ξ → �ξ⟩ → I (4)

⟨{w:�ξ, w:�w1, w1:R w2}, w:�ξ⟩ ▷ w1, w2 AX (6) ⟨{w:�ξ, w:R w1, w1:R w2}, w2:�ξ⟩ ▷ w1, w2

�E (5)

⟨{w:�ξ, w:R w1, w1:R w2}, w:R w1⟩ ▷ w1, w2 AX (7) ⟨{w:�ξ, w:R w1, w1:R w2}, w:R w2⟩ ▷ w1, w2 trans (6)

⟨{w:�ξ, w:R w1, w1:R w2}, w1:R w2⟩ ▷ w1, w2

AX (7) ■ What about unconstrained fibring? The unconstrained fibring of L^′ and L^{′′} yields simply a bi-modal lds with both �^′ and �^{′′}, where R^′ is transitive and R^{′′} is reflexive.

3 Semantics

In this section we introduce interpretation systems building on the work of [29]. We begin Section 3.1 by defining Σ-structures and pre-interpretation systems, which we use to interpret schema formulae based on assignments for label and formula variables. Relative to pre-interpretation systems, we then define the relevant entailment operators. Pre-interpretation systems are however not enough for the purposes of the fibring because we need to have all models that differ only in the names of points (closure under isomorphisms) and whose set of points is the “union” of the sets of points of other models (closure under disjoint unions). In Section 3.2 we thus define interpretation systems as pre-interpretation systems closed under isomorphic images and disjoint unions, and in Propositions 51 and 54 we show that such closures do not affect semantic entailment. Moreover, when working with closure under disjoint unions, we can introduce a more standard definition of judgement entailment, which in Proposition 56 we prove to be equivalent to our first definition. We conclude Section 3.2 by defining closure of interpretation systems under subalgebras and showing that also this closure does not affect entailment (Proposition 58). Then in Section 3.3 we focus on fibring at the semantic level and define fibring of interpretation systems both unconstrained and constrained by sharing (Prop/Definitions 62 and 63).

3.1 Satisfaction and entailment

We start by introducing the notion of structure for a signature Σ, where we give a denotation map for each of the operators of Σ.

Definition 33 A Σ-structure is a 4-tuple ⟨U, B, ν, μ⟩ in which U is a non-empty set, B ⊆ ℘U, ν = {ν_k}_{k∈N} with each ν_k : C_k → [B^k → B], and μ = {μ_k}_{k∈N}+ with each μ_k : O_k → ℘(U^{k+1}). ■

The elements in U are the points of the structure and the elements of B are its valuations (i.e. sets of points in U). To each formula operator c_k we associate via ν_k a map that given a tuple of valuations (those of the arguments of c_k) yields a set of points in U constituting the valuation of the formula. To each o_k we associate via μ_k a k + 1-relation of elements of U.

Note that we adopt the so-called general semantics approach since we consider the possibility of having not all possible valuations but only those in B. (General frames are also used in modal and temporal logics; see, for example, [21].)

Notation 34 We denote the class of all Σ-structures by Str(Σ). ■

Definition 35 A pre-interpretation system is a 3-tuple ⟨Σ, M, A⟩ where Σ is a signature, M is a class, and A : M → Str(Σ) is a map that associates a Σ-structure to each m ∈ M. ■

Notation 36 We denote the Σ-structure A(m) by ⟨U_m, B_m, ν_m, μ_m⟩. ■

To illustrate pre-interpretation systems (and general semantics), take the simple example of modal logic. If Σ_{S4} is the standard signature for S4 (with R associated to �), then M is the class of all reflexive and transitive Kripke models. The map A allows us to generalize this by abstracting each Kripke model for S4 to a Σ_{S4}-structure; for instance, if m = ⟨W, R, V ⟩ is an S4-model, then A(m) = ⟨W, P(W ), ν, μ⟩ where ν_0(p) = V (p) for each propositional symbol p, ν_0(⊥) = ∅, ν_2(→)(b_1, b_2) = (W \b_1)∪b_2, ν_1(�)(b) = {u ∈ W | for any v ∈ W , if uRv then v ∈ b}, and μ_1(R ) = R. Mutatis mutandis, further examples can be extracted from the examples given in [29].

Leading up to the definitions of satisfaction and entailment, we now introduce assignments for labels and formulae, and interpretations of schema formulae.

Definition 37 An assignment α over a Σ-structure ⟨U, B, ν, μ⟩ is a pair ⟨α_{lb} , α_{wf} ⟩ where α_{lb} : Ξ_{lb} → U is a label assignment for Ξ_{lb} and α_{wf} : Ξ_{wf} → B is a formula assignment for Ξ_{wf} . ■

When there is no ambiguity, in the sequel we will not refer explicitly to the structure associated with an assignment.

Definition 38 Let S = ⟨U, B, ν, μ⟩ be a Σ-structure, α_{wf} a formula assignment for Ξ_{wf} , and α_{lb} a label assignment for Ξ_{lb} . The interpretation of schema formulae is a map [[ ]]^{S,αwf} : L(C, Ξ_{wf} ) → B defined inductively as follows:

• [[ξ]]^{S,αwf} = α_{wf} (ξ) for each ξ ∈ Ξ_{wf} ,

• [[p]]^{S,αwf} = ν_0(p) for each p ∈ C_0, and

• [[c(ϕ_1, . . . , ϕ_k )]]^{S,αwf} = ν_k(c)([[ϕ_1]]^{S,αwf} , . . . , [[ϕ_k]]^{S,αwf} ) for each k ∈ N^+, c ∈ C_k , and ϕ_1, . . . , ϕ_k ∈ L(C, Ξ_{wf} ).

The interpretation of relational schema formulae is a map [[ ]]^{S,αlb} : L(O, Ξ_{lb} ) → ℘U such that [[o(w_1, . . . , w_k)]]^{S,αlb} = {u | (u, α_{lb} (w_1), . . . , α_{lb} (w_k )) ∈ μ_k(o)} for each k ∈ N^+, o ∈ O_k, and w_1, . . . , w_k ∈ Ξ_{lb} . ■

Observe that the set [[o(w_1, . . . , w_k)]]^{S,αlb} is not required to be an element of B. This is a consequence of the definition of the interpretation of relational connectives as k-ary relations on U for some appropriate k.

Definition 39 Let S = ⟨U, B, ν, μ⟩ be a Σ-structure, α an assignment, and u a point in U. A schema formula φ is locally satisfied by S and α in u, in symbols S, α, u ⊩ φ, iff u ∈ [[φ]]^{S,αwf} whenever φ ∈ L(C, Ξ_{wf} ), or u ∈ [[φ]]^{S,αlb} whenever φ ∈ L(O, Ξ_{lb} ).

A labelled schema formula w:φ is locally satisfied by S and α in u, in symbols S, α, u ⊩ w:φ, iff S, α, α_{lb} (w) ⊩ φ, and is globally satisfied by S and α iff S, α, u ⊩ w:φ for any u ∈ U. ■

Observe that if we define the interpretation [[w:φ]]^{S,α} of labelled schema formulae as α_{lb} (w) ∈ [[φ]]^{S,α}, then S, α, u ⊩ w:φ iff [[w:φ]]^{S,α}. More importantly, the previous definition also tells us that a labelled schema formula is satisfied locally iff it is satisfied globally. So, in fact, the satisfaction relations are equivalent. We will represent them simply by S, α ⊩ γ since the world plays no role in them, and we will refer to that relation simply as satisfaction relation. Note also that we can extend the satisfaction relation to sets of schema formulae in the obvious way.

The interpretation of fresh variables requires the following notion:

Definition 40 Let α and α^′ be assignments and Φ ⊆ Ξ_{lb} be a set of label schema variables. We say that α and α^′ are Φco-equivalent, in symbols α ≡_Φ α^′, iff α_{wf} = α^′_{wf} and α_{lb} (w) = α^′_{lb} (w) for each w ∈ Ξ_{lb} such that w ∉ Φ. ■

With this at hand, we can define satisfaction and entailment for judgements in a pre-interpretation system, which will then allow us to define entailment for formulae.

Definition 41 The judgement ⟨Δ, δ, Φ⟩ is satisfied by a Σ-structure S and an assignment α, in symbols S, α ∼ ⟨Δ, δ, Φ⟩, iff for every α^′ ≡_Φ α we have S, α^′ ⊩ δ whenever S, α^′ ⊩ Δ. ■

We can extend the judgement satisfaction relation to sets of judgements in the obvious way. To introduce judgement entailment, we need to define (disjoint) union structures. When considering the union structure of a family of models, we assume that our models have pairwise disjoint sets of points. If this is not the case, we can always make them disjoint by performing a disjoint union.

Definition 42 Let ⟨Σ, M, A⟩ be a pre-interpretation system and N = {n_i}_{i∈I} a non-empty family of models of M. The (disjoint) union structure S_N of N is the tuple ⟨U, B, ν, μ⟩ where U = ∪_{i∈I} U_{ni} ; B = {b ⊆ U | b ∩ U_{ni} ∈ B_{ni} for each i ∈ I}; ν_k(c)(b_1, . . . , b_k) = ∪_{i∈I} ν_{nik}(c)(b_1 ∩ U_{ni} , . . . , b_k ∩ U_{ni} ); and μ_k(o) = ∪_{i∈I} μ_{nik}(o). ■

Definition 43 The judgement entailment operator for a pre-interpretation system ⟨Σ, M, A⟩ is a map^{≈p} : ℘J(Σ, Ξ) → ℘J(Σ, Ξ) such that Θ^{≈p} = {ζ | if S_N , α ∼ Θ then S_N , α ∼ ζ for every non-empty family N ⊆ M and α over S_N }. ■

We can now introduce entailment for formulae. It is straightforward to show that the entailment operator^{⊨p} , defined as follows, is a closure operator, i.e. it is extensive, idempotent and monotonic.

Prop/Definition 44 The entailment operator for a pre-interpretation system ⟨Σ, M, A⟩

⊨_p : ℘L(Σ, Ξ) → ℘L(Σ, Ξ), defined as Γ⊨_p = {γ | ⟨Γ, γ⟩ ∈ ∅ ≈_p }, constitutes a closure

operator. ■

Notation 45 We represent the fact that γ ∈ Γ^{⊨p} by Γ ⊨_p γ, and use a similar notation for judgement entailment. ■

3.2 Interpretation systems

Following our account above, in order to introduce interpretation systems, we need to define closure under isomorphic structures and closure under disjoint unions. Recall that these closures will be important for the fibring at the semantic level. Indeed, the closure under isomorphic structures, which allows us to abstract away the “names” of the points, is essential for characterizing unconstrained fibring as a coproduct.

Definition 46 A pre-interpretation system ⟨Σ, M, A⟩ is closed under isomorphic structures provided that for every m ∈ M and bijection j : U_m ∼= U there is an m^′ ∈ M such that U_m′ = U; B_m′ = {j^∗(b)}_{b∈Bm} , where j^∗ is the extension of j to sets;

• ν_m′_k(c)(b_1, . . . , b_k) = j^∗(ν_{mk}(c)(j^{∗−1}(b_1), . . . , j^{∗−1}(b_k))), for all k ∈ N, b_1, . . . , b_k ∈ B_m′ , and c ∈ C_k ; and

• ⟨w_1, . . . , w_k⟩ ∈ μ_m′_k(o) iff ⟨j^{−1}(w_1), . . . , j^{−1}(w_k)⟩ ∈ μ_{mk}(o), for all k ∈ N^+, and o ∈ O_k. ■

Notation 47 We write j(A(m)) for the Σ-structure associated to m^′. ■

The closure under isomorphic structures of a pre-interpretation system ⟨Σ, M, A⟩ is the pre-interpretation system ⟨Σ, M^′, A^′⟩ where M^′ is the class of all pairs ⟨m, j⟩ with m ∈ M, j : U_m → U a bijection and A^′(⟨m, j⟩) = j(A(m)).

Proposition 51 below shows that closure under isomorphic structures does not affect judgement entailment and, a fortiori, formula entailment. In other words, working with a pre-interpretation system is the same as working with its closure under isomorphic structures. This result is a consequence of the three following lemmas, in which we consider families N = {m_i}_{i∈I} of models of M and N^′ = {⟨m^′_i, j_i⟩}_{i∈I} of models of M^′ where m_i = m^′_i for every i ∈ I (in the sequel we represent ⟨m^′_i, j_i⟩ by ⟨m_i, j_i⟩), and assignments α over S_N and α^′ over S_N ′ such that α_{lb} (w) = j^{−1}_i (α^′_{lb} (w)) whenever α^′_{lb} (w) ∈ U_{⟨mi,ji ⟩} for any w, and α_{wf} (ξ) = ∪_{i∈I} j^{∗−1}_i (α^′_{wf} (ξ) ∩ U_{⟨mi,ji ⟩}) for any schema formula ξ.

The first lemma follows straightforwardly by induction on the structure of schema formulae.

Lemma 48 Denotations of schema formulae in S_N and S_N ′ are related as follows: [[ϕ]]^{SN ,αwf} = ∪_{i∈I} j^{∗−1}_i ([[ϕ]]^{SN ′ ,α′wf} ∩ U_{⟨mi,ji ⟩}). ■

Lemma 49 Satisfactions of labelled schema formulae in S_N and S_N ′ are related as follows: S_N , α ⊩ γ iff S_N ′ , α^′ ⊩^′ γ. ■

As a proof sketch for this lemma, observe that when γ is w:φ with φ a schema formula, then we can conclude by applying Lemma 48; when φ is a relational schema formula, the result follows by a straightforward case analysis.

The third lemma relates satisfaction of judgements in a pre-interpretation system and in its closure under isomorphic structures.

Lemma 50 Satisfactions of judgements in S_N and S_N ′ are related as follows: S_N , α ∼ ⟨Δ, δ, Φ⟩ iff S_N ′ , α^′ ∼^′ ⟨Δ, δ, Φ⟩. ■

This follows by taking into account that for any α ≡_Φ α there is a α^′ in the conditions of Lemma 49 such that α^′ ≡_Φ α^′, and vice-versa.

Proposition 51 The closure under isomorphic structures of a pre-interpretation system does not affect judgement entailment and entailment. ■

The proof of this proposition is also straightforward, taking into account that for any family of models {⟨m^′_i, j_i⟩}_{i∈I} of M^′ there is a family {m^′_i}_{i∈I} of models of M satisfying the conditions on models of Lemma 50, and vice-versa, i.e. for any family {m_i}_{i∈I} of models of M there is a family {⟨m_i, id_i⟩}_{i∈I} of M^′ also satisfying those conditions.

Now we define closure under disjoint unions following the same program as for the closure under isomorphic structures (and obtaining similar results, i.e. that the closure does not affect the entailments). The closure under disjoint unions is important because it allows for a more natural definition of entailment as well as a simpler definition of the morphisms between interpretation systems. (The latter fact was already observed in [29].)

Definition 52 A pre-interpretation system ⟨Σ, M, A⟩ is closed under disjoint unions iff for every non-empty family N = {n_i}_{i∈I} of models of M, there exists an n ∈ M such that A(n) is equal to the (disjoint) union structure S_N (cf. Definition 42). ■

The closure under disjoint unions of the pre-interpretation system ⟨Σ, M, A⟩ is the pre-interpretation system ⟨Σ, M^′, A^′⟩ where M^′ is the class of models corresponding to all non-empty families of models of M, and A^′ is introduced as in Definition 52. Closure under disjoint unions does not affect judgement entailment and, a fortiori, formula entailment. This is a consequence of the following lemma.

Lemma 53 Let ⟨Σ, M^′, A^′⟩ be the closure under disjoint unions of the pre-interpreta-tion system ⟨Σ, M, A⟩. Then for each family N^′ of models of M^′, there is a family N of models of M such that S_N ′ = S_N . ■

As a proof sketch, note that for any family N^′ = {m^′_k}_{k∈K} of models of M^′, where m^′_k = ∪_{i∈Ik} m_{ik} , we can consider a family N = {m_{i k}}_{i∈Ik ,k∈K} of models of M. Then it is straightforward to show that the components of S_N ′ and S_N are pairwise equal.

Proposition 54 The closure under disjoint unions of a pre-interpretation system does not affect judgement entailment and entailment.

Proof Let ⟨Σ, M, A⟩ be a pre-interpretation system, and ⟨Σ, M^′, A^′⟩ its closure under disjoint unions. For judgement entailment, assume Θ≈_p ζ and let N^′ ={m^′_k}_{k∈K} be a family of models of M^′ where m^′_k = ∪_{i∈Ik} m_{ik} , and α^′ be an assignment over S_N ′ such that S_N ′ , α^′ ∼^′ Θ. Then by Lemma 53 α^′ is an assignment over S_N where N = {m_{i k}}_{i∈Ik ,k∈K} , and so S_N , α^′ ∼ Θ. Therefore S_N , α^′ ∼ ζ and so S_N ′ , α^′ ∼^′ ζ. The other direction follows analogously.

Given this, it is straightforward to show that closure under disjoint unions preserves entailment. ■

Definition 55 A pre-interpretation system is an interpretation system iff it is closed under isomorphic images and disjoint unions. ■

We now show that in an interpretation system ⟨Σ, M, A⟩, judgement entailment ≈_p can be expressed in an equivalent way using a more standard definition where^≈ is a map such that

Θ^≈ = {ζ | ζ ∈ Θ^{≈A(m)} for every m ∈ M} ,

where Θ^{≈S} = {ζ | for every α over S , if S, α ∼ Θ then S, α ∼ ζ} for a Σ-structure S. In other words, we show that in interpretation systems, checking the entailment for each model independently of the other models in the system is equivalent to checking it in all possible unions of models in the system. This is not the case in pre-interpretation systems, where it may happen that a judgement is satisfied in the union of two models, but it is not satisfied in any of these two models taken singularly. As an example, consider the set of formulae {w_1:φ_1, w_2:φ_2}, two models m, m^′ and an assignment α over {m, m^′} such that α_{lb} (w_1) ∈ U_m and α_{lb} (w_2) ∈ U_m′ . Assume that {m, m^′}, α ⊩ {w_1:φ_1, w_2:φ_2}. It is not possible to show in either m or m^′ satisfaction of both formulae; the same can happen with respect to satisfaction of judgements.

If we had not defined entailment as we did, then we would not have obtained the same entailments when closing under disjoint unions, which is fundamental for fibring. Since for fibring we have to work with interpretations systems, and since we now show that ≈_p and ≈ are equivalent in interpretation systems, we will be able to follow the same program as in [29] (where ≈ is used).

Proposition 56 Let Θ be a set of judgements and ζ a judgement. Then Θ≈_p ζ iff Θ≈ ζ.

Proof Left-to-right. Assume Θ≈_p ζ. Let m ∈ M and α be an assignment over m such that m, α ∼ Θ. Then {m} is a family with a model of M and since S_m = S_{{m}} we have S_{{m}}, α ∼ Θ. Thus S_{{m}}, α ∼ ζ and therefore m, α ∼ ζ.

Right-to-left. Assume Θ≈ ζ. Let N be a family of models of M and α an assignment over S_N such that S_N , α ∼ Θ. Then there exists a n ∈ M such that A(n) = S_N , and so A(n), α ∼ Θ. Thus A(n), α ∼ ζ. ■

For the definition of the fibring, we also need the closure under subalgebras. This property allows us to establish a relationship between interpretation systems (through a morphism) such that for each model of one system there is a model of the other system whose structure is a subalgebra of the structure of the first model.

Definition 57 An interpretation system ⟨Σ, M, A⟩ is closed under subalgebras iff for every m ∈ M and every ν_m-subalgebra B of B_m, there is an m^′ ∈ M such that U_m′ = U_m; B_m′ = B;

• ν_m′_k(c)(b_1, . . . , b_k) = ν_{mk}(c)(b_1, . . . , b_k), for all k ∈ N, b_1 . . . , b_k ∈ B_m′ and c ∈ C_k; and

• μ_m′_k(o) = μ_{mk}(o), for all k ∈ N^+ and o ∈ O_k. ■

The closure under subalgebras of an interpretation system ⟨Σ, M, A⟩ is the interpretation system ⟨Σ, M^′, A^′⟩ where M^′ is the class of all pairs ⟨m, B⟩ such that m ∈ M and B is a ν_m-subalgebra of B_m and A^′(⟨m, B⟩) = A(m)_{|B} .

Proposition 58 The closure under subalgebras of an interpretation system does not affect judgement entailment and entailment.

Proof Let ⟨Σ, M, A⟩ be an interpretation system, ⟨Σ, M^′, A^′⟩ its closure under subalgebras, m^′ = ⟨m, B⟩ ∈ M^′, and α an assignment over A^′(m^′). It is straightforward to establish the following properties: (i) [[ϕ]]^{m′,αwf} = [[ϕ]]^{m,αwf} ; (ii) m^′, α ⊩^′ γ iff m, α ⊩ γ; and (iii) m^′, α ∼^′ ζ iff m, α ∼ ζ.

So, assuming Θ≈ ζ and m^′, α ∼^′ Θ, we have by (iii) that m, α ∼ Θ; thus m, α ∼ ζ and therefore m^′, α ∼^′ ζ. Assuming now Θ≈^′ζ, m, α ∼ Θ we have that ⟨m, B⟩ ∈ M^′; so ⟨m, B⟩, α ∼^′ Θ and ⟨m, B⟩, α ∼^′ ζ, and therefore m, α ∼ ζ. ■

From now on, unless otherwise stated, all interpretation systems are assumed to be closed under subalgebras; in other words, we consider only pre-interpretation systems that are closed under isomorphic structures, disjoint unions and subalgebras.

3.3 Fibring

We can now give an account of fibring as a categorial construction of interpretation systems. We begin by defining morphisms between interpretation systems (a notion similar to the one in [29], of course taking now into account labels and relational operators).

Definition 59 An interpretation system morphism h : ⟨Σ, M, A⟩ → ⟨Σ^′, M^′, A^′⟩ is a pair ⟨h, h⟩ where h : Σ → Σ^′ and h : M^′ → M such that for every m^′ ∈ M^′ we have U_{h(m}′_) = U_m′ ; B_{h(m}′_) = B_m′ ;

• ν_{h(m}′_{)k}(c) = ν_m′_k(h(c)), for all k ∈ N and c ∈ C_k ; and

• μ_{h(m}′_{)k}(o) = μ_m′_k(h(o)), for all k ∈ N^+ and o ∈ O_k. ■

Observe that the notion of morphism is very simple (the relationship between models is functional) because of the closure under disjoint unions; if we didn’t have this closure, then in each model of the fibring we would have to deal with several models of each component of the fibring. Note also that we can only relate models that have the same set of worlds, but this is not a restriction thanks to the closure under isomorphisms.

In order to show that the fibring of two interpretation systems preserves the entailments of the two systems, we have to show that morphisms preserve entailment.

Proposition 60 Any interpretation system morphism h : ⟨Σ, M, A⟩ → ⟨Σ^′, M^′, A^′⟩ preserves judgement entailment and entailment.

Proof For the preservation of judgement entailment, let m^′ ∈ M^′ and α^′ be a variable assignment over A^′(m^′). Then the following properties hold: (i) [[h(ϕ)]]^{m′,α′wf} = [[ϕ]]^{h(m′ ),α′wf} ; (ii) m^′, α^′ ⊩^′ h(γ) iff h(m^′), α^′ ⊩ γ; (iii) m^′, α^′ ∼^′ h(ζ) iff h(m^′), α^′ ∼ ζ.

So, assuming Θ≈ ζ and m^′, α^′ ∼^′ h(Θ), by (iii) we have h(m^′), α^′ ∼ Θ, thus h(m^′), α^′ ∼ ζ, and therefore m^′, α^′ ∼^′ h(ζ).

Given this, it is straightforward to show also the preservation of entailment. ■

Interpretation systems and interpretation system morphisms constitute the category Int. We follow the same program that we adopted for the labelled deduction systems: we provide an account of unconstrained fibring as a coproduct and constrained fibring as a cocartesian lifting. For this purpose, observe that the maps N(⟨Σ, M, A⟩) = Σ and N(h : ⟨Σ, M, A⟩ → ⟨Σ^′, M^′, A^′⟩) = h constitute the forgetful functor N : Int → Sig.

Proposition 61 For each ⟨Σ, M, A⟩ in Int and each surjective morphism h : Σ → Σ^′ in Sig, let the morphism ĥ : ⟨Σ, M, A⟩ → ⟨Σ^′, M^′, A^′⟩ be such that

• M^′ is the subclass of models m of M such that for each c^′, c^{′′} ∈ C_k, if h(c^′) = h(c^{′′}) then ν_{mk}(c^′) = ν_{mk}(c^{′′}), and for each o^′, o^{′′} ∈ O_k, if h(o^′) = h(o^{′′}) then μ_{mk}(o^′) = μ_{mk}(o^{′′});

• A^′(m) = ⟨U_m, B_m, ν^′, μ^′⟩ where ν^′_k(h_k(c)) = ν_{mk}(c), for all k ∈ N and c ∈ C_k , and μ^′_k(h_k(o)) = μ_{mk}(o), for all k ∈ N^+ and o ∈ O_k;

• ĥ = ⟨h, inc⟩.

We then have that ĥ is cocartesian by N for h on ⟨Σ, M, A⟩. ■

It is straightforward to verify that ⟨Σ^′, M^′, A^′⟩ = h(⟨Σ, M, A⟩) is an interpretation system, that ĥ is an interpretation system morphism and that the universal property of the cocartesian lifting holds.

Now we can define both unconstrained and constrained fibring of interpretation systems. Again, the definitions and results are similar to the ones in [29] and we just give proof sketches.

Prop/Definition 62 The unconstrained fibring of interpretation systems ⟨Σ^′, M^′, A^′⟩ and ⟨Σ^{′′}, M^{′′}, A^{′′}⟩, in symbols ⟨Σ^′, M^′, A^′⟩ ⊕ ⟨Σ^{′′}, M^{′′}, A^{′′}⟩, is the coproduct ⟨Σ^′ ⊕ Σ^{′′}, M, A⟩ where

• M is the subclass of M^′ × M^{′′} composed of the pairs ⟨m^′, m^{′′}⟩ such that U_m′ = U_m′′ and B_m′ = B_m′′ ;

• A(⟨m^′, m^{′′}⟩) = ⟨U, B, ν, μ⟩ where U = U_m′ , B = B_m′ and

– ν_k(i^′_k(c^′)) = ν_m′_k(c^′), for all k ∈ N and c^′ ∈ C^′_k; – ν_k(i^{′′}_k (c^{′′})) = ν_m′′_k(c^{′′}), for all k ∈ N and c^{′′} ∈ C^{′′}_k ; – μ_k(i^′_k(o^′)) = μ_m′_k(o^′), for all k ∈ N^+ and o^′ ∈ O^′_k; – μ_k(i^{′′}_k (o^{′′})) = μ_m′′_k(o^{′′}), for all k ∈ N^+ and o^{′′} ∈ O^{′′}_k ;

endowed with the injections ⟨i^′, p^′⟩, where i^′ is the injection Σ^′ → Σ^′ ⊕ Σ^{′′} and p^′ is the projection M^′ → M, and ⟨i^{′′}, p^{′′}⟩, where i^{′′} is the injection Σ^{′′} → Σ^′ ⊕ Σ^{′′} and p^{′′} is the projection M^{′′} → M. ■

The fact that ⟨Σ^′ ⊕ Σ^{′′}, M, A⟩ is an interpretation system and that ⟨i^′, p^′⟩ and ⟨i^{′′}, p^{′′}⟩ are interpretation system morphisms follows straightforwardly. The same applies for the verification of the universal property of the coproduct.

Prop/Definition 63 Let ⟨Σ^′, M^′, A^′⟩ and ⟨Σ^{′′}, M^{′′}, A^{′′}⟩ be interpretation systems and f^′ : Σ → Σ^′, f^{′′} : Σ → Σ^{′′} injective signature morphisms. The constrained fibring by sharing of these systems is the codomain of the cocartesian morphism by N for q on ⟨Σ^′, M^′, A^′⟩ ⊕ ⟨Σ^{′′}, M^{′′}, A^{′′}⟩, i.e. q(⟨Σ^′, M^′, A^′⟩ ⊕ ⟨Σ^{′′}, M^{′′}, A^{′′}⟩) where q is the coequalizer of i^′ ∘ f^′ and i^{′′} ∘ f^{′′}. ■

Since coequalizers are epimorphisms in any category, q is surjective in the category of signatures. So we can apply the cocartesian lifting construction.

4 Preservation results

Let a labelled presentation (lp) of a given logic be a tuple consisting of an lds and an interpretation system for the logic.

When fibring the labelled presentations of two logics it is important to establish which properties of the presentations are preserved. Here we analyze preservation of soundness and completeness. We first characterize the conditions under which a labelled presentation is sound and complete, and then analyze under which conditions soundness and completeness are preserved by fibring.

Given our definitions above, we define the fibring of two lp’s L^′ = ⟨Σ^′, M^′, A^′, D^′⟩ and L^{′′} = ⟨Σ^{′′}, M^{′′}, A^{′′}, D^{′′}⟩ as follows. Their unconstrained fibring L = L^′ ⊕L^{′′} is the coproduct ⟨Σ, M, A, D⟩ where ⟨Σ, M, A⟩ is the unconstrained fibring of interpretation systems ⟨Σ^′, M^′, A^′⟩ and ⟨Σ^{′′}, M^{′′}, A^{′′}⟩, and ⟨Σ, D⟩ is the unconstrained fibring of the lds’s ⟨Σ^′, D^′⟩ and ⟨Σ^{′′}, D^{′′}⟩, endowed with the injections ⟨i^′, p^′⟩ : L^′ → L and ⟨i^{′′}, p^{′′}⟩ : L^{′′} → L such that ⟨i^′, p^′⟩ and ⟨i^{′′}, p^{′′}⟩ are the injections of ⟨Σ^′, M^′, A^′⟩ and ⟨Σ^{′′}, M^{′′}, A^{′′}⟩ into their coproduct ⟨Σ, M, A⟩ in Int.

Assuming that f^′ : Σ → Σ^′ and f^{′′} : Σ → Σ^{′′} are injective signature morphisms, the constrained fibring by sharing of L^′ and L^{′′} is q(L^′ ⊕L^{′′}) where q is the coequalizer of i^′ ∘ f^′ and i^{′′} ∘ f^{′′}.

Definition 64 An lp L = ⟨Σ, M, A, D⟩ is said to be sound iff Γ^⊢ ⊆ Γ^⊨ for all Γ ⊆ L(Σ, Ξ), and it is said to be complete iff Γ^⊨ ⊆ Γ^⊢ for all Γ ⊆ L(Σ, Ξ). ■

Definition 65 Let ⟨Σ, M, A, D⟩ be an lp. A Σ-structure S is a structure for ⟨Σ, D⟩ iff Prem(r)≈_S Conc(r) for all r ∈ D. A model m ∈ M is a model for ⟨Σ, D⟩ iff A(m) is a structure for ⟨Σ, D⟩. A rule is sound iff any model of M is a model for it. ■

4.1 Conditions for soundness

We first provide the conditions under which an lp is sound, and then analyze the preservation of soundness by both unconstrained and constrained fibring. In order to obtain these results, we prove three lemmas. The first one shows that we can swap the interpretation of a schema formula under a given substitution and a given assignment with the interpretation of the original formula where the substitution is lifted to the assignment. The proof of this lemma is straightforward by induction on the structure of the schema formula.

Lemma 66 Let S be a Σ-structure, α an assignment, σ a substitution and ϕ a schema formula. Then [[ϕ σ_{wf} ]]^{S,αwf} = [[ϕ]]^{S,βσαwf} where substitution β^σ_α is such that β^σ_{αlb} (w) = α_{lb} (σ_{lb} (w)) and β^σ_{αwf} (ξ) = [[σ_{wf} (ξ)]]^{S,αwf} . ■

The second lemma relates the satisfaction of a labelled formula under a given substitution and a given assignment to the satisfaction of the original labelled formula changing the assignment according to the substitution.

Lemma 67 Let S be a Σ-structure, α a variable assignment, σ a substitution and γ a labelled schema formula. Then S, α ⊩ γ σ iff S, β^σ_α ⊩ γ where β^σ_α is defined as in Lemma 66. ■

This lemma follows straightforwardly by considering two cases, depending on whether or not φ in w:φ is a relational schema formula.

The third lemma is important to show that in a derivation the inferences based on sound rules are sound. The proof, although technical, follows straightforwardly by a case analysis.

Lemma 68 Every instance of a sound rule is also sound. ■

By induction on the length of the derivation tree for ∅∼ ⟨Γ, γ⟩, we can easily prove that ∅≈ ⟨Γ, γ⟩ whenever ∅∼ ⟨Γ, γ⟩. This implies:

Theorem 69 If every model in an lp L = ⟨Σ, M, A, D⟩ is a model for ⟨Σ, D⟩, then L is sound. ■

Preservation of soundness follows straightforwardly by exploiting the fact that interpretation systems morphisms preserve entailment (Proposition 60). That is, if we fibre two sound lp’s, then we obtain an lp that is also sound.

Theorem 70 The unconstrained and constrained fibring of labelled presentations preserve soundness. ■

4.2 Conditions for completeness

We first provide the conditions under which a labelled presentation of a logic is complete, focusing our attention to this end on lp’s that are full and in which we have congruence for labelled formulae. Then, we provide the conditions under which completeness is preserved by (both forms of) fibring.

Definition 71 An lp ⟨Σ, M, A, D⟩ is said to be full iff the image of A is the class of all structures for ⟨Σ, D⟩. ■

Definition 72 An lds ⟨Σ, D⟩ is said to be an lds with congruence iff the following metatheorem of congruence holds, where Γ ⊆ L(Σ, Ξ), k > 0, c ∈ C_k, w_3 ∈ Ξ_{lb} , and ϕ_1, . . . , ϕ_k, ϕ^′_1, . . . , ϕ^′_k ∈ L(C, Ξ_{wf} ). If for each i = 1, . . . , k we have that both

Γ ∪ {w_1:ϕ_i} ⊢ w_1:ϕ^′_i for every w_1 and Γ ∪ {w_2:ϕ^′_i} ⊢ w_2:ϕ_i for every w_2,

then we also have that

Γ ∪ {w_3:c(ϕ_1, . . . , ϕ_k)} ⊢ w_3:c(ϕ^′_1, . . . , ϕ^′_k).

An lp ⟨Σ, M, A, D⟩ is an lp with congruence iff ⟨Σ, D⟩ is an lds with congruence. ■

Observe that congruence does not apply to relational schema formulae since we forbid nested constructions.

Completeness is proved by showing that if a formula γ is not a consequence of a set of formulae Γ, then γ is not entailed by Γ. This means that we have to find a model that satisfies all the formulae in the set Γ but does not satisfy the formula γ. To build such a model, we can adopt a Henkin-style construction to build a canonical structure that provides a counter-model to an unprovable formula. The canonical structure is obtained from a maximal set of formulae, and so we adapt to labelled formulae the standard definition of maximality of a set of formulae with respect to a formula: we say that a set Γ of labelled formulae is maximal with respect to a labelled formula γ iff (i) Γ ⊬ γ and (ii) for any Γ^′ such that Γ ⊂ Γ^′ we have Γ^′ ⊢ γ.

Recall that here we are not proving completeness of all our lp’s but we are providing the general conditions under which an lp is complete. Since the details of the Henkinstyle construction depend on the particular logic we are considering, which might be a common modal logic or some more “obscure” non-classical logic, here we can only illustrate the main ideas underlying the construction. To this end, note first that the signature of the lp that we are considering might not contain ⊥ (indeed, we might be considering a purely positive logic in which negation is not present at all). Hence, we will not define maximality of Γ by relying on its consistency, i.e. that w:⊥ does not follow from Γ, but rather build Γ so that it is maximal with respect to γ, i.e. it satisfies the conditions (i) and (ii) above.

Assume that we are given a labelled schema formula γ and a set Γ_0 of labelled schema formulae such that γ is not a consequence of Γ_0. To extend Γ_0 to a set Γ maximal with respect to γ, let us extend our language with infinitely many new label schema variables (which will act as witnesses to the truth of some of the formulae in our language), and let us consider an enumeration of all labelled schema formulae γ_0, γ_1, γ_2, . . ., including the formulae that we can build with these new labels. We then build a sequence of sets Γ_0, Γ_1, . . . as follows.

If γ follows from Γ_i ∪ {γ_i} using the rules of the lds we are considering, then we simply define Γ_{i+1} = Γ_i. If γ does not follow from Γ_i ∪ {γ_i}, then we distinguish two cases depending on γ_i.

If γ_i = w_i:ϕ_i and the outermost operator in ϕ_i is an “existential” non-classical connective (e.g. modal �) or the negation of a “universal” non-classical connective (e.g. when ϕ_i is ¬�ϕ^′ or ¬(ϕ^′ ⇒ ϕ^{′′}) for relevant implication ⇒), then we must also add formulae that witness the truth of w_i:ϕ_i.^6 For example, when γ does not follow from Γ_i ∪ {w_i:�A} in a modal lds, then we pick a new label constant w_j ∉ lb(Γ_i ∪ {γ_i}) to act as a witness world to the truth of w_i:�A, and define Γ_{i+1} = Γ_i ∪ {w_i:�A, w_j :A, w_iR w_j }. More complex forms of operators are possible, such as the until operator U considered in Example 11, which is an existential connective relatively to position 2. Hence, more generally, if γ_i is w_i:c(δ_1, . . . , δ_k) where c ∈ C_k is an existential operator with respect to positions j_1, . . . , j_n, with n ≤ k, and o_c is the relational operator related to c, then we define Γ_{i+1} = Γ_i ∪ {w_i:c(δ_1, . . . , δ_k), w_{j1} :δ_{j1} , . . . , w_{jn} :δ_{jn} , w_i:o(w_{j1} , . . . , w_{jn} )} for the new label constants w_{j1} , . . . , w_{jn} ∉ lb(Γ_i ∪ {γ_i}).

If γ_i = w_i:ϕ_i and the outermost operator in ϕ_i is neither an existential non-classical connective nor the negation of a universal non-classical connective, then we simply define Γ_{i+1} = Γ_i ∪ {w_i:ϕ_i}.

The set Γ maximal with respect to γ is then obtained by defining Γ = ∪_{i≥0}Γ_i. More detailed examples and discussions can be found in [4, 28]. Indeed, the construction given there for labelled natural deduction systems for modal, relevance and other non-classical logics is a special case of the general construction we have just given. This illustrates once again how our work here subsumes not only the systems of our previous work, but also the metatheoretical results obtained there.

Notation 73 In the sequel we denote {w | w:φ ∈ Γ} by Lab_Γ(φ), or by Lab(φ) when there is no risk of confusion. ■

Lemma 74 Let the set of labelled formulae Γ be maximal with respect to a labelled formula γ. Then, for any φ, φ^′ ∈ L(C, Ξ_{wf} ) ∪ L(O, Ξ_{lb} ), Lab(φ) = Lab(φ^′) iff Γ ∪ {w_1:φ} ⊢ w_1:φ^′ and Γ ∪ {w_2:φ^′} ⊢ w_2:φ for every w_1, w_2 ∈ Ξ_{lb} .

Proof For the left-to-right direction (just for the first derivation since the other is similar), assume Lab(φ) = Lab(φ^′). There are two cases to consider. If w_1:φ ∈ Γ, then w_1:φ^′ ∈ Γ and so, by extensivity, Γ ∪ {w_1:φ} ⊢ w_1:φ^′. If w_1:φ ∉ Γ, then since Γ is maximal we have Γ ∪ {w_1:φ} ⊢ w_1:φ^′.

For the right-to-left direction, assume that Γ∪{w_1:φ} ⊢ w_1:φ^′ and Γ∪{w_2:φ^′} ⊢ w_2:φ for every w_1, w_2 ∈ Ξ_{lb} , and w ∈ Lab(φ). Then w:φ ∈ Γ and so Γ ⊢ w:φ^′. Therefore w:φ^′ ∈ Γ since Γ is deductively closed. ■

6The names “existential” and “universal” come from the type of quantification in the standard valuation clauses for the non-classical connectives. Specifically, � is an existential connective because �ϕ is true at a point w_i in a modal Kripke model iff there exists a point w_j in the model such that w_j is accessible from w_i and ϕ is true at w_j . Similarly, relevant implication ⇒ is a universal connective because ϕ^′ ⇒ ϕ^{′′} is true at a point w_i in a relevant Kripke model iff for all points w_j and w_k in the model, if w_i, w_j and w_k are in the compossibility relation and ϕ^′ is true at w_j , then ϕ^{′′} is true at w_k.

We are now ready to introduce the canonical structure, whose points are built by partitioning Γ with respect to the labels.

Prop/Definition 75 Let ⟨Σ, D⟩ be an lds with congruence, and Γ a set of labelled formulae that is maximal with respect to γ. The canonical structure ⟨U, B, ν, μ⟩ for Σ over Γ is defined as follows:

• U = lb(Γ);

• B = {Lab(ϕ) | ϕ ∈ L(C, Ξ_{wf} )};

• ν is defined inductively as ν_0(ϕ) = Lab(ϕ), and ν_k(c)(Lab(ϕ_1), . . . , Lab(ϕ_k)) = Lab(c(ϕ_1, . . . , ϕ_k));

• μ_k(o) = {(w, w_1, . . . , w_k ) | w:o(w_1, . . . , w_k) ∈ Γ}.

Proof We check that ν is well-defined. Suppose Lab(ϕ_i) = Lab(ϕ^′_i) for i = 1, . . . , k. Then, by Lemma 74, for each i = 1, . . . , k, Γ∪{w_1:ϕ_i} ⊢ w_1:ϕ^′_i and Γ∪{w_2:ϕ^′_i} ⊢ w_2:ϕ_i for every w_1, w_2 ∈ Ξ_{lb} . Since ⟨Σ, D⟩ is an lds with congruence, for any w_3, w_4 ∈ Ξ_{lb} we have that Γ ∪ {w_3:c(ϕ_1, . . . , ϕ_k)} ⊢ w_3:c(ϕ^′_1, . . . , ϕ^′_k) and Γ ∪ {w_4:c(ϕ^′_1, . . . , ϕ^′_k)} ⊢ w_4:c(ϕ_1, . . . , ϕ_k), and so, using again Lemma 74, we have Lab(c(ϕ_1, . . . , ϕ_k)) = Lab(c(ϕ^′_1, . . . , ϕ^′_k )). ■ The following lemma will help us to show that a canonical structure built this way is a structure for the labelled deduction system ⟨Σ, D⟩. The lemma consists of three statements. The first one says that the interpretation in a canonical structure of a schema formula under a given assignment is equal to the set of labels that decorate the schema formula (after a certain substitution dependent on the assignment) in the maximal set used to build the canonical structure.

The second statement says that checking the satisfaction of a labelled schema formula in a canonical structure under a given assignment is equivalent to checking that the maximal set originating the structure contains the labelled schema formula (again after a certain substitution dependent on the assignment).

The third statement relates satisfaction of a judgement in a canonical structure built from a maximal set to derivability from that set.

Lemma 76 Let ⟨Σ, D⟩ be an lds with congruence, Γ a set of labelled formulae that is maximal with respect to γ, and S the canonical structure for Σ over Γ. Then, for any assignment α and substitution σ such that σ^α is given by σ^α_{lb} = α_{lb} and Lab(σ^α_{wf} (ξ)) = α_{wf} (ξ), we have:

1. [[ϕ]]^{S,αwf} = Lab(ϕ σ^α_{wf} ) for any schema formula ϕ ∈ L(C, Ξ_{wf} ).

2. S, α ⊩ γ^′ iff γ^′ σ^α ∈ Γ for any labelled schema formula γ^′ ∈ L(Σ, Ξ).

3. For each judgement ⟨Δ, δ, Φ⟩ ∈ J(Σ, Ξ) it holds: S, α ∼ ⟨Δ, δ, Φ⟩ iff Γ∪Δ σ^{α′} ⊢ δ σ^{α′} for any α^′ ≡_Φ α.

Proof For 1, we proceed by induction on the structure of ϕ. (i) If ϕ ∈ C_0, then [[ϕ]]^{S,αwf} = ν_0(ϕ) = Lab(ϕ) = Lab(ϕ σ^α_{wf} ). (ii) If ϕ ∈ Ξ_{wf} , then [[ϕ]]^{S,αwf} = α_{wf} (ϕ) =

Lab(ϕ σ^α_{wf} ). (iii) If ϕ is c(ϕ_1, . . . , ϕ_k), then [[ϕ]]^{S,αwf} = ν_k(c)([[ϕ_1]]^{S,αwf} , . . . , [[ϕ_k ]]^{S,αwf} ) = ν_k(c)(Lab(ϕ_1 σ^α_{wf} ), . . . , Lab(ϕ_k σ^α_{wf} )) = Lab(c(ϕ_1 σ^α_{wf} , . . . , ϕ_k σ^α_{wf} )) = Lab(ϕ σ^α_{wf} ).

For 2, we distinguish two cases, depending on whether or not φ in γ^′ = w:φ is a relational schema formula. (i) If φ is o(w_1, . . . , w_k ), then we conclude since S, α ⊩ γ^′ iff α_{lb} (w) ∈ [[o(w_1, . . . , w_k)]]^{S,αlb} iff α_{lb} (w) ∈ μ_k(o)(α_{lb} (w_1), . . . , α_{lb} (w_k)) iff α_{lb} (w) ∈ Lab(o(α_{lb} (w_1), . . . , α_{lb} (w_k))) iff γ^′ σ^α ∈ Γ. (ii) If γ^′ is w:φ with φ ∈ L(C, Ξ_{wf} ), then S, α ⊩ γ^′ iff α_{lb} (w) ∈ [[φ]]^{S,αwf} iff α_{lb} (w) ∈ Lab(φ σ^α_{wf} ) iff α_{lb} (w):φ σ^α_{wf} ∈ Γ iff γ^′ σ^α ∈ Γ.

For 3, we have to show S, α ∼ ⟨Δ, δ, Φ⟩ iff S, α^′ ⊩ δ whenever S, α^′ ⊩ Δ, for any α^′ ≡_Φ α. Using result 2. above this is equivalent to δ σ^{α′} ∈ Γ whenever Δ σ^{α′} ⊆ Γ for any α^′ ≡_Φ α. Now for any α^′ ≡_Φ α consider two cases: (i) If Δ σ^{α′} ⊆ Γ, then δ σ^{α′} ∈ Γ and since Γ is deductively closed, Γ ∪ Δ σ^{α′} ⊢ δ σ^{α′} . (ii) If Δ σ^{α′} ⊈ Γ, then Γ ∪ Δ σ^{α′} ⊢ δ σ^{α′} since Γ is maximal. ■

We can now prove that canonical structures are indeed structures for lds’s with congruence.

Lemma 77 Let ⟨Σ, D⟩ be an lds with congruence and Γ a set of labelled formulae that is maximal with respect to γ. The canonical structure S for Σ over Γ is a structure for ⟨Σ, D⟩.

Proof Let α be an assignment, and r = ⟨{⟨Δ_i, δ_i, Φ_i⟩}_{1≤i≤k}, ⟨∅, δ, ∅⟩⟩ ∈ D. Assume S, α ∼ ⟨Δ_i, δ_i, Φ_i⟩ for each i = 1, . . . , k. So, for any α_i ≡_{Φi} α we have, by Lemma 76, Γ ∪ Δ_i σ^{αi} ⊢ δ_i σ^{αi} , for each i = 1, . . . , k. Therefore ∅∼ ⟨Γ ∪ Δ_i σ^{αi} , δ_i σ^{αi} ⟩, i = 1, . . . , k. Using monotonicity, ∅∼ ⟨Γ ∪ Δ_i σ^{αi} , δ_i σ^{αi} , Φ_i σ^{αi} ⟩, i = 1, . . . , k, and so ∅∼ ⟨Γ, δ σ^α⟩ using rule r. So Γ ⊢ δ σ^α, and δ σ^α ∈ Γ since Γ is maximal. Therefore using Lemma 76 we have S, α ⊩ δ, and so S, α ∼ ⟨∅, δ, ∅⟩. ■

This yields a completeness result for full lp’s with congruence.

Theorem 78 Every full lp with congruence is complete.

Proof Let L = ⟨Σ, M, A, D⟩ be a full lp with congruence, Γ_0 ⊆ L(Σ, Ξ) and γ ∈ L(Σ, Ξ). Assume γ ∉ Γ^⊢_0 . Then, using our Henkin-style construction we can obtain a maximal extension Γ of Γ_0 with respect to γ. The canonical structure S for Σ over Γ is a structure for ⟨Σ, D⟩. Since L is full, there is a model m ∈ M such that A(m) = S. So m, id ⊮ γ since γ ∉ Γ, and m, id ⊩ Γ_0 since Γ_0 ⊆ Γ. Thus γ ∉ Γ^⊨_0 . ■

Having established the envisaged theorem on (the conditions for) completeness, we are now ready to deal with the target problem: under which conditions can we guarantee that completeness is preserved by fibring?

Assume that we are given two full labelled presentations, both with congruence, and, therefore, both complete. We have to address two questions: (i) is their (unconstrained/constrained) fibring an lp that is still full?, and (ii) is their (unconstrained/constrained) fibring an lp that is still with congruence? If the answer is affirmative in both cases, then we have established, by application of Theorem 78, that their (unconstrained/constrained) fibring is an lp that is still complete.

That is, if we are able to prove that both fullness and congruence are preserved by fibring, then we have established that so is completeness.

It is not difficult to adapt to our setting the proof for presentations based on Hilbert-style systems in [29, Theorem 4.6] of the fact that fullness is preserved by both forms of fibring. Indeed, the extra element μ in our interpretation structures raises no problem, and we have:

Lemma 79 Fullness of lp’s is preserved by both forms of fibring. ■

Although congruence is not always preserved by fibring, we can again adapt the results in [29] to show that:

Lemma 80

(i) If a labelled presentation has equivalence, then it also has congruence. (ii) Equivalence is preserved by both forms of fibring. ■

To explain this without going too much into details, it is worthwhile to recall that in [29] a Hilbert-style presentation of logic is said to have equivalence iff it has the implication and the equivalence connectives (possibly as abbreviations), and it satisfies the following metatheorems: the Metatheorem of Modus Ponens; the Metatheorem of Deduction; the Metatheorems of Biconditionality (relating implication with equivalence); and the Metatheorem of Substitution of Equivalents.

Rather than stating these metatheorems for Hilbert-style systems in full, which would require us to import too much notation and text from [29], we now illustrate the corresponding results for lds’s and lp’s.

Definition 81 An lds ⟨Σ, D⟩ is an lds with implication → iff (i) → ∈ C_2 in Σ (possibly as an abbreviation), and (ii) D contains the following rules for implication elimination and introduction (possibly as derived rules):

⟨∅, w:ξ_1 → ξ_2⟩ ⟨∅, w:ξ_1⟩ ⟨∅, w:ξ_2⟩

→ E and

⟨{w:ξ_1}, w:ξ_2⟩ ⟨∅, w:ξ_1 → ξ_2⟩

→ I.

An lp is an lp with implication → iff its lds is an lds with implication →. ■

In this case it is possible to state the Metatheorems of Modus Ponens and Deduction directly in the object logic, using the rules for →. Namely, we immediately have {⟨∅, w:ξ_1 → ξ_2⟩}∼ ⟨{w:ξ_1}, w:ξ_2⟩

for the Metatheorem of Modus Ponens, and

{⟨{w:ξ_1}, w:ξ_2⟩}∼ ⟨∅, w:ξ_1 → ξ_2⟩

for the Metatheorem of Deduction.

Primitive and derived rules are preserved by fibring since morphisms between lds’s preserve judgement derivations, as we showed in Proposition 28. So, the fibring of lds’s with implication is an lds with implication provided that the implication is shared. The same extends to lp’s.

Definition 82 An lds ⟨Σ, D⟩ with implication → is an lds with equivalence ↔ iff the following three conditions hold: (i) ↔ ∈ C_2 in Σ (possibly as an abbreviation), (ii) D contains the following rules for equivalence elimination and introduction (possibly as derived rules): ⟨∅, w:ξ_1 ↔ ξ_2⟩ ⟨∅, w:ξ_1 → ξ_2⟩

↔ E1 ,

⟨∅, w:ξ_1 ↔ ξ_2⟩ ⟨∅, w:ξ_2 → ξ_1⟩

↔ E2 ,

⟨∅, w:ξ_1 → ξ_2⟩ ⟨∅, w:ξ_2 → ξ_1⟩ ⟨∅, w:ξ_1 ↔ ξ_2⟩

↔ I , and (iii) we can derive the following Metatheorem of Substitution of Equivalents (MSE )

{⟨∅, w:ξ_i ↔ ξ^′_i⟩ ▷ w}_{i=1,...,k} ∼ ⟨∅, w^′:c(ξ_1, . . . , ξ_k) ↔ c(ξ^′_1, . . . , ξ^′_k)⟩ for every k ∈ N and c ∈ C_k.

An lp is an lp with equivalence ↔ iff its lds is an lds with equivalence ↔. ■ Like for implication, we can argue that the fibring of lds’s with equivalence is an lds with equivalence provided that equivalence is shared, and that the same extends to lp’s.

As an example, let us consider again the simple case of modal logics. Example 83 The lds for mono-modal logic K of Example 10 extended with the connectives ∧ and ↔, defined as ϕ ∧ ϕ^′ ≡_{abrv} (ϕ → (ϕ^′ → ⊥)) → ⊥ and ϕ ↔ ϕ^′ ≡_{abrv} (ϕ → ϕ^′) ∧ (ϕ^′ → ϕ), is an lds with equivalence ↔. This is because:

• →, ↔ ∈ C_2;

• we have primitive rules for implication elimination and introduction; • we can derive the rules ↔ E1, ↔ E2 and ↔ I; and • we can derive the MSE.

To illustrate the last point, we give the derivations for the cases in the MSE where c is → or �. For → we have:

⟨Γ, w^′:ξ2 ↔ ξ^′_2⟩ HYP ⟨Γ, w^′:ξ2 → ξ^′_2⟩ ↔E1 ⟨Γ, w^′:ξ1 → ξ2⟩ AX ⟨Γ, w^′:ξ1 ↔ ξ^′_1⟩ HYP ⟨Γ, w^′:ξ^′_1 → ξ1⟩ ↔E2 ⟨Γ, w^′:ξ^′_1⟩ AX ⟨Γ, w^′:ξ1⟩ →E ⟨Γ, w^′:ξ2⟩ → E ⟨Γ, w^′:ξ^′_2⟩ → E ⟨{w^′:ξ1 → ξ2}, w^′:ξ^′_1 → ξ^′_2⟩ → I ⟨∅, w^′:(ξ1 → ξ2) → (ξ^′_1 → ξ^′_2)⟩ → I Π(←) ⟨∅, w^′:(ξ1 → ξ2) ↔ (ξ^′_1 → ξ^′_2)⟩ ↔ I where Γ = {w^′:ξ_1 → ξ_2, w^′:ξ^′_1} and Π(←) is the derivation of ⟨∅, w^′:(ξ^′_1 → ξ^′_2) → (ξ_1 → ξ_2)⟩, which has the same shape as that for the converse.

For � we have:

⟨Γ, w^{′′}:ξ ↔ ξ^′⟩ ▷ w^{′′} HYP ⟨Γ, w^{′′}:ξ → ξ^′⟩ ▷ w^{′′}

↔ E1

⟨Γ, w^′:�ξ⟩ ▷ w^{′′} AX ⟨Γ, w^′:R w^{′′}⟩ ▷ w^{′′} AX ⟨Γ, w^{′′}:ξ⟩ ▷ w^{′′} �E ⟨Γ, w^{′′}:ξ^′⟩ ▷ w^{′′} → E ⟨{w^′:�ξ}, w^′:�ξ^′⟩ �I ⟨∅, w^′:�ξ → �ξ^′⟩ → I Π(←) ⟨∅, w^′:�ξ ↔ �ξ^′⟩ ↔ I where Γ = {w^′:�ξ, w^′:R w^{′′}} and Π(←) is the derivation of ⟨∅, w^′:�ξ^′ → �ξ⟩, which has the same shape as that for the converse. ■

Proposition 84 The Metatheorem of Congruence holds in an lds with equivalence.

Proof Let ⟨Σ, D⟩ be an lds with equivalence ↔. Assume Γ ∪ {w_{i1} :ϕ_i} ⊢ w_{i1} :ϕ^′_i and Γ ∪ {w_{i2} :ϕ^′_i} ⊢ w_{i2} :ϕ_i for each i = 1, . . . , k and for any w_{i1} , w_{i2} ∈ Ξ_{lb} . Then using Lemma 25 (monotonicity of ∼) there are derivation trees Π_i for ∅∼ ⟨Γ ∪ {w^′:c(ϕ_1, . . . , ϕ_k), w:ϕ_i}, w:ϕ^′_i⟩▷w and Π^′_i for ∅∼ ⟨Γ∪{w^′:c(ϕ_1, . . . , ϕ_k), w:ϕ^′_i}, w:ϕ_i⟩▷w for each i = 1, . . . , k. Thus, for each k ∈ N and c ∈ C_k we can construct the following derivation tree for ∅∼ ⟨Γ^′, w^′:c(ϕ^′_1, . . . , ϕ^′_k)⟩ where Γ^′ = Γ ∪ {w^′:c(ϕ_1, . . . , ϕ_k)}: Πi ⟨Γ^′ ∪ {w:ϕi}, w:ϕ^′_i⟩ ▷ w ⟨Γ^′, w:ϕi → ϕ^′_i⟩ ▷ w → I Π^′_i ⟨Γ^′ ∪ {w:ϕ^′_i}, w:ϕi⟩ ▷ w ⟨Γ^′, w:ϕ^′_i → ϕi⟩ ▷ w → I ⟨Γ^′, w:ϕi ↔ ϕ^′_i⟩ ▷ w ↔ I ⟨Γ^′, w^′:c(ϕ1, . . . , ϕ_k) ↔ c(ϕ^′_1, . . . , ϕ^′_k)⟩ MSE ⟨Γ^′, w^′:c(ϕ1, . . . , ϕ_k) → c(ϕ^′_1, . . . , ϕ^′_k)⟩

↔ E1

⟨Γ^′, w^′:c(ϕ1, . . . , ϕ_k)⟩ AX ⟨Γ^′, w^′:c(ϕ^′_1, . . . , ϕ^′_k)⟩ → E ■ This allows us to summarize our results as follows.

Theorem 85 Completeness is preserved by the (unconstrained/constrained) fibring of two full lp’s sharing equivalence.

Proof Fullness is preserved by both forms of fibring. The fibring also has equivalence, and hence it has congruence. Since every full lp with congruence is complete, the fibring is complete. ■

Note that, as already pointed out in [29], the class of logics with equivalence is very wide, subsuming all extensions of basic logic [24] (e.g. classical, intuitionistic, modal, linear and quantum logic). Thus, the sufficient condition established above for the preservation of completeness by fibring does cover most useful cases.

5 Concluding remarks

As part of ongoing research on the theory of fibring and on the theory (and practice) of labelled deduction systems, we have given here an account of how labelled deduction systems for logics with a propositional basis behave under fibring. We have first defined what is a logic presented with a labelled deduction system, and then given a categorial definition of (unconstrained and constrained by symbol sharing) fibring of labelled deduction systems. We have then adapted general semantics to the case of labelled deduction systems, defined fibring at the semantic level (i.e. fibring of interpretation systems), and established the conditions under which our labelled presentations are sound and complete. Finally, we have established requirements on the labelled presentations so that completeness is preserved by fibring.

While our work here builds on our previous experiences with labelled deduction systems and with fibring of Hilbert-style systems, and we were able to import some of the results we obtained previously, it is worthwhile to observe that we tried to give a general approach. We have given a novel (algebraic) presentation of labelled deduction systems which provides us with a suitable basis for defining their fibring, and which subsumes our previous work as a simple special case.

The problem of combining logics has been attracting much attention, and our work was inspired by the pioneering research on fibring by Gabbay and colleagues [5, 9, 12, 15, 17, 18, 20]. For example, in [5], Gabbay and Beckert first identify the conditions that allow tableaux systems to be well-suited for fibring, and then provide a sound and complete system for the fibring of two logics passing from tableaux of one component to tableaux of the other, and vice versa. Along the same line of work, in [20] Gabbay and Governatori use fibring as a way to combine modal logics presented using the labelled tableaux system KEM; they adapt KEM in order to obtain a modular and flexible tableaux-like proof method for the multi-modal logics arising from the fibring of modal logics. We believe that our notions and results can be extended easily to both tableaux and sequent systems, but investigating this in more detail will be a subject for future work.

It is also important to stress that in this paper we provide a characterization of the lds’s/lp’s resulting from the fibring in terms of explicit models and explicit deduction systems. We also analyze preservation by fibring of soundness and completeness, and of some metatheoretical properties such as congruence. As we remarked above, preservation of other metatheoretical properties such as the finite model property and decidability will also be a subject for future work

Besides the investigation of fibring of other Gentzen-style deduction systems and the preservation of other metatheoretical properties, throughout the paper we have already indicated also other directions for future research. Of particular interest are the extensions of the propositional language of the labelled deduction systems (removing the restrictions on relational formulae and allowing the use of hybrid formulae), and the extensions to the first-order case with terms and binding operators. But the most interesting direction, in our opinion, is the one aiming at developing the theory of fibring of logics endowed with heterogeneous deduction systems and/or semantics, where, for example, we are allowed to fibre a labelled deduction system with a Hilbert-style system, or a Kripke-style semantics with a Tarskian one.

Acknowledgments

We thank Rafael Accorsi, Abdel Ayari, David Basin, Stefan Friedrich and the anonymous referees for their helpful comments. The work was partially supported by Fundação para a Ciência e a Tecnologia – FCT, PRAXIS XXI, projects PRAXIS/P/ MAT/10002/1998 ProbLog and 2/2.1/TIT/ 1658/95 LogComp. João Rasga has a PhD grant PRAXIS XXI/BD/19521/99 from FCT. We also thank FCT for partially supporting a one month visit of Luca Viganò to Lisbon.

References

[1] A. R. Anderson, N. D. Belnap, Jr., and J. M. Dunn. Entailment, The Logic of Relevance and Necessity, volume 2. Princeton University Press, 1992.

[2] D. Basin, M. D’Agostino, D. M. Gabbay, S. Matthews, and L. Viganò, editors.

Labelled Deduction. Kluwer Academic Publishers, 2000.

[3] D. Basin, S. Matthews, and L. Viganò. Labelled propositional modal logics:

theory and practice. Journal of Logic and Computation, 7(6):685–717, 1997.

[4] D. Basin, S. Matthews, and L. Vigano. Natural deduction for non-classical logics.

Studia Logica, 60(1):119–160, 1998.

[5] B. Beckert and D. M. Gabbay. Fibring semantic tableaux. In H. de Swart, editor, Proceedings of TABLEAUX’98, LNCS 1397, pages 77–92. Springer-Verlag, 1998.

[6] P. Blackburn. Discipline as logic: treating labels as first class citizens. In Basin et al. [2].

[7] P. Blackburn and M. de Rijke. Why combine logics? Studia Logica, 59(1):5–27, 1997.

[8] M. D’Agostino and D. M. Gabbay. A generalization of analytic deduction via labelled deductive systems. Part I : Basic substructural logics. Journal of Automated Reasoning, 13:243–281, 1994.

[9] M. D’Agostino and D. M. Gabbay. Fibred tableaux for multi-implication logics.

In P. Miglioli, U. Moscato, D. Mundici, and M. Ornaghi, editors, Proceedings of TABLEAUX’96, LNAI 1071, pages 16–35. Springer-Verlag, 1996.

[10] M. D’Agostino, D. M. Gabbay, and K. Broda. Tableau methods for substructural logics. In D’Agostino et al. [11], pages 397–467.

[11] M. D’Agostino, D. M. Gabbay, R. Hähnle, and J. Posegga, editors. Handbook of Tableau Methods. Kluwer Academic Publishers, 1999.

[12] M. D’Agostino, D. M. Gabbay, and A. Russo. Grafting modalities onto substructural implication systems. Studia Logica, 59:65–102, 1997.

[13] J. M. Dunn. Partial gaggles applied to logics with restricted structural rules. In K. Došen and P. Schroeder-Heister, editors, Substructural Logics, pages 63–108. Oxford University Press, 1993.

[14] M. Fitting. Proof methods for modal and intuitionistic logics. Kluwer Academic Publishers, 1983.

[15] D. M. Gabbay. Fibred semantics and the weaving of logics: part 1. Journal of Symbolic Logic, 61(4):1057–1120, 1996.

[16] D. M. Gabbay. Labelled Deductive Systems, volume 1. Clarendon Press, 1996. [17] D. M. Gabbay. An overview of fibred semantics and the combination of logics. In F. Baader and K. Schulz, editors, Frontiers of Combining Systems, pages 1–55. Kluwer Academic Publishers, 1996.

[18] D. M. Gabbay. Fibring logics. Oxford University Press, 1999. [19] R. P. Goré. Tableau methods for modal and temporal logics. In D’Agostino et al.

[11], pages 297–396.

[20] G. Governatori and D. M. Gabbay. Fibred modal tableaux. In Basin et al. [2]. [21] G. E. Hughes and M. J. Cresswell. A New Introduction to Modal Logic. Routledge, 1996.

[22] B. Jónsson and A. Tarski. Boolean algebras with operators. American Journal of Mathematics, 73–4:891–939, 127–162, 1951-52.

[23] H. J. Ohlbach. Translation methods for non-classical logics: an overview. In Bulletin of the IGPL, volume 1. MPI für Informatik, Saarbrücken, 1993.

[24] G. Sambin, G. Battilotti, and C. Faggian. Basic logic: reflection, symmetry, visibility. Journal of Symbolic Logic, 65(3):979–1013, 2000.

[25] A. Sernadas, C. Sernadas, and C. Caleiro. Fibring of logics as a categorial construction. Journal of Logic and Computation, 9(2):149–179, 1999.

[26] A. Sernadas, C. Sernadas, C. Caleiro, and T. Mossakowski. Categorial fibring of logics with terms and binding operators. In M. de Rijke and D. Gabbay, editors, Frontiers of Combining Systems 2, pages 295–316. Research Studies Press/Wiley, 2000.

[27] A. S. Troelstra and H. Schwichtenberg. Basic proof theory. Cambridge University Press, 1996.

[28] L. Viganò. Labelled Non-Classical Logics. Kluwer Academic Publishers, 2000. [29] A. Zanardo, A. Sernadas, and C. Sernadas. Fibring: Completeness preservation.

Journal of Symbolic Logic, in print. To appear in March 2001.