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Chapter 1

Introduction

1.1 The ideal Magnetohydrodynamic equations

The magnetohydrodynamic (MHD) equations describe the behaviour of electrically con-
ducting fluids. For the ideal MHD equations we have to couple the Euler equations of
fluid dynamics and the Maxwell equations of electrodynamics. A semi-conservative form

of the ideal MHD equations is given by

0
Continuity equation: 8—5 + div(pu) =0 (1.1)
0 1
Equation of motion: &(pu) +divipu@u+ (p+ 5(B -B))I — B ® B) = —Bdi{(B)
B
Induction equation: %t +div(u® B — B ® u) = —udiv(B) (1.3)
, oE . 1 o .
Energy equation: v +div((E+p+ §B Ju—(u-B)B ) = —(u-B)div(B(1.4)

where p = p(x,t) denotes the mass density, j the current density, B the magnetic field, p
the pressure, v the ratio of specific heats and u is the vector of velocities. The RHS (right
hand side) of (1.1) - (1.4) is called the Godunov-Powell source term. Since div(B) =0
one could neglect it to receive a conservative form of the MHD equations. However,
we keep it to make the equations Galilean invariant and to gain certain properties, like
stability, for numerical schemes.

We will now give a derivation of this equations. First we will look at the conservation
of mass (1.1). Therefore let W C R? be a compact set with piecewise smooth boundary
OW and outer normal n(x). The mass in W is given by [};- p(x,t) dx. The rate of flow

over a given point x, the flux f(x,t), is given by velocity times the mass density

f(x,t) = pu. (1.5)
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Therefore the flow over the boundary W is given by the surface integral [4, f(x,1) -
n(x) dSx. If we assume now that no mass is created or destroyed in W, then the

quantity can only change due to flow through the boundary 0W. Hence we get that

d

o Wp(x,t) dx = — /8W f(x,1) - n(x) dS(x). (1.6)

If we assume that u and p are differentiable functions, then by the divergence theorem

it follows that

0 .
/W ap(x,t) dx = — /aw f(x,t) -n(x) dS(x) = / div(f(x,t)) dx. (1.7)

W

Since W is arbitrary, this implies

dp

BT + div(pu) =0, (1.8)

We have thus proven the Continuity equation (1.1).

Similar momentum is also conserved. Momentum pu is also advected by velocity, so the
flux due to advection is the tensor product pu®u. In addition to advection, momentum
is affected by the pressure, given by the stress tensor pI with I € R3*3 denoting the
identity matrix. We get the flux

f(x,t) = pu®@u+pl. (1.9)

Furthermore we have to take forces that are acting on the medium, the body forces, into
account. This is the Lorentz force F = q(E + u x B) acting on a particle carrying an
electric charge ¢ moving with velocity u under the magnetic field B and electric field E.
We will not include the electric force gE, since it is negligible as we shall shortly show.

Therefore the magnetic body force acting on the volume W is

Z qk(uk X B) = Z qrug | X B :j x B (1.10)
k: pp in W k: pp in W

where pi denotes a particle with electric charge ¢ moving with speed u; and j the
current density. We get that the change of momentum equals the change over the

boundary plus the body forces acting on the medium inside the Volume W

d
— [ pu dx:—/ (pu®@u+pl) n(x) dS(x)+.jx B (1.11)
dt Jw ow

Assuming differentiability as before, we get with the divergence theorem and since W
was arbitrary

0
a(pu) +div(pu®@u+pl) =j x B. (1.12)
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By using standard vector identities and the continuity equation (1.1) we get an equivalent
form

p (g;l + Juu> =—-Vp+jxB. (1.13)

where J, denotes the Jacobian matrix of u Before we continue our derivation of the
magneto-hydrodynamic equations we will state the classic Maxwell equation and derive

them.

0B

Faraday’s law of induction rot(E) = T (1.14)
. OE
Ampere’s law rot(B) = poj + Hoco 5, (1.15)
Gauss’s law div(E) = Pe (1.16)
€0
Gauss’s law for magnetism div(B) =0 (1.17)

We will give a short derivation of these equations. Gauss’s law for magnetism (1.17)
follows from the fact that due to observations it’s assumed that there are no magnetic
monopoles in nature. Therefore if we take an arbitrary volume W € R? the flux through

the boundary OW is zero. Using the divergence theorem we get

0= /@ B as(x) - /W div(B) (1.18)

and since W was arbitrary this implies (1.17).
Next we will use Coulomb’s law to show Gauss’s law (1.16). Coulombs law is an exper-
imental fact. One of its versions states that the force acting on a particle at rest with

charge ¢ and position r is

F(r) = 2 /R 3 pe(r’)‘r_r/dr’ (1.19)

~ Adreg r—r']3

where p. is the electric charge density and € is the permittivity of free space. By the
definition of the electric field E = g and by talking the divergence on both sides in the

distributional sense we get (1.16)

div(E)(r) = 610 /R o)l — )’ = pe(r) (1.20)

where d(r) denotes the delta distribution with pole at r. We used that div(#) = 47 (r).
For Faraday’s induction law we will look at two inertial frames. Let our laboratory
frame O be at rest with coordinates x, electric field E and a time independent magnetic

field B. Now we will move a conductor loop, encasing the area S, with constant speed
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ug across this magnetic field. We denote the reference frame O’ co-moving with the
conductor loop. Then its coordinates are denoted by x' = x — ugt. If we look at a
particle with charge e moving with speed u in the laboratory frame O it receives the
Lorentz force

F =e¢(E +uxB). (1.21)

In the moving frame O’ the particle with charge e is moving with speed u — ug receives
the force
F ' =¢e(E +uxB' —uyxB). (1.22)

Since the forces F and F’ must be the same and B’(x’) = B/(x — ugt) = B(x) it holds
that
E'(x') = E(x) + up x B'(x') = E(x) + ug x B(x). (1.23)

Hence the electromotive force acting on the conductor loop, that is located at 0.5, is the

line integral

/ E -dx' = / rot(E 4+ up x B) - n dS(x) (1.24)
oS S
= /S(uodiV(B) — Bdiv(ug) + Jug — Ju,B) -n dS(x) (1.25)

= /SJBug ‘n dS(x) (1.26)
(1.27)

where we used Stokes theorem for the first equality. Further we used that for the time
independent fields E, B we have the static field equations div(B) = 0 and rot(E) = 0.
On the other hand B’ is not time independent, since B'(x’,t) = B(x) = B(x' — ugt).
Therefore we get in O’ by the chain rule

OB’
ot = —JBuO. (1.28)
We get
/ / / / 8B/ /
rotE’ - n dS(x') = E -dx =— ‘n dS(x'). (1.29)
s oS s Ot

Since we can choose S and the conductor loop arbitrary we get for any inertial system
Faraday’s induction law (1.14)
0B
tE = —— 1.30
ro 5 (1.30)

For the derivation of Ampere’s law we will start with a experimental fact, the Biot-

Savart law. It is a magnetic equivalent to Coulomb’s law for magnetic fields and that
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one is obtained by dividing both sides of (1.19) by ¢. The Biot-Savart law states that

/
Ho st r—-r ’
B(r) = — ——dr’. 1.31
)= [ 3060) x T (131
Since ‘rr:rr,/‘?) = —Vr(ﬁ) and with the product rule for curls

v — 1’|

rot(j(r’) ! ) S rot(j(r’))+Vr<|r_1r/|)xj(r’): (1.32)
— ) X Ve <1> (1.33)

v — |

where we used that j does not depend on r. We get

B(r) = rot (i‘; /RS |rj(_r/i,’dr'> . (1.34)

=: A(r)
This implies that
rot(B) = V(div(A)) — A(A). (1.35)
Since
1 1
¥ () = () .
1
A <r—r’> = —4nd(r — 1) (1.37)
it follows

1
rot(B) = -V ,uo/ jir')  Vy———dr' | + ,uo/ J@&)o(r — r')dr’ (1.38)
A Jgrs lr —r/| R3
. We are proofing the classical Ampere’s law for the magneto static case and therefore
div(j) =0 (1.39)

holds. By performing partial integration on the first term of the right hand side of (1.38)

and using (1.39) we get the classical law of Ampere
rot(B) = poj (1.40)

So far we have looked at results from Gauss, Faraday and Ampere. Maxwell’s contri-

bution to the equations (1.14) - (1.17) was that he realized that in the general dynamic
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case Ampere’s law violates the continuity equations of electrodynamics

0
div(j) = div(pen) = — i)pte (1.41)
which is similar to the continuity equation of hydrodynamics (1.8). If we plug — 88;1@ into

(1.38) for div(j) instead of setting it zero as in the static case (1.39) we get

Ho e/ 1 / Ho e e 1 /
v(M/RSJm Vot ) V<4ﬂ/Rg e ) (1.42)

- v (Z‘; 8 aa’;e " ! r/|dr’) = (143)
_ _%‘i 9 68;16 r|r_1r/|dr’: (1.44)
_ % 9 68’16 ’:__rr;,’?)dr’: (1.45)
= ,ugeoaa—f. (1.46)

This term is called the displacement current. With the second term of (1.38) we get

Ampere’s law for the dynamic case

} OF
rot(B) = poj + Hoco (1.47)

This equation completes the Maxwell equations (1.14) - (1.17).

After we have derived the Maxwell equations, we now have to incorporated them into
the MHD-equations. First we will use Ampere’s law (1.15) without the displacement
current. An explanation why we can neglect the displacement current is given later in
[ LINK.......... ]. In the following we will chose units such that the magnetic perme-

ability po = 1. Therefore we get j = rot(B) and it follows that
i % B =10t(B) x B = —B x 10t(B) = —%V(B "B) + JuB (1.48)
with Jp denoting the Jacobi matrix. Further, using the product rule, one can show that
_ %V(B ‘B)+ JgB = —%V(B 'B) + div(B ® B) — Bdiv(B).  (1.49)

Replacing j x B in (1.12) according to (1.49) and using V(B - B) = div(B - B)I we get
the MHD-approximated Fquation of motion

gt(pu) +div(pu®u+ (p+ %(B -B))I — B® B) = —Bdiv(B) (1.50)
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This is exactly equation (1.2).

Next we will look at the magnetic induction equation. We start with Faraday’s induction
law (1.14)

0B
t(E) = ———. 1.51
rot(B) = — (151)
Further we use a simple version of Ohm’s law that states
E+uxB=nj (1.52)

where 7 is the resistivity. Substituting this equation into Faraday’s induction law leads
to
0B

5 = rot(u x B) — rot(nj) (1.53)

the so called resistive magnetic induction equation. We are looking at the ideal MHD-
equations and therefore assume that the resistivity is so small that we can neglect the

term rot(nj). By using standard vector identities we get

(?9—]? =rot(ux B) = —div(lu® B-B ®u) (1.54)

Hence, by adding 0 = —udiv(B) on the right hand side we get the magnetic induction
equation (1.3)
0B . .
v +div(u® B —B®u) = —udiv(B) (1.55)
Next we will look at the energy equation (1.4). We start with the hydrodynamic con-
servation law for energy
OE}, .
W + le((Eh +p)u) =0 (156)

where Ej, denotes the hydrodynamic energy of an ideal gas. It is composed of the internal

energy and the kinetic energy

p L
Ej = —— + —pu”.
h o + 5P
Equation (1.56) is part of the Euler equations. In the magneto hydrodynamic case we
also have to take the work resulting from the electromagnetic force (1.10) acting on the

fluid particles into account. We get

O 1 div((Bh + p)u) = u- (5 x B) (L57)
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Using Ohm’s law without resistivity we get

u-(jxB)=—j-(uxB)=j-E (1.58)
Further by multiplying Faraday’s induction law (1.14) with B and adding Ampere’s law
(1.15) multiplied with —E without displacement current we get

19B?
rot(E)-B —rot(B) - E = —5% —j-E (1.59)

= di\?(rExB)
Since div(E x B) = B?u + (u- B) - B we get with (1.58) and (1.59) that

10B?
u-(jxB) = —div(B*u+ (u-B)-B) — - —
2 Ot
Plugging this into (1.57) and defining the total energy as the hydrodynamic energy plus

the magnetic pressure £ = Ej, + %B2 we get the energy equation

8;; + div ((E +p+ %BQ)u — (u- B)B) = —(u-B)div(B) (1.60)

where we added —(u - B)div(B) = 0.

In (1.10) we neglected the electric force term p.E. Additionally we used Ampere’s law
without the displacement current. We have to discuss why we can neglect those terms,
if ug < cg, with the Alfvén speed u, = \/‘%. We start by solving equation (1.15)for j

and substituting the result into the equation of motion (1.13). We get

ou 1 OE
<c’9t + Juu> =-Vp+ %rot(B) x B — €05, * B. (1.61)

The displacement current produces an extra —ey2E at x B term. We will show that this

term is small compared to p%‘t‘. For the ideal MHD equations it is assumed that one

can ignore resistivity. Hence Ohm’s law (1.52) is E = —u x B and therefore
OE 0 8u |B? Ou
— e xB=¢~((uxB) xB) ~ 32 = —. 1.62
€05, €0, (1 x B) x B) ~ el B| = oot Ot (1.62)
Therefore the BE term is by the factor C';i';p = ﬁg; smaller than the first term pau in
0

(1.61). Next we show that the electric force term p.E is small compared to pJyu term.

By Gauss’s law (1.15) and Ohm’s law E = —u x B we have

BQ
5—(ux B)div(u x B) ~ 1B

peE = ¢gEdiv(E) = —5
Co” o Co~Hop

pJuu (1.63)
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In making the last approximation we assume that the length scale of the third term is
comparable to the last term. According to [......LINK to Plasma for Astroph. ....] its
almost always the case that these length scales are at least of same order of magnitude.

We have that p.E is smaller than pJyu by the same factor 10‘822 and therefore we can

drop p.E and —eo%—lf x B, if u, < ¢p.

1.2 The entropy equation

(Warum .. kurze Erklarung)

We will now derive a evolution equation for the pressure. Therefore we start with the

energy equation (1.4) and substitute for the total energy E = % pu? + % + %BZ.

% <1pu2 +-P2 4 ;B2> +div <(1pu2 + ’YL_p + B2)u — (u- B)B) = —(u-B)div(B)

2 v—1 2 1
(1.64)
With the product rule we get that
o (1 , . (1 5 u? dp ou u?
— [ zpu® ) +div | zpuu) = —— + p— - u+ —div(pu) + p(Jyu) - u
ot \ 2 2 2 Ot ot 2 (1.65)
_,u u+ p(Jyu) - u

For the second equality we used the conservation of mass. Next we will use Ohm’s law

without resistivity E = —u x B and standard vector identities to get that
B’u— (u-B)B=B x (uxB)=E x B. (1.66)

Hence

oB .
=-B 5 —E-j (1.67)
16B?
= oy  UxBlm

where we used Faraday’s law of induction (1.14), Amperes’s law (1.15) without the
displacement current and Ohm’s law. Applying the two equations (1.65) and (1.67) to
the energy equation (1.64) we get

1
P @‘t‘ + Juu) ‘u—(jxB)-u+Vp- u—Vp‘qu’y——erdiv (qu) — —(uB)div(B)

g

=0



Chapter 1. Introduction 10

where we used the equation of motion in the form (1.13). By applying the product rule
we get the pressure equation

%y Adiv(wp + Vp-u = ~(y — 1)(u- B)div(B). (1.68)

With this pressure equation it is possible to derive an entropy equality if we define the
entropy S and the corresponding entropy flux Q as
ps

S=- and Q= —
v—1

psu
v—1

with s = log(p) — ~log(p).

We want to prove the following entropy equality

08 ) _ p(u-B) .
5 +div(Q) = ’ div(B) (1.69)
By the product rule we get
oS ) B 1 ds Op )
N +div(Q) = o (pa + 55 +div(u)ps + (Vp-u)s +(Vs - u)p)

= (2 +div(pu))s = 0

where we used the conservation of mass (1.1). Furthermore by substituting s = log(p) —
vlog(p) and adding 0 = %pdiv(u) - %pdiv(u) we get that the left side of (1.69) is
equal to
1 0 0
o1 (g ((71; +Vp- u) + ypdiv(u) —ypdiv(u) — 7((% +Vp- u) )

~~

= —y(Z2+div(pw) = 0

where we used the conservation of mass another time. We are left with —ﬁ times

the pressure equality (1.68)

p Op . _p(u-B) .
_m (a +Vp-u+ ydlv(u)p) = lev(B).

which we just derived from the energy equality. This proves the entropy equality (1.69).

1.3 Characteristic analysis in one space dimension

We can transform the MHD equations in conservative form into the following form

U, +F(U), =0 (1.70)
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with the primitive variables U = [p,u1,us, us, B1, B2, B3,p]" and the partial derivative
of U with respect to t is denoted by U;. Because of the one-dimensional assumptions

B is a constant. By the chain rule (1.70) is equivalent to

where A = Fy is the Jacobian of F. Here we don’t force div(B) = 0 since we want
to keep the Powell source term for numerical properties of some schemes. Otherwise it
would follow that (Bj); = 0 and we could reduce the matrix (1.72) to a 7 x 7 matrix.

In our case

uy P 0 0 0 0

B B 1
0w 0o Bo&
0 U 0 0 —% 0 0
0 0 0o o =B 9

A= “ p (1.72)

0 0 0 0 w 0 0 0
0 BQ —Bl 0 0 (/51 0 0
0 B; 0 —-B; 0 0 u 0
0 a* 0 0 0 0 0w

where a = , /7—; is the sound speed. By looking at the kernel of det(A — A\I) we get the

eigenvalues of A
A2 = u1 £y, A3 4 =u1 £ca, As6 = U1 & cs, A7g = Uy (1.73)

where c; is the fast magneto-sonic wave speed and ¢, denotes the slow magneto-sonic
wave speed. The waves corresponding to these speeds are longitudinal waves with vari-
ations in density and pressure. The waves belonging to c4, the Alfvén speed, are trans-
verse waves with no variation in pressure and density. The wave that belongs to A7 is
called the entropy wave and it is a contact discontinuity with no variation in pressure

and velocity. Further we have an additional divergence wave with wave speed u;. The
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values of ¢y, cs and ¢y are given by

2 2 B2
=5 a2++\/<a2+> — 4027
)
BQ
=B
0
1 2 B2\ 2 B
A=-1d*+ \/<a2+ ) —4a2=L
1)
It holds that
cs < cap <cy.

Since the eigenvalues (1.73) are real the MHD equations are hyperbolic. In our case of
eight eigenvalues A7 = Ag and therefore the MHD system of equations is not strictly
hyperbolic. Furthermore there are several cases where some of the other wave speeds
can be equal. For example if B% = a? and B% + Bg = 0 then ¢; = c4 = c¢y. This case is

called the ”triple umbilic”.

1.4 Numerical schemes

We can write the two dimensional semi-conservative form of the MHD equations (1.1) -

(1.4) in the following form
W, +F(W), + G(W), = SH(W,W,) + S*>(W,W,) (1.74)
where the vector of conserved variables is given by

W = [p, pu1, puz, pus, B, Ba, B3, E] .
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The fluxes are

and

where we have defined

T =P

B3 + B3

pul
pui + my — B7§
puiug — B1 B2
puiuz — B1B3
0
usB1 — u1 By
usB1 — u1 B3
(E +m)ur — UlBT% — Bi(u2By + uzBs)

pu2
puruz — B1 By
pu% + M2 — 373
pusug — B3 Ba
u1 By — ug By
0
uzBo — u9Bs

2
(E + 7TQ)U2 — UQ% — Bg(ulBl + U3Bg)

5 , and Ty =p+ 5

For the Godunov-Powell source term we get

S'(W,W,) =

B} + B3

(1.75)
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and

S*(W,W,) = Y (1.76)

1

—ug (%)y — (u1 By + u3zB3)(B2)y

We will approximate the solution of the problem on the domain [X1, Xg| X [Y7, Yg] and

therefore define a uniform grid with gridsizes Az and Ay. We set
x; =Xp+iAz, y;=yr+jAy and I;; = [:177;_%7:1:7;4-%) X [yj_%vyj-q-%)‘ (1.77)

We denote the cell average of W over I; j at time " with W,. A standard finite volume
scheme is obtained by integrating the balance law (1.74) over the the cell I; ; and the
time interval [t", t"1) with ¢"*! = " + At" where At, is determined by a suitable

CFL condition. The resulting fully discrete form of the scheme is

wert w20 o, ) S @r  ar ) p (st +s2)
hi T R AV itgd Cimnd) Ay ity ij=3 A
The flux in z-direction
— +1
fe1y = F(Wi, Wi

and the source term Sil ; are given by solutions to the Riemann problem

1 Wi, <0
Wi+ £(W), = S'(W,W,),  W(z,0)=
Wg, >0

and the flux and source term in y-direction are obtain by the corresponding Riemann
problem. | ..... Think about it again ... local conservation but not other probelm ...

maybe leave it away + local conservation]
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1.4.1 A three-wave HLL solver

We approximate the Riemann problem by three waves with wave speeds sz, sg and syy.

The approximate solutions and fluxes are given by

;

W, if %ﬁsL

* . T
WHLLS _ WL, if sy < 7 < sy

E, if8M<%§SR

Wg, if sp< %

FL7 if % < SL

FILL3 (W, Wp) = Fp, if sp <% <sum

F}k%, if SM<%§SR

Fgr, if sp< %

The outer wave speeds are chosen as in [...... LINK zu Gurski ....]. The left wave speed
s, for example is chosen as the minimum of the smallest eigenvalue of the matrix (1.72)

evaluated once at Wy, and once at the Roe averaged state W.
sy = min(uir — ¢, Ut — Cy) sr = min(uig + cfRr, U1 + Cy)

In this solver the middle wave models a material contact discontinuity with similar prop-
erties than the compound entropy/divergence wave. Hence, the velocity field and the

tangential magnetic fields are assumed to be constant across the middle wave. Therefore

*

* * * * * * * *
u" =uj =up, By =By, =DByp and B3y = B3, = Bsp

We do not fix div(B) = 0 and let the normal magnetic field By jump across the middle
wave. Across the outer waves it is constant. Since the /di(B) does only change across
the middle wave the source term does only affect the Rankine-Hugoniot conditions for

the middle wave. We get

s. (W — W) =F —Fp, (1.78)
srR(Wg — Wg) =Fg — Fg, (1.79)
sp(Wh —W3)=Fp; —F; +Sb* (1.80)



Chapter 1. Introduction 16

with
0
(BlR)Qg(Bm)Q

—B3(Bir — Bi1)
—B;(Bir — Bi1)
—u*(Bir — Bir)

—uy BB _ (2 Bs 4 uBy)(Big — Bir)

(1.81)

We will now explain, why we must have the jump condition (1.80). Since Bs, B3 and u

are constant across the middle wave, the source term (1.75) may be written in the form

S1(W,W,) = (T(u,B)B), with

B B
,?1,32733711, et

-
T(u,B) = <0 + ug By + u3B3>

Therefore
W;+F(W),; + (T(u,B)B;), =0

and local conservation gives
su(Wgp —Wi) =Fp —Fp + TrBigr — T By

Relation (1.80) then follows from T% B}, — T} Bf, = S*. We define

1, 1,% 1,%
Si n_ Si—%l(s >0) + Si+%1(SM,i+%<O) (182)

Mi-37

We set u] = sy, since the middle wave of the exact problem has speed ;. Therefore
we get with (1.78) and (1.79)

py=pl =0 9ec{LR}. (1.83)
SM — So

Combining all three conservation equation results in
Fr—F;, =sgWgr—s;, W + (SM — SR)WE + (SL — SM)WZ + Sl’*.

We can solve the second component of this equation for s;;. Therefore we use equation

(1.83) and that sy = uj;, = ujp = uj to get

sy = Ut = mir — L + prur(uiR — SR) — pruir(uir — Sr)
! pr(uir — SR) — pr(u1r — sL)

Similarly, by using local conservation across the outer waves (1.78) and (1.79) we get

1o = m19 + po(uip — So) (w19 — snr)
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Further we get that

% Cca - /Bda % _ada - /BCO'

YTk T e

with

Co = pRUsR(UIR — SR) — prUsL(uiL — S1) — (BirBsr — B11.BoL),
de = Bor(sp —wir) — Bor(sL —uir) — (Birusr, — BiRUsR),

a = pr(uir —sr) — pr(wir —sr), (=sr—51, B=DBir—BiL

with o € {2,3}. It can be ensured that the denominator a¢ + 32 # 0 by modifying the

outer wave speeds slightly

1 -
SR Z U1R + imax{(ulL — ulR), 0} + CfR,

1 -
sp <uyp — imaX{(um —u1R),0} — érr,

where

B2 B2, + B2 B2\2 B2
Bo= 00 Zl0(g 4o 20Ty J(WOETGN 0000 e (L, R)
Po Po Po Po Pp

for some small € > 0. Finally we can compute the intermediate energy

32
Eg(uip — s0) + miou19 — migsnr + =52 (ute — snr) + Bio(Baguog + Baguis — Baguog — B3guig)

E; =
SM — Sp

Hence, all the intermediate states are determined explicitly. The intermediate fluxes are

now obtained by local conservation (1.78) and (1.79)
F*L:FL—FSL(WE—WL), FE:FR—{—SR(WE—WR).

Therefore we get the fluxes for the three wave solver

;

F;;, if SLitlj >0
Pl _ Fi if 3L7i+%7j§0and Spivly 20
i+5,J F;-k+1,j, if SMit 1. < 0 and SRt >0
Fit1j, if SRitl; < 0

As we will see in later numerical experiments the three wave solver does not model Alfvén
waves precisely. Therefore one can introduce a five wave HLL solver. The derivation,

that is similar to the one of the three wave HLL solver, of such a solver, can be found
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in [.....Link to Fuchs ......... .

1.4.2 Higher order reconstruction

Instead of using constant functions W ; on each cell, one can use linear functions to
obtain second order accuracy in space. For a second order approximation in time we
can use the strong-stability preserving Runge-Kutta scheme.

Wiy = Wi + At"LY;,
Wi = Wi, + AL

27‘7’

1 *ok

1/7]
with
L? = W7 L pn F" L @gn G» Sl . +8? 1.84
ij T i,j_E( itig i—%,j>_fy( ij+s i,j—%)_'_ iy T 90 ( )

We will now define the numerical fluxes F, G and later the source terms S' and S2.

ENO reconstruction

The ENO (Essentially Non-Oscillatory) reconstruction is second order accurate for

smooth solutions. We reconstruct in the primitive variables
U = [pij, wij, Bij,pijl;
that can be obtained by transforming the conservative variables. The ENO-differences

in each direction are given as

_ Ui — Uy, if TP <1
DIUi’j _ i+1,7 2,7 i,J Din,j _

Ui,j — Uz‘—l,j, otherwise Um’ — Ui,j—lv otherwise

(1.85)

Ui,j—i—l — Um‘, if ng <1

where
re = [WWUir1y) —¥Uij)| -y _ WUije1) — $(Uiy)|
Y p(Uy) = o(Uimg)] % [90(Usy) — (Us 1)

and v is some function called the global smoothness indicator. We use (U) = E. The

reconstructed linear function in the cell I; ; is

DU, ; DU,
9. . i 9. _ . 1‘

U, (z,y) =U;; +
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The reconstructed conservative variables can be obtained by transforming the recon-

structed primitive variables.

WENO reconstruction

Alternatively to the ENO-reconstruction, one can look at the following one. Consider

the cell differences

D"U;; = <W§fj(Ui+1,j —Uij)+ (1 —w) (Ui — Ui )

; (1.87)

DVU,; = (W;y,j(Ui,jJrl ~Uiy) + (1= w/)(Uij — Ui )
with the weights
0
a; ; 1 2

Wi = ay; = z,07° azl,j: o1

@5 T i 3(e+ 5” ) 3(e+ ﬁ” )
oo M L2

2] b[z‘),j +bz‘1,j’ %, 3(€+ 330)7 ,] 3(6—|—,8§{’]-1)

where € > 0 is small and

B = ((Uity) = (Uiy)% Bl = @(Uiy) = $(Uinr)?,
BYY = ((Uijar) —(Ui)?,  BY = ((Uiy) — (Ui jo1))>.

The indicator function is as well ¢(V) = E. The approximated solution on each cell I; ;
is _
Ax

The WENO reconstruction is third-order accurate for smooth solutions.

DVU;
(=) + = = =)

ﬁ,‘)j(m, y) = Ui,j +

The ENO and WENO reconstruction suffer from a common problem. The reconstructed
pressure and density may not be positive. For obtaining physically meaningful results it
is essential that these quantities are positive. Therefore we have to modify the differences
(1.85) and (1.87). We won’t go further into detail and refer to [ .... 51 in fuchs = waagan
// fuchs....].

We will now define the second order numerical fluxes (1.84).

Fi+%,j - F(Wibjjvwz"/—vkl,j)v Gz’,j+§ = G(W%’Wfﬂrl)
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with

WE :Whj(xz—l—%’y])’ WW:Wz,j(xl_%7yJ>7
wH. :Wi’j(mi’yj_"_%), w2 :Wi,j(xiayj_%>'

Z?] 17]
Here W denotes the positivity preserving modifications of the ENO or WENO recon-

structed conserved variables W or W.

The second order source term can be calculated as in (1.82)

Si] — S%*l 1(8

1_5)]

1,

M,z‘f%,jzo) + Si+%,j1(sM,i+%,j<0)

with SZI_*%J as in (1.81) but with W, ;, W, ; replaced by WFJ, W}/YHJ. Since for
smooth solutions the discretized source S;'; vanishes with (BYV)it1,; — (BE); ;, we have
to add an extra term to obtain second order consistency. In [....LINK to Fuchs...] it was

suggested to modify the source term in the following way

0
B, 1 -~
1,mod 1 2,7 1
syl =8l 4 ; DBl

u;; - Bi;

where D is the positivity preserving modification of the differences (1.87).

1.5 Numerical experiments

1.5.1 Brio-Wu shock tube

This is one of the classical one-dimensional test problems for the ideal MHD. The initial

data is given by

B [1,0,0,0,0.75,1,0,1]  if & <0.5
p,u, b, p| =
[0.125,0,0,0,0.75,—1,0,0.1] else

The computational domain is (z,t) € [0,1] x [0,0.2]. Further we have Neumann bound-
ary conditions. From left to right the solution (see Figure 1.1) involves five waves: a
fast rarefaction wave, a slow compound wave, a contact wave, a slow shock and a fast

rarefaction wave that already left the computational domain at ¢t = 0.2. The compound
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wave at =~ (.45 consists of a slow compressive shock and a rarefaction. This behaviour

is a consequence of the fact that the MHD equations are not strictly hyperbolic.

1.1 T T T T T T T T T
reference
— —— HLL3
1 = ——e— HLL5 Il
— — — HLL3-WEN

— 4 HLL5-WEN!

09r

081

rho

06

05

03r

02r-

0.1 L
[

FIGURE 1.1: Density p of the Brio-Wu shock tube problem computed by different
schemes on a grid with 256 points at time ¢t = 0.2.

107" T T 107"
— + - HLL3
—&—HLLS
- % — HLL3-WENQ
—— HLL5-WEN(
— — O(OF'?)
N - - - O(poF™)
107 F ] -
1071 1
@ >
8 2
5 3
k) g
£ 5
b 8
3
pa}
107 4 107 1
— +— HLL3 N
—&—HLLS
~ %~ HLL3-WENQ
—#— HLL5-WENQ
— = O(DoF'?)
- — - O(DOF™")
107 . . 10" ! !
10" 10° 10° 10* 10" 10° 10° 10*
DOF DOF

(a) L'-differences ||pn — pn2llp1 of the Brio-Wu shock  (b) L'-error in comparison to a reference solution ||pre —
tube problem at t = 0.2 plotted against the degrees of  pn||;1 plotted against the degrees of freedom N =
freedom N = 2% for i =6,...,11 2¢ for i = 5,...,11. The reference solution was com-

puted with the HLL5-WENO scheme on 23 grid points.

FI1GURE 1.2: Convergence study of different solvers for the Brio-Wu shock tube.
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1.5.2 Powell-magnetic advection

This one dimensional problem is used to see how a non-constant normal magnetic field
is treated. Schemes that follow the convergence constrain div(B) = 0 = B; = const.

typically fail. The initial data is given by
[p,u,B,p] =[1,1,0,0,1 — sin(27z),0.5,0,0.5]

With this data the equation for the magnetic field component Bj reduces to the linear

advection equation.

T T
exact solution
— + - HLL3
1.8H —e—HLL5
— — -~ HLL3-WENO
—+— HLL5-WENO

08 W
061
04r

02r

0 L h f L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1

FIGURE 1.3: B; at time ¢t = 1 computed with different schemes on a grid with 64 grid
points

L1-differences

— —+— HLL3
—e— HLLS
6| — ©— HLL3-WEN
—%— HLL5-WEN
- = -0o(OoF™)
- - = O(DOF?

10' 11)2 u‘)’ 10*

DOF
FIGURE 1.4: L!-difference to the exact solution ||(B1)ex — (B1)n||z1 plotted against
the degrees of freedom N = 2°fori = 5,...,12 computed for the Powell-magnetic
advection problem.
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1.5.3 Orszag-Tang vortex

In this standard two dimensional test problem. The initial data leads to supersonic
turbulences. It tests how the code handles the formation of shocks and shock-shock
interactions. Further the problem is invariant under 180 degree rotation, providing a

symmetry test for the code. The initial data is given by
[p,u, B, p] = [y?, —sin(my), sin(rz), 0, — sin(ry), sin(27z), 0, 7]

where v = % is the heat capacity ratio. The computational domain is (z,t) € [0,2]? x
[0,1]. We use periodic boundary conditions. In Figure (1.9a) we can see the solution
of the problem at ¢ = 1. Since the solution contains shocks we expect at most half of
the order the schemes would have for problems with continuous solutions. Therefore the
first order schemes, such as the HLL3 and HLL5 solver obtain order % and the second

order schemes obtain order 1. Figure (1.9b) verifies this convergence speeds.

L1-differences to U
ref

— —+— HLL3
——6— HLL5S

— ©— HLL3-WEN!
—#F— HLL5-WEN
— — -oN?

oo

10°
gridsize N

(a) Pressure p of the Orszag-Tang vortex at t = 1, computed  (b) Ll-error ||py —Pret|| 11 (j0,2)2) Plotted against the grid

with the HLL5 solver with second order WENO reconstruction size N = 2% for i = 5,...,9. The reference solution was
on 10242 grid points. computed with the HLL5-WENO scheme on 10242 grid-
points.

FIGURE 1.5: Pressure p of the Orszag-Tang vortex at t =1

1.5.4 Kelvin-Helmholz instability

Let us first look at the hydrodynamic case of the problem. Therefore we set the magnetic
field equal zero. The MHD equations reduce to the Euler equations of gas dynamics.

We will look at a perturbed shear flow and observe how the different layers mix. The
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(a) HLL3 (b) HLL5
2 ‘ w |
.‘3 ‘

.

(¢) HLL3-WENO (d) HLL5-WENO

FIGURE 1.6: Pressure p of the Orszag-Tang vortex at t = 1 computed with different
schemes on 2562 grid points.

shear flow initial data on the domain (z,y) € [0,1]? is given by

Upg if L1 <29 < I
Uo(x) = @ T (1.88)
Uoue if 29 <11 or Iz <o

where I;(x1) = 0.25 and Iz(z1) = 0.75 are the two interface profiles. We have periodic
boundary conditions on each boundary. Since we chose two interfaces, there is no jump
across the boundary. In the hydrodynamic case the states Uy = [pg, ug, Bg,pg], 0 €
{mid,out} are given by

Upia = [1,0.5,0,0,0,0,0,2.5], and Uy = [2,—0.5,0,0,0,0,0,2.5].

We can perturb this problem in two ways. First we will look at a perturbation of the two

interfaces and later we will perturb the initial value of us. For the interface perturbation
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we set

[ =Lenw) =i+ eYj,w), j=12

where € is the amplitude and

m

Yj(z1,w) = Za?(w) cos(2n7 (b} (w) + 21)), j=1,2.

n=1

The corresponding problem is then

Upig if If(x1,w) < z9 < (21, w
Up(x,w) = a 1 i(mw) <z < o, w) (1.89)
Ugue if o <If(z1,w) or I(z1,w) <z

In Figure (1.7) we see the approximated density of the initial value problem (1.89) at
t = 1 plotted for grid sizes between 1282 and 20482. The second order accurate HLL5-
WENO scheme was used. The figure suggests that the solution does not converge as
the mesh is refined. We can observe more small scale structures as the mesh is refined.
To further verify the lack of sample convergence we looked in Figure (1.8) at the L!-

differences

lon — pngellro,yy, for N ={2": i=6,...,11}
of these approximations.

The second perturbation uses slip interfaces (1.88). The velocity in xs-direction is per-

turbed the following way
ug = Asin(2mzy ) sin(27z2) (1.90)

where A is the Amplitude of the perturbation. In Figure we look at the L1-differences
l[oN — pny2llpr of approximations computed by the HLL5-WENO scheme. We can see

here as well that these differences don’t converge.
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(a) 1282 (b) 2562

(c) 5122 (d) 10242

(e) 20482

FIGURE 1.7: Approximate density for the initial data (1.89) for one sample (fixed w)
and with e = 0.02, computed with the second order HLL5-WENO scheme at ¢t = 1 for
different mesh resolutions.
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FIcURE 1.8: L'-differences ||pn —pn/2||r1 with initial data (1.89) computed for a single
sample with the HLL5-WENO scheme plotted against the grid sizes N = 2¢ for i =
6,...,11
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(a) Approximate density for the perturbation (1.90) of the ini-  (b) L!-differences ||pn —pn /2|11 with initial data (1.89)
tial data (1.88) for one sample (fixed w) and with A = 0.01, computed for a single sample with the HLL5-WENO
computed with the second order HLL5-WENO scheme at t =1  scheme plotted against the grid sizes N = 2% for i =
on a 10242 grid. 6,...,10

FIGURE 1.9: Pressure p of the Orszag-Tang vortex at t = 1
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Entropy measure valued solutions

In order to get a more general notion for solutions we will use the concept of Young
measures. First we will give an introduction to Young measure. In Section [....... | we
will look at the measure valued Cauchy problem, a weak, more general formulation of
the Cauchy problem. The approximation of solutions to this measure valued Cauchy

problem are discussed in Section [......].

2.1 Young measures

Let M(RY) be the Banach space of all finite Radon measures on RY, which are inner
regular Borel measures p with finite variation ||u[| vqmyy = | p|(RY) < oco. Further let
Co(RY) be the Banach space of all continuous real-valued functions on RV which vanish
at infinity, equipped with the supremum norm. Then by a well known form of the Riesz
representation theorem [...link to real and abstract analysis p.364...] M(RY) can be
identified with Co(RY)" the dual space of Co(RY) by the isometric isomorphism

MRY) = Co(RNY
B </’L7>

with the dual pairing (i1, g) = [pn 9(&)du(§).
The duality between those two spaces induces a weak-* topology on M(R™). A sequence

" € M(RY) converges with respect to this topology to p € M(RN) if (u™, g) — (1, g)
for all Co(RY). This is also known as narrow convergence.

The set of all probability measures on RY is the subset
PRY) :={pe MRY):p>0, u(RY)=1}.

28
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A Young measure on D C RF is a weak-* measurable function
D — P@RN)
z = v i=v(2)

where a function is said to be weak-* measurable if the mapping z — (v, g) is Borel
measurable for every g € Co(RY). The set of all Young measures from D into RV
is denoted by Y(D,RY). A sequence of Young measures 1" € Y(D,RY) converges
narrowly to v € Y(D,RY) if

/ o) g)dz — / o()verg)dz ¥ € LY(D), ¥ g € Co(D).
D D

This weak-* convergence with respect to the weak-* topology o(L>°(D), L'(D)) is de-
noted by (v, g) — [Jx(v, g).

Next we will state a version of the fundamental theorem of Young measures.

Theorem 2.1. Let v € Y(D,RY) for n € N be a sequence of Young measures.

Then there exist a subsequence v and a nonnegativ measure-valued function v : D —

M (RN) such that

(i) [p ()W g)dz = [ 0(2)(vz,g)dz ¥ o € LY(D), ¥ g € Co(D).
and further satisfies

(i) vzl m@ny <1 for ace. z € D;

(i4i) If K C RY is closed and supp(v?) C K for a.e. 2 € D and n large, then supp(v,) C
K for a.e. z € D.

If one can additionally find for every bounded, measurable E € D a nmonnengativ Kk €

C(RN) with lim¢| 00 K(C) = 00 such that

sup/ (VY Kk)dz < 0o (2.1)
E

n

then
() vzl mmny <1 for a.e. z € D;

and hence v € Y (D,RYN).
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Proof. Let L°(D; M(RYM)) be the space of equivalent classes of weak-* measurable
functions p : D — M(RY), equipped with the norm

[l oo, == ess sup ||| a4
zeD

It can be shown [...ref to Ball /4...] that LX°(D; M(RY)) is isometrically isomorph to
the dual of L'(D; Co(R™)) and therefore a Banach space. Since ™ € Y (D, R") we have
|[#"||copmt = 1 for all n € N and therefore the sequence v" is bounded in L (D; M(RY)).
Hence there exists a v € L(D; M(RY)) and a weak-* convergent subsequence v, of
Vpn. This weak-* convergence with respect to the weak-* topology on L%°(D; M(RM)) is

lim <V;n,\IJ(Z,')>dZ:/<Vz,\I/(Z,‘)>dZ

for all ¥ € LY(D;Co(RY)). In particular, letting ¥(z, &) = ¢(x)g(€) for p(x) € LY(D)
and g € Co(RY) proofs (i). Next, we claim that v, > 0 for a.e. z € D. If not, then there
would exist a non-negative function ¥ € L'(D; Co(R")) such that [, (v., ¥(z,-))dz < 0.
But then, since v]* > 0
0> / V2, ¥(z,))dz = lim [ (v',¥(z,-))dz>0
D m—0o0 D

is a contradiction. (ii) follows from the weak-* semi continuity of the norm || - |-c0, M.
To show (iii) let g € Co(RY) with g|x = 0. Therefore (v, g) = 0 for almost every

z

z € D and m large enough. Hence

L/wwxwgwuz lim [ o(2)(", g)dz=0
D

m—r0o0 D

for all ¢ € LY(D), and therefore (v,,g) = 0 for a.e. z € D. This is (iii). Assume now
that (2.1) holds. Fix a set E C D of finite, nonzero Lebesgue measure A\(E) and denote
the average integral over E by {5, = ﬁ [ For every R > 0 we define

1 K(€) <R
Or(6) =1+ R—k(€) R<k(f)<R+1
0 R+1 < k(&)

Since 0r(€) € Co(RY), we have with (ii)

][ (V]',0r)dz = lim + (v,,0g)dz < ][ |lvel|mdz < 1.
E E

m— 00 E
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Further 1 — 0g(&) < % and therefore

][ 1— (V" 0p)dz= lim 4+ (V"1 —0p)dz < 1][ (V' k) dz
E E R JEg

m—r 00

From the above inequality it follows that

1
1 < lim lim + (v",0g)dz+ lim sup][ (V' k) dz
R R E

R—oco m Jp —00 1m

— 1 _0r)d
A, f, 0 d=

fr%mes1
E

where we used (2.1) for the equality. Therefore {7 ||v;[|amdz = 1 and since E C D was

IN

arbitrary we proofed (iv). O

Let (Q,F,P) be a probability space, D € R? a Borel set and v : 2 x D — RN a

random field, then we can define its law v by the induced measure v, := P o u(-,z)~!

and therefore
eas) = [ 0©d©) = [ a©dPout))© = [ alutw.) aPw) (22

for g € Co(RY). This defines a Young measure:

Theorem 2.2. If u: Q x D — RY is jointly measurable then v, := Powu(-,2)~" defines

a Young measure from D — RN,

Proof. Since u is jointly measurable it follows for fixed z that the set {w : u(w,z) €
U} = u(z,-)"1(U) is P-measurable.

We need to show that the definition of v is independent of the choice of the mapping in
the equivalent class of jointly measurable functions u : Q@ x D — RY. Let @ and @ be
two functions such that @ = @ for P x M-a.e. (w, z), then by applying Tonelli’s theorem

we get
0:/QXD Lazay(w, 2)d(PRAN) (w, 2) = /D/Q]l{a;éa}(W,Z)dP(w)d)\(z) _
= /D P({w: a(w, 2) # i(w, 2)})dA(2)

Therefore P({w : @(w,z) # t(w,z)}) = 0 for a.e. z € D. Hence for every Borel set
UeRN

PH{w:t(w,2) €eU}) = P{w : u(w,z) € U})
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for a.e. zinD. Finally v is weak-* measurable since
-9 = [ 9(u(w,2) dP()

which is measurable in z for every g € Co(R™N). O

Next we construct a measurable random field from a given Young measure.

Theorem 2.3. For every Young measure v € Y (D,RY) there exists a probability space
(Q,F,P) and a function u : Q@ X D — RN such that u is measurable on the product
o-algebra on X D and such that u has law v.

In particual we can choose the probability space as ([0,1), B, X) with B denoting the Borel

o-algebra on [0,1) and X the Lebesgue-measure.

Proof. We will proof the theorem on the probability space ([0,1),8,A) and N = 1. For
n € N and j € Z we define

(—o0, —2m) if j = —22"
. — -1),- if j=—-2"41,...
[—2"(j — 1), —2"j) if} 22" 4+1,...,2%"
F =
[27, 00) if j =227 41
0 else.

227 inner intervalls of Lebesgue measure

a partition of R into two outer intervalls and
27" Let pi(2) = T v, (FL). Since Cy(R) is dense in L'(R) and v € Y(D,R) we have
that pJ(z) : R — [0,1) is measureable for all n,j. Further p(z) = 0 for j < —22" and

ph(z) =1 for j > —22" 4 1. For n arbitrary but fixed we can define a function
Up(w, 2) := & with j such that p/~'(2) < w < pl(2)

where &, € FJ can be chosen arbitrarily. This function is well-defined for all (w,2) €
Q x D and for fixed z piecewise constant in w.

Next we will proof that u,, is measureable on the product o-algebra between F and the
Borel g-algebra on D. Since u, only takes finitly many values 5%, it suffices to show

that u;'(¢)) is measureable for each &. Indeed,

up (€)= {(w,2) € Qx D :p H(2) Sw < ph(2)}
:(QXD)O{(w,z)EQszpZ;l(z)§w}ﬂ{(w,z)GQxR:w<le(z)},

the intersection between the epigraph of pffl and the hypograph of p% which are mea-

sureable, since all p}”‘ are. Since the partition ijj is a refinement of anj whenever

E€Z €L
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m > n it follows |up(w, 2) — um(w,2)| < A(F}') = 27" with m,n chosen, depending on
(w, 2), large enough. Hence u,, converges pointwise to some function v : @ x D — R and
therefore u is measurable by the measurability of each u,,.

Finally by Lebesgue’s theorem of dominated convergence and the definition of the

Lebesgue integral we have for every g € Cy(R) and z € D that

| tuteo.2)aP) = tim [ gl (e, 2)aP(w) = i Y0 (FolEl) = [ styav.

2.2 The measure valued Cauchy problem

Since standard numerical schemes may not converge [...Link to MVS..] and new struc-
tures are found at smaller and smaller scale it is reasonable to look at a different (weaker)
notion of solutions. Entropy solutions, whenever they exist should be included in this
class of solutions.

Instead of looking for an integrable function which solves the Cauchy problem

9 i = s(u
au +div(f(u)) = s(u) (2.3)

u(z,0) = ug

we generalize the problem and require the solution to be a Young measure. With the

notation of the previous section we introduce the following generalized problem

o, . . ={v.s
&@7 id) + div({v, f)) = (v, s) (2.4)

V(z,0) = Oz

with given initial data o, € Y(RY RY). A Young measure v € Y(R? x Ry, RY) is a
measure valued (MV) solution of (2.3) if (2.3) holds in the sense of distributions. That

is

-~
- /R+ /RN<s,id)gp(:U,t) dadt (2.6)

for all test functions p € CH(R? x Ry). If v € Y(R? x R, RY) additionally satisfies
for every entropy pair (1,¢) and all non-negative 0 < ¢ € C}(R? x R, ) the entropy

9
/ 9 (@, ) oty id) + Vo) - (o, £) dadt + / (0, id)o(z,0) do (2.5)
]R+ RN at
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inequality

0

/ aw(x,t)@(x,t),m+Vx<p(x,t) V(z,)5 ) dwdt+/ (oz,me(x,0) dz  (2.7)
Ry JRN RN

> / / (Vay 's)pla ) dadt (2.8)
R, JRN

where 1 denotes the derivative with respect to the conserved variables of the entropy
function 7, then v is called an entropy measure valued (EMYV) solution.

Let d,(z,¢) denote the Delta distribution with a singularity at u(x,t) so that (dy(y,), f) =
f(u(z,t)). Then every entropy solution u of (2.3) give rise to an EMV solution v of (2.3)
by defining v, ;) := 0y(z,). Therefore the set of EMV solutions with initial data o = dy,

is at least as large as the set of entropy solutions of (2.3) with initial data .

2.3 Construction of approximate EMYV solutions for con-

servation laws

In this section we will only look at conservation laws in one space dimension. The gener-
alization to more dimensions is straightforward and can be found in [.....Ulrik-diss......].
The source term s in is set to zero and therefore in the definition of the EMV solution
(2.6), (2.8) the right hand sides are zero.

For the construction of approximate EMV solutions we will begin with a suitable nu-
merical scheme. Lets look at a finite volume/difference scheme with locally Lipschitz
continuous numerical flux function Fﬁﬁ /20 where Az is the mesh size. Further let the
numerical flux be consistent with the given flux function f. Let Fﬁxl /2 depend on the
(2p + 1)-points around w2, where u%(t) := {uf*(t)}Y, denotes the numerical approx-
imation generated by the semi discrete (continuous in time) scheme. Let the discretized
initial data be denoted by uOAI and write for the evolution operator S&% such that
qu — 8A9c<u€x).

The following Algorithm explains how we obtain a approximate EMV solution.

Step 1: Let o € Y(R,R") be the inital Young measure in (2.3). According to Theorem
2.3 there exists a probability space (2, F, P) and a random field ugp : © — L*°() such
that o is it’s law.

Step 2: We evolve the dicretized initial random field uOA”” by applying the described
evolution operator to each w € Q such that u®%(w) = S?% (u§**(w)) to obtain a approx-
imation to the solution u(w), with corresponding random field ug(w).

Step 3: Define the approximate measure valued solution 2% € Y(R x R, ,RY) as the

law of 2% with Theorem 2.2. Next we will show that if the numerical scheme satisfies
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a set of criteria the approximate EMV solutions obtained by the above procedure will

converge narrowly to a EMV solution of (2.3).
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