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Abstract

In this thesis we introduce and analyse a residual-type a posteriori error estimator for a discontin-
uous Galerkin (DG) method applied to the Helmholtz equation with Robin boundary condition at
high wavenumbers k. The estimator can be used for adaptive mesh refinement, and controls the
error caused by the nonconformity of the method as well as the approximation error in the norm
Ell‘|lr2+| | g1- As a model problem, we consider the case of convex polygons and hp-finite elements.
In the classical theory, a posteriori estimators provide bounds of the error up to constants depend-
ing linearly on k. In the present work, we prove a reliability estimate, where the occuring constant
becomes k-independent under certain assumptions on the FEM space, which require a minimum of
O(k?) degrees of freedom in two dimensions. In this setting, efficiency will be shown to hold with
a constant depending on a power of log(k). The proof is based on recent findings in the study of
highly indefinite Helmholtz problems, which show that our choice of space allows a pollution-free
discretization. This theory is also applicable to the DG formulation, which is moreover known to
admit unique solutions under much weaker conditions than conventional Galerkin methods. This
leaves us with an adaptive method, that avoids pollution and additionally has favourable stability
properties. A series of numerical experiments is conducted to illustrate the performance of the
error estimator and the adaptive algorithm.
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Introduction

Consider the Helmholtz equation with Robin boundary condition:

—Au—FKu=f in
—Vu-n+iku=gyg on 052,

where n is the outer normal, f € L%(Q), g € Hl/Q(aQ), Q) C R? is a convex polygonal domain, and
k > 0 is the wavenumber. If k is large, this problem is highly indefinite, and it is well-known that
low order finite element methods suffer from the so called pollution effect. This means that they fail
to approximate the solution properly, unless a surprisingly stringent resolution condition is imposed
on the meshwidth h, typically this is k&2h = O(1). The condition implicates, that a minimum of
O(k*) degrees of freedom is needed in two dimensions. Moreover, a posteriori error estimators are
marred by their dependence on the inf-sup condition, which is known to grow linearly in k for
certain domains. This results in an overestimation of the error, thereby challenging the estimators
usefulness in adaptive algorithms. Naturally it is of interest to improve such methods in order to
avoid these problems.

A new k-explicit a priori analysis was conducted in [26, 27]. There it is shown, that a pollution-
free discretization of the Helmholtz equation is possible under certain requirements regarding the
FEM space: In the case of convex polygons and hp-finite elements, the mesh needs to be geo-
metrically refined towards the vertices of the polygon, the polynomial degree p must be of size
O(log(k)), and hk/p should be sufficiently small. This theory relies on a splitting of the solution
of the Helmholtz equation, and we will shortly recall the essential points in Section 2.2 and further
elaborate in Section 2.4.

In [25] a discontinuous Galerkin method, based on the mentioned splitting, was analysed. The
advantages of this formulation manifest themselves in the following properties: Only very mild as-
sumptions are necessary to ensure the existence of a discrete solution (see Theorem 2.3.5). Moreover,
k-independent quasi optimality of the method is guaranteed under the above resolution condition
of the FEM space, which mandates a minimum of O(k?) degrees of freedom in two dimensions as
compared to O(k?) (cf. Theorem 2.4.2 and Remark 2.4.3).

Particularly in view of the necessary mesh refinement in neighbourhoods of the vertices, it is
desireable to have an adaptive algorithm for this problem. Therefore, the primary goal of this
thesis is to find an a posteriori error estimator for the discontinuous Galerkin formulation of [25],
which is efficient and reliable with constants depending very weakly on k. To be more precise, we
will restrict ourselves to the case of Ap-finite elements on regular triangular meshes. The constant



in the reliability estimate will be independent of the wavenumber, provided that the FEM space
meets the mentioned requirements. The constant in the efficiency estimate will likewise not depend
on k, but on some power of p. The choice p = O(log(k)), effectively entails polynomial dependence
on log(k) in this case. The specific problem of the k-dependence will be overcome as in [15] by an
Aubin-Nitsche type argument and the approximability of the adjoint problem, which again relies
heavily on the theory from [26, 27].

The structure of this thesis is as follows: In Chapter 1, we define function spaces and set up
necessary notation. In Chapter 2, a model problem is given, and we briefly summarize the relevant
material concerning the DG method from [25]. Furthermore, we recall the findings of [27], and,
based on this, extend some results on convergence and stability from [25] to our specific setting.
Chapter 3 will be concerned with two approximation theorems. It serves as a preparation for the
subsequent chapter on a posteriori estimators, but is of interest in itself: First, we will introduce
an H2-conforming Clément type interpolant for the Sobolev space W4, with the property that it
locally reproduces the optimal convergence rates for derivatives up to order n — 1 on admissible
triangulations. Afterwards, we proceed with the study of the approximation of discontinuous
piecewise polynomials by globally continuous piecewise polynomials on regular triangular meshes.
In Chapter 4, an a posteriori error estimator is presented, and efficiency and reliability will be
proved. Finally, Chapter 5 is dedicated to numerical experiments. We will compare convergence
rates for uniform and adaptive refinement, and test the adaptive algorithm with problems that are
not covered by our theory.



Chapter 1

Preliminaries

In this chapter, we introduce the notation and function spaces which will be used in the following.
Most of it is fairly standard, and we keep close to [9, Chapter 2 § 5], [27, Section 1], [30, Section
4.4.1], and [24, Section 1.1].

Let us start with a few general remarks. Throughout this thesis C' > 0 will be a constant which
does not depend on the meshwidth h, the polynomial degree p, the wavenumber k, and the solution
u. Yet, it possibly depends on the shape regularity constant v, which will be defined in (1.1.4),
and occasionally on some other parameters. The constant C' is not fixed and may change in each
occurence. Moreover, we use the notation

f(z) < g(x)

to indicate that there exists a constant C' > 0, not depending on the aforementioned parameters,
such that f(x) < Cg(z) for every x in the domain of the two real valued functions f and g. If we
have f < g together with f 2 g we write f ~ g. ‘

Further, the (weak) j-th derivative of v in z direction is denoted by D7v, and for some multiindex
a € N&, we write DY := Dzl ... Dgdv.

In the following let 2 C R? be a connected open polygonal domain with

o0 = 9. (1.0.1)

1.1 Triangulations

1.1.1 Elements, Edges, Vertices

We set up the terminology for elements, edges, and vertices of a triangulation. Let 7 be a finite
set of open triangles K C () such that

JE=9 and KnK'=0,
KeT

for all K,K' € T with K # K'. Let K € T be an element of 7. We call the three corners
V1, Va, V3 of K its vertices, and each side of K is an edge of K. The set of all vertices belonging



to an element K € T is denoted by N(K). Let e be an edge of K. Then e is always considered
to be closed in R?. We say e is an interior edge if there exists an element K’ # K in 7T, such
that e is an edge of both elements and e € 9. Otherwise e is called a boundary edge of the
triangulation 7. The set of all interior edges belonging to some K € T is denoted by &7(K).
Similarly, for the boundary edges we write E8(K), and for all edges of the element K we write
E(K) := EN(K)UEB(K). A subset w C € is called a patch of T, if for some n € N it can be
written as

n
w=%K, (1.1.1)
j=1

where K; € T for all j € {1,...,n} and for every j € {2,...,n} it holds that K; shares an interior
edge with an element from the set {K1,...,K;_1}. For the triangulation of this patch we write
T., and sometimes consider w to be a set of elements rather than a polygon. The sets of elements
belonging to a patch w, an edge e, or a vertex V are denoted by

Kw):={KeT:KCuw},

K(e)={KeT:Kne#0},

KWV)={KeT :KnV #0}.
We use the following notation for sets of vertices and edges belonging to a patch w:

N(w) = U N(K), and  E(w):= U E(K)
{KeT:KCw} {KeT:KCuw}

with similar definitions for interior and boundary edges. In the special case where the patch is the
whole domain we write for the fixed triangulation T

N = N(T) :==N(Q), and  £:=&(T):=&(Q),

with analogue definitions for interior and boundary edges. The set £ is called the skeleton of 7.
Finally, the notation N (e) and £(V) stands for the endpoints of the edge e respectively for the set
of edges with endpoint V.

Patches that will be of importance to us are those associated with an element K, an edge e, or
a vertex V (without further assumptions on 7 the following sets generally are no patches in the
sense of (1.1.1)):

WK = w}( = U K,
{K’ET:FO?#@}
and further for j € N, 7 > 1
j 1
W 1= U Wi
K'eK(wi ")

Replacing K with e or V we obtain analogue definitions for w? and w{,.
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1.1.2 Admissible Triangulations

Definition 1.1.1 (Admissible triangulations). Let T be a finite set of open triangles K C ).
We say that T is an admissible triangulation of Q provided that

(i) Uger K = Q.

(ii) Let K # K' be two elements of T. Then K N K’ is either empty, it consists of a common
vertex V', or it consists of an entire common edge e of K and K.

(iii) Let K € T and |T| > 1. Then there exists an element K' € T, K' # K and K N K' is an
entire common edge of K and K'.

(iv) For every V€ N(T) it holds that wy is a patch in the sense of (1.1.1).

In this case we also write (Q,T) for the tupel. Moreover, a property of a function defined on 2 is
said to hold piecewise if it holds for the restriction of the function to each element K € T.

As a consequence of (1.0.1) and due to the requirements of an admissible triangulation, hanging
nodes and slit domains are excluded. Let us make some further comments on the notation.

e Even though £ is a set of edges, we write short
/ hdS:=Y_ [hds,
€ ecg V¢
for functions h with h € L!(e) for every e € €.

e To capture the size of elements we use the three quantities

hy := diam(K), he == |e], hy := min hg. (1.1.2)
Kewy

The meshwidth A7 of T is the maximal size of an element:

hr = hi. 1.1.3
i gt e

e The reference element K C R? and the reference edge é C R are defined as
f(::{(:v,y)ERQ:m,y>Oand:r+y<l}, é:=[0,1],

where sometimes é is considered to be naturally embedded in R2. For every K € T there is
an affine isomorphism Fg : R? — R? called the element map with Fx (K ) = K. In case we
want é or 0 € R? to be mapped onto a specific edge e € £(K) or a vertex V € N(K), we
use the notation Fxy and F . instead of Fx. To shorten notation we define the edge map
F. := Fgele : € — e, and for V € N (e) the map Fey as the edge map with the additional
property Fey(0) = V. The element maps allow us to define shape regularity.



Definition 1.1.2 (Shape regularity). Let T be an admissible triangulation of Q and let v > 0.
Then we say T is v-shape regular if we have

Wi Pl oo iy + Pl (F) ™Ml oo () < 75 (1.1.4)
for every K € T.

Shape regularity implies two important characteristics of the mesh that are stated in the fol-
lowing lemma [24, Lemma 1.3].

Lemma 1.1.3. Let T be an admissible y-shape regular triangulation of . Then there exists an
integer M = M(vy) > 0 such that the following is true.

(i) For every V€ N(T) it holds that no more than M elements of T share the vertez V.
(i) Let K, K' € T with K N K' # 0. Then

M hg < hgr < Mhg. (1.1.5)

If (1.1.5) holds, we also say that K and K’ are comparable in size. The last definitions we
need to make in this section are about reference patches.

Definition 1.1.4 (Reference patches of the first type). Let~y >0 and let M = M(vy) >0
be the constant from Lemma 1.1.3. For every j € {3,..., M} we consider a fixed closed regular
polygon w; C R? with j sides, center 0 € R? and such that the farthest distance from a point in
w; to its center is one. By defining interior edges on w; as the lines connecting 0 with a corner of
w;, we then obtain a triangulation T; of w; in a natural way. The elements in this triangulation
are denoted by {K{, e ,KJ]} The finite set B('y) of reference patches is given as the set of all
patches (in the sense of (1.1.1)) & belonging to one of the polygons &; with the triangulation T;,
je{3,...,M}.

With the above notation let now V € N(T). Additional to element maps we also consider
patch maps Fy : R2 — R? such that Fy/(&y) = wy for a suitable &y € B (7). They are defined to
be the continuous piecewise affine extension of a fixed Lipschitz continuous piecewise affine (with
regards to the triangulations 7|, and 7;, where &y = @;) homeomorphism between wy and c%;v.

1.1.3 Geometric Meshes

For o € (0,1) and L € N we construct meshes 7 (o, L) on the reference element K as follows:
7 (0,0) is a fixed admissible triangulation such that the only vertices on the boundary are (0,0),
(0,0), (0,0), (1,0), (0,1), and the only element abutting at the origin is determined by the three
vertices (0,0), (o,0) and (0,0). Starting with 7 (o, L), the triangulation 7 (o, L 4 1) is obtained by
additionally furnishing the single element of ’f’(a, L) that abuts at the vertex 0 with a scaled version
of the triangulation 7'(0, 1), such that this is still an admissible triangulation (i.e. the scaling maps

0 to 0).
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Definition 1.1.5. Let Q C R? be a polygon with J € N corners Aq,..., Ay, which we call its
apices. Let h > 0, L € N, 0 € (0,1), and let T be a ~y-shape reqular admissible triangulation of
Q. Then we call T a geometric mesh with grading factor o and L layers provided that the
following is satisfied: Assume that no element of T touches more than one apex. Then, starting
from a quasi-uniform triangulation T on S with mesh size h, that means for each K € T we have

&3 'hi < h < eohy,

for some fizxed co > 0, T is obtained by furnishing elements abutting at an apex with a scaled version
of the triangulation 72(0, L), such that the resulting mesh is reqular and refined towards the apices
(i.e. the scaling maps O to the apex). The triangulation restricted to the uniform part of the mesh
is denoted by Tunif, and the rest of the triangulation is denoted by Tgeo. In this case we also write
T =T(h,o0,L), respectively Tynit(h,o,L) and Tgeo(h, 0, L) for the uniform and the geometric part
of the triangulation.

We mention that this definition implies that elements touching the apex are of size O(ha”).
Moreover, there exists a constant cge, > 0 such that for every element K € Ty, with A; ¢ K for
every j € {1,...,J} and dist(K, A;j) < ¢1h we have

hK < dlSt(K A; ) < Cgeth~ (116)

geo

1.2 Spaces

1.2.1 Finite Element Space

Let 7 be an admissible y-shape regular triangulation of €. In our setting we work with polynomials
of degree pg on each element K. The polynomial degrees are collected in the vector p := (pr)xeT,
which is called a polynomial degree distribution. For d,p € N we define the following spaces
of polynomials

d
P(Rd) —span{lel...xfid:jl,...,jdENO A Zjdgp},
j=1

Qp(R?) := Q) Py(R),

and further for every e € £(T) and K € T

Pple) == {qOFe_l‘e YIS PP(R)}a
Pp(K) = {TOF[§1|K ir € Pp(RZ)}.

The space in which we approximate our solution is

SP(T) :={v e L*(Q) :v|x € Py (K) VK € T}.



If pr = p for all K € T, we also write SP(7) := SP(T). Similar to (1.1.5) we want to bound the
change of polynomial degree for neighbouring elements. To ensure this, it will generally be assumed
that if K’ C wg, then

v 'pr < prv < Pk (1.2.1)

where v > 0 is a constant. For simplicity of notation we use the same letter as for y-shape regularity,
and consider v to be a constant associated with the finite element space SP(7). Furthermore we
employ the notation

= min pg v = min pg
De Kewep s D Kvap ,

to get local polynomial degrees, and

‘= min pg, 1.2.2
PT := Wi px (1.2.2)

to get the lowest polynomial degree of p.

1.2.2 Broken Sobolev Spaces

The usual notation H®(w) and W*P(w) is used to denote Sobolev spaces for s > 0, p € [1, 0], and
some open nonempty set w C R? (see [2, Paragraphs 3.2 and 7.57]). The norms on these spaces
are || - |gsw), || - lwsr), and | - |gs (), with the last one being the standard seminorm on H*(w)
(defined via Fourier transformation). On the domain  with the triangulation 7 we define the
broken Sobolev space H7(f2) for s > 0 as

H3(Q) == [[ H(K). (1.2.3)
KeT

For convenience, functions in this product space are identified with functions defined on 2, and
by the notation v|x € H®(K) we mean the component of v € H5(Q2) that belongs to K. If
v|x € CY(K), we define for € K

olic(@) = Jim v(y).

yeK

On the spaces H5-(€2) we introduce the piecewise gradient Vi : H3-(Q2) — L?(Q)? and the piecewise
Laplace operator A7 : H%-(Q) — L?(Q). They are simply the elementwise application of V and A,
and are therefore well-defined on the broken Sobolev spaces.

For s > 1/2 and v|g € H*(K) there exists a trace (v|x)|ox € H* /?(0K) [2, Chapter 7].
Hence the trace of v € H7(Q2) belongs to

I & '*@K).
KeT
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In this case we write e.g., (v|x) |e for some e € £(K) to denote the restriction of the boundary trace

of v|g € H*(K) to the edge e C K. Moreover we will need jumps and mean values on interior
edges. Let e € £ be shared by K, K’ € T. Then

[vinle :== (v|K)le - mK + (v]K)|e - Prcr,

(ole 1= 5 (@Il + (o)l ).

where ny,ng are the respective outer normal vectors on the boundary of K and K’ and v can
also be vector valued. Additionally, we define the jump

[v]e == (vlx)le = (vl&)le,

where the sign of this term is arbitrary, unless explicitly stated otherwise. Finally, we write Opu :=
Vu - n for the normal derivative on the boundary.

1.2.3 Weighted Sobolev Spaces

We introduce a set of weighted Sobolev spaces. Let p € [0,1), k > 0, and n € Ny, then we define

n—+p
Oy pat () i=min { 1, Ll (1.2.4)
: +
min {1, Z—H}
For a polygonal domain € with apices A1,..., A; and some p € [0,1)7 we further set
J
(I)nuk-‘rl H ,uJ,k—H € _AJ)' (1'2'5)
7=1
Moreover, if n € Ny then
V@)= Y LDu()P?
: o :
{aENg:\od:n}

Definition 1.2.1. Let Cy,k,v > 0 and p € [0,1)7. The space By, (Cy,v) is given by

Byu(Cusv) i= {u € H' () ik|lull 2oy + lul gy < Cuk - A

1P k1 V" 20 () < Culvmax{n, k})"2 Vn € NO} (1.2.6)

where O, ,, 41 15 as in (1.2.5).






Chapter 2

Discontinuous Galerkin (DG)
Formulation and Splitting of the
Solution

The purpose of this chapter is to introduce a DG method for the Helmholtz equation and gather a
few important results on stability and existence of a solution of this formulation. In [26] a splitting
of the solution of the Helmholtz equation was derived for the special case where the domain is
a ball centered at zero, and it was shown that this allows a pollution free discretization of the
Helmholtz equation. In [27] the theory was extended to domains with analytic boundary and to
convex polygonal domains, and in [25] a DG method based on this splitting was analysed again on
domains with analytic boundary. Here, we consider this method on convex polygonal domains and
give a k-explicit convergence result in Section 2.4. Moreover, in Section 2.2 we shortly touch on
the subject of pollution, which explains the reasoning behind the whole theory, and subsequently
recall the decomposition of the solution.

2.1 Model Problem
Let Q C R? be a convex polygonal domain satisfying (1.0.1). Let f € L?*(Q) and let g € HY/2(99).
Then we consider the Helmholtz equation on €2 with Robin boundary condition
—Au—ku=f inQ, (2.1.1a)
Vu-n+iku=g on 02, (2.1.1b)

where n is the outer normal vector and £ > 0 is a constant. The variational formulation of this
problem is: Find u € H'(Q) such that

a(u,v) = F(v) Yo e HY(Q), (2.1.2)

with the sesquilinear form

a(u,v) = / VuVv — kE*uv dzx + ik/ uv dS,
Q o0

11
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and the linear functional

F(v) ::/quder/mgv ds.

This problem has a unique solution that depends continuously on the data [22, Proposition 8.1.3]:

Theorem 2.1.1. Let Q) be a bounded Lipschitz domain. Then there exists a constant C(2,k) >0
such that for every f € H-Y(Q) and g € H-Y2(0Q), there exists a unique solution u € H(Q) of
(2.1.2). Moreover,

Bllull ey + iy < CO8) (1 l-+@ + 191200 ) -

On convex domains the constant can be chosen independent of k [22, Proposition 8.1.4]:

Theorem 2.1.2. Let Q C R? be a bounded convexr domain, and let f € L*() and g € H/?(9Q).
Then there exists a constant C(2) > 0 independent of k such that the solution u of (2.1.2) satisfies

kllull 2 + [ulgo) < CQ) (1f112) + lgllrzo0)
[ul oy < CQ) ((1+8) (1 2 + lglliaom) + 9l -

2.2 Splitting of the Solution

2.2.1 Pollution

Before we discuss the splitting of the solution, we shortly explain why, when applying h-FEM to
the Helmholtz equation, one needs to choose the meshwidth A in dependence of the wavenumber
k. We further describe the problem of pollution, which is intended to motivate our preceedings
henceforth. In order to do so, let us take a look at two examples given in [7, Section 2.2] and [21,
Section 4.5.3]:

Consider the problem

—u" —k*u=f in(0,1), (2.2.1a)
u(0) =1, (2.2.1b)
W' (1) —iku(1) = 0, (2.2.1¢)

for some k > 0 and f € L?(0,1). A variational formulation for this problem is: Find u € V such
that

b(u,v) = (f,v)Lz(O,l) Yo eV, (2.2.2)
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where
Vi={ve HY(0,1) : v(0) = 0},

b(u,v) := / v dx — kz/ ut de — iku(1)v(1).
(0,1) (0,1)

A mesh on the domain (0, 1) is obtained by dividing it into uniform intervalls of the size h > 0.
We then denote the space of piecewise linear functions vy, satisfying vp,(0) = 0 on this mesh by V},.
Furthermore, we write uj, for the associated FEM solution in V},, and u; for the linear interpolant
of w in the nodes of our mesh. As it is mentioned in [21, Section 4.5.3], uy is the best approximation
of win Vi w.rt. to |- [g1(,1). Also, it is well-known [21, (4.4.2)] that in this situation |u —ur[g <
Ch|u| g2, where C > 0 does not depend on either k or h. Now let f = 0. Then the exact solution
is given by u(z) = exp(ikz), and it fulfills k||ul| 2 = |u|g1(o,1). Hence we have for the relative error
of the best approximation in the H!'-seminorm

|u — wur| g SCh|u|Hz < Chk.
|u 1 || g1

As a first observation, it is therefore sensible to impose hk < 1 as a minimal condition on the
meshwidth h. Otherwise one cannot expect the FEM solution uy to be a proper approximation of
u, which is also intuitively clear, since u(x) = exp(ikz) oscillates with frequency k. If h > 1/k this
oscillation cannot be reproduced by uyp,.

Now let us return to the general situation where f in (2.2.1) is not necessarily zero. By sub-
tracting b(u — up,vp) from the left-hand side, integrating by parts, and using that u; interpolates
u (which e.g. gives uy(1) = u(1)), it can be checked that

b(up — ur,vp) = k*(u — ur, vp) Yoy, € V. (2.2.3)

Moreover, if kh < 1, then according to [21, Lemma 4.12] we have for the finite element solution uy
of (2.2.2) (with Vj instead of V) that |up|g < C| fll12(0,1), where C > 0 does not depend on h
and k. Thus with (2.2.3)

lun — wrlg < CE?|lu— ug 20,1
and further with ||u — uz||2 < Chlu —ur|g [21, (4.4.2)]

lu—unlm < Ju—urlg + fur —uplm S Ju— gl + K Ju— w2
< (L+E*R)|Ju — ur| g ~ (1 + k*h) inf |u — |z,
v EVE

This estimate is not too pesimistic and the factor 1 + k?h can indeed be seen in numerical experi-
ments (cf. Figure 5.1).

Let us sum up these deliberations. Whereas kh < 1 seems to be a necessary resolution condition
to approximate the function u in the space V3, the FEM additionally requires k?h < 1, in order
for up, to be close to the best approximation of w in V. This is because even though the FEM is
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quasi optimal, the constant indicating the difference between the FEM solution w;, and the best
approximation u; depends on the wavenumber k. In dimension d € N the condition k%h < 1 entails
that we need at least O(k??) degrees of freedom. Therefore, large values of k can make the FEM
impractical. This strong dependence of the quasi optimality constant on the wavenumber is known
as pollution. A precise definition can be found in [7, Def. 2.1] or [21, Section 4.6.1].

2.2.2 Decomposition Theorem

The solution u of (2.1.2) allows the following splitting [27, Theorem 4.9]:

Theorem 2.2.1 (Decomposition). Let Q C R? be a convex polygonal domain. Assume that the
solution u of (2.1.2) satisfies an a priori estimate of the type

kllull 2 + [ulmi@y S & (1f 2@ + lgllzze0) |

for some ¥ > 0. Then there exist constants C,v, and p € [0,1)7 independent of k such that for
every f € L*(Q) and g € HY?(99Q), the solution u of (2.1.2) can be written as u = u4 + gz,
where for all n € Ng there holds

Klluall 2y + [l < CK (1l + 1907200 ) - (2:2.4a)
@i 1 V20| 20y < CV"E7 ! max(n, k)" (HfHL?(Q) + ||9||H1/2(aﬂ)> , (2.2.4b)

K w2 || 2y + Klulg ) + [ulgz) < C <HfHL2(Q) + H9HH1/2(39)) - (2.2.4c)

Remark 2.2.2. Recall that if Q is a convex polygon, then, according to Theorem 2.1.2, the
constant ¥ can be chosen as 0. Moreover, as it is mentioned in [27, Remark 4.10], in this case any
(small) value p € (0, 1) is permitted for the entries of .

Let us roughly describe the idea of the proof of Theorem 2.2.1. At first the data f, g is decom-
posed by Fourier transformation into a low frequency part containing frequencies up to O(k) and
a high frequency part containing the remaining frequencies. Then the linearity of the equation is
exploited, and one obtains a smooth but oscillating function u 4, belonging to the low frequency
part, and the function wg2, which belongs to the high frequence part and is less smooth, but whose
H2-norm can be controlled independent of k. For the details, see [27].

With this splitting at hand, the strategy is as follows: The function uy2 is approximated with
a Clément type interpolant, and the constant stemming from this approximation is independent of
k since |lugz| g2) ~ [1fllz2@) + |9l g1/2(o0) independent of k. The smooth part u4 on the other
hand, can be approximated with an exponential convergence rate in the polynomial degree p. The
choice p ~ log(k) will then absorb unfavorable polynomial k£ dependencies in this case. All in all,
we can thus approximate u optimally such that the approximation constants do not depend on
k, and the minimal number of degrees of freedom is O(k?). We will demonstrate this in detail in
Section 2.4.
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2.3 DG Method

We recall the DG method described in [25].

2.3.1 DG Formulation

The following formulation was originally proposed in [16] (cf. Remark 2.3.2). A DG formulation
for (2.1.1) is: For a test space S C H?r(Q) and real valued weight functions a, 3,0 € L*°(€), find
ur € S such that

a7 (ur,v) = Fr(v) Yv e S, (2.3.1)

with the sesquilinear form a7 : H§/2(Q) X H?/Q(Q) —C

ar(,0) ==(Vru, Vo) oy — /g il (V7o) ds - /g {(Vru}-[ol ds

— ouVyv-n dS — oVgu-nv dS
EB EB

1 - 1 -
- / BIVruln[Vrv]n dS — / oVru-nVyv-n dS
ik gl ik £B
+ ik/ a[u]w [Ty dS + ik/ (1 — 8yuw dS — K2(u, v) 20y (2.3.2)
el EB
and the linear functional Fy : Hisr/ 2(9) —C

R
Fr(v) == (f,v)r20) — /gB 5E9V7-v ‘n dS +/€ (1—20)gv dS.

B

Moreover, we introduce the mesh-dependent norms

||vH2DG = ||VTU||%2(Q) + k_1||/81/2[[vTU]]NH%2(gI) + k||a1/2[[v]]N||%2(51)
+ k0P v n T emy + R (L= 6) 0] 05y + K IIV]1 720, (2.3.3)
lolbe+ = lollbe + ka2 {Vro}[Faen. (2.3.4)

The mesh-dependent weights «, 8 and § have to be chosen in consideration of a) balancing the
different error terms of the DG-norm in a priori error estimates b) ensuring that there exists a
unique solution of (2.3.1) c) ensuring favorable stability properties of the formulation. Here we
consider hp-finite elements (i.e. S = SP(T)). Then these weights are defined on each edge e of the
skeleton as

2
Dz o khe
khe7 5(:1:) _b

o(x) = bkhe

, Vx € e, (2.3.5)
Pe Pe

a(x) :=a

where a > 0, 6 > 0, and b > 0 are at our disposal and do not depend on h., p. or k. The parameter
a still needs be chosen with care, in particular it has to be sufficiently large (see [25, Remark 2.2]).
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From now on we will assume that this is the case. The choice of b and b is less critical, and we
consider them to be of size O(1) (cf. Theorem 2.3.5).

Remark 2.3.1. In [25, (2.8)] 5 and § are defined to be constant on the whole skeleton:

8= bkh—T, 0= bﬂ. (2.3.6)
pT pT
In (2.3.5) we defined them to depend on the local meshwidth and local polynomial degree. Therefore
they are smaller, which in turn weakens the DG-norm, but it has no affect on the analysis or proofs
given in [25]. That is to say, all statements of [25] remain to be true with the use of /3, § from
(2.3.5) instead of (2.3.6), but the DG-norm and consequently the convergence results are weaker
in this case.

Remark 2.3.2. A derivation of the formulation in the case of local plane waves instead of poly-
nomials can be found in [16, 17]. It is related to the so called ultra weak formulation. The idea
is to use integration by parts and replace derivatives on the boundary with appropriate numerical
fluxes. In [25] the method was adapted for hp-finite elements. For a general discussion on such DG
methods see [4, 11].

2.3.2 Adjoint Helmholtz Problem
The adjoint Helmholtz problem and its approximabilty play a major in the analysis.

Definition 2.3.3. Let w € L*()). The adjoint Helmholtz problem is given by: Find z €
H'(Q) such that

a(v,z) = (v,w)r2(q) Yo € HY(Q). (2.3.7)

With this notation we introduce the adjoint solution operator N, which maps the right-hand side
w € L%(Q) to its solution z:

Ni(w) := z.
Moreover, we call

k|| N} U
0;(S):= sup inf [V (w) sllpa+

(2.3.8)
wer2(q) Yses lwll 220

the adjoint approximation property.
We will need that the discrete adjoint formulation is consistent:

Lemma 2.3.4 (Adjoint consistency). Let Q C R? be a polygonal domain and let w € L?(£2).
Then (2.3.7) is a well-posed problem. Denote its solution by z. Then z satisfies

ar(v,2) = (n,w) 2 Vo€ HY(Q).
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PRrROOF. This follows from Remark 2.6 and Lemma 2.7 in [25]. O

With Remark 2.3.1 in mind, let us now quote the following result of the a priori analysis
conducted in [25, Section 3]. The theorem states that a solution to the discrete problem exists, and
that the method is in some sense quasi-optimal [25, Theorem 3.8]:

Theorem 2.3.5. Let Q C R? be a polygonal Lipschitz domain, and let S = SP(T). Let the
assumptions on «, 3, and & from Section 2.3.1 be satisfied, and assume moreover that [|0]| e (q) <
1/3. Then (2.3.1) has a unique solution ur € SP(T). Additionally, there exist constants C,C* > 0
independent of hy, pr, and k such that if o3 (SP(T)) < C* then

U— U < (C inf U—v .
Ju=urloc <C_infflu=vlpor

2.4 Stability and Convergence

In [25] it was announced without proofs that their a priori analyis, performed for smooth domains,
can be extended to the case of convex polygons by means of the techniques proposed in [27], where
convex polygons were considered in a conforming FEM setting. It is the purpose of this section to
carry this out in detail. In order to do so we will adapt proofs from [27] and [23, Chapter 3] to fit
our situation. The assumption that the domain has smooth boundary, has the advantage that the
solution is smooth enough such that it can be approximated well on uniform meshes. In the case
of polygonal domains on the other hand, one observes singularities at the apices, which is why we
need to work with the geometric meshes defined in Section 1.1.3, and the weighted Sobolev spaces
introduced in Section 1.2.3. Our goal is to prove the following theorem:

Theorem 2.4.1. Let Q C R? be a convex polygonal domain. Let T(h,o,L) be an admissible
~v-shape reqular geometric triangulation of Q as in Definition 1.1.5. Let k > ko > 1, p €N, p > 3,
and assume that there exist constants Cq,Cy > 0 such that

kh <0y (2.4.1a)
p

Further assume that 0 in (2.3.5) satisfies ||0]|q) < 1/3. Then, for every u € (0,1) there exist
constants b,c,C,\ > 0, independent of k,h,L, and p such that for every f € L*(Q) and g €
HY2(9Q) it holds for the solution u of (2.1.1) that

ot = vlloge < C (Iflzz@ + gl r2om))

p p—1
« (’fh (R ) (h#pkgL (1 + Vkolh + k‘aLh> + phechh-tp 1 K (kh> ) ) (24.2)

P Ap \
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Before we prove this theorem, let us discuss its implications.

Theorem 2.4.2. Let the assumptions of the previous theorem be satisfied. Let the grading factor
o€ (0,1), let p € (0,1), and let C5 > 0. Then there exist constants Cy,C5,Cs > 0 independent of
k,h,L, and p such that if

kph <Ci  log(k)+ 1< Cop < GsL, (2.4.3)

then (see (2.3.8))
or (SP(T(h,0,L))) < Cs. (2.4.4)

Denote the unique solution of (2.3.1) by wy. If additionally C3 < C*, where C* is the constant
from Theorem 2.3.5, then there exists C > 0 independent of k, h, and p such that
h'=F +h

Ju=urlloe < 07— (Iflz@) + lallsraon) - (2:45)

PROOF. According to the proof of [25, Corollary 4.9], Theorem 2.2.1 is applicable to the solution
of the adjoint problem as well (with g = 0 in this case). Hence Theorem 2.4.1 gives the existence of
the constants Cy, C5, Cs: First we assume h < 1 and consider k times the right-hand side of (2.4.2)
without the term || f|[z2(q) + |9l g1/2(90), as g = 0 and || f[|p2(q) cancels (cf. (2.3.8)). Polynomial
growth in k& can then be absorbed by the exponential terms exp(chk — bp) and (kh/(Ap))P~! upon
adjusting Cy, Cs in (2.4.3) (also use kh < Cyp). Moreover, polynomial growth in p and k is absorbed
by the factor o if Cg is small enough. We are then left with an estimate of the type

ap(SP(T(h,0,L))) < Cky" + C),

where n depends on Cy, Cs, Cg and can be chosen arbitrarily large by decreasing those constants.
This gives (2.4.4) if h < 1. We turn to the case h > 1. According to (2.4.3) we have h < Cyp/kq.
Thus, polynomial terms in A amount to polynomial growth in p, and can again be absorbed as in
the first case. The second part of the statement is then an immediate consequence of Theorem
2.3.5 and Theorem 2.4.1, as we may assume

2 p-1 1—p
(WP + 12) | hipko (1 + VkoLh + ko—Lh) + phechk—tp KN (kh) <
Ap \ Ap P

This is shown as above and by adjusting constants once more. O

Remark 2.4.3. For a fixed number J € N of apices, the resolution condition in Theorem 2.4.2
implies a minimum of

O(k*) + O(Jlog(k)®)  for k — oo
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degrees of freedom: From the condition kh/p < Cy we obtain in two dimensions O(k?) degrees of
freedom belonging to the uniform mesh, viz (p+2)(p+1)/2 per element of which there are in Ty;¢
at least O(h™2) < O(k?/p?) (if we choose h as large as possible). The number of elements in Tye,
is bounded by O(JL) ~ O(Jlog(k)), and with the polynomial degree p ~ log(k) we therefore get
at most O(J log(k)?) degrees of freedom in this case. This is a significant improvement over the
O(Kk*) degrees of freedom one needs in the case of h refinement, as we heuristically illustrated in
Section 2.2.1. In terms of DOF vs. error, the pollution effect is thus avoided with this choice of
finite element space, at least up to the factor u > 0 which can be chosen arbitrarily small.

Remark 2.4.4. Theorem 2.4.2 was stated with the assumptions that €2 is convex, f € L?(2), and
g € HY?(9Q). This implies u € H?(Q). With stronger requirements, respectively for smoother
solutions, one probably obtains better approximation rates. However, this does not follow directly
from the present analysis.

Let us come to the proof of Theorem 2.4.1. We distinguish between the approximation on
Tunif(h, 0, L), the approximation on elements abutting at apices, and the approximation on 7yeo(h, o, L)
without those elements. The next lemma treats the latter.

Lemma 2.4.5. Let u € By (Cy,v), where this space is as in Definition 1.2.1. Let A = A; be
an apex of Q and set p:= p;. Let T =T (h,0,L) be a geometric y-shape regular triangulation of
Q and denote by S the elements K € T such that dist(A,K) < h and A ¢ K. Then there eist
constants b,c,C > 0, depending on p,v, v, and cgeo (cf. (1.1.6)) but independent of k,h, and p,
such that there exists a function v € SP(S) with

1/2
< Z K lu — UHQL2(K) +lu— Uﬁ{l(K) + (k+ gt Ju — UH2L2(8K) + hi [V ((u = U)\K)H%%al())
KeS

< CCu((/-c +1) (h+h7H) + (k+1)2 (h* + h27H) )e—bpech(kﬂ).

PROOF. Let K € S. Let I : HY(Q) — SP(T) be the operator defined in [23, (3.3.3)]. By
choosing ‘¢’ = 1/(k + 1) in [23, Lemma 3.4.7], we get as in the proof of [23, Lemma 3.4.7] that for
some constants b, ¢ > 0 there holds

||U|K — H;?’TU‘K”L"O(K) + hKHV(U‘K — HZ?’TU‘K)HLOO(K)
< CCu(k+1) (hK(k‘ +1) + (hg(k+ 1))1—#) o~ bPpchic (k+1).
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Let ex := ulx — II3%u|k. Then, with [23, Lemma 3.4.6] we get
> bklVeion S YL PRIVER) e
{KeT:A¢K} {KeT:A¢K}

S Y CPCHR A1) (M ) et
{KeT:A¢K}
g Cg(k + 1)4 (h2 + h272u) 672bp€2ch(l€+1).

Similar computations lead to the estimates

> KPllexlFag < CC2(k +1)* (h* 4 hA721) g7 2pe2eh(h),

{KeT:A¢K}
Z |€K|%11(K) < ch(k‘ + 1)2 (h2 + h2—2u) 6—2bp€20h(k+1)’
{KeT:A¢K}
> Ellexlaor) < CCLk+ 1) (B + h372) e 2pe2ehtl),
{KeT:A¢K}
> hitllerliaory < CCRk+ 1P (B 4 W22t
{KeT:A¢K}
Summing over all elements concludes the proof. ]

Next, we approximate the function on elements in the uniform part of the mesh.

Lemma 2.4.6. Let T = T (h,o0,L) be a geometric vy-shape regular triangulation of 0, let p € N,
and assume that (2.4.1) is satisfied. Let u € By i(Cy,v) and set p := min; pu;. Then there exist

constants ¢, C,b, A > 0 independent of k, h and p, but depending on p,~y,v, and 2, and a function
v € SP(Tunif) such that

1/2
( Z k2 |Ju — U||2L2(K) + |u— U‘%{l(}() + (k+ hy)u— U||2L2(6K) + hg|[V(u — U)||%2(3K)>
Kennzf

p
< CCuk <(hk)1_“e_bp + (iZ) >

PROOF. We proceed along the lines of the proof of [27, Proposition 5.6]. Fix K € Tyuir. Then
d := dist(K, A;) > ch for all vertices A;, and some fixed ¢ > 0. We define

2 1 2r?) n+2, 12
Ch=> <2unm<{k,n}> 1@ k1 V"l 72

n>0
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and observe that due to (1.2.6)
> Ch <20 (2.4.6)
KeT

Similar as in the proof of [27, Proposition 5.6], by distinguishing several cases for the values of n
and k, and by using the Definition of ®,, ,, 111, it can be shown that there exists C(€2) > 0 such
that for all n € Ny

n+2
IV 2ull 2y S Crc mind L, kd}> = (C1 ()™ 2 max {k, = 1"
and therefore
n+2 Ck . 2— n+2 n\nt?
1972w o Fie) | 2 ) S = min{1, kd}* (O (Qvh)™ 2 max {k. & |
With this, Lemma C.2 in [26] gives a polynomial v € Pp(K), and constants C, A > 0, depending
on v, such that for m € {0, 1,2}, due to [[u — v||yym2x)y < Chllu — v|[ym.eo(xy, it holds that

h/d p+1 kh p+1
™ u — v|gm gy < CCk min{1, kd}*>~# <<)\ —|—/h/d> + <)\p> . (2.4.7)

Distinguishing between the cases d > 1/k and d < 1/k, one can check that

h/d p+1 1 D
-1 . 2—u < : 1—p
(k+h™") min{1, kd} <)\+h/d) < kmin{1, kh} (C)\+1>

(for details see again the proof of [27, Proposition 5.6]). Hence we obtain with (2.4.7) and (2.4.1)

(k+ P~ —vllr2er) + [u— vl gy + hlu — vl g2x)

< Ckk (min{l,kh}l_“ (C;H)p - (I;Z)p> . (2.4.8)

[wlZ255) < C (HWHB(K)\MlHl(K) + h}leHiz(K)) (2.4.9)

Together with the trace inequality

(see, e.g., Lemma 3.1.4), we get

VA (= M)l < Ok (mingr = () (1)),

and similary, using either the estimate for k|lu —v||z2(x) or h=u —||p2(xy from (2.4.8), we obtain

. 1N (kR
VEu = vl 205 < CCxk <m1n{1,k:h}1 n <CA+1> n (Ap> >
1

P kh\?
—-1/2 . 1—
W2 — vllp20x) < CCKkk <m1n{1,k:h} H <c)\ - 1> + <)\p> > )
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Summing over all elements and using (2.4.6) concludes the proof. O

We are now in a position to prove Theorem 2.4.1.

PROOF OF THEOREM 2.4.1. With Theorem 2.2.1 we decompose u = u4 + uy2 and approximate
both parts separately.

1st Step: We start with the approximation of uz2. A more general proof with the use of an element
by element construction can be found in [25, Theorem 4.11] (the assumption that Q has analytic
boundary is not necessary for this part of the proof). However, since we construct another suitable
interpolation operator later on (with stricter assumptions on the domain than in [25]), we show the
estimate anyway. Theorem 3.1.10 gives an operator .70 : H2(Q) — SP(T) N CO(Q) with

hx

2—m
pK> |U‘H2(wK) Vm € {0,1,2},

o — L7 0l| gm0 < c(

hp,0 he hp,0 he 3/2
lo =B vllzae) + oIV = L))l < CL= | Pl
for every v € H%(Q), K € T, and e € £(K). With (ka)™Ye ~ he/p?, B/kle ~ he/p, 0/k|e ~ he/p,
and h. < h we get

2
p
212 12
) hp.0 9 k*h* h 9
k ||uH2 — Izp UH2||L2(K) < CTPWHQ’HQ(“’K)?

h
hp,0
IV (upz = B w7 se) < Oz lupgz

h2
1878 20m s = ") o) < C 5 e,
hp, kh h?

kllugz — IzpoumH%?(e) < C?pﬁ’uH2\§{2(we)7

h2
1(8/E) [V 7 (ugz — I uge) vl p2e) < cp—Q\um@p(we),

_ h?

(ko)™ (uge — 1P upg) 32 < C pfg\umﬁmwe),

where, depending on the term, e is either an edge on the boundary or an interior edge. The error
of the jump of ug2 — Igp’oqu across an edge is zero because Igp’oqu € C°(€2). Hence all terms
in (2.3.4) are accounted for, and by summing over all elements and edges and with kh/p < Cy and
(2.2.4c) we obtain

ho (h\?
Jugrz — Igp’OUH2||DG+ <C (p + <p> ) <”fHL2(Q) + H9HH1/2(6Q)) .

2nd Step: We approximate uy4. First, let us introduce the following norm:

1 hk

HTUH%GHQ = kw22 + |0l ) + (,lK + k) w2205 + ?”VZUH%Q(GK)‘
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Then for vy, vy € SP(T) we have

lvg — 'U2||§)G+ <p? Z o1 — “2”%0(1()’
KeT

where p? comes from the weight «, and we generously multiply it with all terms. Let us start with
the elements touching an apex. With (2.2.4c) and (2.2.1a) we get

lual 20y = [u— up2lg20) < [ulp2@) + U2 m2(0Q)

< C((l + k) (1 £l 22y + lgllz2o)) + l9llmir260) )

=:Cyq

Now let K € T and A; € K. With Theorem 3.1.10 there exists a polynomial vx € P3(K) such
that

lua — villz2(ry S Crg(k + 1)hi, lua — vr|m )y S Crglk+1hk,
lua — vrll2@r) S Crglk +DRY2, IV (ua — k) p2ox) < Crglk + 1A,
and thus with hx ~ hol in this case
lua = vicl ey < Cok (1+ VEh™ + kha™) ho™ (Il + 9l mzony) . (24.10)

where we have used k ~ k 4+ 1 because of k > 1.
Next, we consider approximation on 7ge,. According to Theorem 2.2.1 and Remark 2.2.2 we
have ug € By, (Cuy,v), where pj:=p for all j € {1,...,J}, p is arbitrary in (0, 1), and
o (HfHLZ(Q) + ||9||H1/2(39))

uA

k

Denote the set of elements touching an apex by T4. Then, with Lemma 2.4.5 we get a function
Vgeo € SP(Tgeo\Ta) such that
1/2

Pl > lua- Vgeol Ty i) < Cpk(h™H 4 h2)echk=bp (HfHLQ(Q) + H9HH1/2(89)> :
KeTgeo\Ta
(2.4.11)

Finally, we consider approximation on 7y,;r. With Lemma 2.4.6 we obtain vypir € SP(Tunif)
such that
1/2
kh

p
p| Xl vwislau | = (0004 ()7 (1l + o)
Kennzf

(2.4.12)
Combining the estimates from Step 1 with (2.4.10), (2.4.11), and (2.4.12) concludes the proof. [J






Chapter 3

Approximation Theorems

This chapter is devoted to two types of approximation results. The first type of approximation we
consider, is Clément type interpolation. That is, we approximate Sobolev functions in W™?(Q) with
piecewise polynomials. The approximant is constructed such that it simultaneously approximates
higher derivatives up to order n — 1 and is H?-conforming. We have already used the first property
in the proof of Theorem 2.4.1. For the purposes of this thesis, the advantage of the second property
lies in the fact that the normal component of the gradient does not jump.

The second result is concerned with the approximation of discontinuous piecewise polynomials
by globally continuous piecewise polynomials. Typically in the a posteriori analysis of DG methods,
the error is estimated by inserting a continuous function and using the triangle inequality. Therefore
such a result needs to be established.

3.1 (' Clément Type Interpolant

In order to obtain our interpolant, we will follow the proof for the hp-Clément interpolant of W4
functions given in [24] and adapt it where necessary. To begin with, we introduce some notation
and construct element mappings as well as reference elements that we use in the following lemmata.
They differ from the usual setting, in that we will have a set of reference elements and an infinite set
of reference patches rather than a finite one. In this section we adhere to the convention 1/00 := 0.
Moreover, in what follows, we shall assume that 7 is an admissible «-shape regular triangulation
of Q.

3.1.1 Notation

Let K € T and e € £(K). Then there exists a unique map F. Ke : R? — R? and a unique similar
triangle K with the properties that K C { r,y) ER? 1y > 0} FKe is a composition of a dilation,
a rotation, and a translation such that Fi .([~1,1] x 0) = e and Fx (K) = K. Clearly K and Fg .
are then well-defined. In case e is not of interest to us, we pick an arbitrary but fixed e € £(K)
and use the notation F := Ff.. The triangle K has the three vertices V;(K), Va := (—1,0)
and V3 := (1,0). Since 7T is y-shape regular, there is a lower bound for the interior angles of K.

25
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Therefore there exists R(y) > 0 and 0 < ©(vy) < 7/2 such that V; € a(vy) with

L
R(v)

Of course a() is a compact subset of {(z,y) € R? : y > 0}. Now let wy be the patch belonging to
V € N(T). Then we pick an edge e € £(V) and denote by Fy : R2 — R? the unique function that is
a composition of a dilation, a rotation, and a translation such that FV(O) V and Fy([0,1]x{0}) =
e. The reference patch belonging to V is then defined as &y := F ( v ). The patch @y naturally
inherits a triangulation 7z, from the triangulation 7., of wy. The situation and the difference
between the two patch maps Fy and Fy are depicted in Figure 3.1.

a(y) := {r(sin(@),cos(@)) eR?: <r<R(y) and 0 € [g —O(7), g + @('y)} } .

Definition 3.1.1 (Reference patches of the second type). Let the set of reference tri-
angles, denoted by A(7), be given as the set of triangles K with the three vertices Vo = (—1,0),
Vs = (1,0), and Vi € a(y) arbitrary. Moreover, we introduce the infinite set B(v) of reference
patches of the second type: Let Y be the set of tupels (2, T), such that Q C R? is a polygonal
domain with (1.0.1), and T is an admissible y-shape regular triangulation of Q2. Then with the

above notation
U U { WV7 wv
(QT)EY VEN(T)

If we do not care about the (not necessarily unique) triangulation of a patch we write & € B(fy),
and mean that (0, 75) = (Wv, Ta, ) for some (v, Ta,) € B(7).

Per definition, we have for every y-shape regular mesh 7, K € T, and V € N(T), that K e fl(’y)
and (@y, 7o, ) € B(7y). The next lemma gathers some elementary facts.

Lemma 3.1.2. We employ the above notation.

(i) There exists a reference square S(vy) € R? with center 0 € R? such that & € S(v) for every

W€ B(7).

(ii) The maps Fyy and Fr . are conformal, they are in C>®(R?) N W1°(R?), and they have the
properties

Ry | oo g2y + By ([ () I oo 2y ~ 1, (3.1.1)

hy?| det FY| + hi | det(E{,) ™! ~ 1, (3.1.2)

where the constants hidden in the ~-notation only depend on v and q.
(iii) Let v € Py(R?). Thenvo Fy andvo F‘;l are in Pp(R?).

(w) Let n € N, q € [1,00] and v € W™4(wy) for Ve N(T). Then ©:=vo Fy € W™(&y) and
for every m € {0,...,n}

~ m—2
|U|Wm’q(ovv) ~ hy, /q’U|Wm,q(wV), (3.1.3)

where the constant hidden in the ~-notation only depends on n, vy, and q.
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wy
y Pl y
—1 14
Fy; \
wy
14 oy 14
0 0
1 ' \Z/l

Figure 3.1: Behaviour of the two patch maps Fy : wy — wy and l*:'v Wy — wy.

PROOF.

(i)

(iii)

(iv)

The property of a triangulation 7 being y-shape regular implies that the ratio of the diameter
of neighbouring elements is bounded from below and from above by constants depending on
~ only. Also, the lengths of different edges of the same triangle are comparable in size. The
patch @ is a scaled version of some patch wy with these properties, and thus they also hold
for . Since one (possibly interior) edge of the patch (@, 75) has length one, S(7) exists.

Per definition the maps Fy, and FKG consist of a dilation, a rotation, and a translation, such
that some edge e with length h. is mapped to [0, 1] x {0}. Therefore the dilation must be of
size he ~ hy, and (3.1.1) as well as (3.1.2) hold. It is also clear that these maps are conformal
(as a composition of conformal maps) and that they are in C*°(R?).

The composition of a dilation, a rotation, or a translation with a polynomial of degree p is a
polynomial of degree p.

For the last item let v € W™%(wy ). First assume that Fy, is the composition of a rotation
and a translation. Then for m € {0,...,n} we obviously have

WWW(@) = ‘U’Wqu(wv)-

Thus it is sufficient to consider Fv(a:) := ha with h ~ hy. Let o € N be a multiindex with
|a] = m, and denote by D%v the respective (weak) partial derivative of v. Then we get with
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D% = hlol(D*v) o Fyy and for ¢ < oo

/ (D“%)? da (D) o Fy)hlele da

\%4

(D) 7h™| det(F 1)) da

I
——

(D%)1p™I=2 dg.
1%

This gives the assertion for ¢ € [1,00). The case ¢ = oo follows immediately from D0 =
hlel(Dv) o Fy.

0

3.1.2 Estimates Independent of @

For the proof of our C! interpolant we have to apply standard extension and trace results as well
as the Deny-Lions Lemma on the reference patches & € B(fy) The constants appearing in these
estimates should then be independent of these (infinitely many) patches. We now give proofs, that
constants depending solely on v and the smallest outer angle of the domain can be chosen. Let us
motivate with an intuitive argument why this should work: The polygon @ is determined by its
finitely many vertices. The set of possible vertices is compact in a suitable space. If the constants
now depend continuously on these vertices, the desired upper bounds must exist.
First, we introduce an extension operator for Sobolev spaces.

Lemma 3.1.3 (Extension). Let & € B(y) with @ > 0 being the smallest outer angle of this
polygon. Let v € W™4(@) for q € [1,00] and let n € N. Then there exists an extension Ev €
Wm4(R2) of v and a constant C > 0 depending only on n, q, v, and 0 such that

| Ev|lwn.amzy < Cllollwn.ag)-

Moreover,
B - Wna(o) — Wme(R?)
YT v B

s a linear operator.

PROOF. An inspection of the derivation of the extension operator in Section VI.3 in [31] shows
that this is true (we now switch to their notation): There it is proved, that for a bounded Lipschitz
domain D C R™, n > 2, there exists a bounded linear extension operator from W#?(D) to WP (R")
for 1 < p < oo and non-negative integral k . In a first step this is shown for so called special Lipschitz
domains D, which are of the type D = {(x,y) € R""! : y > p(x)} for some Lipschitz continuous
function ¢ (see Theorem 5’ on page 181 in [31]). It is also remarked that the region D enters the
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continuity constant only via its Lipschitz bound. In a second step a covering argument is used to
generalize this. With the same notation as in [31] let U;, ¢ € N be such a covering of the boundary
of D. Assume further, that D; with D; N U; = D N U; are the associated local special Lipschitz
domains with Lipschitz bounds M; for ¢ € N. The bounds appearing in this second part of the proof
then depend on the constants €, N, and M, which fulfill the following properties: The constant
¢ > 0 must be small enough such that B(x,e) C U; for some i € N for every @ € dD. The integer
N € N must be large enough such that no point of R” lies in more than N members U; of the
covering. Finally, M must be larger than any M;. The assertion follows, if we prove that €, NV, and
M can be chosen, depending only on v and 6 such that these constants are relevant for all possible
domains @. We observe that @ has the following properties:

1. Tt is a polygon, where the number of outer edges is bounded by some Cj(7) < oc.

2. The length of an edge is bounded from above by some constant Cy(y) > 0 and from below by
1/Ca(y).

3. The inner angles of @ and the outer angles of @ are bounded from below by some constant
Cs (7, 0) > 0.

4. The distance of two vertices V' # V" of @& is bounded from below by a constant Cy(v,6) > 0.
5. The distance of a vertex V' # 0 and an outer edge e of @ not sharing the vertex V', is bounded
from below by a constant Cj(v,6) > 0.

The first two points follow from the ~-shape regularity of 7. For the third point we remark
that interior angles of elements of shape regular triangulations are bounded from both directions
according to Lemma 1.1.3, which entails the same for w. The fourth point is a consequence of
the second and the third point: Suppose this is not true. It holds that V' and V” are either
connected via an edge e or they are not, in which case 0, V’, and V" form a triangle (note that
the vertex 0 is connected with all others by an edge). Since the length of the edges connecting 0
and V' respectively 0 and V" are bounded from below, the angle <V’0V”, and thus some inner
or outer angle (if it already is the outer angle), would have to become arbitrarily small, which
contradicts point three. Now let d; := C5/3, and for every vertex on the boundary we choose a
ball of radius d;, with center the respective vertex. It is easy to see that there exists a constant
0 < d2 < 81/2,1/(2C2) depending on C; and ¢; such that a ball of radius d2 with a center that lies
on an edge e C 0w and is more than 4;/2 from each vertex away, does not intersect or touch any
other boundary edge. We cover the part of the edges with distance from each vertex more than
91/2 with balls of radius d2 such that their centers are no farther than d2/2 and no less than d2/3
along the boundary apart. The set of all these balls is denoted by (U;);cs, and they cover the whole
boundary per construction. Now we can choose € > 0 depending only on d2 such that B(x,c) C U;
for every & € Oy and some ¢ € I. Also, the first two points show that the length of the boundary
of @y is bounded from above. Together with the condition that the center of two balls covering
the boundary are no closer than d2/3, we then observe that there exists N € N only depending
on v and @ such that |I| < N. It remains to check the condition on M. Let D; := U; N D for
every i € I. Note that we chose d1, d9 small enough such that the sets D; are connected. Upon
rotating and extending D;, we may assume without loss of generality that D, is a special Lipschitz
domain, with Lipschitz constant M; either zero (if U; does not contain a vertex) or bounded from
above by a constant depending on the smallest possible outer angle. Hence any M; is bounded by
a global constant M depending on v and 8 only. The fact that E is a linear operator is part of
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the formulation of Theorem 5 in [31, p. 181]. This concludes the proof. O

Lemma 3.1.4 (Trace). Let & € B(v) and let q € [1,00]. Then there exists a constant C' > 0
depending only on v and q (but not on &) such that for all v € WH4(Q)

1 1
lollzaozy < C (Il oo + Iollzoe) ). (3.1.4)

ProOF. It is well-known that (3.1.4) holds for polygonal star shaped domains, with a constant
depending on the respective domain. For a proof in the case ¢ = 2, see for example [14, Lemma
3.1], the proof for ¢ # oo allows the same lines. For ¢ = co, we point out that W functions
are Lipschitz continuous [2, Lemma 4.28], and hence the estimate is trivial with the constant not
depending on the domain since it is one. We are left with the case ¢ < oo and want to show, that
a uniform constant valid for all domains @ € B(7) exists.

Let K be an element of the triangulation 75 of @, and let F P K — K be an affine function
with F' R(K ) = K. The crucial point is, that there exist constants Cy,Cy > 0 depending only on ¥
with

C; < diam(R”) < (s,

for any element K’ of & for an arbitrary & € B(y). This holds due to Lemma 1.1.3 and because
one (possibly interior) edge of (&, 73) is [0, 1] x {0} and therefore of size one. Since interior angles
of these triangles are bounded from below as well, we have constants C3, C4y > 0 depending only on
~v with

C3 < inf(f\detF}{\ < s;}(p]detFI’ﬂ < Cy,

and
~1
Cs < \|FI/~<HL00(K) + HF}( ||Loo(f<) < Cu.
Using this, we observe for an edge é = F'z(€) of K by transforming the integrals

10l[Lae) < Cllve Filellpae) < Cllve Frlog o)

1-1
< C (oo Frll, IV @e F )+ v o Fell g )

<0 (ol EIvol o+ Noll i) -

We have also used that v o Fp € WHi(K ) if v € W4(K), which can be checked directly. We

conclude the argument by summing over all edges é € £(@) respectively all elements K € T3 and
applying Cauchy-Schwarz for sums. O
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Next, we consider the Poincaré inequality. Let @ € B(y) and & € B(y) such that Fj() =
w, where Fy is a contlnuous piecewise (restricted to an element) affine functlon that fulfills this
property. This means F~ restricted to an element K € 75 can be seen as F ! from the above

proof. Then let v € W14(&) and

1
’UOF&; ::w/UOF@ dm,
w

which is well-defined, because L9(®) is embedded in L'(&). With the Poincaré inequality there
then exists a constant C'p(w, g) such that for ¢ € [1, o0]

”?} oFy — ﬁHLQ(UD) < CP(CDa q)|’U © F@’WLq(‘*A))'

Lemma 3.1.5 (Poincaré inequality). Let & € B(y) and let q € [1,00]. Then there exists a
constant Cp > 0 depending only on v and q (but not on &) such that we have for all v € WH4(@)

[v—vo FgllLa@) < CrlIVYlLo@)- (3.1.5)

PROOF. Let ¢ < co. We follow the arguments of [33, Proposition 3.11]. There holds
/|v—voF@q dm:/|voFgJ—voFo~J\q|detF£|d:c
@ o

< Cr(@a) [ det Fylumge) [ IV(wo Rl de

< Cp(@, q)|| det Fg| oo @)l det (5 )| oo @) 1 E5 | oo (0| 0110 3

where we transformed the integral back in the last step. As in the above proof it is clear that the
quantity
Il det | oo (o) | det(F5 ) | oo @) | FS 1 e 0

is bounded from above and below by a constant depending on 7y, because Fj restricted to an element
behaves like F If(l from above. Since there is only a finite number of reference patches in B (7), the
desired constant, depending only on v and ¢, must exist.

Now let ¢ = co. Then with v o F; being the integral mean of this function on @, and V(vo Fy) =
(Vv o Fy)FL in a weak sense, we obtain for a constant C'(w) > 0

”U — v OF&HLOO(LD) = ||’U OF(:, — v OF@HLOO(UD)

< C(w,00)[v 0 Fplpiee(,00) < C(@)[0]wriee @) Folwiee )

With similar arguments as in the case ¢ < oo we get the assertion for ¢ = co. O
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Since we want to obtain higher order approximation results, we will need a similar statement
as the above one for the Deny-Lions Lemma. The arguments we just used cannot work in this
case. The reason is that the map Fj in the above proof has the properties that v o F is in W14
if v € W2 and v o Fj is still a polynomial of degree zero, namely a constant. With the use of Fj
we can therefore simply map functions on @ to functions on @, approximate them there, and pull
them back. The distortion of the approximation error is then described by the derivative of Fj
and its inverse, respectively their determinants, all of which can be controlled. Since Fj; is merely
Lipschitz, an equivalent statement does not hold if v € W™4 for some n > 1 and the approximating
polynomial is not a constant but of degree larger than zero. We will circumvent this by relating the
constant from the Deny-Lions Lemma, in the following referred to as Deny-Lions constant, to the
Poincaré constant. Since we already have bounded the Poincaré constant, this will give us an upper
bound for the other one. The next lemma achieves this. Together with the Poincaré inequality, it
also gives an alternative proof of the Deny-Lions Lemma.

Lemma 3.1.6 (Bound of the Deny-Lions constant). Let ¢ € [1,00|. Let n,d € N and let
w C R Assume that there exists a map v — v € R such that for every v € Wh4(w) there holds

[0 = Tlzo) < CP@,0) V0| agey.

Then there exists a map v +— r, € Pr_1(RY) and a constant Cpr(w,n,q) > 0 such that for every
v e Wmi(w)
[v = rollwnaw) < Cor(w,n, q)|vlwn.a)
and
d™9(n + 1)dD/9C0p(w, )" if ¢ < oo
Cpp(w,mq) < & 1+ DO (w,q)" i a
d"(n+1)""Cp(w,q)" if ¢ = oc.

Moreover, if v — T is linear, then the map v — 1, is linear.

Proor. If n = 1, then v is the desired approximant. The idea is to construct a polynomial of
higher degree in an analogue way.
1st Step: Let v € W™4(w) for some n € N. Then we define

Upp 1=V

and for l € {0,...,n — 1}

Vin ‘= Vi+1,n — §

J15:Ja€No
m]mgl

Ji Jd J1 Jd
(le .. -DachH-l,n) R

il g

(3.1.6)

With v, := vg,, we obviously have v,, € {v +r:re Pn_l(]Rd)}. Hence the task is now to prove

d™(n + 1)(d+1)/qCp(w,q)"|v\Wn,q(w) if g < o0
d*(n 4+ 1)1 Cp(w, Q)" vl wna(w) if ¢ = oo.

[vnllwnaw) < {
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2nd Step: Let o € N¢ be a multiindex with 0 < |a| < n. We want to show that D%y, = (D*0),,_4/-
This is trivial if || = 0. For the remaining cases it is sufficient to prove D, (v,) = (Dg,,v)n—1 for
every m € {1,...,d}. Without loss of generality we consider the case m = 1. To this end let us
compute

(Ddi .. Dljv)aft ..
il d

D:plvnfl,n = Dxl'U - § D:vl

J1,---:3a€No
Z'm Jm<n—1

=Dgv— Z

J1EN,j2,...,74€No
]m<n 1

(Dﬁ}l N .D?ffi(Drlv)) 2 gl

=Duv— ) AR

Jis--,Ja€No
> Jm<n—2

= (Dasl U)n72,n71 .

We now proceed by induction on I. With (3.1.6) and the induction hypothesis Dy, vi41,, =
(Dz,0)1n—1 We get

j1—1 j 1
(DR DE(Dayv) ) 2]
(1 =D ja!

— : -1
(Dgcl1 .. Dgc‘fl(Dxlvl+17n)> z] xff
(i =D ja!

Daclvl,n = Dzlvl+1,n - g

J1€N,J2,...,jaE€No
Em Jm <l

(D DE(Dayv)ien ) 2t
— (Dzlv)l,n—l - Z ]1' B jd‘

J1,--:3a€No
Zm Jm<l—1

= (Dgyv)1—1,n-1-

Thus for [ =1
Dxlvn = Dxlvlm = (Dxlv)O,n—l = (Dxlv)n—l-

3rd Step: We claim that for [ € N and ¢ < oo there holds |vi][za() < Cp(w, q)ldl/q|v\wz,q(w). Our
assumptions and the second step imply

otll 0y = o1 = Tl Fay < (@, @)U oriliyrag = Crw, @) Y |IDa,,
me{l,...,d}

=Cp(@, 9 Y Depullfery =Cr@, @ D 1(Dent)itll o)

me{l,...,d} me{l,...,d}

)

where we have also used that v; = vy, = v1; —v1, which yields D, v1; = D,,,v;. By repeating the
same argument we get all derivatives of order [ of v (some of them several times) on the right-hand
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side and hence with a crude estimate the claim.
4th Step: It remains to prove the assertion. Let ¢ < co. Using what we already know we get

n n
lonllfymage) = D 1ol =D Do 1D%nlfag,
=0

=0 {aENg:M\:l}

=> > Dl

=0 {aEN%ﬂa\zl}

< Z Cp(w, q)Q(nfl)dnfl Z |Do¢,U’q nleha(w)

=0 {aeNg:|al=t}
<D Crlw, ™ T ol
=0 {aeNg:|a|=1}

IN

; Cp(w, @)™ d" (1 4+ D)ol < Crlw, )™ d™ (0 + 1) olf -

Taking the g-th root concludes the proof for ¢ < co. In the case ¢ = oo steps 3 and 4 need to be
repeated without taking the g-th power. O

The following corollary states what we actually aspire. It is a direct consequence of the previous
two lemmata.

Corollary 3.1.7. Let & € B(v), ¢ € [1,00], and n € N. Then there exists a linear map v v~ 1, €
Pn_1(R?) and a constant Cpr, > 0 depending only on v, n, and q such that for all v € W™4(&)

v =rollwna@) < Corlvlwnaa)-

3.1.3 C'-hp-Interpolant

We now construct our interpolant. As always we work with a «-shape regular admissible triangu-
lation 7. In particular, we do not have hanging nodes. This has the important consequence that
it is easy to find a C! partition of one for I € {0,1} and functions with local support. In the case
I = 0, the hat functions provide this partition of one. If [ = 1 the Argyris element ensures its
existence. The next lemma will discuss this in more detail. With this at hand, we can then reduce
the problem of finding an interpolant with the desired approximation properties on €2, to a local
problem.

Lemma 3.1.8 (Partition of unity). Let T be an admissible y-shape reqular triangulation of 2.
Then there exist piecewise polynomials ¢y € S°(T)NCH(Q), V € N(T) such that supp(pv) C wy
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!

Figure 3.2: The Argyris element and its 21 degrees of freedom as depicted in [10, Fig. 3.9]: The
point denotes an evaluation of the function, the inner circle stands for the evaluation of the two
first derivatives, the outer circle stands for the evaluation of the three second derivatives and the
arrows represent evaluations of the normal derivative at the center of each edge.

for every V€T and

Y py=1linqQ (3.1.7)
VeN(T)

Moreover, there exists a constant C = C(v) > 0 such that for every V€ N(T)

v Lo @) + hvleviwe ) + hirlovinze@ < C, (3.1.8)

and for every K € T, n € N

by lleovkllwne gy < C. (3.1.9)

PRrROOF. 1st Step: In order to construct the functions ¢y we employ the Argyris element as
described in [10, Example 3.2.10]. The Argyris element is of type C1-P5, i.e. polynomials of
total degree five on a triangle are considered, such that matching values of the shared degrees
of freedom of adjacent elements result in continuously differentiable functions. Its 21 degrees of
freedom consist of the six derivatives up to order two in each vertex, which makes eighteen, and
the three normal derivatives at the midpoint of each edge, which makes 21 in total (see Figure
3.2). These values determine a polynomial of degree five and its gradient on the boundary of the
triangle: The restriction of the polynomial on an edge is again a polynomial of degree five. Since
the function value, as well as the first and second derivative in the endpoint of this edge are known,
so is the polynomial (this is easily checked). Similarly, the function values of the normal derivative
in the endpoints and the midpoint of the edge, together with the first derivative of the normal
derivative in the endpoints are sufficient to determine the normal derivative, which is a polynomial
of degree four, along this edge. Now we denote by NZ»K :Ps(K) = R, 7€ {1,...,21} the functionals
that evaluate one of those 21 degrees of freedom for a polynomial of degree five on an arbitrary
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triangle K. We assume that NlK , NZK , N3K are the point evaluations at the three vertices Vi, Vo, V3
of K. Additionally, let

x| Ps(K) - R%
T { — (VK ()2

i=1"

We claim that N¥ is injective. Suppose that N (r) = 0 and r # 0. Then, on account of the above
deliberations, there holds r = 0 = Vr on K. Thus r € P5(K) is of the type r(x) = L3L3L37(z),
where L; is a linear function that is zero along the edge e; and constant along parallels of e;,
i € {1,2,3}, and 7 is another polynomial. This is a contradiction since r is only of degree five.
The dimension of P5(K) is 21 as well and therefore N¥ is clearly bijective. This implies that
polynomials X € P?(K) with N jK (rk) = 4, ; exist. In particular

4Kl =1in K, (3.1.10)

because rf + 7 + rf is the unique polynomial r € P5 with NjK(r) = 01 + 025 + 63 for all
je{1,..., 21}

2nd Step: We now construct ¢y. Let V € N(T) and K € K(V). With the notation from
the beginning of this section recall that Fx(K) = K. The triangle K € A(y) has the three
vertices Vi, Va, and V3 where, without loss of generality, Vi € a(y), Vo = (—1,0), V3 = (0,1), and
FK(Vl) = V. It is easily seen that

NEGEo Py =6,  Vie{1,2,3},5€{l,...,21},

and therefore 7{( o Fict = rK for every i € {1,2,3}. Hence, due to (3.1.10),

pvi= Y rioFg! (3.1.11)
Kek(V)

results in a partition of unity if we repeat this process for every V € N (T).

3rd Step: We show (3.1.8) and (3.1.9). Let K € A(y) and let again Vi € a(y), Vo = (—1,0), and
Vs = (0,1) be its vertices. To indicate that K € A(y) is determined by the vertex Vi € a(y), we
write K (V1), and to simplify some notation we define

t
X
=

ri(V1):=r

N;(V) = NF,

)

—

.

We claim that 7;(V}) depends continuously on V; € a(y) as a function of the space C'(Bg(0)),
where R > 0 is large enough such that the closed ball Bg(0) C R? contains a(v). To this end let
c(r) € R?! be the vector containing the coefficients of © € P5 w.r.t. the basis 1,z,y,...,2°,9° in
some fixed order. We also write r = r(c). Let M(V}) € R?'*2! be the matrix, such that the i-th
row represents the linear functional

R 5 R

M) = { - Ni(T1)(r(©).
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Then M (V;) obviously depends continuously on V; € a(y) in CO(R?*21). With ¢;(V;) := ¢(r4(V1))
we get

M(VI) (V) = (&‘J)?il, Vie{l,...,21}.

Therefore M(V;) is regular and ¢;(Vi) = M (‘71)_1(51‘,]‘)?;- All occuring maps are continuous and
therefore ¢;(V}) depends continuously on Vi. Thus the map

{d(y) SR

Vi e [[ri(Vi) llws.o (Br(0)

is well-defined, continuous, and it has a maximum C' in the compact set a(vy). The fact that Fy is
linear (which means that derivatives of order higher than one are zero), together with (3.1.1) and
(3.1.11), proves (3.1.8) and (3.1.9), because |py |65y = 0 since py |k € P5(K). O

The next theorem is a bit more involved. It states the needed approximation property of W™4
functions by polynomials [24, Theorem A.3]:

Theorem 3.1.9. Letd € N. Set I := I} x --- x I, with I; being a bounded interval for every
ie{l,...,d}. Let R € N. Then for each N € Ny there exists a bounded linear operator Jp n :
LY(I) — Qn(I) with the following properties: For each q € [1,00] there exists a constant C > 0,
which depends only on R, q and I, such that for all N > R—1 and all0 <r <R

JrRNU=U Yu € Qpr_1, (3.1.12)
lu — Jrvullwray < C(N + 1) Dulypray,  1=0,...,7. (3.1.13)

These preliminaries constitute sufficient preparation such that we are now able to prove the
main result of this section. Let us first highlight the differences to Theorem 2.1 in [24] on which
our construction is based: The interpolant in [24] approximates W4 functions with continuous
piecewise polynomials. The interpolant in the following theorem locally inherits the approximation
properties of Jg n from Theorem 3.1.9. This means, we observe better approximation rates for
smoother functions, for example (h/p)" instead of h/p in the L9-norm for W4 functions. Moreover,
we get approximation of higher derivatives. Additionally, the interpolant in item (i) maps to C!-
functions rather than C°-functions. Therefore it is H2-conforming. At the same time we emphasize
that slit domains are excluded, and the occuring constant behaves worse than in [24] (cf. Remark
3.1.14). The proof follows the one in [24, Theorem 2.1] and the changes are mostly owed to the
fact that we work with higher derivatives and different reference patches. Furthermore, we point
out that the following operators I,{fp and Iﬁp 0 are no projectors.

Theorem 3.1.10 (Clément type quasi-interpolation). Let T be an admissible y-shape regular
triangulation of the polygonal domain Q C R2. Denote the smallest outer angle of Q by 0 and
assume that 0 > 0. Let p be a polynomial degree distribution on T satisfying (1.2.1). Assume that
q € [1,00] and let n € N.
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(i) Assume that | (pr—5)/2| > n—1. Then there exists a bounded linear operator IN¥ : W™4(€2) —
SP(T) N CY(Q) such that for every K € T

h n—m
\u - Igpu\wm,q(K) <C <pK> "U,‘Wn,q(wK) VYm € {0, ceey n}, (3.1.14)
K

and for every e € £(K)

m he
1D™((u — 1) 1) o) < C (p

e

n—m—1/q
> |u|W'rL,q(we) Vm 6 {07...,7-[/_ ].}, (3115)

where D™ ((u — Iffpu)]K) stands for all partial derivatives of order m of u— IIPu restricted to
K, and C > 0 only depends on n, q, v, and 6.

(i) Assume that |(pr — 1)/2] > n — 1. Then there exists a bounded linear operator [0
Wm4(Q) — SP(T) N C°Q) such that (3.1.14) and (3.1.15) hold with IO instead of IIPu
for a constant C > 0 solely depending on n, q, v, and 6.

PROOF. 1st Step: We start with the proof of (i) and fix n € N and g € [1,00]. Let v € W™4(@y)
for a fixed vertex V' and recall that py = minge,, px. Furthermore we choose Ny := | (py —5)/2],
and denote by Ev € W”’Q(S’) the extension from Lemma 3.1.3 with S being the reference square
from Lemma 3.1.2. Corollary 3.1.7 gives a polynomial r, € P, (R?) such that

HU — TvHW”’q(a}V) < CDL’U‘W’“L«‘I(UDV)- (3.1.16)
We now define for every V' € N(T) the operator

Ty {W”’q(@v) = Ppy—5(5)
v =

(3.1.17)
v Ty + Jpny (E(v—1y)).

This operator is linear according to Lemma 3.1.3 and Corollary 3.1.7. Moreover, it maps to

Ppy—5(5) because Jy, n,, : W™4(S) = Qn,, € Pany, 7y € Py and by assumption
Ny = |(pv —5)/2] > [(pr —5)/2] >n—1, (3.1.18)

which gives n < 2n < py — 5 and obviously 2Ny < py — 5. Equation (3.1.18) also implies that
we can apply the approximation property (3.1.13) of the operator J, n, from Theorem 3.1.9 and
obtain for every m € N with 0 < m <n (r, R := n in Theorem 3.1.9)

[0 = T @) lwmagay) = 1o = 7o = oy (E@ = 1)) lwmagay)
< CIB® = r4) = Jn vy (B0 = 1)y,
< Oy + 1) "™ E@ — 1) lymas)
< C(Ny + 1)~ "™ o — ry |y
< Cpy " ol (3.1.19)
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where we have used Ny + 1 ~ py, Lemma 3.1.3 and (3.1.16). Note that the occuring constant
only depends on n, ¢, v, and 6 due to Corollary 3.1.7 and Lemma 3.1.3: Any outer angle 9 of &y
is either an outer angle of 2 or bounded from below by an interior angle of an element in 7, and
hence 1 is bounded from below by a constant depending on v and 6.

2nd Step: Let us now consider the function u € W™%(€2), and we define uy := uly, , @y = uy oF,
and uy,p, = Jy(iy) o ;' € Ppy,_s5(wy) for V€ N(T). This is well-defined, because according to
Lemma 3.1.2 it holds that 4y € W™y ). Let m € N and 0 < m < n. With v := @y in (3.1.19)
we obtain using item (iv) of Lemma 3.1.2

~ S ~ ~ 2/qg—m
[ = wypy [wma(uy) = [u = Jv(@v) o Fy wma(ey,) < Clay — Jv(UV)levq(@V)hv/q

n—m —m | ~ h
<Cp ( )h%//q |ty |wna@y) < C <p§) [uv | wna(uy)
hv n—m

For the edge estimate, let m be an integer with 0 < m < n—1 and let e € £(K) be some edge of the
element K that belongs to the patch wy. Moreover, let € := F;l(e), then | det((Fy|z))|/2 ~ h%//q.

Similar as in Lemma 3.1.2, the fact that Fy, is a composition of a scaling of size hy, a rotation,
and a translation, shows that for an integer [ and v € Wh4(wy)
ID (v 0 Fy) |l Lagy) ~ By ll(D') © Fy |l Loy,
1D (v 0 Fv) || La@y) ~ hi | (D) o By lyriagay )

We now make use of this observation, Lemma 3.1.4, (3.1.19), and again item (iv) of Lemma 3.1.2.
Then we obtain

ID™ (= wypy )| Lage) = D™ (u = wypy.) © Fvll page| det((Fy )]/
1 m 1-1 m
< ChV/q(HD (u_uV,PV) OFVHLq([fi)‘D +1(u_quv) OFV|w1 (@)

+ 1D (w = uvipy) © Fylliaay))

< Ohy/* (™| D™ @ — Iy () 4 1D™ i =y ) 14

(@v) La(@y)
+ B D™ Gy = Ty (@) ooy )

= C‘aV‘W"»q(&V)h;m+l/q (p‘_/(n_m)"'l/q +p‘—/(n—m)>

hy n—m—1/q hy n—m—1/q
§C<p\/> ’uV|W”’q(wv):C piv ’u‘wn’q(wv)' (3.1.21)

3rd Step: With the partition of unity (¢v)yepn(r) from Lemma 3.1.8, we put together the inter-
polant as follows:

Ihp Z PV UV, py -
VeN(T)
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The first observation is that IPu € SP (T): Per construction (see (3.1.17)), we have uy,,, € Pp, —s.
This together with ¢y € S%(T) readily gives u € SP(T). Moreover, InPu € C(2) because Uy py
is a polynomial, py € C1(), supp(pv) C wy, and Vov|aw, = ¢v]ow, = 0. The approximation
properties are now easily obtained. We keep in mind that

Z (%2hve =1.

VeN(K) K

Therefore, for m € N, 0 < m < n and with (3.1.9)

u = LPulwmrc) <C Y lov(u— IiPu)lwme(x)
VeN(K)

<C Z Z |SDV’Wm17°O(K)’u_I'y};pu’Wm%CI(K)

VeN(K) mi,m2€Ny
mi1+mo=m

n—ms
<C Z Z hy™ <hV> \u|Wn,q(wK)

VeN(K) m1,m2€Ng pv
mi+ma=m

hy
=¢ <pv) [wlwna ()

where we have used (3.1.20). This proves (3.1.14). For the edge estimate let e € E(K). We use
(3.1.21) and once more (3.1.9). Then for every m € {0,...,n — 1}

ID™((w = I""u) )|l pae) = || Y D™ ((uv = wvpy )ov i)
VeN(e) La(e)

<C DY D ID™evlkllee D™ (uy = wypy ) e

VeN (e) m1,m2€Ny
mi1+mo=m

he n—mao—1/q
<o X (B e

VeN (e) m1,m2€Ny Pe
mi1+mo=m

h n—m—1/q
<C <p) |ulwna(w—c)-

We also used that ¢y |x is a polynomial, which yields
ID™ vk lLee) < 1D™ @vikllee@) S hg™ S he™-

Retracing the steps of the construction, we see that I'P is in fact linear. We mention once more
that all occuring constants depend solely on n, ¢, v, and 6.
4th step: Finally, we consider (ii). This result is obtained by using hat functions in steps 1-3
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instead of the functions ¢y. This will only affect the smoothness of 10 but it does not change

the approximation properties on the elements or edges. O

We conclude this section with a few remarks on the above proof.

Remark 3.1.11. The core of the proof of Theorem 3.1.10 is Theorem 3.1.9. In one dimension this
theorem is a consequence of trigonometric approximation results (for details see Chapter 7 of [12]).
The d-dimensional interpolation operator is then the d-fold tensor product of the one dimensional
interpolation operator.

Remark 3.1.12. Locally the operator Iffp has the same properties as the operator in Theorem
3.1.9. Therefore, we may have stated Theorem 3.1.9 more generally by relaxing the condition
|(pr—5)/2] > n—1 to alocal one (with a local smoothness parameter ny, and the local polynomial
degree py ). This would result in approximation properties that are linked with the local smoothness
of the function.

Remark 3.1.13. The same line of reasoning as above leads to an interpolant which lies in C*()
for some [ € N, if a partition of unity with functions from C*(€2) N SP(T) is available for a p € N.
In particular, the use of a CI-Pp element, which contains all polynomials of degree p for some
p € N, rather than the Argyris element, would not change steps two and three in the proof of
Lemma 3.1.8. Moreover, arguments similar to the ones we have used should work to generalize
the theorem to spaces with higher dimension d > 2. The condition on the polynomial degree then

reads |(p7 —p)/d| > n—1.

Remark 3.1.14. The largest outer angle 6 only played a role in the proof of Lemma 3.1.3. Since
we assumed 6 > 0, unlike the operator derived in [24], our interpolation operator does not allow
slit domains. Throughout this thesis, constants depending on €2 will only depend on the smallest
outer angle of €. In particular if ) is convex, then the constant can be chosen independent of the
domain.

3.2 Conforming Error

In this section we construct a conforming approximant. That means, we approximate a discontin-
uous piecewise polynomial v € SP(T) with a continuous piecewise polynomial v* € SP(T)NC°(9).
We then wish to bound the error by a constant multiplied with the L?-norm of the jump of v
across the edges. The question is then, how this constant depends on the local meshwidth and
polynomial degree. Theorem 3.2.7 will give an answer to this, and it turns out that this weight
is the same one that is used for the jump terms in the DG-norm (see Corollary 3.2.9). Results
of this type have been established in various papers and for several different situations (hanging
nodes, quadrilaterals, 3D), see for example [34, Section 4.3], [35, Remark 4.5] and the references
therein. The method of proof is very straightforward: Lifting operators are used to correct the
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discontinuities along the edges and at the vertices. Nonetheless the proof will be lengthy and also a
bit technical. Here we follow the ideas of [19, Section 5]. The difference is, that whereas in [19] the
error in the H'-seminorm was of interest, we desire simultaneous approximation in the L?-norm
and in the L%-norm on the skeleton. To achieve this, an optimal vertex lifting will be constructed
in Lemma 3.2.5. Such liftings and some elementary inverse inequalities are the purpose of the next
subsection. After that we have enough at hand to prove Theorem 3.2.7.

3.2.1 Inverse Inequalities and Liftings

Inverse inequalities

We quote two basic theorems distinguishing between one- and two-dimensional results. They will
prove useful throughout the rest of this thesis.

Theorem 3.2.1 (1D Inverse inequalities). Let I = (a,b) be a bounded interval and let
h =b—a. Then for every polynomial v € P,(I) we have

2
p
[0l 2y < 2\/§WHUHL2(I)7 (3.2.1a)
2p?
[0 oo (1) < 5 Iollze ), (3.2.1b)
p
| ooy < 4V3—=|v : 3.2.1c
vl poe () < \/EH 22y ( )

PROOF. A proof is given in Theorem 3.91 and Theorem 3.92 in [30]. O

Theorem 3.2.2 (2D Inverse inequalities). Let K be the reference triangle and let é € E(K)
be an edge of K. Then there exists a constant C' > 0 not depending on p such that for every
polynomial v € P,(K) it holds that

|’U||LW(K) < Cp2||UHL2(f()a (3.2.2&)

vl 2@y < Cplvll g2 () (3.2.2b)

190025 < CP* 0l 2 (3:2.20)

PROOF. A proof can be found in [30, Theorem 4.76]. O

Trace Liftings

Lifting operators allow us to find polynomials with prescribed values on either the boundary or at
a vertex of an element K. The crucial point is, that the L?- and H'-norm of these polynomials are
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small. For some of the original work on these polynomial liftings we refer to [5, 6]. The following
theorem provides an H'-stable lifting from the boundary.

Theorem 3.2.3 (Edge lifting). Let K be the reference triangle and let I' be the closed union of
the edges of K. Then there exists a linear extension operator L : cr) — Hl(K) and a constant
C > 0 with the property that if v € C(I') is a polynomial of degree p on every edge e € 5(K), then
L(v) € Py(K) and for every v € C(T)

1L oy < Cloll ey, (3:2.30)
||L(U)||H1(f() < C||U||H1/2(F)- (3.2.3b)
PROOF. A proof is given in Theorem B.4 in [24]. O

To control the H'/2-norm in (3.2.3b), we will use the following well-known Lemma.

Lemma 3.2.4. Let v € Py([0,1]) and let p € N. Then there exists a constant C' > 0 independent
of p such that

vl 12001y < CPlvliz2(0,1)- (3.2.4)

PrOOF. This is an interpolation result. With the notation of [12, Chapter 6] it holds (on R
or on closed intervals) that (L2, W1’2)1/272 = H'/2, where the space on the left-hand side is an
interpolation space (see [12, p. 196] and use the well-known fact that B? o0 =H 1/2). According
to [32, Section 1.3.3], for an interpolation couple (X,Y") (see [32, Section 1.2.1]) it holds that

1oll(x,v)0,, < Coglloll°IFIS Vo € (X, Y)oq-

Thus with the inverse estimate (3.2.1a), X := L%, Y := W2, 6 := 1/2, and q := 1 there exists a
constant C' > 0 such that we can bound

1/2 1/2
[0l a120.) < Clloll o Il 0n < Collvllz2@),

and hence (3.2.4) holds. O

Item (iii) in the next lemma gives us a vertex lifting. Equation (3.2.2a) shows that it is optimal
in the L2norm. Conversely, item (i) basically states that (3.2.1c) is sharp.

Lemma 3.2.5 (Vertex lifting). Let n,p € N and p > n. Let

~

K:{(:C,y)ERQ:x,y>O AN z+y<l1}

and let € = [0, 1].
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(i) There exists a constant C' > 0 independent of p and a polynomial m, € Py(é) with the
properties

mO0) =1, m1) =0,  |mlre <

= Q

. (3.2.5)

(11) There exists a constant C(n) > 0 independent of p such that if ¢ € Pp(é) with q(0) =1 then

7 rpmillz2eey + llmp-nllz2e) < C(n)llallp2(e)- (3.2.6)

(iii) There exist constants Cy,Cy > 0 independent of p and a polynomial T1, € P,(K) with the

properties
1
I1,(0,0) = 1, Hp|{a:+y:1} =0, ||HpHL2(af() < ClH7rp||L2(é) < 02];
C (3.2.7)
1
||H;DHL2(K) < 2 HVHPHLQ(R’) < Cipl[mpllze) < Coa.
PROOF.

(i) We work with the Legendre polynomials (F})jen,. According to [1, 22.2.10] they form a
system of L2-orthogonal polynomials on [—1, 1] with

2
||Pl||%2(_171) BCTEE P(1) =1Vl e Np.

Therefore, if v = >°7_; P, and Y7 ; @y = 1, we also have v(1) = 1. We define m(z) :=
(1 —x) € Pi(é) and now consider the case p > 1. Since

p—1 1/2 p—1 ..1/2
b 1 b

=1

p—1 I 1/2
> () n
= \P

N——

=p

and

2

_pi o2 1
S I RO
-1y =P A+1p

the assertion follows, if we multiply the polynomial v, with ¢,(x + 1) for a suitable constant
¢p (which is bounded independent of p from both directions) and transform it from [—1,1] to
the intervall [0, 1].
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(ii) With ¢(0) =1 and the inverse estimate (3.2.1c), we have 1/p < C||q||2(). Hence

[mp-nllz2@e < —— < C

and upon adjusting C'(n)

17 rpmllL2e) < —— < C(n)llgllr2e)-

(iii) First, we define I, (z,y) :==1— (x +y) for all p € {1,2,3}. If p > 3 let

Hy(z,y) == (1 — 2 —y)m|p2-1)(2)7|p/2—1 (Y)-
‘We have

. (3.2.8)

=l Q

Il 2y < 121y 1320y <

To obtain the H'-bound we combine (3.2.8) with (3.2.2c). The other properties can be
checked easily as well.

g

3.2.2 Conforming Approximation

To state the local approximation properties of the conforming approximant, we first introduce a
local set of edges:

Definition 3.2.6. Let T be an admissible triangulation of Q C R2. Let e € £(T) be an edge of T
and let K € T be an element of T. Then we denote the union of interior edges €' belonging to the
respective patch by px and pe:

PK = U e, Pe = U e. (3.2.9)

e'e&l (wk) e’ €€l (we)

The construction of the conforming approximant is an important step to prove reliability of a
DGFEM a posteriori estimator. The approximant will be constructed as a function in SP(7) N
C%(€2). The fact that the function is in SP(T) is not important in order to prove reliability of the
error estimator. However, it will allow us to bound the jump terms by other error terms later on
(see Lemma 4.1.13).

Theorem 3.2.7 (Conforming approximant). Let T be an admissible ~y-shape regular triangula-
tion of Q. Letv € SP(T) and let p be a polynomial degree distribution satisfying (1.2.1) and p > 1.
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Then there exists a constant C' > 0 solely depending on v, and a function v* € SP(T)NC°(Y) such
that for every edge e € E(T) and for every element K € T there holds

v = "l < CllT I,y (3:2:100)
o = "B < Chic Il 3o (32:10b)
2
* p
IV = )20 < CFE N2 (3:2.100

PROOF. Let us first outline the main steps to be taken. In order to prove this theorem we will
split the function v into a nodal part, an edge part, and an interior part:

v:vN—i-’UE—i-’UI.

The nodal part vV, which is generally not continuous, is chosen such that its limit coincides with
the one of v in each vertex on each element. The edge part v¥ will coincide with v — v on each
element on each edge (thus it is also generally not continuous). The interior part is then given by

vl = v — oV —oF and it is continuous. After this splitting is defined, we will approximate each

part separately with continuous functions v, v¥, and vl and put everything back together in the
end. The general idea is to construct the edge and nodal part in such a way, that they can be
approximated with a continuous function and the respective error is bounded by appropriate jump
terms only. This is done via the lifting operators from above. The interior part does not need to
be approximated since it is already continuous. Throughout this proof we will use the fact that the
diameter hx and the polynomial degree px of the element K are comparable with the ones of its

neighbours, without mentioning this at every instance. Moreover, we recall that
= min .
bv Ket Pk

Working with the polynomial degree py on the patch wy will guarantee that we stay in SP(T).
The proof proceeds in six steps.

1st Step: We establish some notation used throughout this proof. To begin with, we define for
every V € N(T)

: € E ! 32
: ' ’ 2.12

The number of elements sharing the vertex V is bounded by a constant C' depending on v and
therefore

my < MV < Cmv. (3.2.13)

We denote by Ky and K7, the two elements for which the maximum my is reached in (3.2.11), and
write ey for the edge shared by those two elements. We remark that ey € £ is always an inner
edge, regardless of whether V' is on the boundary or not. Then

qv = [v]ey
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is a polynomial of degree max(pKV,pK‘//) on ey, and we choose its sign such that ¢y (V) > 0.
Moreover, we define for every V € N(T) the values

1
= 2.14
SEEIIP L M
and for every K € K(V)
Jv(K) = v[x(V) —av. (3.2.15)

Then ay is the arithmetic mean of the different limits of v at the vertex V, and jy (K) is its
difference with the limit on the element K. It is easy to see that

v (K)| < My < Cmy, (3.2.16)
for all V € N(T) and K € K(V). Furthermore, we set with IL,, € P, (K) from Lemma 3.2.5
rip =1, 0 Fil, € Py (K), (3.2.17)

for every K € 7 and V € N(K). Recall that Fx,y : K — K is the affine map with Fg,y(0) = V.
Therefore the function r& fulfills rf (V) = 1 and rf (V') =0 for all V! £ V.

2nd Step: Having disposed of this preliminary step, we turn our attention to the construction of the
nodal part vV. We start by defining local node functions viY € SP(T) such that supp(vi¥) C wy,
Y|k (V') = 0 for every K € T, V' # V, and the limits of v{} coincide with the ones of v on each
element K € K(V) at the vertex V: Let

(3.2.18)

N vlk(V)rf if K € wy
vy Kk =
0 else,

for every K € T. It is easy to see that v§ fulfills the above properties. Now we define the nodal
part vV € SP(T) as

V= Y o (3.2.19)
VeN(T)

A few observations are in order. First of all, it holds indeed that

(v =2vM)|x(V) = vl (V) =0 |k (V) = v|x(V) = vl (V) r{ (V) =0,
=1

for every K € T and every V € N(K). Moreover, for K € (V) we want to estimate some norms
of these functions on K, which will be important later.
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e Using (3.2.6), (3.2.7), and (3.2.16), we observe

v ()i |2y < Chy v (B © Frvll 2y < Chvmy [Ty || 12
Iy 1/2

< Cmy—|w o < O o

< vva pv L2 o lav L2 (e

/2 B2
= O2 ol 120 < O NPl (3220)

For the inequality in the second line we transfered the integral to the edge ey and used
qv (V) = |[v]]ey (V)| = my, as well as (3.2.6) with ¢ = gy o F¢,,, where F¢,, : ¢ — ey. This
gives

my | mpy © Fo M 2oy < Cllavilzzeyy = ClIvll2(ey)- (3.2.21)

e Per construction we have that for some edge e, rif | is either zero or fulfills [|7{f ||| f2() < ||Impo
Feyllr2(ey) (cf. (3.2.7) and (3.2.17)). With (3.2.6), and because [[v]|(V)] < my = [[v]]e, (V)]
for every edge e with one endpoint being the vertex V', we thus get for every e € €

v (E)ré 22y < CllVINlz2(ery < M 20 - (3.2.22)
Note that if e ¢ £(V), then (3.2.22) is trivial since 7|, = 0.

e For the H'-seminorm on the element K we compute similarly and again with (3.2.7)

IV v (B)r) |2y < CvaIVHpVHLz &) < Cmyvpvlimpy [l r2e)

h1/2 S vlnl 2gey) < Ch1/2 I1T0D 22 (o) - (3.2.23)
14 K

e Finally we will bound the jump of vV across an interior edge e € £!. Let e be shared by the two
elements K, K’ and let V, V’ be its two endpoints. Since supp(vi,) C wyr, YV € N(T), only
the functions zﬂ and vg, can be nonzero along e. Hence, the combination of the definitions
(3.2.18), (3.2.17), (3.2.11) of vV, r& and my, together with (3.2.21), imply

1™z < 1oz + oDl
= (@l (V) = 0la0 (V)py © (Ficele) ™ lz2ge
+ 1@l (V') = vl (V) © (Frcele) ™ 2o
<my|mpy © (Fiele)  lnz2ee) + mvillmpy,, © (Frele) 2
< C (Dl 2(eyy + 1101 22(ey )
< Clllelll - (3.2.24)
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Inspection of the steps shows that all appearing constants only depend on ~.

3rd Step: We want to define v¥ and v!. To begin with, we construct local lifting operators
associated with an edge and an element. Let e € £(T) and let ¢ € Pp(e) with ¢(V) = ¢(V') = 0 for
both endpoints V, V' of e. We can extend ¢ continuously by zero on the whole boundary 0K of an
element K € K(e) and denote this function with ¢?X. With this, the element map Fg : K — K,
and L from Theorem 3.2.3 we define for every e € £(T) and K € K(e) the lifting operator

Lo {gePyle): q(V)=0VV € N(e)} - HYK)
fre g+ Lg% o Frlyz) oFl}l.

Now let w := v — v, then w|x (V) =0 for all K € T, V € N(T). With the notation wg := w|f
and Wk e 1= Wkle, the function L .(wk.) € Pp(K) is well-defined. We call v¥ with

UE|K = Z LK,e(wK,e) (3225)
ecE(K)

for every K € T, the edge part of v. Finally, we define the interior part v! of v by

vl = v — o — 0P,
Note that v’|. = 0 for every e € £(T) and therefore v/ € C%(Q). We also point out that vV, v¥,
and v! are all in SP(T).
4th Step: We construct the approximant vY € SP(T) N C%(Q) of V. With (3.2.14) and (3.2.17)
let

© 0 else,

for every K € 7. It is clear that Ui\fv is a continuous function on € with

Supp(vi\,fv) C wy, U»{YV(V,) = dy,yr - ay.
The approximant
vl = ) el (3.2.26)
VeN(T)

is then in SP(7) N C%(Q2) and has the property vX¥ (V) = ay. Now let us bound the L2-error of our
approximation. With definition (3.2.19) of vV and (3.2.26) of vY we get

[N = oM 2y < D0 oY —olv iz = D ot — oy llre
VeN(T) VeN(K)

= Y oleW)r = avrf e
VeN(K)
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Further with jy (K) = v|x (V) — ay and (3.2.20)

‘ hK1/2
[0 — o || L2y < Z v (K)rif |2y < C Z 1TVl 22 (o)
VEN(K) VEN(K)
1/2
< (C—+— - H[[U]]HLz (oK) (3.2.27)

where p is as in Definition 3.2.6. In a similar fashion and using (3.2.23), we compute

IV —o)ll2 < Y0 IVOV =ody)legg = Yo V@Y = o)z

VEN(T) VEN(K)
= > IV@IkO)rE —avr)lea = Y. IivE)VEE)
VEN(K) VEN(K)
<C ) 109D 22 o) <O*ﬁ||ﬂvu||m<p,< (3.2.28)
VEN(K) \/7

5th Step: In this step we construct the approximant vZ € SP(T) N C°(Q) of vF. Recall that
wr.e = (v —vY)|K)|e. For every edge e € T we then define the polynomial g. € P,(e) as

(K') and px < pg,

wge fe=EK)NE
YNE(K') and pg > pkr, (3.2.29)
)-

Qe = WK’ e if e =E(K
wg,e ifee EB(K

We have ¢.(V) = 0 for V € N(e), since wg  respectively wgr . fulfill this. Thus we are able to
extend ¢, continuously with zero on the other edges of an element K € K(e), and Lx ¢(ge) € Pp(K)
is well-defined and vanishes on 0K \e. The approximant defined as

Pl = ) Lielqe), (3.2.30)
ecE(K)

for every K € T, is then continuous and in SP(7) because, for interior edges, g is defined as the
polynomial with the smaller polynomial degree of the two adjacent elements. We begin with the
estimate in the L?-norm. Recalling that functions with superscript K denote extensions by zero
on 0K, we obtain with the linearity of the operator Ly .

107 — 0P|l 2 (x) = Z [ Lke(wke) — Lice(qe)|l 2 ()
ecl(K)

= Y ke(wre — )2

ecE(K)

= D LR = a?19k) © Frlog) © Fill 2
ceE(K)\EP
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since per definition (3.2.29) it holds that ¢. = wg if e € EB. Now we use a scaling argument,
(3.2.3a), and |w?§e|e —q?%|.| < |wk e —wgr |, where K’ is the element sharing the common interior
edge e with K. This allows to bound the L?-error with

S [ (Bl =)o Fily) o ') de

" = v 172k

ec€l(K)
= Z / L((w 8K—qe )OFK]aK)> | det Fi| de
eel (k)" K
2
< 3w [ (LR - ) o i) da
el (K) K
2
<C > hi(/ ((w‘?(Ke—qe )oFK) ds
e (K) Fi'(e)
< C Z h%(/l ("UJK75 —nge\ OFK)2 ds
ce€1(K) Fie (e)
2
<C Y hiflwke —wirellq (3.2.31)
ec€!(K)
In the last step the one-dimensional integral was transfered back to the edge e. With (v—v™)f . 1=
(v —o™M)|K)|e = wg e and similar definitions for vk . and fu%e, we get
lwi.e — wirellrze) = (0 = 0N ke = (0 = M) g el z2(0)
< ke = vrrellzze) + 10K e = vR7 ellze)
= Il z2e) + ™D 22 o) - (3.2.32)
The jump of vV was bounded in (3.2.24) and hence
WE =P ey €S2 RellllI22 < ChiclolZzn (3.2.33)

ecE!(K)

It remains to estimate the error in the H'-seminorm. Similar calculations as above, a scaling
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argument, and (3.2.3b) lead to

VP =) ey < D IVEke(wre = a0)l72(x)

e (K)
= Y IV~ g0 Ficlyi) o Fb) B,
eeE1(K)
<O Y IV — )0 Frlp) i
ecE!(K)
<C Z wKe_Qe OFK||H1/2(F ©)
ecEl(K)
2
=C Z wK,e_wK’,e)OFKHHlm(FI;l(e))
ecEl(K)
2
=C Z (v — oV — (v —vM)gre) o FKHH1/2(FI;1(e)) , (3.2.34)
eeE!(K)

where K’ is again the element with e = £(K) N E(K'). With Lemma 3.2.4, we obtain

||((U - UN)K@ - (U - UN)K' e) © FKHHl/Q *1(6))
< H[[UHOFK”HU? 1)) T o™ ]]OFK||H1/2 Fl(e))
< Cpxc (o] © Ficll 2o o + 110N 0 Ficll ooy )

and conclude with (3.2.24)
E _ E\|? Pk 2
V@ =)oy < C@MU]]HB(,)K)- (3.2.35)

6th Step: Finally, we prove the assertion. Let vl := v € SP(T) N C%Q) and consider the approxi-
mant

v* = ol +0F 40l € SP(T) N C(Q).
The desired estimates (3.2.10b) and (3.2.10c) follow with (3.2.27) and (3.2.33):
lo =" 122 < (10 = 0N Bagaey + 107 = 02132y + 07 = 0l By
S ChKHII/U]]H%Q(pK)a
respectively with (3.2.28) and (3.2.35):
V00— o) 2y < € (190N 02 Zagsey + 1907 — 0B By + V0T — D) e

p%( 2
< OPE [l
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It remains to prove (3.2.10a). Let e € EB be a boundary edge with endpoints V,V’, and
belonging to the element K. Then with the notation from the first step and (3.2.22)
K

1o = 0¥ 2y = Il (V) = avrl) + (oxc (V) — ayort) 2o
< v ()i ey + v i |2 e
< € (Illz2eny + N z2gey ) -
Recall that v!|, = vI|. = 0 and vF|. = vF|. for boundary edges (cf. (3.2.29)). Therefore

o =0 B2y < © (I =0 By + 10" = wPlay + I = wlliFaqo)

< Cldlz2 ),

which gives (3.2.10a) for boundary edges. To prove the estimate for interior edges, the contribution
of the edge part additionally needs to be taken into account. Assume that e € E/(K)NEN(K') and
without loss of generality let v¥|x | # vE|k|e. Then (cf. (3.2.29) and (3.2.25))

1" =) kllz2e) = 105 = 0F |k ll2e) = 10 = 0™) e = (0 = ™) &[22y
< 1Ellzee) + 1™ 2o (3.2:36)
The first term after the last equality sign is the one we want to get, and the second one was bounded
in (3.2.24). This concludes the proof. 0

Remark 3.2.8. In light of (3.2.2b), the weight hx instead of hx /p% in (3.2.10b) seems to be
suboptimal. In fact, whereas the error of the nodal part would give hy /p% (cf. (3.2.27)), the
problem is that the edge lifting (3.2.3a) is only stable (but not more) in L?. However, as the next
corollary shows, the weights are good enough for us. For tensor product spaces (on quadrilaterals)
an optimal edge lifting can be constructed (for example with the use of 7, from (3.2.5)). In this
case the optimal weight is obtained (see [35], where Lagrange polynomials associated with Gauss-
Lobatto nodes are used).

We now state the above theorem in the way it will be used it in the next chapter.

Corollary 3.2.9 (Conforming error). With the same assumptions as in the previous theorem,
there exists a constant C' > 0 solely depending on ~ such that for every v € SP(T) there is a
function v* € SP(T) N C°(Q) with

K2 (lv = o720y + V(0 = 0 1720 + Kllo = 0" (17250

c k212 + khe
O (1 ) ko) P e, (3.2.37)

<
c&l e

where a is as in (2.3.5).

PROOF. Recall that kal|. = ap?/h.. Summing over all elements and with the use of Theorem 3.2.7
we readily obtain (3.2.37). O






Chapter 4

A Posteriori Error Estimation

The goal of this chapter is to find an a posteriori error estimate for the solution of (2.3.1). We
make use of some general techniques as described in [3, 28, 33] and apply ideas from [13] and [15].
To start with, we will define non-weighted error indicators and prove that they can be used to
estimate the error from above. This means that the estimator is reliable. Afterwards we consider
weighted error indicators, which then allows to prove efficiency in the succeeding section.

4.1 Reliability

Two problems will have to be dealt with to obtain a reliability estimate: The first one is that the
sesquilinear form a7 is not coercive on H3/?(Q) (and does not even fulfill a Géarding inequality),
which is a general concern of DG methods. The second one is the lower order term —&2(, ) L2(9)
contained in a7, and this is characteristic for the Helmholtz equation. The first problem will
be overcome by introducing a new sesquilinear form, the second one can be resolved with an
Aubin-Nitsche-type argument. Before we start, as a preparatory result, we compute an alternative
representation of the term a7 (u — w7y, v), which will be needed frequently in the following.

Lemma 4.1.1. Letu € H;’-/QJFE(Q) be the solution of (2.1.2) for some € > 0 and let ur be the
solution of (2.3.1). Then we have for every v € H;/QJFE(Q)

S

(f + Agjur + k2u7’)@ dx — / [V5rur]n{v} dS + / [[UT]]N{W} ds
KeT 7K el &l

1
+ / (1 —-10)(g — Opur —ikur)v dS — — 3(g — Opur — ikuT)Opv dS
£B ik £B

— ik /gl afur]n[v]n dS + % /gl ﬁﬂVTuTHNHWHN ds. (4.1.1)

95
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PRrOOF. With definition (2.3.2) of a7 we get

ar(u = ur,v) =(Vr(u —ur), V7o) 2(0) — k> (u = ur,v) 2
- / [u— urly - {F70} dS - / (Vr(u—ur)} - [oly dS
81 8]

- 0(u —ur)Vyv-n dS — OVr(u—wur) -nvdS
EB EB

1 S 1 -
— / BIVT(u —ur)|n[Vrv]n dS — / Vr(u—ur) -nVyv-n dS
k &l ik £B

+ ik /SI afu —ur]n[v]n dS + ik /53(1 —0)(u —ur)v dS. (4.1.2)

Moreover, —Au—k?u = f in Q. Integrating by parts, we then obtain for the term (V7 (u—ut),v)—
k?(u — ur,v) in (4.1.2) with the so called DG magic formula

(VT(U’ - uT)a VTU) k2(u —ur,v LQ(Q)

(/ —A7(u—uy)v de + Z Vr(u—ur)- ndeS>

KeT ecdK V€

— k*(u—ur,v) 120

(
—Z/ f+Aqur+k uTvd:r—i-Z Vr(u—ur) -nvdS
KeT ecEB 7 °

+ 3 [ (197wl (@) + (Tr(u—ur)Fly) 45, (413
ecEl ¥ °

where ng is the outer normal of the domain K, and m is the outer normal of 2. Now we insert
(4.1.3) into (4.1.2) and use On(u — ur) + ik(u — uy) = g — Opur — ikus on I This yields for the
integrals on the boundary

- §(u —ug)Opv dS — 1 58n(u — ug)Opv dS — 00 (u — uy)v dS
EB ik £B
—|—ik/ (1= 8)u—ur)odS+ | On(u—ur)o dS =
B B

1
/ (1 =9)(g — Opur — ikur)v dS — — d(g — OnuT — ikuT)Onv dS.
EB ik £B

The regularity of the solution u € H3/2*¢, ¢ > 0 implies [u]y = [V7u]y = 0 for interior edges,
which is why these terms vanish. Finally, we put everything together and aggregate the right terms
which gives (4.1.1). O
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4.1.1 Non-weighted Error Indicator

Definition 4.1.2 (Error indicators). Let u € H%/?*¢(Q) be the solution of (2.1.2) and let
ur € SP(T) be the solution of (2.3.1). Then we introduce for every K € T the local error
indicators of ur:

h 2
) i= (225) Agur + R + flfge (41.42)
1 .
ne(ur)? = Y SIB/RPIVrurinliae + Do hellg — Onur — ikur|Tag),  (4.1.4D)
e€€!(K) ccEB(K)
1
i (wr)? =Y Slek)PlurllZz), (4.1.4c)
ecfl(K)
nk (ur)? ==nr, (ur)® + npg (ur)? + N (ur)?. (4.1.4d)

The first one is also called the internal residual and the second term in (4.1.4b) is the edge
residual. The global error indicator of uy is given by

n(ur)® =Y ni(ur)®.

KeT

When no confusion can arise we omit the argument uy and write ng = ni(ur), and similar for
the other quantities.

We start our analysis of these error indicators with the following lemma that bounds the error,
with respect to a norm that is linked to the DG-norm, by parts of the estimator plus the k-weighted
L?-norm of the actual error. As we have already mentioned, neither a7 nor ar + k2(-,-) 12(Q) 18
coercive on H%/2(2). To avoid this problem, one has to define a new sesquilinear form. Oftentimes
this is done via lifting operators. We choose a different path, and simply drop those integrals in
a7, which destroy coercivity. This idea has been used similarly for an interior penalty h-DGFEM
in [13, Section 5.6.2.2]. At this point, the C! interpolant from Chapter 3 will come into play and
allow us to avoid terms containing jumps of the gradient.

Lemma 4.1.3. Let u € H??T5(Q) be the solution of (2.1.2) for some ¢ > 0. Let ur € SP(T)
be the solution of (2.3.1) with S = SP(T), where T is an admissible y-shape regular triangulation
of Q and pr fulfills pr > 5. Further assume a > 1. Then there exists a constant C' > 0 solely
depending on v,0,0, and Q such that

IV (u —ur)ll2e) + klu — urll 2 + VEllu — urll 2200
1/2
< CCconf Z (7’1%3;( + U%K) + Z heHg — Oput — ikuTH%Q(e) + 2'I€Hu - UT||L2(Q)7
KeT ecEB
(4.1.5)
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where, with hr, pr as in (1.1.3), (1.2.2),

kh kh\ 2\ 7
Ceonf := (1 LTy <T) ) . (4.1.6)

bt bt

Proor. We introduce

ar(v1,v2) == (Vru1, V) o) + k?Q(U17U2)L2(Q) + ik/a v1v2 dS,
Q

and the associated norm
[v]|? = |ar (v, v)], (4.1.7)

where v1,v9,v € H%—(Q) This norm is equivalent to the left-hand side of (4.1.5). Integrating by
parts we observe for sufficiently smooth functions wv1, vg

ar(vy,vg) = Z Vo Vyus + k2003 de + ik:/ V103 dS

KeT 7K o9
= Z / —ATvlzTg—i-kal@ dx + Z /Vﬂ)l -nuvy dS | + Z ik:/vlvg ds
KeT \'K ec(K) 7€ eceB 7€
= Z </ (—ATvl — kQUl)zTQ dx + 2k2/ V1V da:) + Z /(ik’U1 + 87,,1)1)@ ds
KeT K K ecEB €
+ Z [Vruln{vz} + {Vrvi}[v2] v dS.
ecEl V€

Since u is a solution of (2.1.2), it holds that —Ay(u — ur) — k*(u — ur) = Arur + k*ur + f in Q
and Op(u — ut) + ik(u — ur) = g — Opur — ikug on 9. Let ¢ € H'(2). Then we have [¢] = 0
and, because of u € H3?*¢(Q), we also have [u] = [V7u] = 0 on interior edges. Therefore,

ar(u—ur.o) = [ (Agur+ Bur+ fypde ~ [ [Vrurlvg dS+ [ (g 0ur ~ ikur)p dS
Q el EB

+ 2k (u — uT, ©)r2(0)- (4.1.8)

With u7 denoting the conforming approximant of u7 constructed in Theorem 3.2.7, Corollary 3.2.9
implies due toa > 1

lu—urlla < llu—urla + ur —urlla
1/2

< Ju= il + CCoony | S 10002 [url oy | - (119)
ec&!
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To estimate the first term in (4.1.9) we define the set

@ :={pe H'@)nH*Q): el <1}

Moreover, let [P := I{Lp be the interpolation operator from Theorem 3.1.10. Then (u — u3)/|lu —
u||z € ® and we obtain again with Corollary 3.2.9 and Cauchy-Schwarz

lu = uFlla < sup |ar(u — uT, ¢)|
ped

< sup |ar(u — ur, )| + sup |ar(ur — uF, @)

ped ped
< sup |a7(u — ur, @)| + sup [|u — ur|allela
ped ped
1/2
< sup |a7(u —uT, ) — a7 (u — ur, Ihp(P) + CCony Z H(ka)lﬂ[[uT]]H%?(e)
QDG@ =0 6681
(4.1.10)

Next, we use representation (4.1.8) of a7 (u —ur, ) and representation (4.1.1) of ar(u —ur, I"Pp)
to evaluate the term in the remaining supremum

a7 (u—ur, @) — ay(u—ur, ["Pp) =
/ (Arur + Kur + f)p do — / [Vrur]n® dS + / (9 — Onur — ikur)p dS
Q el £B
+ 2k (u — uT, ) 12(0)

- </(A7’UT + K ur + f) 1" dw —/ [Vrur]n{I"¢} dS +/ [urln{V7rIe} dS
Q €1 e1

+ / (1 —06)(g — Opur — ikur)I"Pp dS — é(g — Oput — ikur)0n I dS
£B £B ik

| - 1 -
—lk‘/ afur]y [I"e]n dS+,/ BIVTur]n [VrItre]n d5>
eI N—_—— ik eI N————
=0 =0

= /Q(ATUT+ Kur + f)(p — I'Pp) da — /SI[[VTUT]]N(SO — Ihry) dS

+ / (9 = Onur — ikuT)(p — I"Pp) dS + / (g — Onur — ikur)(IhPp) dS
£B EB

. 5 ‘
— [ Lurla AT} s+ [ 60— Ouur — k)3, 48 + 207 = ur. )20
(4.1.11)

We denote the terms after the last equality sign in (4.1.11) from left to right with 7y,...,77 and
seperately investigate the integrals T1,..., T in the sequel. For 77, we use (3.1.14) and obtain
hi

‘/ (Arur + Kur + f)(p — I"p) do —.
K PK

<C HATUT + kQUT + fHLQ(K) HVQOHL%wK)
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With the inverse estimate (3.2.2b) and the stability of I"? in H'(K) it holds for K € K(e), due to
a scaling argument, that

Pe
B2

Pe

IV "0kl L2y < C5 VIl 2k < Chl/g IVl 20y - (4.1.12)

Let now e € £, Recall that 3/k|. ~ he/pe. Thus we get for Ty with (3.1.15)

/ [Vrurln(p — I'g) dS' = / ((B/R) 21V 7urly) ((B/1)2(p = T7g) dS’
< C(B/R) IV Tur]nll 2@ IVel 2w

With akl|. ~ p?/he and (4.1.12) we observe for T

/€<(O"“)1/2[[“T Iv) ((ak) (V7 T} dS‘

he/?
< Ol (k) Plur] vl r2e) I{VTT@} | 2 e) Wiz,

< Oll(ak) 2 [urlll 2o IVl 122 -

Next we consider boundary edges. Let e € £8. Then we obtain for T3 with the approximation
property (3.1.15)

[lurls (T} ds\ -

. — . he\
/(9 — Onut — ikut)(p — I"Pyp) dS‘ < Cllg = Onur — ikuT L2 I VOl L2000 <p> :

€ €

Recall that 0|, ~ khe/pe. In particular, § < Ckhy/p7 and moreover

1/2 1/2 1/2
()" (2)”
Kt/ Pe PT Pe

Again we apply (3.1.15) and therefore get for T}

500~ oy — ik (77 4 =

S lg = Onur — tkur| 2 161" — )|l 12
+ |lg — Onur — ikur| L2(0) 100l L2(e)

. kh
< llg = Buur — ikur 2 (1 ; pj)

B\ 12
< (Il + VRela) ()

With (4.1.12) and §/k|e ~ he/pe, we bound Tg

/5(9 — Opur — ikur)(I"Pp — ¢ + ) dS’

J . :
/ik:<g — Opug — ikur)onI"Pp dS' < Cllg — Onur — 1kuﬂ|Lz(e)||Vg0HL2(wg)hé/2. (4.1.13)
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These estimates now imply for the supremum in (4.1.10)

sup a7 (u — ur, ) — ar(u — ur, )| 5

ped
hk
> ATur + Fur + Fll 2oy 1Vl L2y — + D BRIV rurin e IVl 2w,
KGT pK eeg[
B\ 12
+ 30 o= Oy~ burlay [9elizce () 4 32 Nl = Oy — ikurlag,
B De B
ecf ecf
he\ /2 khr
()7 (14 5T (1Belinco + I96limqa) + 3 I8 Lurlvllia IVl
De T ceel
£ Nlg - Onter — g IVl Y2 + 202 = wrll gy ooy - (41.14)
ecEB

Putting together (4.1.9), (4.1.10), and (4.1.14) and using Cauchy-Schwarz for sums, we have

h 2
[u—urll; S( > HATUT‘i'k2UT+in2(K) (p;)

KeT
. he khy\
+ 3 Lo Onur — burlfag (22 +h.) (14+527)
ccEB De b1

1/2
+) !(ak)l/Q[[UT]]NH%Q(e)> + 2k|lu — urlL2(0)

ec&!
1/2
+ CCconf Z H (k‘O[)l/2 [[U]] ||%2(e) )
ec&l
and therefore
1/2
lu = urllz SCCeons (N +17) + hellg = Onur — ikur |72 + 2k[lu = ur| 220,
(e)
KeT ecEB
which gives (4.1.5). O

Remark 4.1.4. Lemma 4.1.3 also holds for p7 > 1 if we add the sum over the terms n%K on the

right-hand side of (4.1.5). This follows, if we work with I{Lp’o instead of I{Lp from Theorem 3.1.10
for the values 1 < py < 5. In this case we bound for e € E/(K) with (4.1.12)

1
o [ AT Turla [Ty s < e/ 9 rurlyp Vel



62

since this term does not vanish in (4.1.11). Whereas this results in slightly worse constants (namely
by the factor /pe) for pyr < 5, it will merely alter the overall constant in Lemma 4.1.3 (after adding
the terms n%K).

The next corollary shows that the remaining terms in the DG-norm are, up to some factor,
bounded by n(ur) + kl|u — ur| 12(0)-

Corollary 4.1.5. With the same assumptions as in the previous lemma, it holds that
3/2 1/2
= urllpg < € (C22mtur) + CL2k lfu = urll o) )

for some C = C(~,0,5,Q) > 0.

PrOOF. If we compare the DG-norm (2.3.3) with the left-hand side of (4.1.5), we see that the
only terms missing are the ones containing the jumps of the function and the gradient on interior
edges, and the one containing the normal derivative of w7 on the boundary. To estimate the latter,
we remark that Op,u = g — iku on 0 and thus it holds on e € £ that

1/2 1/2 1/2
<ZG> On(u—ur) = <h€> (9 — ikuy — ur) + ik'/? <k;)he> (u—ur)

which in turn yields
16/k)" 20 (1 = ur) | 12(e) S I (Be/Pe)*On(w = ur)l| 2y

' he 1/2 k’h 1/2
< g — Onur — ikur| e () ; (T) 20— wr) 2o
DPe %

and

. he khr
16/ 200 — u)2aom S 3 g — Oneer — ikur |20 22 + 50T S 1200 — ) 22,
B Pe pT B
ecf ec&
(4.1.15)

Since Cclo/jf times the left-hand side of (4.1.5) contains the square root of the second term on
the right-hand side of (4.1.15), and n(u7)? contains (an upper bound for) the first term on the
right-hand side of (4.1.15), the square root of both terms is bounded by

c (Ci{jfn(“ﬂ + Cic{sfk”u - UTHL?(Q)) :

due to, and with the notation of, the previous lemma. For the jump terms let e € £/. Then

(k)2 [u = ur]ll2(e) = I1(ek) 2 [ur]n | L2 (o),
1(8/k)'2[u = ur]nll 2y = 1(8/k)*Turln 2oy,
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and they are already contained in n(u7) as well. By summing over all interior edges, we conclude

3/2 1/2
lu —ur||pe <C (Cco/nfﬁ(UT) + Cco/nfk [Ju — UTHL2(Q)>

for some appropriate C' > 0. O

In order to bound the error with our estimator, it remains to treat the term k[ju — ur||p2(q)-
We will show that k|lu — ur||p2(q) is, up to some constant, bounded by n(u7) multiplied with the
adoint approximability constant ¢} (SP(7)) from (2.3.8). If the space SP(T) is rich enough (cf.
Theorem 2.4.2), Ceony and oj, will be bounded, which implicates that 7 estimates the error from
above. The key idea of this proof comes from [15, Lemma 4.7].

Lemma 4.1.6. Let the assumptions of Lemma 4.1.8 be fulfilled. Then there exists a constant
C > 0 solely depending on v,b,0 and Q such that with o} (SP(T)) from (2.3.8) we have

Kllu = urll 20y < Cn(ur)of(SP(T)). (4.1.16)

PROOF. 1st Step: The first step is to show that for every ¢ € H(2) N H§/2(Q) there holds

a7 (u = uT, @)| < Cn(ur)llellpe+- (4.1.17)

To this end we employ (4.1.1) to evaluate ar(u — ur, ) = ar(u — uy, o — I"Pp). Then

a7 (u — ur, o — I"Pp)| =

| @rur+#ur + e=170) do— [ [Vrurla(e=T7g} as

+/ [ur]N{VT(p — I"Pp)} dS — ik/ afur]nle — I"Pe] N dS
g1 gl

+ 1/ BIVrurln[Vr(e — ')y dS +/ (1 - 0)(g — Onur — ikur)(p — I"p) dS
ik eI o5

1 -
- 0(g — Oput — ikuT)On(p — I"Pp) dS
ik £B

Taking into account [I"P¢]n = [VI™¢]n = 0 on interior edges, we compute similarly as in the
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proof of Lemma 4.1.3

lar(u — ur, o — I"Pp)| <

h
C Y IATur + Kur + Fllz2 ) 1Vl 22 (o) —
KeT PK
BN 172
+C Z (H(B/k)l/Q[[VTUT]]NHLQ(e)HV(P”LQ(we)H(B/k)_l/2HL°°(e) <pe>
ec&l e

+ [[ (k) *[ur]nll 22(e) (||(ka)_1/2{v90}”L2(e) + H(ka)_l/Q{Wh”so}\le(e))
+ 1| (k)2 [ur x| 2o | (k) 2 LoDl 2oy + H(/B/k)l/Q[[VTUT]]N”B(e)H(ﬁ/k)l/zﬂv‘PHNHB(e))

he
+C ) <||9 — Onut — Ut L2(0) I VOl L2000, <p

ectB €

) /R (g — B — ur) oo

X (H((S/k)l/2V<p 1|2y + [1(8/k) VAV I - nHL2(e)> )

As in (4.1.12) we bound HVIhpngLg(e) < Cpe/hé/2 Vol 2.2 for every e € £. With

(ak)1/2|e ~ pe/héﬂ, (6/1‘7)1/2‘6 ~ (he/pe)1/27 (5/k)1/2|e ~ (hE/pe)1/27

definition (2.3.4) of the DG -norm, and Cauchy-Schwarz for sums, we then deduce (4.1.17):

h 2
lar(u—ur, )| <C| Y |A7ur + Fur + fl 7204 <K>
KeT Px

+ 3 (I@k) 2 Turl 32 + 18/0) IV rurln s )

ec&!

1/2
+ Z heHg — Onut — UTH%}(@) ”90||DG+

ecEB

< On(ur)llellpe-

2nd Step: We prove the assertion. The technique used in the following to bound the L?-norm
is an Aubin-Nitsche-type argument. Consider the solution z of the adjoint problem (2.3.7) with
right-hand side k?(u — u7t), i.e.

a(v,z) = (v, k*(u — ur)) ) Yo € HY(Q).
Moreover, let 25 € SP(T) be such that

!
z — 2% < inf z—W +¢
2= 5 lpo <, inf == ¥slogs +2,
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for a given ¢’ > 0. Then with Lemma 2.3.4
Rl — ur a0y = (u— ur, K2 (u— ur)) 2y = ar(u — ur, 2) = ar(u— ur, = — 25).
Due to the adjoint approximation property (2.3.8) we have

LU [T

12 = 25 llpe+ < ok(SP(T))

By using (4.1.17), we get
K lu—ur|fa) = ar(u—ur, 2 — 25) < Cn(ur)||z — 25 | pe+
< On(ur) (o3 (SP(T)IIk(w = ur)lL2() +€)

and whence (4.1.16) for &’ — 0. O

4.1.2 Weighted Error Indicator

Before we gather the previous results in one theorem, we generalize the error indicators by multi-
plying the residuals as well as the gradient jump with weight functions, and add data oscillation
terms as it is done in [28]. Let K be the reference element. Then we define the weight functions

Os(z) :=2(1 —z), x€é=][0,1],
Qp(x) = dist(x, DK, zecK.
We get weight functions @ and ®. associated with elements and edges, by scaling ® ;. and ®g:
Dy = cxPp o Fil, D, = c.Ds0 F1 (4.1.18)

where the scaling factors cx and c. are such that

/@Kdmz/mm, /(I)edS:/ldS.
K K e e

The following inverse estimates then hold.

Theorem 4.1.7. Let —1 < ( < and v € [0,1]. Then there ezist C1((,§), Ca(v) > 0 such that
for allp e N, g € Pp(é), and r € Py(K)

/ 0 (2)¢? da < Cp*E9) / oq? du, (4.1.19a)
/ % r2 da < Cp*E9) / 5,12 de, (4.1.19D)
K K Kk K

2v 2 2(2—v) v,2
/f(@f{vﬂ dx < Cyp /K@Kr dez. (4.1.19¢)



66

PROOF. A proof is given in Lemma 2.4 and Theorem 2.5 in [28]. O

Definition 4.1.8 (Weighted error indicators). Denote by fp, the L?-orthogonal projection
of flk € LA(K) onto Py, (K), and let gy, be the L*-orthogonal projection of gle € L?(e) onto
Py (€), where e € EB(K). With the same terminology as in Definition 4.1.2 and for ¢ € [0,1] the
weighted error indicators are given by

hi\? )
N¢; Rk (UT)2 = (191() l(Agur + kzuT + pr)q)% H%Q(K)v (4.1.20a)
1
nC;EK(uT)2 = Z 5H(6/]{)1/2[[VT“T]]N(I>§/2||%2(e)
ecEI(K)
+ Y hell(Gpie — Onur — ikur)®E?|[72 ), (4.1.20D)
e€EB(K)
ne;x (wr)? =06 Ry (ur)? 4 e g (ur)? + e (ur)?. (4.1.20c)
When no confusion can arise we omit the argument ur and write ne.x = 1¢,x (ur), and similar

for the other quantities. Furthermore

h2
oscy 1= pTKHf - pr||iz(K) + Z hellg — ng||2L2(e),

K ecEB(K)

represents the oscillation of the data.

Remark 4.1.9. In Defintion 4.1.8, f and g is locally projected on polynomials of degree pg.
Another polynomial degree may be chosen as long as it is of size O(pg). Such a choice would not
influence subsequent results.

Now that we have our weighted error indictators, we can state the next theorem, which is the
main result of this section on reliability. It summarizes the above estimates.

Theorem 4.1.10 (Reliability estimate). Let T be an admissible v-shape reqular triangulation of
Q and let p be a polynomial degree distribution on T satisfying (1.2.1). Moreover, let u € H3/?t¢(Q)
be the solution of (2.1.2) for some € > 0, and let uyr € SP(T) be the solution of (2.3.1) with
S = SP(T) and pr > 1. Let ¢ € [0,1] and assume that a > 1. Then there exists a constant C' > 0
solely depending on v,0,0, and Q (cf. Remark 3.1.14), such that with o},(SP(T)) from (2.3.8) and
Ceony as in (4.1.6)

conf

lu = urllpg < CCon (14 ai(SP(T)) ) n(ur), (4.1.21)
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and

conf

lu— urllpe <CC2 (1+0i(57(T)))

1/2
X (2 p% (UC;RK (ur)? + ey (uT)Q) + 0 (ur)? + osc%(> . (4.1.22)
KeT

PROOF. Let at first p7 > 5. Estimate (4.1.21) follows directly from Corollary 4.1.5 and Lemma
4.1.6. For (4.1.22), we set ‘¢’ =0 and ‘¢’ = ¢ in the inverse estimate (4.1.19b) and obtain
2 hic 2 h 2 2
Ney < = I = Forllte) + 5 1ATUT + Eour + fore 72k
P Pk
< h%( 2 h%( 2¢ A kQ @C/Q 2
= THf—prHp(K) + 5 P (Arur + Eur + fp ) Px ||L2(K)
P Pk
_ hk 2 2, 2
= THf - fPKHL2(K) + PR Ry -
Pk
Similarly with (4.1.19a)
Mo <P Mo+ Y hellg = apecllT2(e)
ecEB(K)

Therefore

2 2
=) M F b+ <Y PiNErg + PR T M + 0SCK -
KeT KeT
Together with the first estimate, this proves (4.1.22) for py > 5.
The case 1 < py < 5 is shown similarly and with the use of Remark 4.1.4. U

Remark 4.1.11. The squared edge residual in (4.1.20b) has the weight h. instead of h./pe, which

is what could be expected. The problem occurs in (4.1.13), where we used an inverse inequality to
bound the normal derivative of I"P¢ on the edge e € £8(K) by

001 ¢l < C-Z=IVTI el 120y < OVl 2

which is off by \/pe. Whereas a similar issue could be resolved on interior edges by using a ct
interpolant, we would, for example, have to use an interpolant with a stable normal derivative to
get rid of this suboptimality. With a general interpolation operator this can only be achieved if at
least the H3/2-norm, instead of the H'-norm, of @ can be controlled. All subsequent results are
affected by this, and overcoming this problem would improve most constants in the theorems of
this and the following section on efficiency by the factor |/p.. However, at least in practice, where
khy /px < C and pg ~ log(k), this should only be of minor importance since pg is then almost a
logarithmic term of hx.
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4.1.3 Error Indicator Without Jump Term

We shall now consider yet another version of the error estimator. The next lemma will show,
that the jump term in the error estimator can be omitted. The price we pay is twofold: a) As a
requirement of the lemma, the constant a needs to be large enough and we do not give a precise
lower bound for this condition. b) The weight belonging to the jump of the gradient in 7y, g, will
increase by /pe, and this is likely to be suboptimal.

Such a result is important if one wants to prove convergence of an adaptive algorithm, which
we will not do here however. The reason is, that the error estimator 7 ideally should monotonically
decrease when refining the triangulation 7. The increasing factor ak = ap?/h. of the jump term
N7, in the error estimator from Definition 4.1.2 can then be an obstacle. On the other hand, the
observation that the jump term is not a necessary contribution to the error indicator, at least if we
weight the jump strong enough, is of course interesting in itself.

Definition 4.1.12 (Error indicators without jump term). With no.r, from Definition 4.1.8
we ntroduce the local error indicators

1
Mo (ur)? == ) pe§|!(B/k)1/2[[VTUT]]N||%2(e)

€&l (K)
+ Z hell(gps — OnuT — ikUT)||%2(e), (4.1.23a)
ecEB(K)
i (ur)? =no;rye (ur)? + il (ur)?, (4.1.23b)

and the global error indicator

i(ur)® =Y dix(ur)?.

KeT
When no confusion can arise we omit the argument wr and write N := N (ur), and similar for

the other quantities.

Lemma 4.1.13. With ny, from Definition 4.1.2 there exist constants C = C(v,b,0) > 0 and
Cy = Cy(y) > 0 such that if a > Cy, then

> 05 <C Y (7K +osck) . (4.1.24)
KeT KeT

PrRoOOF. Recall that

1
B =moclor)f = S Sl lurl s,
ec€I(K)

The idea is to test our variational formulation (2.3.1) with a properly selected test function, as it
was similarly done in [13]. Due to Galerkin orthogonality, it holds with the conforming approximant
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uy € SP(T) from Theorem 3.2.7 that
ar(u—ur,ur —uy) =0.

Hence with

_ P _ he _ he
ka(z)|. = 5 (B/k) ()] = ot (0/k) ()] = b

[ur — u¥]n = [ur]n, and (4.1.1) we obtain

h p "
> k) Plur]nlFoe < D LN A7ur + KPur + fll 2 o lur — w2
(e) K hi
ec&! KeT

1\ 12 )
+ X A el (g ) Hor - ol
ec&l ¢
. 1 .
+ Y nPlg - Onur — lkuTHLQ(e)WHUT —urllLee)
ectB e
1/2 vhe!?
+ Y hPllg = Onur — ikurl| 2 () [On (ur — wr )l 22(e)
ectB pe
1/2 1/2 bhe \ '/ .
+ Y pPIB/R) IV rur] vl e (p2> I[V7(ur = up)]nlz2e)
ec&! €
o\ 12
+ ) k) P lurnl 2 (C(p2> I{V T (ur — wp)Hlpze)- (4.1.25)
ec&! €

Let e € E(T). Then either e is shared by some elements K and K’, or e is a boundary edge
belonging to the element K. In the first case we define K, := K UK’, and recall that px = £ (wg),
pe = E(w.). The bounds in Theorem 3.2.7 together with the inverse inequality (3.2.2b) yield

2

p . C

hTKHUT — w7y S;H(Oék)l/z[[UT]]NHiz(pKy
K

¢

1 ) P2 .
hfll{w - UT}H%Q(e) éCﬁHUT - UTH%Z(KE) < ‘|(ak)1/2[[u7—]]N||%2(pe)’

i=1

1 . p? .
Tl — e <O lur — b Zage) < k) furln a,).

~l(@k) 2 [urn 3, -
¢
a

he * *
pllan(w — )20 SCIVT(ur — wi)lZe(x) <
he * *
pﬁ”ﬂvT(uT — )Nl T2y SCIVT(ur = w) T2,y < — (k) P lurlnlF2(,,-

By using these estimates, each term except the last one in (4.1.25) can be bounded by either
g, + 0scx or Ng, + oscx multiplied with ||(ak)'/? [urln|lz2(p)- For the remaining term, we use
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again the inverse inequality (3.2.2b) as well as (3.2.10c) which gives

he
S ll@hk) 2 [urDnl age (p)H{VT(UT—UT}HL?(eS 3 ek Lurla

ec&! e&l

If @ > Cy for some constant Cy; > 0, which only depends on 7, we can absorb this term in
the left-hand side of (4.1.24). Applying Cauchy-Schwarz for sums and dividing both sides by
| (cuk)1/? [ur]nllz2(ery finishes the proof. O

Let us state the reliability estimate in this case:

Theorem 4.1.14 (Reliability estimate). Leta > Cy as in Lemma 4.1.13. With the assumptions
from Theorem 4.1.10 and Ceony as in (4.1.6), we have

1/2
|lu — ur|pa < CCeonf (1 + O'Z(SP(T))> ( Z (i (ur)? + 03(:%)) ) (4.1.26)
KeT

for some C = C(7,5,d).

ProOF. Theorem 4.1.10, Lemma 4.1.13, and a comparison of the error indicators 7jg, and 7oz,
readily give (4.1.26). The reason why we didn’t include dependence on €2 in the constant, is that
using the continuous interpolation operator from [24] (where the constant does not depend on )
instead of I {L P from Theorem 3.1.10, would alter the constants in the proofs leading up to Theorem
4.1.10 according to the situation of Definition 4.1.12. That is, we would obtain Theorem 4.1.10 in
the case ¢ = 0 with 7jg, instead of 1.5, . O

4.2 Efficiency

Besides being reliable, it is also important that the error indicators are bounded by the actual error
on the element. This (local) property is called efficiency, and it means that the error indicators
do not overestimate the error. Typically in hp-FEM the local error indicators can be shown to be
efficient only up to a constant depending on the polynomial degree px (at least with the proofs
that are available up to date). With the use of the weighted residuals it is possible to compromise
between efficiency and reliability. Enhancing the parameter ¢ from above causes the reliability
constant to grow and the efficiency constant to drop, and vice versa. The proof for the efficiency
of the error estimator is similar as in the conforming FEM, for which it is given in [28]. Therefore,
in order to bound the residuals, we keep close to this paper and also to [19, Theorem 3.2]. Let us
start with the internal residual.

Lemma 4.2.1 (Efficiency of the internal residual). Let ¢ € [0,1] and € > 0. Let n¢,r, be as
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in Definition 4.1.8. Then there exists C. = Ce(g,7v) > 0 independent of k, hx,px such that

Wesnye <Ce ( Kl = wrlin

max E— th 2 h2
+p {14+2e-2¢,0} <<> ||k(u — UT)H%Q(K) + TKHf - prH%%K)) ) (4'2'1)
DK V257e

PROOF. First let 1/2 < ¢ < 1. We define vg := (Agur + k2ur + pr) jc and point out that
||vK<I>;<</ lz2(r) = (P /P )N¢, Ry - With —Au — k*u= f in K we get

k@ 2 ) = /K (Agur +Kur + fop o da
= / (Arur + k2ur + flvg + (for — flvr dz
K
- / Ar(ur — wyok + K2 (ur — woi + (for — Flog da
K

= /K Vr(u—ur)Vyvk + k2 (ur — u)vg + (for — flur de

< Jur — ul o ol i) + 12 (g — @@L oo lox @l 2 a0
2 —(/2
I = For) @52 N2y 0 @3 2N 2 ) (4.2.2)

since @ is zero on the boundary of K. Now we take a look at the H'-seminorm of vg. With the
inverse estimates (4.1.19¢), (4.1.19b) (with ‘¢’ = 2(¢—1) and ‘v’ = *§’ = (), and \V@D%d S |®§(_1]/h1{
we find

DN 2/Kq’§§VT(ATUT+ Kur + fp )| de + 2/ (Arur + K ur + for )|V | dar

K
(2 9 ¢ 9 C 2(¢—1) 2 2
< clK 2 S (Agur + Kur + for)? dCC-i-hT Py (ATur + KuT + fp)” de
K K
(2 Q)

<C

/ (ID%(ATUT + k2U7’ + pr)2
K

2(1-¢) P 2
< CPK( 2 K HU Qe P ”L?(K
In order to apply the inverse estimate, we needed ¢ > 1/2 since only then the requirement 2¢ —2 >
—1 is satisfied. Now we use || @ || o (x) < C and |’UK¢;<C/2||L2(K) = (pr/hK)nc;R, - Canceling the
term HUK(I)I_(C/2||L2(K) in (4.2.2) then leads to the assertion in the first case:

_ kh
MRy < c<p}( Ju — wr] g (xy + TKnk(u — ) L2y + fo Forc |l 22 K>) (4.2.3)
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For the second case let 0 < ¢ < 1/2. With (4.1.19b) and then (4.2.3) we find for £ :=1/2 +¢

ek < Py e i

_ kh h
< O (e = wrlingo + S e = w2 + S 1F = 2

kh
—c(pK<ru—uT|H1 +p}</2+6<(pfuk<u—uﬂup +7||f Foc 2 ))

where C' depends on ¢ only. U

The above lemma shows that the weighted internal residual on each element is, up to data
oscillations and constants depending on pg, bounded by the actual error on this element in a
suitable norm. Since we consider the error in the DG-norm, the remaining terms in the local error
estimator 7. essentially already are error terms associated with this element (in order to see that,
the weighted edge residual needs to be slightly modified, as we will do below). Nonetheless, we
continue with our analyis and proceed with the edge part 7¢. g, . First, an extension result is needed
to treat the edge error indicator [28, Lemma 2.6]:

Lemma 4.2.2. Let K be the reference element, and let é = [0,1] x {0}. Let ¢ € (1/2,1]. Then
there exists a constant C = C(C) > 0, such that for every e € (0,1], p € N, and q € Pp(é) there
exists an extension vs € HY(K) of q<I>< with

vele = q®$ and velpgne = 0, (4.2.4a)

2
loel2a iy < Cella®sl122e) (4.2.4b)
IV0ell22 ) < Cep®®9 + e 1a05 2 120 (4.2.4¢)

Lemma 4.2.3 (Efficiency of the edge residual and gradient jumps). Let ¢ € [0,1] and
e > 0. Let ne,p, be as in Definition 4.1.8. Then there exists C. = Ce(g,v) > 0 independent of
k, hi,pr such that for every e € &1

1B/ 29 g IS 2, <Copmo(i-2c220) <pe\u P,

khe
+pe <( De ) Hk(U_UT)HL2 w€)+ QHf fpeHL2 we)> >

(4.2.5)
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and

R, <Cophi=2+220) ( 3 (hekn\/E(u —ur)|1Z2(0) + hellg = Gpse Hiz(e))

ecEB(K)
khic\? h2
—I—p%(|u - uTﬁ{l(wK) —i—p};rz6 <<> [[(u — UT)H%?(WK) + TKHf - fpx”%%wm) > .
PK P
(4.2.6)
PRrROOF. Recall that
1
Nemewr)? = S0 S/ IV rur v g
eeE1(K)
+ Z he”(ng — Oput — ikUT)(I)g/2||%2(e)- (4.2.7)
ecEB(K)

We merely prove the second estimate, i.e. we accept (4.2.5) and only consider the edge residual
| (gpx — OnuT — iku7)<1>g/2HL2(e). The proof of (4.2.5) is very similar, and both estimates follow by
the arguments from the proof given in [28, Lemma 3.5]. Let at first ¢ € (1/2,1] and let e € £P(K).
Furthermore, let w, € H'(K) be the pullback of vz with ¢ := (g, — Opur — ikur) o F. in Lemma
4.2.2 (where F, : € — e). Because of (4.2.4a), we have we|gx\. = 0. Together with dpu +iku = g
on 0f) we obtain therefore

|(9px — OnuT — iku7—)<1>g/2||%2(e) = /8K On(u — ur)we dS + / (ik(u —ur) + (gpre — 9)) we dS.

€

(4.2.8)
For the second integral we get
/(ik(u —ur) + (gpic — 9)) we dS < (|Ik(w — ur)lz2(e) + 19pic — 9llL2(e)) lwell L2 (e)
< (Mk(u —wr)ll 2y + llgpx — 9l 12¢e))
X ||(gPK - an’U/T - ikuT)(pg/2”L2(e)u (429)

where we have used the definition of w, and the fact that ®. is pointwise bounded by some constant
(independent of he, cf. (4.1.18)), which implies ®% < 3%/2. For the first integral on the right-hand
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side of (4.2.8) we compute
/(‘9 u— ur)we dS = VT(U —ur) - nw, dS

= / Vr(u—ur)Vyw, de +/ A7 (u — ur)we de
K K

= / Vr(u—ur)Vywe de +/ k(ur — u)w, dz
K K

— / (Arur + Kur + flwe d
K

<|u-— UT|H1(K)|we’H1(K) + HkQ(UT - U)HLQ(K)HweHLQ(K)

+ 1ATuT + Bur + forell 2o lwell z2e) + I foxe = Fllzza lwell 22 (o) -
(4.2.10)

Lemma 4.2.2 gives upper bounds for |we|g1(xy and [Jwe| 72k

1, 20 _ ‘
|weﬁ{1(K) < CE(GPK( <) + € 1)”(ng _ 877,“7’ _ lkUT)(I)g/ZH%Q(e),
HweH%Z(K) S ChKEH(ng — Oput — ik’UT)‘I)gmH%ﬂe)a

where € will be chosen below. Note that the above constant does not depend on €. Combining this
with (4.2.10), (4.2.9), and (4.2.8) and canceling the term ||(gp, — Onur — il{:uT)(I)g/2||L2(e) yields

. 1 1/2
(9o = Onur — ikur) 92| 2 sc( ( ol e >) fu = wrl o) + (hice) >
« (laTur + Bur + fosllao + W~ iz

+ K% (u — UT)HLz(K)> + 1k —ur)llz2ee) + 9ok = 9HL2(6)>-

Now we use 7jo;g,, in (4.2.1) to bound [[Aur + k*ur + fp|lr2(x)- This gives

hell(g = Onur — ikur) 2|72y <hellg = Gprc 17200y + ekl VE(w = ur)l[72()

+ <€P§<(27C) +e 4 EP%() lu— UT@F(K)
h2 khy \2

+eple (K 1~ Fone oy + () I — w>uiz<m>
P PK

+ nge k|| (u — ur) |12 )

The assertion for ¢ € (1/2,1] then follows by summing over all edges, using (4.2.5), and choos-
ing e = 1/pK Now let ¢ € [0,1/2]. Then, with £ = 1/2 4 ¢ in (4.1.19b), we obtain n¢.g, <
Cl(e )p}(/QJrE Ne.E, and furthermore (4.2.6) in this case. O
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So far we have seen that n¢. g, +7¢.E, is bounded by data oscillations, the k-weighted L?-error,
the error in the H'-seminorm, and the k*/2-weighted L%-error on the boundary. Now we take a
closer look at the jump term 7y, from Definition 4.1.2. We already absorbed the jump terms in
the rest of the estimator in Section 4.1.3, thus the jumps are easily bounded with the above error
terms. However, the statement is not a local one.

Lemma 4.2.4 (Efficiency of the jumps). Lete >0, and let a > Cy as in Lemma 4.1.13. Then
there exists a constant C. = Cc(e,y) > 0, such that

Z 77JK Z I( ak)l/Q[[UTﬂNHfﬁ

KeT ec&!
<C Y o (hekIVE@ — ur)Bag + hellg — g )
e€EB(K)
(kb \? hi
+C Z < 2+4 <<> ||k(u—UT)||2L2( KHf fPKHL2 ))
KeT PK pK
_’_p3+25’u — UT|§—I1(K)> . (4211)

PrROOF. Lemmata 4.2.1 and 4.2.3 imply the estimates

2
||ATUT +kur + prHL2 ) < Ce (p%du - UT‘%{l K) +p1+2€

kh h2
(( K) O N ST o ))
PK

Y hellgpi — Onur —ikurlia + Y Pl (B/R)PIVTur]N Tz
ecEB(K) ecfI(K)

SCep}(HE( > (thH\/E(U_UT)H%Z(e)+h€“.g_gpf<||%2(e))
ecEB(K)

K

and

2 2 14-2¢ khk 2 2 h%{
+ Prlu = uT i1 (o) T PK — ) B = )72 ) 1 = Forc T2 (o)
PK pK

Equation (4.2.11) is therefore an immediate consequence of Lemma 4.1.13. g

Remark 4.2.5. In contrast to the residuals, there is not really a point in considering a weighted
version of the jump. This is because 7, is both: a part of the error in the DG-norm, and an error
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indicator. Of course, the same can be said about the jump of the gradient since it is also contained
in the DG-norm. However, since we constructed the conforming approximant as a function of
C%(2) and not C1(Q), the arguments in Section 4.1.3 do not work for the jump of the gradient,
although they possibly might be extended to this case with an appropriate C' approximant at
hand. Therefore we used a weighted version to prove efficiency for this term.

At the end of this section we summarize our results in one theorem.

Theorem 4.2.6 (Efficiency estimate). Let T be an admissible y-shape regular triangulation of
Q with a polynomial degree distribution p satisfying (1.2.1). Let w € H3?t(Q) be the solution of
(2.1.2) for some e > 0, and let ur € SP(T) be the solution of (2.3.1) with S = SP(T). Additionally,
let the error indicators ne¢,x be as in Definition 4.1.8 for some ¢ € [0,1]. Then, for every ¢ > 0
there exists a constant C. = Cc(e,y) > 0 such that

max{1—2¢+2¢,0
NEre SCeppeo 7204 }< > (hekl VA —ur) o + hells = gyl
ecEB(K)

khi\” h?
—&—p%{]u — uﬂfql(w{) —i—p?% ((]H{) [ (u — UT)H%%UK) + pTKHf - fPKH%2(wK)> >
K

1

+sY H(ak)lﬂﬂu’fﬂ”%?(e)' (4.2.12)

ecEl(K)

Moreover, if a > Cy for Cy as in Lemma 4.2.4, then with fig from Definition 4.1.12

ﬁ%( SCSP};_% ( Z <h8kH\/%(u — UT)H%Q(e) + he”.q — 9px ”%2(e)>
ecEB(K)

khi\ 2 h?
+p%{’U—UT|%I1(wK) + i (() Hk(U—“T)H%Q(wK) "‘g(Hf—pr”%%wK)) )7
PK Pk

(4.2.13)
and
S M <Ce D pitE (hekH\/E(u —ur)| e + hellg — ngH%2(6)>
KeT ecEB
khy\ 2 h?
+C Y (zﬁ(+46 <<) 1k(w = ur) |72y + -1 f = fp;<”%2(1<)>
KeT PK Pk
+p§é_2€‘u _ u’T%ﬂ(K)) ) (4.2.14)

PROOF. Estimates (4.2.12) and (4.2.14) are a direct consequence of the above discussion on effi-
ciency. For (4.2.13) we remark that according to (4.2.5) it holds that p,||(8/k)/? [[VTUT]]N||%2(6) is
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bounded by the right-hand side of (4.2.6) for ¢ = 0. Since this term is the only difference between
77129;( and n(%;EKa Lemmata 4.2.1 and 4.2.3 conclude the proof. U

Remark 4.2.7. The constant C, in Theorem 4.2.6 does not depend on the wavenumber k. If the
finite element space fulfills the resolution condition from Theorem 2.4.2, we have h.k < p, where p is
considered to be the global polynomial degree as in Theorem 2.4.2. Therefore the error estimators
N and 7¢.x are bounded by oscillation terms and the actual error on the element multiplied with
a power of p. Let us now assume p < log(k), which Theorem 2.4.2 suggests to be reasonable. In
this case we get an efficiency estimate with a constant depending linearly on said power of log(k),
and, moreover, reliability holds with a constant independent of £ due to the Theorems 4.1.10 and
4.1.14.






Chapter 5

Numerical Experiments

In this chapter we perform numerical experiments to test parts of the theory from the previous
chapters. Several issues are of interest. We will test the reliability of the error estimator and
compare uniform vs. adaptive refinement for a nonsmooth problem. Moreover, we will observe
how the algorithm behaves in settings that are not covered by our theory, namely for non-constant
k and non-convex domains. All of the following experiments were conducted in MATLAB. The
program used for testing is based on the finite element toolbox LehrFEM, documentation of which
can be found online . Before we begin, let us very briefly explain the adaptive algorithm and some
aspects of the implementation.

5.1 Adaptive Algorithm

We shortly describe the typical adaptive scheme (see, e.g., [29] for more details). The standard
adaptive algorithm consists of the repeated realization of the four modules

SOLVE | — |ESTIMATE| — |MARK| — |REFINE

Solve

The module Solve finds the solution wy of (2.3.1) for a given mesh 7, data f, g, a wavenumber k,
and a polynomial degree p. In practice, all integrals in (2.3.1) are computed by quadrature on the
edges and elements. This means that integrals including the functions f and g are generally not
evaluated exactly, in contrast to the other ones (up to rounding errors).

Estimate

The ability to estimate the error on each element is the crucial prerequisite for any adaptive
algorithm. As an error estimator, we use an adapted version of 7 from Definition 4.1.12: For
simplicity the oscillation terms are omitted, and we work with the functions f, g instead of f,,., gp -

"http://www.sam.math.ethz.ch/~hiptmair/tmp/LehrFEMManual . pdf
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Nonetheless, this simplified version will also be referred to as 7x in the following. Again, integrals
are computed by quadrature. We have seen that the estimator is reliable and efficient if the
resolution condition from Theorem 2.4.2 is fulfilled.

Mark

After having computed the local estimators 7k, one needs to decide which elements to refine. Here,
this is done via Doérfler’s marking strategy: Fix the triangulation 7 and let wy be the respective
discrete solution. Denote by S some subset of T. We write

(ur, 8)? = ik (5.1.1)
KeS

Now let 6 € (0,1]. Then the set of marked elements M C T is defined to be such that

M| = min |S], (5.1.2)
{SCT:00(ur,S)Zi(ur,T)}
where |S| denotes the cardinality of S. In general, M can also be taken as any set fulfilling
On(ur, M) > f(ur,T). However, sorting the entries of (77x)xe7 does not really add to the com-
plexity of the algorithm, so one can make use of this optimization without relinquishing too much
computational time.

Refine

In this step at least all marked elements are refined. For the purpose of eliminating hanging nodes,
possibly other elements need to be refined as well. The program achieves this with largest edge
bisection and a recursive refinement procedure.

We also use our estimator as a stopping criterion for the algorithm: If, after the estimation
step, the estimated error falls below some given tolerance, the loop consisting of the four modules
is aborted. Of course, particularly in a practical situation, it needs to be taken into account that
reliability merely holds up to an unknown constant.

Remark 5.1.1. Here, we only consider h-refinement for fixed polynomial degree p on all elements.
With our a priori knowledge, p can be chosen accordingly, i.e. p ~ log(k), and the adaptive
algorithm takes care of the mesh refinement. Naturally, it would be desirable that the algorithm
also recognizes on which elements the polynomial degree should be increased. Such strategies aim
for larger polynomial degrees on elements where the function is assumed to be smooth (see, e.g.,
120]).

Remark 5.1.2. For a large class of problems, convergence and even quasi-optimality of the
adaptive FEM can be proved. In the case of an interior penalty discontinuous Galerkin (IPDG)
FEM, quasi-optimality was shown for an elliptic problem in [8]. Moreover, convergence of an
adaptive IPDG method applied to the Helmholtz equation was established in [18].
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Ex. 1, p =1, uniform ref. Ex. 1, p = 3, uniform ref.
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DOF DOF
(a)p=1 b)p=3

Figure 5.1: Comparison of the relative error in the norm k|| -||z2 +|-| g1, for the polynomial degrees
p =1 and p = 3 for different values of k in Example 1.

5.2 Plane Wave

The parameters a = 30, b = 1, and d = 1/4 from (2.3.5) are fixed for all experiments in this chapter.
The error will be measured in the norm k|| - || 2(q) + |- [m1(q)- If we apply adaptive mesh refinement
to a problem in the following, the cardinality of the initial mesh is always O(1) independent of k
and p. We start our experiments with two problems, where the analytic solution is a plane wave
in both cases.

5.2.1 Example 1

Consider (2.1.1) on the domain € := (0,1)2. The data f, g is chosen such that u(z,y) = exp(ik(z +
y)) is the exact solution. As u does not have any singularities, it is reasonable to refine the mesh
uniformly. In Figure 5.1, we compare the relative error for different wavenumbers and p = 1, 3.
As expected, we observe pollution for polynomial degree 1, which causes the rounded bump in the
convergence plot. With the moderate choice p = 3, this can be avoided (k = 5,10) respectively
strongly reduced (k = 40, 80) for the plotted wavenumbers, as the optimal decay rate of the error
is obtained (almost) immediately after convergence starts. Moreover, we notice that for large k
convergence does not start until a certain meshwidth is reached. This critical meshwidth is larger
in the case p = 1 since the j-th point in the plots corresponds to the j-th uniformly refined mesh.

Next we test the reliability of the error estimator. Figure 5.2 shows the ratio (k||u — wr||z2 +
|u — wy|g1)/f(uwr) of the actual error and the estimated error for different polynomial degrees
and wavenumbers. Recall that in the reliability estimate (4.1.26), the factor o} (SP(7)) and an
unknown constant occured. We only bounded o(SP(7)) under certain requirements on the space
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Ex. 1, p = 1, uniform ref. Ex. 1, p = 3, uniform ref.
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Figure 5.2: Ratio of the exact error k|u — ur| 2 + |u — |y and the estimated error 7(wy) for
different values of k£ in Example 1.

(see Theorem 2.4.2) and this factor may be large for large element sizes, which is why the estimator
differs considerably from the actual error in this case. Moreover, in the range of large meshwidths,
oy also grows with the wavenumber k, which is hinted in the plots. We observe that for larger
polynomial degree, the peak of the ratio occurs earlier, is smaller, and the curves drop faster
afterwards. It can be seen that at some point the curves settle on a value between 1/10 and 1. For
higher polynomial degrees, we noticed that the corrider in which this ratio has its values, further
tightens around the presumed limit of the curves.

5.2.2 Example 2

Now we consider (2.1.1) on the domain €2 := (0,27)? with the analytic solution u(z,y) = exp(ikz).
The appropriate data is in this case

0 ifx=0
0, g(x,y) = ¢ 2ik if © =2rm Va,y € oS (5.2.1)

ike'**  otherwise

f

Notice that the data near the edge contained in {(m, y) ER? 1z = 0} corresponds to the case u = 0.
The imaginary part of the solution is sin(kx). In Figure 5.4(b), the imaginary part of the DGFEM
solution is plotted for a uniformly refined mesh, polynomial degree p = 1, and wavenumber k = 5.
The discrete solution is close to zero on an area close to the left boundary and plausible only at
the far right of the domain. The meshwidth is A7 = 0.098 as compared to k? = 25 and would
principally suffice to resolve the solution but is still within the range of the pollution effect.
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Let us take a look how the adaptive algorithm refines the mesh. In Figure 5.3, the error estimator
and the exact error are plotted on each element after 20 adaptive refinements. We observe, that
the estimator fails to recognize the error on the large elements in the left part of the domain. The
reason is this: As we have seen in Figure 5.4(b), the solution is almost zero in the left part of the
domain if hy is too large. As f =0 and g = 0 on the edge where x = 0, the terms

|ATuT + K*ur + fllr2ge) and  |lg — Onur — ikur|| 20,

are almost zero for an element K and a boundary edge e in this part of the domain. In addition
to that, the jump of the gradient and the function are small as well, and hence 75 is small (cf.
(4.1.23)). As a result, the adaptive algorithm at first refines the mesh mainly in the right part of
the domain, as can be seen in Figure 5.4(a). In Figure 5.5(b), we observe that at some point this
difference in element size vanishes and the mesh is practically uniform. Uniform refinement is what
one would expect, knowing the smoothness of the solution. Moreover, we see in Figure 5.5(a) that
the element size at which the mesh becomes uniform is close to the critical meshwidth at which
significant decrease of the error begins. It therefore seems, that elements in the right part of the
domain are refined until the error estimator starts do drop, at which point refinement of the mesh
shifts towards the left part of the domain. It is not too surprising that refinement in the right part
stops at a reasonable point, since we expect the error estimator to decrease, as soon as the discrete
solution starts to resemble the actual solution, or in other words, as soon as the critical meshwidth
is reached. Two things should be noted:

e [t is clear that reliability is not a local property, and here we have an example where 7x
differs significantly from the actual error on some elements in the left part of the domain. Of
course, one should keep in mind that these elements are relatively large, which means that
oy could be large (cf. Theorems 2.4.2 and 4.1.14). Therefore, the gap between the estimator
and the error is not just a consequence of the fact that reliability does not hold locally, but
in accordance with our theory, which suggests that this gap may also occur for the global
estimator 77 if the FEM space is too small. Figure 5.5(c) shows that this is indeed the case
for large meshwidths.

e At least in this example, the adaptive algorithm apparently perceives what the critical mesh-
width is: Even though the exact error is underestimated at first, and elements with large
differences in size are generated, further decrease in element size slows down at the mesh-
width where convergence is observed for uniform refinement, and the adaptively refined mesh
becomes almost uniform as well. Before this meshwidth is reached, no significant convergence
can be observed for uniform refinement, and hence for such element sizes it does not really
matter whether the mesh is uniform or not. In Figure 5.5(c) we observe that, even though
the refinement seems to be suboptimal at first, there is practically no difference in the con-
vergence of the error for uniform or adaptive refinement. Of course, with the knowledge of
the pollution effect and the requirements in the previous chapters, one could simply start the
adaptive algorithm with an appropriately refined mesh (e.g., as in Theorem 2.4.2). But this
and the following examples indicate that the adaptive algorithm is capable to take care of
this initial refinement by itself.
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Ex. 2, k=5, p=1, 20 adapt. ref., § = 0.7 Ex. 2, k=5, p=1, 20 adapt. ref., § = 0.7
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Figure 5.3: Comparison of the local estimator 7 and the exact error in the norm k|| - ||z2 + | - |
on each element for Example 2 and 1248 elements after 20 adaptive refinements. The error in the
left part of the domain is not yet properly recognized by the estimator.

Ex. 2, k=5, uniform ref.
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Ex. 2, k=5, p=1, 26 adapt. ref., § = 0.7
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(a) Mesh after 26 refinements, 9044 elements, (b) S(ur) for a uniformly refined mesh with 8192 elements
minK h,K = 0.049 and hT = 0.098.

Figure 5.4: Adaptive mesh and imaginary part of the DGFEM solution for a uniform mesh with
large meshwidth, £k = 5, and p = 1 in Example 2. The exact solution is u(z,y) = exp(ikz), and
therefore S(u(z,y)) = sin(kx).
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Ex. 2, k=5, p =1, uniform ref.
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Figure 5.5: In Figure (b) it can be seen that the adaptive algorithm, applied to Example 2 with
k =5 and p = 1, at first generates a mesh with very diverse element sizes, which then turns into
an almost uniform mesh at about the 36th refinement. This refinement corresponds to a maximum
edge length of 0.049. In all three plots, the red line marks this meshwidth, respectively the point
at which this adaptive refinement takes place. We observe that convergence for uniform refinement
starts shortly before this mesh size is reached. Moreover, at this refinement, the error estimator

surpasses the actual error in this example.
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5.3 L-shaped Domain

5.3.1 Example 3

For the third example, we consider the L-shaped domain Q := (—1,1)x(0,1)U(—1,0) x (—1,1). The
DG method is applied to (2.1.1) with f, g such that the exact solution is given by u(x,y) = Jy 5(kr),
where J; /5 denotes the respective Bessel function of the first kind, and 7 = / 22 + 32 is the distance
to 0. The Bessel function and u are plotted in Figure 5.6. The problem is chosen such that the
solution has a singularity at the reentrant corner situated at 0, which will serve to illustrate the
advantages of adaptive over uniform refinement. This example has also been used in [18].

Figure 5.7 shows two adaptive meshes generated by the algorithm for polynomial degree p = 1
and wavenumber k = 10. We observe that the mesh is refined towards the singularity at O.
Moreover, the oscillating nature of the solution u is reflected in the structure of the mesh. It is
coarser in areas where u is close to linear (cf. Figure 5.6) and can thus be approximated well by
the linear basis functions.

In Figure 5.8, we compare uniform with adaptive refinement for different values of k and p.
The singularity causes suboptimal convergence rates for uniform mesh refinement, and the supe-
riority of the adaptive method is evident. We observe optimal convergence rates for the adaptive
algorithm applied with the polynomial degrees p = 2,4. Again, it takes some initial refinements
until the asymptotic regime is reached. In addition to that, the plots confirm once more that larger
wavenumbers require more refinements in order for the error to catch up with the estimator. The
pollution effect seems to be perceived a bit weaker by the estimator. Recall, that the space SP(T)
suggested in Theorem 2.4.2 avoids pollution and allows to bound the factor ¢;(SP(7)). In this
case, the estimated error should describe the behaviour of the actual error up to some constant. In
practice, the occuring constants in Theorem 2.4.2 are unknown, and it is not clear at which point
the FEM space is rich enough. However, it can be seen that this seems to be the case for k =5
and p = 2 in Figure 5.8 as well as for £ = 10 and p = 4, since no delay is observed for either curve
(estimator or error).

In Figure 5.9, the adaptivity parameter 6 is varied and compared to the case of uniform refine-
ment. We see that smaller § amounts to better approximations, but there is almost no difference
for the values 6 = 0.3,0.5,0.7, all of which yield optimal convergence rates. The only case standing
out is 8 = 0.99, and even then the optimal rate can be preserved.

5.4 Non-constant Wavenumber

The examples in this section deal with non-constant & in (2.1.1), i.e. k = k(x,y). All discrete
solutions that are plotted in this section, seem to accurately describe the essence of the exact
solution, in so far, as no substantial change of appearance is observed for further mesh refinement
or increase of the polynomial degree.
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Ex. 3, k=10
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-1 -08 -06 -04 -02 0 02 04 06 08 1 0'40 5 10 15 20 25

X T
(a) Ji/2(10]||) (b) Besselfunction J; /2 of the first kind

Figure 5.6: The solution u = Jj5(kr) in Example 3 for k& = 10, and the Besselfunction J; 5(z),
whose derivative goes to infinity for x — 0.

Ex. 3, k=10, p=1, 52 adapt. ref., 6 = 0.4 Ex. 3, k=10, p=1, 66 adapt. ref., 6 =0.4
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(a) Mesh after 52 refinements, 677 elements, (b) Mesh after 66 refinements, 3677 elements,
ming hx = 0.00024 ming hx = 0.000022

Figure 5.7: Meshes obtained by the adaptive algorithm for Example 3.
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Ex. 3, k=5, p =2, adapt. ref., § = 0.7

Ex. 3, £k =10, p = 2, adapt. ref., 6 = 0.7
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Figure 5.8: Comparison of the actual error k|lu — ur||r2(q) + [u — u7|g1 () and the estimated error
7(u7), using uniform and adaptive refinement with § = 0.7 in Example 3 for different values of k
and p.
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Ex. 3, k=5,p=2

Ex. 3, k=10, p=2
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Figure 5.9: Comparison of the error for adaptive refinement and different values of 8 in Example 3.

5.4.1 Example 4

Consider the domain Q := (0,2m)?. We partition Q into the ball Qy := Bj(m,7) and its com-
plement Q; := Q\Qo. Let k1,k2 > 0. The function k is now defined to be piecewise constant
k(x,y) = kilq, + kolq, (see Figure 5.10). As the right-hand side in (2.1.1) we take f = 0.
Moreover let g2 be as in (5.2.1) with wavenumber k;, and let

-1 ifx=0
g1(z,y) =< i if v =27 (5.4.1)
0 else.

In Figure 5.11, the adaptively refined mesh and the real part of the DGFEM solution are plotted
for k1 = 1, k9 = 10, and the boundary data g;. Pronounced refinement can be seen in the vicinity
of the circle across which the wavenumber jumps. Moreover, the meshwidth is much smaller inside
the circle where the wavenumber is high. The plot suggests that this refinement is in accordance
with the smoothness properties of the solution. Figure 5.12 implies, that strong refinement close to
the jump of the wavenumber is not necessarily obtained. The plot shows the mesh and the real part
of the discrete solution for k1 = 10, k2 = 1, and the boundary data go. In this case, the solution
appears to be smooth respectively almost zero near the left part of the inner circle on which we
have k = ko. This is recognized by the algorithm and results in a coarse mesh in the corresponding
area.

Figure 5.15 reflects the convergence of the error estimator in these examples for several values
of # and uniform refinement. Once more, adaptive refinement with 6 # 0.99 appears to deliver
asymptotically optimal behaviour, and hardly any difference can be seen for these values of 6. The
curve for 6 = 0.99 has a slightly worse convergence rate, but is evidently still superior to the one
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(a) Example 4 (b) Example 5

Figure 5.10: Domain and wavenumber in Examples 4 and 5.

belonging to uniform mesh refinement.

5.4.2 Example 5

For the last example, we consider the same domain as above, together with the data f = 0 and
g as in (5.4.1). Let again k1, ko > 0 and let k(z,y) := ki1ljg3)(z) + ka3 2. (2) (see Figure 5.10).
The initial mesh on the domain consists of two elements. The position of the jump is chosen in
such a way that edges of elements will never lie on this line. Figure 5.13 shows the mesh and the
real part of the discrete solution for this setting. The adaptive algorithm proceeds as expected,
and refines the mesh according to the local wavenumber and close to where k jumps. We also
observe enhanced refinement in the corners and some characteristics of the solution are insinuated
by the mesh. Finally, in Figure 5.14, the mesh and the real part of the discrete solution with the
continuous wavenumber k(x,y) = 1/2 + 4z are plotted, and Figure 5.16 displays the convergence
of the estimator for Example 5. In the first case, where k is discontinuous, we expect the adaptive
algorithm to perform better. However, within the plotted range, we only notice a slight advantage
of the adaptive method, which again yields an optimal convergence rate. In the second case, where
k(z,y) = 1/2 + 4x, the rate appears to be optimal for both refinement methods, which is not
surprising since k is smooth. However, adaptive refinement achieves a better distribution of the
elements and their sizes, which is why the adaptive curve is superior up to a constant.

These examples indicate that the adaptive algorithm, applied with the error estimator 7gk,
properly accomplishes the task of refining the mesh according to the properties of the solution.
Singularities and wave characteristics are recognized by the estimator, and we observed optimal
convergence rates.
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Ex. 4, k1 =1, ko = 10, p = 3, adapt. ref., 8 = 0.7 Ex. 4,k,=1,k,=10, p=3, adapt. ref., 6=0.7
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(a) Mesh after 28 refinements, 6076 elements, (b) R(ur)

ming hxg = 0.012

Figure 5.11: Adaptively refined mesh with # = 0.7 and real part of the DGFEM solution on this
mesh for Example 4 with k; = 1, ko = 10, and the boundary data g;.

Ex. 4, k1 =10, k2 = 1, p = 3, adapt. ref., 0 = 0.7

Ex. 4, k1=10, k2=1, p=3, adapt. ref., 6=0.7
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Figure 5.12: Adaptively refined mesh with # = 0.7 and real part of the DGFEM solution on this
mesh for Example 4 with k; = 10, ko = 1, and the boundary data gs.
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Ex. 5, k1 = 10, k2 = 4, p = 3, adapt. ref., 0 = 0.7 Ex. 5, k,=10, k,=4, p=3, adapt. ref., 6=0.7
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(a) Mesh after 27 refinements, 5758 elements, (b) R(ur)

minK hK = 0.034

Figure 5.13: Adaptively refined mesh with § = 0.7 and real part of the DGFEM solution on this
mesh for Example 5 with k1 = 10 and ko = 4.

Ex. 5, k(ac,y) = 1/2 +4z, p=3, ad. ref., 0 =0.7 Ex. 5, k(x,y)=1/2+4x, adapt. ref., 0=0.7
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Figure 5.14: Adaptively refined mesh with # = 0.7 and real part of the DGFEM solution on this
mesh for Example 5 with k(z,y) = 1/2 + 4.
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EX.4,k1:1,k2:10,p:3 EX.5,k1:10,k2:1,p:3
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Figure 5.15: The convergence of the error estimator 7(u7) in Example 4 for two non-constant
functions k(z,y) and the boundary data g1, g2, respectively.
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Figure 5.16: The convergence of the error estimator 7(uy) in Example 5 for two non-constant
functions k(x,y).
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