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What is Reinforcement Learning?

!3

“Reinforcement  learning  is  learning  what  to  do—how to  map  situations  to  actions—so  as  to  maximize  a 
numerical reward signal. The learner is not told which actions to take, but instead must discover which actions 
yield the most reward by trying them. 

In the most interesting and challenging cases, actions may affect not only the immediate reward but also the next 
situation  and,  through  that,  all  subsequent  rewards.  These  two  characteristics—trial-and-error  search  and 
delayed reward—are the two most important distinguishing features of reinforcement learning.” 

-Sutton & Barto (2018)

“The exploration–exploitation dilemma has been intensively studied by mathematicians for many decades, yet 
remains unresolved.”

-Sutton & Barto (2018)

Bellman problem

Lai-Robbins problem
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Autonomous Robotic Control
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★ Train algorithms in simulation for autonomous operation
‣ The “sim2real” or “lab2real” problem

★ Unknown model and Varied dynamics
‣ Need to `learn to control’ quickly in every deployment

Courtesy: Bosch Center for CPS @ IISc, Bangalore
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A general Stochastic System
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V⇡(✓) = lim inf
T!1

1

T
E[

TX

t=1

r(xt, ut)]

xt

xt+1
ut

𝜃

𝛑(u|x;𝜽)

(x,r)u
r(x,u)

Control

State space X    Action space U

Known

Objective: Find Optimal Policy 𝛑

xt+1 = f(xt, ut, wt; ✓)
<latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit>
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Unknown Model

★ True 𝜃o, unknown ~ prior μ

★ Learning policy 𝜙t(ht),  history ht=(states,actions)

★ Objective of Learning: To find a nearly optimal policy at 
the fastest possible rate?

!6

Control

State space X    Action space U

𝛑(u|x;𝜽)
Learn

Unknown

𝜽^

xt

xt+1
ut

(x,r)u
r(x,u)

xt+1 = f(xt, ut, wt; ✓)
<latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit>

𝜃
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Problem 1: An (On-policy) RL Algorithm for Unknown MDPs

★ Value of policy,

★ Objective: sup! V!        

!7

Finite State space X    Finite Action space U

xt

xt+1
u

𝛑(u|x;𝜽)

(x,r)u
r(x,u)

Control

𝜽(x’|x,u)  Unknown

Problem 2: An (On-Policy) RL for an Unknown LQRProblem 3: An (Offline) RL for Non-parametric Stochastic Systems

(A,B) Unknownf  Known*

xt+1 = f(xt, ut, wt; ✓)
<latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit>

 State space X=Rn            Action space U=Rm

*only sample trajectories needed
Uncountable State space X    Finite Action space U

= Axt +But + wt
<latexit sha1_base64="eDBgOiKKsM0td/j2p8t5MzUtams=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQCiURQS9CrRePFewHtCFstpt26WYTdifWUvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5u5rfz2zu7evl04aOg4VZTVaSxi1QqIZoJLVgcOgrUSxUgUCNYMBjdTv/nAlOaxvIdRwryI9CQPOSVgJN8uXOHrRx9K1dQHXMJDH3y76JSdGfAycTNSRBlqvv3V6cY0jZgEKojWbddJwBsTBZwKNsl3Us0SQgekx9qGShIx7Y1np0/wiVG6OIyVKQl4pv6eGJNI61EUmM6IQF8velPxP6+dQnjpjblMUmCSzheFqcAQ42kOuMsVoyBGhhCquLkV0z5RhIJJK29CcBdfXiaNs7LrlN2782KlmsWRQ0foGJ0iF12gCrpFNVRHFA3RM3pFb9aT9WK9Wx/z1hUrmzlEf2B9/gAypZKo</latexit><latexit sha1_base64="eDBgOiKKsM0td/j2p8t5MzUtams=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQCiURQS9CrRePFewHtCFstpt26WYTdifWUvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5u5rfz2zu7evl04aOg4VZTVaSxi1QqIZoJLVgcOgrUSxUgUCNYMBjdTv/nAlOaxvIdRwryI9CQPOSVgJN8uXOHrRx9K1dQHXMJDH3y76JSdGfAycTNSRBlqvv3V6cY0jZgEKojWbddJwBsTBZwKNsl3Us0SQgekx9qGShIx7Y1np0/wiVG6OIyVKQl4pv6eGJNI61EUmM6IQF8velPxP6+dQnjpjblMUmCSzheFqcAQ42kOuMsVoyBGhhCquLkV0z5RhIJJK29CcBdfXiaNs7LrlN2782KlmsWRQ0foGJ0iF12gCrpFNVRHFA3RM3pFb9aT9WK9Wx/z1hUrmzlEf2B9/gAypZKo</latexit><latexit sha1_base64="eDBgOiKKsM0td/j2p8t5MzUtams=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQCiURQS9CrRePFewHtCFstpt26WYTdifWUvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5u5rfz2zu7evl04aOg4VZTVaSxi1QqIZoJLVgcOgrUSxUgUCNYMBjdTv/nAlOaxvIdRwryI9CQPOSVgJN8uXOHrRx9K1dQHXMJDH3y76JSdGfAycTNSRBlqvv3V6cY0jZgEKojWbddJwBsTBZwKNsl3Us0SQgekx9qGShIx7Y1np0/wiVG6OIyVKQl4pv6eGJNI61EUmM6IQF8velPxP6+dQnjpjblMUmCSzheFqcAQ42kOuMsVoyBGhhCquLkV0z5RhIJJK29CcBdfXiaNs7LrlN2782KlmsWRQ0foGJ0iF12gCrpFNVRHFA3RM3pFb9aT9WK9Wx/z1hUrmzlEf2B9/gAypZKo</latexit><latexit sha1_base64="eDBgOiKKsM0td/j2p8t5MzUtams=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQCiURQS9CrRePFewHtCFstpt26WYTdifWUvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5u5rfz2zu7evl04aOg4VZTVaSxi1QqIZoJLVgcOgrUSxUgUCNYMBjdTv/nAlOaxvIdRwryI9CQPOSVgJN8uXOHrRx9K1dQHXMJDH3y76JSdGfAycTNSRBlqvv3V6cY0jZgEKojWbddJwBsTBZwKNsl3Us0SQgekx9qGShIx7Y1np0/wiVG6OIyVKQl4pv6eGJNI61EUmM6IQF8velPxP6+dQnjpjblMUmCSzheFqcAQ42kOuMsVoyBGhhCquLkV0z5RhIJJK29CcBdfXiaNs7LrlN2782KlmsWRQ0foGJ0iF12gCrpFNVRHFA3RM3pFb9aT9WK9Wx/z1hUrmzlEf2B9/gAypZKo</latexit>

V⇡(✓) = lim inf
T!1

1

T
E[

TX

t=1

r(xt, ut)]V⇡(✓) = E[
1X

t=1

�tr(xt, ut)], 0 < � < 1
<latexit sha1_base64="owbjKMIsxepqjDWY5cX/7nXJtQM="></latexit><latexit sha1_base64="owbjKMIsxepqjDWY5cX/7nXJtQM="></latexit><latexit sha1_base64="owbjKMIsxepqjDWY5cX/7nXJtQM="></latexit><latexit sha1_base64="owbjKMIsxepqjDWY5cX/7nXJtQM="></latexit>

MDPLQG

xt+1 = f(xt, ut, wt)
<latexit sha1_base64="kpPHWT6HpJDyn3MnH/Ga01OlPds=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiChhVwS9CEEvHiOYByTLMjuZTYbMPpjp1YQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiwVXYFnfRm5hcWl5Jb9aWFvf2Nwyt3fqKkokZTUaiUg2PaKY4CGrAQfBmrFkJPAEa3j967HfuGdS8Si8g2HMnIB0Q+5zSkBLrrk3cFM4tkeXfmngwkmi68GFI9csWmVrAjxP7IwUUYaqa361OxFNAhYCFUSplm3F4KREAqeCjQrtRLGY0D7pspamIQmYctLJ/SN8qJUO9iOpKwQ8UX9PpCRQahh4ujMg0FOz3lj8z2sl4F84KQ/jBFhIp4v8RGCI8DgM3OGSURBDTQiVXN+KaY9IQkFHVtAh2LMvz5P6adm2yvbtWbFylcWRR/voAJWQjc5RBd2gKqohih7RM3pFb8aT8WK8Gx/T1pyRzeyiPzA+fwDQuZVP</latexit><latexit sha1_base64="kpPHWT6HpJDyn3MnH/Ga01OlPds=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiChhVwS9CEEvHiOYByTLMjuZTYbMPpjp1YQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiwVXYFnfRm5hcWl5Jb9aWFvf2Nwyt3fqKkokZTUaiUg2PaKY4CGrAQfBmrFkJPAEa3j967HfuGdS8Si8g2HMnIB0Q+5zSkBLrrk3cFM4tkeXfmngwkmi68GFI9csWmVrAjxP7IwUUYaqa361OxFNAhYCFUSplm3F4KREAqeCjQrtRLGY0D7pspamIQmYctLJ/SN8qJUO9iOpKwQ8UX9PpCRQahh4ujMg0FOz3lj8z2sl4F84KQ/jBFhIp4v8RGCI8DgM3OGSURBDTQiVXN+KaY9IQkFHVtAh2LMvz5P6adm2yvbtWbFylcWRR/voAJWQjc5RBd2gKqohih7RM3pFb8aT8WK8Gx/T1pyRzeyiPzA+fwDQuZVP</latexit><latexit sha1_base64="kpPHWT6HpJDyn3MnH/Ga01OlPds=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiChhVwS9CEEvHiOYByTLMjuZTYbMPpjp1YQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiwVXYFnfRm5hcWl5Jb9aWFvf2Nwyt3fqKkokZTUaiUg2PaKY4CGrAQfBmrFkJPAEa3j967HfuGdS8Si8g2HMnIB0Q+5zSkBLrrk3cFM4tkeXfmngwkmi68GFI9csWmVrAjxP7IwUUYaqa361OxFNAhYCFUSplm3F4KREAqeCjQrtRLGY0D7pspamIQmYctLJ/SN8qJUO9iOpKwQ8UX9PpCRQahh4ujMg0FOz3lj8z2sl4F84KQ/jBFhIp4v8RGCI8DgM3OGSURBDTQiVXN+KaY9IQkFHVtAh2LMvz5P6adm2yvbtWbFylcWRR/voAJWQjc5RBd2gKqohih7RM3pFb8aT8WK8Gx/T1pyRzeyiPzA+fwDQuZVP</latexit><latexit sha1_base64="kpPHWT6HpJDyn3MnH/Ga01OlPds=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiChhVwS9CEEvHiOYByTLMjuZTYbMPpjp1YQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiwVXYFnfRm5hcWl5Jb9aWFvf2Nwyt3fqKkokZTUaiUg2PaKY4CGrAQfBmrFkJPAEa3j967HfuGdS8Si8g2HMnIB0Q+5zSkBLrrk3cFM4tkeXfmngwkmi68GFI9csWmVrAjxP7IwUUYaqa361OxFNAhYCFUSplm3F4KREAqeCjQrtRLGY0D7pspamIQmYctLJ/SN8qJUO9iOpKwQ8UX9PpCRQahh4ujMg0FOz3lj8z2sl4F84KQ/jBFhIp4v8RGCI8DgM3OGSURBDTQiVXN+KaY9IQkFHVtAh2LMvz5P6adm2yvbtWbFylcWRR/voAJWQjc5RBd2gKqohih7RM3pFb8aT8WK8Gx/T1pyRzeyiPzA+fwDQuZVP</latexit>

Finitely parametrizedNon-parametric

(`Learn to Control’ Optimally)    (`Learn’ Optimal Policy)          

𝜽
Learn

^ ^
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Outline

I. Bandit Models and Online Learning

II. An (on-policy) RL Algorithm for Unknown Systems

III. A universal (offline) RL Algorithm for non-parametric 
Stochastic Systems
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Bandit Models and Online Learning

★ Reward on Heads = $1, on Tails =0

★ Objective: “max expected long-term total reward”

≡

★ min (expected) Regret

★ Lai & Robbins (1985) lower bound O(log T)

★ UCB1 algorithm achieves O(log T) [Agrawal’95, Auer, et al’02]
‣

!9

Unknown 𝜽1 Unknown 𝜽2

gi(t, ti) = Xi +
p

2 log t/ti

RT (�) = T✓max � E[
TX

t=1

rt]
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UCB1 Algorithm: How does it work

★ UCB1 index: 

★ If arm i played, gi “decreases”

• Expected Regret grows as ~ log T/∆, optimal (by Lai & Robbins ’85)

g2

x1
𝜃1

x2

𝜃2

g1

g1

x1
𝜃1

x2

𝜃2

g2

true 
mean

empirical 
average

index

1

2 2

1

gi(t, ti) = Xi(ti) +

r
2 log t

ti

1

2

★

𝜃1

𝜃2

g1

g2

Optimism in the Face of Uncertainty (OFU)
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★ Maintain a belief (posterior distribution), µi over 𝜽i

★ Sample 𝜽i  from µi

★ Choose i* = arg maxi 𝜽i

★ Achieves (exp) regret RT(𝜙) = O(log T)

‣ Thompson’33, Chapelle-Li’11, Agrawal-Goyal’12 

‣ Advantage: superior numerical performance, computationally simpler
!11

Unknown 𝜽1 Unknown 𝜽2

The Posterior (/Thompson) Sampling Algorithm

Unknown 𝜽m

…

^

^
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Posterior Sampling: How does it work?

t

t+𝜏

𝛉

sample

�̂�

Confidence Interval

Posterior P(𝛉|history)

𝜃1

𝜃2

★

★

Posterior Sampling Algorithms
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Outline

I. Bandit Models and Online Learning

II. An (on-policy) RL Algorithm for Unknown Systems

III. A universal (offline) RL Algorithm for non-parametric 
Stochastic Systems

!13
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Problem 1: Learning to Control an Unknown MDP

★ Learning policy 𝜙t(ht) to search over space 𝚯

★ Objective of Learning:

★ Lower Bound =Ω(√T)             [Auer, et al (2009)]

★ OFU v. PS

Finite State space X    Finite Action space U

xt

xt+1
u

𝜙t(ht)

(x,r)u
r(x,u)

Learning  Algo.

𝜽(x’|x,u)  Unknown

xt+1 = f(xt, ut, wt; ✓)
<latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit><latexit sha1_base64="yrXJo6w10/qD55vWMw/ZrT+Rb5w=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhooRdERRECHrxGME8IFmW2clsMmT2wUyvJiy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq7vFhwBZb1beQWFpeWV/KrhbX1jc0tc3unrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXvx77jXsmFY/COxjGzAlIN+Q+pwS05Jp44KZwZI/wJfZLAxeOE10PLlzgNvQYkEPXLFplawI8T+yMFFGGqmt+tTsRTQIWAhVEqZZtxeCkRAKngo0K7USxmNA+6bKWpiEJmHLSyScjfKCVDvYjqSsEPFF/T6QkUGoYeLozINBTs95Y/M9rJeCfOykP4wRYSKeL/ERgiPA4FtzhklEQQ00IlVzfimmPSEJBh1fQIdizL8+T+knZtsr27WmxcpXFkUd7aB+VkI3OUAXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AOGGYwA==</latexit>

MDP

𝚯

RT (�) = TV ⇤(✓o)� E[
TX

t=1

r(xt, ut)]

Borkar-Varaiya’82:  “Identification and Adaptive control of Markov Chains”,  SICON.
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The PSRL-DE Algorithm:  
Posterior Sampling with Dynamic Episodes

The PSRL-DE Algorithm:

★ Resample 𝜃 from posterior 𝜇t at start of every episode

‣ Compute policy optimal for sampled 𝜃                   [Dithering]

★ At each t, update posterior                                  using Bayes’ rule  

!15

µt(✓) = P(✓|ht)

Stopping Rule 1: Stopping Rule 2:
0 t1

T1

t2

T2dynamic
episodes

t > tk + Tk�1 Nt(x, u) > 2Ntk(x, u) for some (x, u)

Resample 𝜃
compute policy 𝜋*(𝜃)

Resample 𝜃
compute policy 𝜋*(𝜃)

ExploreExploit Exploit Explore Exploit
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★ Up to logarithmic factors, exact constants known
★ PSRL-DE Algorithm works with approximately optimal policies in each 

episode also
★ Episode length can’t increase faster
★ Related Work: Osband-Van Roy’14, A-Yadakori-Szepesvari’15

Non-asymptotic Regret bound for PSRL-DE

!16

Theorem. [1] 

If the MDP is weakly communicating and its span ≤ H, then

where X is state space size, and U is action space size.

[1] Y. Ouyang, M. Gagrani, A. Nayyar and R. Jain, “Learning Unknown MDPs: A Thompson Sampling Approach”, NIPS, 2017.

RT (PSRL)  Õ(HX
p
UT )

<latexit sha1_base64="v03kyzV1Bp3B8VH3bzXirxwfOBA=">AAACGXicbVC7SgNBFJ31bXxFLW0GgxCbsCuClkEbC8EYExPILsvs5EYHZx+ZuSuEZX/Dxl+xsVDEUiv/xsmjUOOBgcM593LnnCCRQqNtf1kzs3PzC4tLy4WV1bX1jeLm1rWOU8WhyWMZq3bANEgRQRMFSmgnClgYSGgFd6dDv3UPSos4auAgAS9kN5HoCc7QSH7RztyQ4S1nktZzv1GuXdXP96kroU9dFLIL2UVePmu7uq8wazbyfb9Ysiv2CHSaOBNSIhPU/OKH2415GkKEXDKtO46doJcxhYJLyAtuqiFh/I7dQMfQiIWgvWyULKd7RunSXqzMi5CO1J8bGQu1HoSBmRzG0H+9ofif10mxd+xlIkpShIiPD/VSSTGmw5poVyjgKAeGMK6E+Svlt0wxjqbMginB+Rt5mlwfVBy74lwelqonkzqWyA7ZJWXikCNSJWekRpqEkwfyRF7Iq/VoPVtv1vt4dMaa7GyTX7A+vwEaIp+7</latexit><latexit sha1_base64="v03kyzV1Bp3B8VH3bzXirxwfOBA=">AAACGXicbVC7SgNBFJ31bXxFLW0GgxCbsCuClkEbC8EYExPILsvs5EYHZx+ZuSuEZX/Dxl+xsVDEUiv/xsmjUOOBgcM593LnnCCRQqNtf1kzs3PzC4tLy4WV1bX1jeLm1rWOU8WhyWMZq3bANEgRQRMFSmgnClgYSGgFd6dDv3UPSos4auAgAS9kN5HoCc7QSH7RztyQ4S1nktZzv1GuXdXP96kroU9dFLIL2UVePmu7uq8wazbyfb9Ysiv2CHSaOBNSIhPU/OKH2415GkKEXDKtO46doJcxhYJLyAtuqiFh/I7dQMfQiIWgvWyULKd7RunSXqzMi5CO1J8bGQu1HoSBmRzG0H+9ofif10mxd+xlIkpShIiPD/VSSTGmw5poVyjgKAeGMK6E+Svlt0wxjqbMginB+Rt5mlwfVBy74lwelqonkzqWyA7ZJWXikCNSJWekRpqEkwfyRF7Iq/VoPVtv1vt4dMaa7GyTX7A+vwEaIp+7</latexit><latexit sha1_base64="v03kyzV1Bp3B8VH3bzXirxwfOBA=">AAACGXicbVC7SgNBFJ31bXxFLW0GgxCbsCuClkEbC8EYExPILsvs5EYHZx+ZuSuEZX/Dxl+xsVDEUiv/xsmjUOOBgcM593LnnCCRQqNtf1kzs3PzC4tLy4WV1bX1jeLm1rWOU8WhyWMZq3bANEgRQRMFSmgnClgYSGgFd6dDv3UPSos4auAgAS9kN5HoCc7QSH7RztyQ4S1nktZzv1GuXdXP96kroU9dFLIL2UVePmu7uq8wazbyfb9Ysiv2CHSaOBNSIhPU/OKH2415GkKEXDKtO46doJcxhYJLyAtuqiFh/I7dQMfQiIWgvWyULKd7RunSXqzMi5CO1J8bGQu1HoSBmRzG0H+9ofif10mxd+xlIkpShIiPD/VSSTGmw5poVyjgKAeGMK6E+Svlt0wxjqbMginB+Rt5mlwfVBy74lwelqonkzqWyA7ZJWXikCNSJWekRpqEkwfyRF7Iq/VoPVtv1vt4dMaa7GyTX7A+vwEaIp+7</latexit><latexit sha1_base64="v03kyzV1Bp3B8VH3bzXirxwfOBA=">AAACGXicbVC7SgNBFJ31bXxFLW0GgxCbsCuClkEbC8EYExPILsvs5EYHZx+ZuSuEZX/Dxl+xsVDEUiv/xsmjUOOBgcM593LnnCCRQqNtf1kzs3PzC4tLy4WV1bX1jeLm1rWOU8WhyWMZq3bANEgRQRMFSmgnClgYSGgFd6dDv3UPSos4auAgAS9kN5HoCc7QSH7RztyQ4S1nktZzv1GuXdXP96kroU9dFLIL2UVePmu7uq8wazbyfb9Ysiv2CHSaOBNSIhPU/OKH2415GkKEXDKtO46doJcxhYJLyAtuqiFh/I7dQMfQiIWgvWyULKd7RunSXqzMi5CO1J8bGQu1HoSBmRzG0H+9ofif10mxd+xlIkpShIiPD/VSSTGmw5poVyjgKAeGMK6E+Svlt0wxjqbMginB+Rt5mlwfVBy74lwelqonkzqWyA7ZJWXikCNSJWekRpqEkwfyRF7Iq/VoPVtv1vt4dMaa7GyTX7A+vwEaIp+7</latexit>
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Numerical Performance

Riverswim Benchmark problem

!17
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UCRL2: [Jaksch, Ortner, Auer (2010)]
TSMDP: [Gopalan & Mannor (2015)]
Lazy-PSRL: [Yadkori & Szepesvari (2015)]

PSRL-DE

PSRL-DE
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Proof Outline

★ For any function f and RV X, algorithm must satisfy

★ Upper bounds number of episodes

★ Upper bound between true and sampled parameters

 

!18

E[f(✓k, X)] = E[f(✓o, X)]

KT 
p

2XUT log T

TE[V ⇤(✓o)]�
KTX

k=1

E[TkV
⇤(✓k)]  E[KT ]
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Problem 2: Unknown Stochastic Linear System

★ Parameters θ unknown

★ Regret 

★ Optimal control policy is linear:  

Assumption 1: There is a set Θ such that for all θ ϵ Θ, there is 
a unique p.d. solution to the Ricatti equation                                       

xt+1 = Axt +But + wt,

ut = ⇡t(ht)

RT (⇡) = E[
TX

t=1

ct � TJ(✓)]

u = G(✓)x where G(✓) = �(R+B>S(✓B)�1B>S(✓)A.

ct = x>
t Qxt + u>

t Rut

✓> = [A,B] known xt,ut
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Stochastic Adaptive Control
★ Classical Adaptive Control…

‣ Astrom-Wittenmark’94, Sastry’89, Narendra’89

‣ Campi and Kumar’98, Prandini-Campi’01,…

★ Optimism in the Face of Uncertainty (OFU) (computation!)

‣ Yadkori-Szepesvari’11, Ibrahimi, Javanmard, Van Roy’12,…

★ Posterior Sampling (PS)

‣ A.-Yadkori-Szepesvari’15, Abeile-Lazaric’17 ~O(T2/3)  w.h.p.                     

[2] Y. Ouyang, M. Gagrani and R. Jain, “Learning-based Control of Unknown Linear Systems with Thompson Sampling”, submitted IEEE TAC, 2017

RT (PSRL)  Õ(
p
T )
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Assumption 2. For all θ ϵ Θ, spectral radius 𝛒(A1+B1G(θ)) < δ < 1

Theorem. [2] Expected regret of PSRL-DE, 
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I. Bandit Models and Online Learning

II. An (on-policy) RL Algorithm for Unknown MDPs

III.A universal (offline) RL Algorithm for non-parametric 
Stochastic Systems
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★ Fixed, stationary policies π(u;x)

★ Value of policy,

★ Objective: sup! V!        

!22

xt

xt+1
u

𝛑(u|x;𝜽)

(x,r)u
r(x,u)

Control

𝜽(x’|x,u)  Unknown

Problem 3: An (Offline) RL for Non-parametric Stochastic Systems

(A,B) Unknownf  Known*

*only sample trajectories needed
Uncountable State space X    Finite Action space U

V⇡(✓) = E[
1X

t=1

�tr(xt, ut)], 0 < � < 1
<latexit sha1_base64="owbjKMIsxepqjDWY5cX/7nXJtQM="></latexit><latexit sha1_base64="owbjKMIsxepqjDWY5cX/7nXJtQM="></latexit><latexit sha1_base64="owbjKMIsxepqjDWY5cX/7nXJtQM="></latexit><latexit sha1_base64="owbjKMIsxepqjDWY5cX/7nXJtQM="></latexit>

MDP

xt+1 = f(xt, ut, wt)
<latexit sha1_base64="kpPHWT6HpJDyn3MnH/Ga01OlPds=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiChhVwS9CEEvHiOYByTLMjuZTYbMPpjp1YQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiwVXYFnfRm5hcWl5Jb9aWFvf2Nwyt3fqKkokZTUaiUg2PaKY4CGrAQfBmrFkJPAEa3j967HfuGdS8Si8g2HMnIB0Q+5zSkBLrrk3cFM4tkeXfmngwkmi68GFI9csWmVrAjxP7IwUUYaqa361OxFNAhYCFUSplm3F4KREAqeCjQrtRLGY0D7pspamIQmYctLJ/SN8qJUO9iOpKwQ8UX9PpCRQahh4ujMg0FOz3lj8z2sl4F84KQ/jBFhIp4v8RGCI8DgM3OGSURBDTQiVXN+KaY9IQkFHVtAh2LMvz5P6adm2yvbtWbFylcWRR/voAJWQjc5RBd2gKqohih7RM3pFb8aT8WK8Gx/T1pyRzeyiPzA+fwDQuZVP</latexit><latexit sha1_base64="kpPHWT6HpJDyn3MnH/Ga01OlPds=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiChhVwS9CEEvHiOYByTLMjuZTYbMPpjp1YQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiwVXYFnfRm5hcWl5Jb9aWFvf2Nwyt3fqKkokZTUaiUg2PaKY4CGrAQfBmrFkJPAEa3j967HfuGdS8Si8g2HMnIB0Q+5zSkBLrrk3cFM4tkeXfmngwkmi68GFI9csWmVrAjxP7IwUUYaqa361OxFNAhYCFUSplm3F4KREAqeCjQrtRLGY0D7pspamIQmYctLJ/SN8qJUO9iOpKwQ8UX9PpCRQahh4ujMg0FOz3lj8z2sl4F84KQ/jBFhIp4v8RGCI8DgM3OGSURBDTQiVXN+KaY9IQkFHVtAh2LMvz5P6adm2yvbtWbFylcWRR/voAJWQjc5RBd2gKqohih7RM3pFb8aT8WK8Gx/T1pyRzeyiPzA+fwDQuZVP</latexit><latexit sha1_base64="kpPHWT6HpJDyn3MnH/Ga01OlPds=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiChhVwS9CEEvHiOYByTLMjuZTYbMPpjp1YQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiwVXYFnfRm5hcWl5Jb9aWFvf2Nwyt3fqKkokZTUaiUg2PaKY4CGrAQfBmrFkJPAEa3j967HfuGdS8Si8g2HMnIB0Q+5zSkBLrrk3cFM4tkeXfmngwkmi68GFI9csWmVrAjxP7IwUUYaqa361OxFNAhYCFUSplm3F4KREAqeCjQrtRLGY0D7pspamIQmYctLJ/SN8qJUO9iOpKwQ8UX9PpCRQahh4ujMg0FOz3lj8z2sl4F84KQ/jBFhIp4v8RGCI8DgM3OGSURBDTQiVXN+KaY9IQkFHVtAh2LMvz5P6adm2yvbtWbFylcWRR/voAJWQjc5RBd2gKqohih7RM3pFb8aT8WK8Gx/T1pyRzeyiPzA+fwDQuZVP</latexit><latexit sha1_base64="kpPHWT6HpJDyn3MnH/Ga01OlPds=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiChhVwS9CEEvHiOYByTLMjuZTYbMPpjp1YQ1B3/FiwdFvPob3vwbJ8keNLGgoajqprvLiwVXYFnfRm5hcWl5Jb9aWFvf2Nwyt3fqKkokZTUaiUg2PaKY4CGrAQfBmrFkJPAEa3j967HfuGdS8Si8g2HMnIB0Q+5zSkBLrrk3cFM4tkeXfmngwkmi68GFI9csWmVrAjxP7IwUUYaqa361OxFNAhYCFUSplm3F4KREAqeCjQrtRLGY0D7pspamIQmYctLJ/SN8qJUO9iOpKwQ8UX9PpCRQahh4ujMg0FOz3lj8z2sl4F84KQ/jBFhIp4v8RGCI8DgM3OGSURBDTQiVXN+KaY9IQkFHVtAh2LMvz5P6adm2yvbtWbFylcWRR/voAJWQjc5RBd2gKqohih7RM3pFb8aT8WK8Gx/T1pyRzeyiPzA+fwDQuZVP</latexit>

Non-parametric

    (`Learn’ Optimal Policy)          

𝜽
Learn

^ ^

`Universal’
Computationally simple

Arbitrarily good approximation
Non-asymptotic (Probabilistic) Guarantees
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★ State space Aggregation methods often don’t work

★ Function approximation via 𝜙: X × Θ → ℝ

‣ Approximation error depends on d(𝚽(𝜣),V*), J, basis functions 
picked

★ (Deep) Neural Nets
‣ Universal function approximators [Cybenko’89, Hornik, et al’89, 

Barron’93]

‣ No guarantees: How much data? How many layers/arch.? When to stop? 
Lot of Computation. 

Continuous State Space MDPs

!23

V ⇤(x) ⇡
JX

j=1

↵j�(x,#j)

inf
↵,#

1

N

NX

n=1

|Ṽ (xn)�
JX

j=1

↵j�(xn,#j)|2 Non-convex!Randomize
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★ Use 𝚽 = RKHS (Reproducible Kernel Hilbert Space)

‣ K(x,y) is a cont., symm., p.d. kernel

‣ 𝓗K = closure of linear-span of K(x,.) endowed with a natural ⟨.,.⟩

• Hilbert space dense in the space of continuous functions

★ Regularized L2 Function Fitting: 

★ By Representer Theorem, there exists a solution

Use ‘Universal’ Function Approx. Spaces

!24

inf
f2HK

1

N

NX

n=1

|Ṽ (xn)� f(xn)|2 + �||f ||2
HK

f̂(x) =
NX

n=1

↵nK(xn, x)
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★ Pick basis functions randomly, optimize over weights

1. Sample xn ~ 𝜇, basis functions 𝜙n(x) = K(xn,x) 

2. EVL update:  

3. Determine Optimal weights αn determined by solving a linear system of 
equations involving  

4. Next iterate:

A ‘Universal’ RL Algorithm for Cont. MDPs

!25

(Ṽ (xn))
N
n=1

([K(xi, xj)] + �NI)↵ = (Ṽ (xn))
N
n=1

Ṽk+1(xn) = min
a

{r(xn, a) +
�

M

MX

m=1

Vk(X
0
m)}

EVL+RKHS: A simple random basis function fitting algorithm

Vk+1(x) =
NX

n=1

↵nK(xn, x)

Next state from xn

xn

X1’
.
.
.

Xm’

emulation

xn

.
..

. . X

Key (Algorithmic) Idea: 

Use Randomization to break Non-convexity
and

Simplify Computation
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‣ Dependence of N on ϵ is bad! but we get sup-error
‣ Assumptions: Absolute continuity of 𝜽 wrt 𝜇 and boundedness of Radon-

Nikodym derivative d𝜽/d𝜇 needed!
‣ Proof: Randomized function fitting error concentration + Probabilistic 

Contraction Analysis of Iterated Random Operators 

Sample Complexity of EVL+RKHS

!26

Theorem [3]: 

Given ϵ ∈ (0, 1), δ ∈ (0, 1), select 

Then, 

with probability > 1-δ.

N sampled points, J(=N) basis functions,  M next states,  K iterations 

[3] W. Haskell, R. Jain, H. Sharma and P. Yu,,``An empirical dynamic programming algorithm for continuous state space MDPs”, submitted to IEEE TAC

N � N1(
1

✏6
, log

1

�
), M � M1(

1

✏2
), K � K1(log

1

�
)

||V̂k � V ⇤||1  ✏

2

RPBF

1
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Numerical Evidence
Optimal replacement problem

!27
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RL: Challenges

★ RL Literature has focused on discrete (finite) state 
and action spaces

‣ Continuous state and action space problems are way harder

★ Online R. Learning for continuous state (and action) 
spaces needs ideas beyond Posterior Sampling

‣ Search over Value function space

★ RL with constraints?

★ Formal RL for safety-critical applications

★ Multi-Agent RL

!28


