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Abstract

This semester thesis discusses the theoretical and numerical con-
siderations concerning the solution of the variance-optimal hedging
problem in geometric Lévy models. It is based on the PhD thesis of
Vesenmayer [13].
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1 Introduction

The aim of this semester thesis is to present a numerical method for com-
putation of the variance-optimal hedging error of European style option in
geometric (i.e. exponential) Lévy market models. Such models are in general
incomplete and thus we cannot obtain a perfect hedge for every contingent
claim. Therefore we choose as criterium the variance-optimal hedging er-
ror and we try to find a trading strategy which minimizes this error with
respect to an European contingent claim. In [2] a probabilistic expression
in terms of the so-called carré-du-champ operator for the variance-optimal
trading strategy is derived. Moreover, in [13] it is proved that the min-
imized hedging error solves a partial integro-differential equation (PIDE)
involving the generator of the underlying process. We successively apply
standard numerical methods to solve this PIDE - deriving the variational
formulation, localization, discretization in space and time. We also strive
for efficiency and use matrix compression methods as well as discontinuous
Galerkin time-stepping as developed in [8] for dealing with parabolic integro-
differential equations. We provide more detailed probabilistical treatment
and state main results concerning the error analysis of the numerical method.
Implementation issues are also discussed.

We give some remarks on notation. Apart from using f’ to denote first
derivative and f to denote derivative with respect to time, we use Dgllj.'.'."’g:

for denoting the partial derivative of the function f(z1,...,zy,,) with respect
to the variables (z;,,...,;,) of order (j1,...,7n). R, C and N denote the
sets of all real, complex and positive integer numbers respectively, Ng de-
notes the set of positive integers including 0 and R>¢ the set of nonnegative
real numbers. CP denotes the space of p-times continuously differentiable
functions on R and LP the standard Lebesgue spaces on R for 1 < p < .
With (f,g) we denote the L? scalar product, i.e. (f,g) := fRf(x)mdx.
Rz and Iz denote the real and imaginary parts of the complex number z.

We also occasionally denote the exponential function by exp.



2 Preliminaries

2.1 Bochner, Sobolev and Hoélder spaces

In the realm of parabolic differential equations, Bochner spaces play a
crucial role, because the solutions lie in such spaces. Assume J C R and X

a Banach space with norm denoted by ||| x.

Definition 2.1. Given a function f : J — X, where we identify all func-
tions which are almost everywhere equal on J, and 1 < p < oo the Bochner

spaces are:
LP(J; X) == {f:J — X; [ is measurable and | f|rr(7,x)}
L¥(J; X) = {f:J — X; f is measurable and || f|| oo (1:x) }5

where

» 1/p
Il = ([ Iolds)
||f”L°°(J;X) ‘= €8s Sl}P”fHXa

We can also generalize the notion of Sobolev spaces in this setting. Let

HY(J,X) := L?*(J,X) and for k € N we define:
t
HY(1.X) = {f € BN (1X0 () = fs0) + [ g(s)ds
S0
for some sg € J and g € H*"1(J, X)},

with the corresponding norm

£l e, xy o= 1l me—10,x) + 119l mr-100.x)-

We recall also the fractional generalization of the spaces C” (here r € Npy)
of r-times continuously differentiable functions - namely the Holder spaces.
Define now, for r € R, r > 0 and r = [r] + {r}, where 0 < {r} < 1 and
fR—->R:

Ifllc = sup|f(z)],
z€eR

[r]
1 fllcrr == D_IID* flle,

k=0
DVl f(z +y) — DV f(a)]
ly|”

)

[fller := Il fll g + sup
y70

= {f e Ol || fller < o0}



We will need a weaker notion than smoothness, provided by the so called
Sobolev spaces of fractional order. In order to introduce them, recall the
definition of the Fourier and the inverse Fourier transforms on the space L'

of Lebesgue integrable complex-valued functions:

A

Ff:=f(z):= \/12?/ e f(x)da
FDa) = = [

We have the following properties for f,g € L' (see [10] Theorem 7.7, Theo-
rem 7.2)

1. The inversion formula f(z) = F~Y(Ff)(x) holds almost everywhere

with respect to the Lebesgue measure.

2. Defining the convolution of f and ¢ by
(f *9)( / [z —y)g(y)dy,

we have that m = Vorf ¢ and if, additionally, f and g lie in L2,
the space of square integrable complex-valued functions, we have fZ] =

V2rf % .

The Fourier transform can be extended from L' N L? to L? such that F :
L? — L? is linear isometry that preserves the L? scalar product and is called
the Fourier-Plancherel transform (see [10] Theorem 7.9 ff). Important role

for further extending the fourier transform will play the following space:

Definition 2.2. A function f : R — C is called rapidly decreasing if:

| flls,n := sup supz € R(1+ wZ)N\Dkf(x)] < 00,
k<N

for all N € Ng. We denote the space of all rapidly decreasing functions by
S. S is also called Schwartz space, and is locally-convex topological space
with respect to the countable collection of semi-norms (||.||ls.n) yey (see [10]

Theorem 1.87). Its dual space is the so called space of tempered distributions:
S :={f € L(S,C); f is continuous},

where L(S,C) is the space of all complez-valued linear functionals on S.



Now we extend F on &' for every f € & as:
F(NH(@) = f(F(P) VPES,

and it turns out that F : &’ — S’ is continuous with continuous inverse and
coincides with the Fourier and Fourier-Plancherel transforms on L' and L2
respectively (see [10] Definition 7.14 ff). Now, by using the isometry on L?,

we can define the Sobolev spaces and norms for s € R as follows:
H* = {f € S|/ fllu: < oo}
where

Al s= 177 (@ LB2FFO) e

H? is called Sobolev space of order s. It is a Hilbert space with scalar

product:
(frg)ne = /R (1+ 22 f(2)3(z)d=

We also have that (H?®)* := L(H?®,C), the dual of H?, is isomorphic to H*
(see [1] Theorem 7.63). So we can define the so-called duality pairing as

follows:

<fag>(H5)*><H5 = (fvg)LQ \V/f € H_S7 g€ H*.

To state some of the error estimation and stability results we would also

need a weighted version of the above spaces.

Definition 2.3. Let w € R and denote by S, the space of all f € C*° such

that e¥ f(-) € S with corresponding system of semi-norms:

[ fll o == e flls.n-
The dual space shall be denoted by S’ .

By definition S, C S and therefore 8" € S’ . Notice that if f € S,
then f (++iw) exists. It follows that we can extend the Fourier transform to

S’ by defining for every u € S’ , the functional 4(- — iw) € &’ as

(- —iw)(0(- + iw)) = u(v) Vv e S,.



Now we can define the weighted Sobolev spaces and norms of order s € R

as follows:

Hj = {f € S [Ifll g < oo}

where

. 1/2
190z = ( [+ 1€P)1FE +iw)Pae)

Similarly, H? is a Hilbert space with scalar product:
(Foms = [+ |2+ g+ iw)dz.

We will also define for short || f]|%. = ||fI1%s + [Ifl%- -
w1,w2 w1 w2
Again, (H?)*, the dual of H?, is isomorphic to H_? and the duality pairing

is as follows:
(fs9) sy xms = /Rf(z —iw)g(z + iw)dz VfeH-}, g€ H.

2.2 Markov processes, semimartingale characteristics and Lévy
processes

Denote first by Co(R?) the space of all functions f : R? — R such that
f is continuous and vanishing at infinity and by C° (RY) the space of all
functions f : R — R such that f is smooth and with compact support.
Given a probability space (2, F, P), s stochastic process on it is a map-
ping X from Rsq into the random variables (in this case we take RY-
valued random variables) and we denote it by (Q, F, P, (X¢)t>0). A univer-
sal process is the family (Q, F, P%, (X;)t>0)zerd, Such that for every z € RY,
(Q, F, P*,(X¢)e>0) is stochastic process , P? is a Borel measurable mapping
and P?(Xo = x) = 1. Let (F;)i>0 be the filtration generated by the process
X.

Definition 2.4. The universal process X is called a Markov process if for
all Borel sets A € B(R?) and x € R%:

E"(La(Xos)|F) = ES(La(X)))  P"—aee.,

where 14 : R — {0,1} is the indicator function of A C R and E® denotes

the expectation with respect to the probability measure P*.



Let now X be a Markov process. Define on the space of bounded Borel

functions on R, By(R%) the operator family (7});>0 by:
Ty : By(RY) — By(RY)
Tif(x) == E*(f(X4))

It is easy to see, by the Markov property, that this family is a semigroup, i.e.
for s,t > 0 we have Ts1¢ = T o T;. Further, an operator semigroup (73)¢>0

on Cy(R?) is called a Feller semigroup if it satisfies the following conditions:
1. Ti : Co(R%) — Co(R?) is linear and || T f|lc < ||fllc
2. limy_o||T3f — fllc = 0, i.e. the semigroup is strongly continuous
3.0< f<1implies 0 <T;f < 1.

A Markov process is called a Feller process if the restriction of (73):>0 on
Co(R%) is a Feller semigroup.

The generator of a Feller semigroup is the following operator:
A: D(A) — Co(RY)

Af = lim Lf-Ff

t—0 t

)

where

Tif — f

D(A) := {f € Co(R%); %E}I(l) exists with respect to the topology of Co(R%)},

is its domain. The operator A is densely defined and closed, and uniquely
determines (73)¢>0.

An important and tractable class of Feller processes are the Lévy processes.
In our probabilistic framework the underlying stochastic process will be a

Lévy process.

Definition 2.5. A Markov process (0, F, P¥,(Xt)t>0)zcra is called a Lévy
process if for every x € R%, the stochastic process (Q, F, P*,(X;)i>0) satis-

fies:

1. Xo=x a.e.

2. For everyn € Nand 0 <ty < t1 < --- < ty, the random variables
Xio—Xo, X, — X4y, Xty — X4y, ..., Xp,,— X4, | are independent and have
the same distribution (stationarity) as X, — Xo, Xt,—to — X0, Xty—t, —
X0,y Xt,—t,, 1 — Xo-



3. For everyt >0 ande >0

lim P*(| X, — Xi| > €) = 0.
S—

The generator A of a Lévy process, can be represented in a specific
form, namely pseudo differential form. Specifically, for Lévy process (X;)
the generator restricted to C2°(R?) is of the form:

Af(z) = =F N WX (O)FF()) (),

where U¥ : R? — ( is called the symbol of the pseudo differential operator
(PDO) A and is given by:

Pt —a(€) = 1
UX(¢) = —lim —X=*
(€) = —lim " ,
where P)%—a; is the distribution function of X; — x under P®, and therefore
UX is also the characteristic exponent of X. Finally, the Fourier transform

of P%,_, is actually the characteristic function of X; — x defined by:
A _ . _\T
P)x(t—a: (&) :==(2m) 1/2 px (el(Xt x) g)

Lévy processes belong to the general class of semimartingales. Semimartin-
gales are stochastic processes with respect to which stochastic integration
can be well-defined. They provide a setting in which we can do stochastic
analysis. The notion of semimartingale characteristics is helpful in studying
the local properties of a semimartingale, i.e. the properties at each time
teR,.

Assume that X is R%valued semimartingale. A well-known fact is that
X can be decomposed as X; = Xo + M; + A, where M is R%valued lo-
cal martingale and A is R%valued finite variation process. Informally, the
characteristics of X are the elements of the triplet (B, C,v) where B is RA-
valued predictable process corresponding to the finite variation part of X, C
is R?*4 continuous process corresponding to the quadratic variation of the
continuous martingale part of X, and v is a predictable random measure on
R x R corresponding to the expectation of the number of jumps of X. The
characteristic triplet of a semimartingale depends on a so-called truncation
function. A truncation function is a bounded function h : R4 — R%, such
that h(zx) is asymptotically equal to x as x — 0. The truncation function

enters the expression for B by compensating for the expectation of small

10



jumps (i.e. jumps with absolute magnitude less than a fixed constant). For
precise semimartingale characteristics definition we refer to [6]. Now fix a

truncation function h : R* — R? defined by h(z) = 1j,<; 2.

Definition 2.6. Let the semimartingale X has characteristics (B,C,v). Let
b, c are predictable processes and F a transition kernel from (Q x Ry, P) to
(R4, BY), i.e. Fy(G) = P*(AX; € G)\(t) under P for some positive valued
function \(t) and AXy = Xy — Xy— is the jump of the process X at time t.
Then (b,c, F') are called differential characteristics of X if:

t

B, = / bsds,
0
t

C’tz/ csds,
0

(0,4 X G) = /Ot F,(G)ds, VG e B

For a Lévy process it turns out that the differential characteristics are

deterministic and correspond to the so-called Lévy-Khintchine triplet.

Proposition 2.7. Suppose ((Xt)t>0, P¥)zer is a Markov process such that
X — x is also a semimartingale for all x € R. Then ((X¢)t>0, P*)zer is
a Lévy process if and only if X — x admits a version of its differential
characteristics (b,c, F) (or equivalently (b,o?, F))that is deterministic and
independent of time. In this case (b,c, F') coincides with the so-called Lévy-

Khintchine triplet, i.e. the characteristic function of X; — x:

E(e™Xt=0)) — exp lt (iub - %ucu + /R(ei“y —1- iuh(y))F(dy)) ]

Proof. See [6], Corollary 11.4.19 O

We need to ensure that our price process is a martingale, since we will be
working in a no-arbitrage framework. The following theorem gives a useful

result for exponentials of one-dimensional Lévy processes.

Proposition 2.8. Let X be a one-dimensional Lévy process with character-
istic triplet (b, ¢, ') and assume that [, |z|F(dz) < oo and [, e*F(dz) <

X

oo. Then e* is a martingale if and only if

§+b+/R(ez—1—z)F(dz):0.

11



Proof. Using independence and stationarity of increments, for 0 < s < t and

expectation with respect to P? we get
E[eXt|F,] =X E[eXt™Xs] = Xs B[]

— % exp [@ =) (b 5+ (= 1= hly)F(ay) ] ,

and by using the truncation function h(x) := x we obtain the result. O

We give also the following consequence of Ito formula for semimartingales
which we would need for the derivation of the partial integro-differential

equation (PIDE) for the hedging error.

Theorem 2.9. Given a semimartingale X with characteristics (B,C,v) and
a CE(RY) function (i.e. bounded twice continuously differentiable) f : RY —
R? the process

FX) = F(Xo) = Y Dyf(X)B — 5 3 Dyf(x )t

Jj<d Jk<d

- (f(X— ta) - f(X) =Y Djf<x_w<x>) .

Jj<d
s a local martingale, where o denotes stochastic integration.

Proof. See [6], Theorem I1.2.42 O

Using Theorem 2.9, Proposition 2.7 and the expression for the generator
of a Lévy process via the characteristic exponent we get the following result

which we also use in the derivation of the PIDE for the hedging error.

Corollary 2.10. For a one-dimensional Lévy process X with characteristic

triplet (b, c, F) the generator A is given by
(Af)() = §D* /(@) + DS () + [ (f(a+2) = f(a) = =D (@) F(dz).

where f € CZ(R). Moreover, the process My = f(X;) — [{(Af)(Xs)ds is a

local martingale.

12



2.3 Semigroup approach to parabolic differential equations

For deriving the solution of the hedging problem, we would need to make
a connection between the PIDE that we must solve and a certain class of
operators that are semigroup generators. Then we would be able to represent
the solution of a PIDE by Duhamel’s principle as an image of an exponential
of an operator and use functional analysis to derive error bounds.
In this section we follow [7]. Let X and H are two Hilbert spaces such that
we have the so-called Gelfand or Fvolution triple, X 4 H = H* 4 X
where <, denotes a dense embedding and we identify H with its dual H*
by Riesz representation theorem. Let a : X x X — R be a bilinear form

satisfying:
1. Continuity: |a(v,w)| < Ci|lv]|x|w] x, Yo, we X
2. Coercivity: a(v,v) > Coljv|?, Vo e X,

where C1, Cy > 0. Assume also g € L?((0,T); X*) and ug € H. We want
to solve the following variational equation:
Find v € H'((0,T); X*)NL?((0,T); X) such that for allv € X and t € (0,T)

we have:

(), 0 xex + alul), v) = (9(8),v) x-xx,

(u(0),v) x*xx = (uo,v)H-

We would need the following definition:

Definition 2.11. The operator A : D(A) C Xo — Xo is called sectorial if
and only if

1. A is linear, closed and densely defined in X,

2. If p(A) denotes the resolvent set of A, there exists sectorial constant

0 € (0,7/2), such that
G:={ze€C:0<|argz| <7} C p(A),

and a positive constant C' such that

¢

-1
Iz = )7l <

[flxo,  VzeG.

13



Now making a connection between the above definition and our varia-

tional equation, we have:

Lemma 2.12. Define the linear operator A: X — X* as
(Av,w)x*xx = a(v,w), Yo, w e X,

where a is continuous and coercive bilinear form. Then A: X C X* — X*

is sectorial operator. The operator A equal to A on its domain
DA):={feX;AfcH} CH

1s also sectorial with the same sectorial constant 8. Moreover, there exists a

positive constant C, such that for all z € p(A) and v € X we have:
[2lllvl72 + Iol% < ClzllvllZ: — a(v,v)].
Proof. See [7], Lemma 1.20 O

This lemma allows us to define the exponential operator of A and to

derive some properties of the corresponding semigroup.

Lemma 2.13. Let A : Xo — Xo be a sectorial operator with 0 € (0,7/2) and

I' some piecewise smooth simple curve in G running from ooe® to coe %,

We can define a strongly continuous semigroup Ty := e~ on X* by €94 := T

and

1
et = / e (2 — A) "z, t>0,
r

"~ 2mi

where t — et fort € (0,00) is analytical mapping in the operator topology
of Xo — Xo. Further, we have for every f € Xg and k € Ny

1. The following equality is well-defined:
Ake—tAf — 6_tAAkf.
2. The function t — e A f is in C>((0,00), Xo) with:
ak

%e_tAf — (—1)kAk€_tAf.

3. There exist a positive constant C' such that

1A% fllxy < CEF) fx0-

14



Proof. See [7], Lemma 1.3 O

We can use the above lemma, with our operators A and A from Lemma
2.12, to show that their exponentials are bounded, and have bounded deriva-
tives with respect to the norms in X* and H. By Duhamel’s principle we

can write the solution of our variational equation as:

t
u(t) = e_tAuo +/ 6_(t_T)Ag(T)d’T.
0

3 Hegding problem formulation

We will deal with the variance-optimal hedging problem for a European
option in the case of single underlying stochastic process that is a martingale.

Therefore we must minimize the variance-optimal hedging error
- T
E((H(St) —v— / ¥sdSs)* |,
0

with payoff function H, discounted underlying asset price S, initial invest-
ment v and admissible hedging strategy . The minimization occurs over
all ¥ and v.

3.1 Assumptions on the underlying

We start with a one-dimensional Lévy process (2, F, P*, (X¢)t>0)zer and
set S; := eXt. We will assume P := PV if not explicitly stated otherwise.
We define now the type of Lévy processes that we will use in the sequel -
they provide a tractable subclass of Lévy processes from analytical point of

view as outlined in [3] Section 1.2.

Definition 3.1. A Lévy process X; is called a reqular Lévy process of expo-
nential type [—n,n| and of order p € (0,2] (RLPE) if there exists a function
® : C — C, holomorphic in the strip {z € C;3z € (—n,n)} and continuous

in Sz € [—n,n], such that for the characteristic exponent of X is true:
UX(2) = —ibz + ®(2).

Moreover, there exist v, vy < p and positive constants Cy, Co such that for

all z with Sz € (—n,n):

O(z) = Cilz[P + O([2")  for |z] — o0
|®'(2)] < Ca(1+2])".

15



From the above definition, for a € [—n,7n] the exponential moment
Ele“X;] exists. The following assumptions on the underlying driving pro-
cess X will ensure that S is square-integrable martingale and also would

alleviate the numerical treatment later:

(A1) Xis RLPE of exponential type [—n, n] and of order p € (0, 2] with Lévy-
Khintchine triplet (b, 02, F) with respect to the truncation function
h(zx) := x.

(A2) n > 2, so that S is square-integrable

(A3) b= —10%— [3(e® — 1 —z)F(dz), so that S is a martingale by Propo-

sition 2.8.

(A4) To control the behavior of jumps, assume there exists 0 < v < 2 such
that

— F' is absolutely continous with respect to the Lebesgue measure
with kernel function k, i.e. F(dy) = k(y)dy.
— k satisfies a Calderon-Zygmund estimate: For all o € Ny and
some positive § there exists a positive constant C'(«), such that
£ (2)] < Cla)]z|" M4, vz e R\ {0}
k()| < Cla)e™ Ml vz e R\ [-1,1].

— There exists positive C_, such that

1 C_
Vz e (0,1) : Q(k:(—z) +k(2)) > P
It should be noted that the order p of the process X is equal to v if 02 =0
and p = 2 otherwise. Thus p is an indicator of the small jump activity when

there is no diffusion, or alternatively, of the path properties of the process
X.

3.2 Definition of optimal strategy and corresponding hedg-
ing error J

We need to specify which hedging strategies and initial investments are

admissible.

16



Definition 3.2. A simple process is a finite linear combination of pro-
cesses of the form hl ., with 71 < 7o stopping times and h bounded
Fr - measurable random variable. The investment-strategy pair (v,9) €
L2, Fo, P) x LY(S) is called admissible if:

V" + 9" 0 Sy — v+ 19 e Sy in probability for any t € [0,T] and
V" + 9" @ S — v+ ® Sy in L*(P),

for some sequences (V") pen in L2(, Fo, P) and (9")nen of simple processes,

where o denotes stochastic integration.

From now on, we would work with the log-price. That means that we
would work with the payoff function H(z) := H(e*). In the general case
with driving process z + X for some z € R we set S* := ®TX. Define now

the following payoff process:
Vi(x) := E*(H(X7)|F).
By using Markov property and stationarity of increments we get

Vi(z) = EX(H(X7r_;))  P® —a.s.
= E*"X(H(X7_,)) P —a.s.

By defining an option price function V(¢,z) := E(H (z + X)) and noticing
that Vi(x) 4 V(T —t,z + X;) our hedging problem is solved by finding the
following quantities for fixed z € R:

admissible pairs

T 2
(v*(z), 9" (x)) := argmin E ((V(O,x + X7)—v— / ﬁs_def) )
(v,9) 0

T 2
To(x) = E ((V(O,x + Xr) — o (z) — /O ﬁj(x)dS;f‘) )

We are interested in European call or put payoff functions. Without loss
of generality our payoff function from now on would be H(x) = (1 —e*)™",
i.e. the payoff of European put option with strike 1. Indeed, the payoff of
European put option with strike K is given by HX (z) = K H(x —log K) and
thus the option price function is just scaled and translated version of the
initial case. By the Call-Put parity it can further be derived a relationship

between the needed quantities in the hedging problem for European call and
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put payoff functions with strike 1(see [13] Chapter 3 for details). Denoting
the corresponding quantities with superscripts ¢ and p respectively for the

call and put case, we have:

J§(x) = JE(x), 9"°(x) = 9"P(z) + 1 and v™(x) = v*P(z) — 1 + €.

3.3 Probabilistic solution of the hedging problem - formulas
for the optimal strategy and hedging error via the carré-
du-champ operator I' and ¥

For the analysis later, it would turn out that H is not sufficiently smooth
and we will introduce a smooth approximation H¢ depending on some pa-
rameter €. We denote the corresponding approximate option price, trading

&* and

strategy, initial investment and hedging error functions by V¢ 9¥<* v
J§-

Certain operator enters the expression for the solution of the hedging prob-
lem - the carré-du-champ operator. In [2] the authors represented the so-
lution of the hedging problem via operator expressions involving the carré-
du-champ under specific assumptions. Essentially, the carré-du-champ oper-
ator represents the density of the quadratic variation of the square-integrable
martingales depending on a given Markov process with respect to the Lebesgue
measure.

Let B(R) denote the set of all Borel measurable functions f : R — R and

let
D(T) :={(f1, f2) € C°(R) x C°(R); f1, f> have left-sided derivatives and
Vo e R: [ [Ala+y) — @) fale+y) - f@)|Fldy) <o},

Denote by exp : R — R the function exp(z) := e* and define the bilinear
operators I' : D(I') — B(R) and ¢ : D(I') — B(R) as follows:
DA f2)(@) = @) @)+ [ (il +1) = @) (ale +1) = fol@) F(dy)

I'(exp, f1)I'(exp, f2)
I'(exp, exp) > ().

vfs )(a) = (T, £2)) -

Important is the fact, that the operator I' coincides with the carré-du-champ
operator for X, on the intersection of the respective domains, because the

following expression is true (see [2] Proposition 4):

L(f,9) = A(fg) — fAg — gAf,
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where A is the generator of X and f,g and fg lie in D(A). The following

theorem, in which we use results of [2] Section 2.2, is crucial:

Theorem 3.3. The solution of the hedging problem with respect to the ap-
prozimate payoff H¢ is given by

where

. ( exp,exeljp)> (@),
(/ v Ve ")’Ve(t_sf))(ﬂﬁ—i—Xs)ds).

Proof. We essentially have to check Assumption 5, Assumption 6 and As-
sumption 7 in [2].

First, since X is RLPE, it has stationary independent increments and using
[2] Proposition 12, we have that it admits a carré-du-champs operator, and
thus Assumption 5 is satisfied.

Second, the stock price S is martingale. Moreover, S is of the form S =
exp(z + X) and exp lies in the domain of the generator of X and possesses
a locally square-integrable martingale part due to (A2) and the Calderén-
Zygmund estimate (A4). Thus Assumption 6 is satisfied.

Finally, since H = (1 — e*)*, and S is square integrable we also have that
H is in L*(Q, Fr). The same is trivially true also for H¢ since it would be
constructed as to be always bounded by H outside a neighborhood of 0.
With this Assumption 7 is also satisfied.

The result now follows directly from [2], Theorem 8. O

4 Derivation of the PIDE

We mentioned in the previous section, that we will use approximate
payoff function, due to the non-smoothness in the original one. Indeed, we
would see that for the original payoff function, the norm bounds for the
original option price function V tend to infinity as ¢ tends to zero, which

is undesirable as the expression for the hedging error involves integral with
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0 lower limit in time. This is not the case for V¢, whose norm estimates
depend on the regularization parameter ¢ but not on ¢t. In the sequel, the

results are given without proof and taken from [13], unless stated otherwise.

4.1 Regularized (approximate) payoff function. Continuity
of the option price and approximate option price func-
tions. Error of the approximation of the hedging error
Je

Fix some sufficiently large M, € N and let ¢ be the unique polynomial
of degree 2M, + 1 such that ¢(—1) = 1, ¢/(—-1) = —1 and Vk € Ny :

q#t2(—=1) = ¢®(1) = 0. Now given a regularization parameter ¢ > 0

define
et —1
q“(z) = eq ( ) :

€

The regularized approximate payoff function H€ is defined as:

¢“(x) , if log(1—¢) <z < log(1+¢)

H¢(x) =
H(x) , otherwise.

By definition H*€ is smooth. The corresponding functions would be denoted

like V€, 9¢, ¢ and J€. Fix some positive constant ey which we will use from

now on as regularization parameter, with respect to which we will estimate

norms and give stability estimates. Define for short

v(r) =142

3/2—r

vi(r) =1+t »

We now state the properties of the option price function V (¢, x) which can
be derived just from the distribution of X;.

Lemma 4.1. Assume that X; satisfies (Al). Then we have that V €
C*((0,T] x R), and for s,t >0, w € [0,n] and k € Ny we have:

IDE(V(t,-) = VOt ))lms < Co'(s + k(p V1) +6).
Proof. See [13] Lemma 4.1.3. O

Now the norm and error estimates for V¢ follow. They do not depend

on time, but on the regularization parameters.
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Lemma 4.2. Let w € [—n,n] and Xy satisfies (Al). Then for s € [0, 1] and
t € [0,T] we have the following error bound:

IV (t) = Vet )y < Ce¥2.

Further, take wy € (0,n],ws € (—1,n], non-negative s and non-negative in-
teger k such that 0 < s+ k(pV 1) +1/2 < M,. Then V¢ € H*((0,T); Hys)

and

IDE(VE(E, ) = VUt )y < Co(s + k(p v 1)),
IDFVE(t, s, < Co(s + k(p Vv 1)),
IDYDaVE(t, )| ms, < Cv (s +1+k(pV1)).

Proof. See [13] Lemma 4.1.4. O

Corollary 4.3. We have that V € Cp°((0,T] xR) and V*© € C’é\;[l’MQ([O, T] %
R), where My, My are arbitrary integers such that My+ My (pV1)+1/2+6 <
M,.

Proof. See [13] Corollary 4.1.5. O

Notice in the above that V¢ is M;j-times continuously differentiable in
time at 0. Finally we can obtain an error bound for the approximate hedging

error.

Lemma 4.4. For the error of the regularization of the hedging error J¢ we

have the following bound:
|J(T, X) = J(T, z)|| 2 < Ce2.

Proof. See [13] Lemma 4.1.6. O

4.2 Properties of I' and ¢

For the numerical treatment we also need some properties of the opera-
tors I and . First, by the definition of I in Section 3 we have:

Dlexp.exp)(a) = (02 + [ (e = 1)*k(y)dy)e™

A Fourier approach can be applied to compute norm estimates of the other

terms involving I', as long as the arguments are integrable in space. This
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is not the case for V¢ which is needed for estimating I'(V¢, V¢). However,
Ve —Ve ¢ L' and we can split I' in terms involving only V¢ whose norm
we can estimate independently of €, and the others which we can compute
with Fourier methods.

Now define the following weighted function space:

Dgy = A{(f,F) € C* < CHIf = Flley + 1f = Fllyssers + 17|25 < 00}

and the following norm estimator:

£, Flse = 1F = Fllysrors + 1 Nlazs-

This is the kind of space in which the pair (V¢, V) will lie. Building on
that, we further define:

rh ._ pw w
Dwf,w T DO,wf X DO,w—wjn

r
Dsfuf,w = (‘D;),Wf N D(iu/2+§,wf) X (D:),wfch N Dtlu/2+5,w—wf)’

with corresponding norm estimators:

- - ~
”f? fa g, gH((‘l}f’w) = ”f? f“%,Wf)||g7 g"%,w—wf)7

= - ~ - ~
||f7 f7 g, g”(sz,wf’w) = ||f7 f”b(k;,wf) ||gv g||%1/2+5,w7wf) + ”fa f||%}1/2+6,wf) Hga gH((‘Js’wfwf)'
The above spaces take into account that we subtract from each of the original
arguments f, g of the operator expression I'(f, g) the functions f and § which

lie in the same weighted spaces as f and g. Moreover, the norms estimators

in DE},w will yield L' bound whereas those involved in D};i) ” will yield L?

bound. The following lemma gives the properties of I'.

Lemma 4.5. Let wy € [-1/2,1/2], w € [-n,7], w —ws € [-1/2,1/2], s is
nonnegative and (f, f,g,§) € D-2 Then we have:

S,Wp,w*

ICf )l < ClS Fog:Gll(2, o
le ™ T (f, exp)||las < C|| f, JZ”L(Us,wf)'

If (f, f~,g,§) e DIt we have:

wp,w

IP(f. 9y, < CISs Fo 9.9, 0

Proof. See [13] Lemma 4.2.2. O
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A consequence of the upper lemma is the following, giving the norm

estimates for 1):

Lemma 4.6. Let wy € [-1/2,1/2], w € [-n,1], w —ws € [-n/2,1/2], 5 is
nonnegative and (f, f,g,3§) € D-2 Then we have:

S,Wp,w*

lo(f, )l < CIFL9,90( 20, 0
[f (f7 f?gvg) € DE}M we have:

1e(f, 9y, < CUE T2 9,901, -

Proof. See [13] Lemma 4.2.3. O

4.3 Continuity of ¥ and the hedging error

From the previous lemmas the following result can be derived:

Corollary 4.7. For M € N such that 3/2+ M + M(pV 1) + p/2 < M, we

have:
BV, V) € ([0, 7) x B) 0 HY (0,7 HM),
J< € C([0, 7] x R) n HY((0,7); ™),
and for m € Ny we have:
YV, V) € Cp2((0, T x R)n H™([6, T}; H™),
J¢ € CIIIE0 (0, ) x R) N L2([0, T); HY/>+0/29),
Proof. See [13] Lemma 4.3.3. O

The above result allows us to apply Proposition 2.9 for the approximate
hedging error J€ in order to derive the PIDE that it satisfies, since the Ito
semimartingale formula requires twice continuously differentiable function
in all arguments. As can be seen, J is not sufficiently differentiable in time

for our purposes.

4.4 PIDE for the J¢

Armed with the previous results, we are now able to derive the PIDE for
the regularized hedging error J¢. Define first the operator AX : D(A) — L!
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as:

A¥f(@) = [ (Fla+y) = £(a) = (& = DS @)k(y)dy+

+ 50X (D% (x) ~ Df(x),

with domain:
D(A) i={f € C% [ 17(-+1) = F() = (& = )DS()k(w)dy € L'
and (D2f(-) — Df()) € L'},
Define also the following auxiliary set which we use later in order to extend

AX to Sobolev space of fractional order so that we can derive the variational
formulation of the PIDE:

Dpi(A) :={f € D(A); f,Df, D*f € L'}.

From Corollary 2.10 we have that AX coincides with the generator of X
on the intersection of their domains. From the properties of V¢ and J¢ in
Lemma 4.2 and Lemma 4.4 it turns out that J(¢,-) € Dy1(A) and V(¢,-) —
Veo(t,-) € Dri(A). We also have H® € Dyi1(A) (see [13] Lemma 5.7.1).
Thus, the PIDE will be well-defined for the extended operator.

Theorem 4.8 (PIDE for J¢). If X; satisfies (Al) — (A4) then we have the
following PIDFE for the regularized hedging error function J¢
DiJ(t,x) — AN Tt 2) = (VE, V) (t,z)  V(t,z) € (0,T] xR
J(0,z) =0 Ve eR (1)

Proof. We follow [13] Theorem 4.4.1. For = € R define the process
T
M!=E (/ Y(VEVNT — 5,2 + Xs_)ds]}"t> — JYT, z),
0

and notice that it is local martingale and by Theorem 3.3 it is with initial
value 0. It is also bounded by Corollary 4.7 and therefore a martingale.
Since X is Markov process we have

T—t

M} + J<T,z) = EX ( ¢(V6,VE)(T—t—S,$+XS_)dS>

0

t
+ / Y(VEVNT — s,z + Xg_)ds
0

t
_ JE(T—t,x+Xt)+/ W(VE VT = 8,2+ Xo_)ds.
0
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Note that, by Corollary 4.7, J¢ € C2([0,T] x R) and we can apply Theorem
2.9 for the function J¢ and the process ( Thus, we have that

xz}.)m'
M2 :=JT —t,z + X;) — J(T,z + Xo)
- /Ot(—DlJe(T—s,x+Xs) + DoJ(T — 5,2 + X,_)b
+ %Dng(T— s,z 4+ Xs_)o?
—/R(Je(T—s,a:ij—l—Xs,)—JE(T—S,:U~|—XS,)
—yDQJE(T—s,x—l—Xs_))k(y)dy>ds
= J(T —t,x+ X;) — J(T,z + Xo)
- /Ot (—D1JE(T — s, x4 X, )+ AXT(T — s,x—{—Xs,)) ds

is a local martingale. Again by Corollary 4.7 we have that J¢, Dy J¢, Do J€
and D;J¢ are bounded. For the part AX.J¢ we have by triangle inequality

and Taylor expansion:

| /R(Je(t,rc +y) = J(t ) — (¢¥ - 1)D2J€(t’w))k(y)dyHc%[o,T]xR)

1 16

< H// / D22J6(t,:):+92y)d92d61y2k(y)dyH
RJo Jo o
+ /R e’ — 1 — ylk(y)dyl D2 J || o0, xR)

< HD22JE||C([O,T]><R)/Rka(y)dy+C||D2J6||C([O,T]><R)

< C(1D2J leqo.r)xr) + D22 (0.1 xR))5

[0,T]xR)

and again by the same argument M? is martingale. Setting

Yy = —DJ(T — s,z + Xy )+ AXJ(T — s,z + X, )
FY(VEV)NT — s,z + X))

t
7, = / Yids,
0

we notice that M} — M? = Z;, and therefore Z is also a martingale. By
Corollary 4.7 and the previous argument, Y is bounded and thus we can

write a finite upper bound for the variation of Z for all w € Q

Var(Z)uw) < /Dt 1Y, (w)|ds.
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Thus, Z is finite variation continuous martingale, and therefore pathwise
0 a.e. On the other hand, Y is cadlag by continuity of D;J¢, AXJ¢ and
P(VE, V), meaning that for almost all w € Q and all ¢ € (0, 7] we have

0— lim Zy p(w) — Zy(w)
h—0+ h

= Y;f(w)a

and Y is also pathwise 0 a.e. Now, for the range of X we can apply Theorem
24.10(4) from Sato and get that for ¢ € (0,7] and almost all z € R there
exists w € Q such that X;(w) = . Thus we have that for ¢ € (0,7] and
almost all z € R

—DyJ(t, ) + AX Tt ) +p(VE, V) (t,z) =0,

but from continuity of the functions involved, this holds true for every
(t,z) € [0,T] x R. O

5 Numerical solution of the PIDE

In this chapter we will develop the numerical method for solution of
both the option price and hedging error functions PIDEs. To this end we
would follow closely [8], and apply the numerical techniques there. More
specifically, we would use matrix compression and approximate assembly, as
well as some other standard methods when dealing numerically with PDEs.
In the end we would make our numerical implementation dependent on only
one parameter, namely the mesh width h. Thus the convergence rates and
errors will be expressed only in terms of h. Stated results will again be taken
directly from [13].

5.1 System of PIDEs for the approximate option price and
hedging error
In order to end up in the setting of [8] we define:

{fR(ey —Dk(y)dy ,if0<p<1
cl =

0 , otherwise.
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Now for g > 0 sufficiently large define:

H(t,x) := e TH(x + (62/2 4 ¢1)t)
V(t,z) = e 1V (t,x + (62/2 + c1)t)
9 (t, x) := e 19t x + (02/2 + c1)t)

J(t,x) = e T J(t,x + (02/2 + c1)t).

The above transformations remove the drift in the case when small jumps
have finite first moment, or equivalently when 0 < p < 1. The removal of
drift ensures the continuity of the bilinear form in the variational formulation
of the PIDE (see [8] Remark 6). The exponential factor e~%" ensures that
the bilinear form is coercive (see [8] Equation (6a)). Define also the operator
A:D(A) — L' as:

Af(@) = af (@)~ ( [ (fo+9) = £() = (& = DDF@)k()dy+
+ ;UQDQf(w)), forp>1

Af(@) = af@) = [ (Ha+9) = F@Dk(u)dy,  forp< 1,

The operator A resembles A% but corresponds to the transformations that
we have applied and takes into consideration the fact that if p < 1 then
02 = 0 and we have removed the drift. Thus we end up with the following
system of two PIDEs for all (¢,z) € (0,7] x R, where the first one is the
familiar forward Kolmogorov equation for the option price subtracted by the

regularized payoff (i.e. in excess to payoff form) for the fixed parameter €:

Dy(V*(t,-) = H(t,))(2) + A(V(t,-) = H(t,"))(z) = —~AYH"(t,")(2),

(V0. ) = HO())(x) = (H() = H()(x),
DiJ(t, @) + AT (t, ) (x) = qt?l)(V Vo) (¢, ),
J0,2) (2)

8

where for the trading strategy function we have

—e oy T(VE, exp)
_ 2x ’
Vitz)=e I'(exp, exp) (t2).

In order to unify the treatment of (2) we assume there exist functions g and

up such that

27



(G1) 3\ € [0,n] such that Yw € [~ A] we have v € HE'! and g €
L%([0,T); HP*Y) for some p € Ny.

(G2) Assume there exist positive constant C' and d > 1 such that

| DFgl o2 < CdF(KY), Wt €[0,T],Vk € No.

Then it suffices to study the following generic PIDE:
Find u € CY2([0, T); R) with u(t,-) € D71 (A) such that
d
%u(t l’) + Au(ta )(ZL‘) = g(tv :‘C) \V/(t, ZL‘) € (Oa T] xR
u(0,x) = up(x) Vo € R. (3)
5.2 Variational formulation and unique solution for the J¢

PIDE

Now we want to extend the operator A, to a pseudo differential operator
A in order to state the variational formulation of (3).
First we define the function ¥ : {z € C; |3(2)| < 1} — {z € C;R(z) > 0},

which we would use later as a symbol of A as

U(z) :=q— </R(eizy —1—iz(e¥ —1))k(y)dy — ;0’222) , p=>1,

U(z) :==q— /R(eizy - Dk(y)dy, p<l

It turns out that this function is well-defined and satisfies certain bounds,
which allow us to define A and even some weighted versions of it and to

obtain continuity and coercivity of the resulting sesquilinear form.

Lemma 5.1. There exist two constants C1,Cy > 0 such that for all z €
{y € C;|3(y)| < n} we have

B (2)] < Ci(1+ |27,
RU(2) > Co(1 + |2H)P/2.

Moreover, for all o € Ny there exists constant C(a) such that for all z €
{y € C;|S(y)| < n} we have:

[D*U(2)] < Cla)(L + |=)P~
Proof. See [13] Lemma 5.1.1 O
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Since %\i’(z) > 0 we can define by using the main branch of the complex

logarithm

‘i,r(z) — erlog(\il(z)).
Define also the so-called weighting operator E“ as follows

w .,/ /
EY S« — S,

f—=ef

No we can finally proceed with the general definition of the weighted and

taken to some power version of the PDO A.

Definition 5.2. Take wi,wy € [—n,n] such that wi+wz € [—n,n] and define:
HLC’l\ijz = {f € S(i)z; (iﬂ"( + Z'(Wl + w2))ff( + iw2)) € LZ} .
Forr,s € R define:

Aw1,s ,HT,\i’ N Hr—s,\il

wi,w2 w1,w2

fo BT F (B0 4 i(wn + wn)) FF(- +iwn))
We denote A¥ := A“! and A .= AL,

By the stated properties of ¥ the above definition is correct, i.e. the
expressions in it are well-defined. The weighted generalization of the gen-
erator will be used later in the error estimates for the sparse assembly,
while the fractional power generalization gives us an operator energy norm,
which is equivalent to a particular Sobolev norm. Denote additionally
A = EYTAETY. It turns out that A“1 = A“! on Dyi(A). Formally

we have:

Lemma 5.3. Let wi,wy € [-n,n] and w1 + we| < n. Then A*! coincides
with A“* on Dpi(A). Furthermore, for r € R and every fi € D(A) N
HEY", fa € HIPT" we have

. i
1A% fullz, < Cllfl g

490 Fllig, ~ 1ol e
with some constant C.

Proof. See [13] Lemma 5.1.3. O
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Now take |we| < A, |w1| < 1 and |wy + wo| < 1, where A is the constant
from assumption (G1). The above lemma implies that Hf;l\ng = H[f and
this, in turn, means that A“! maps Hﬁf to (Hﬁf)* Therefore our Gelfand

triple would be:
p/2. 4 12 L pyp/2yx
HE= — L, — (HO=)™.

Define also the corresponding sesquilinear (not bilinear because functions in

the domain can have complex values) form

Yu,w € HP/2

azé(vvw) = <Awlvvw>(H£é2)*XH£é27 wy

and denote a“ := ag. Our weighted variational formulation now reads:
Find u € L2([0, T); HL?) n HY([0, T); (HSL?)*) such that

d w
%(u(t)vv)[&z + a’wé (U(t)fu) = <g(t)’v>(H£é2)*><H£é2’ Vo € H££2

u(0) = up. (4)

Every solution of (3) is also a solution of (4) for w; = 0 by extension. It
can be proven that in the above formulation, the sesquilinear form a2l is
continuous and coercive (see [13] Lemma 5.1.4). Thus we have the standard

a priori estimate of the solution u of (4) (see [13] Lemma 5.1.5 for details)

Il 2oy + 1l ago szt + Iolloqomizz,

< Cllluolluz, + 91l 2 g ey

By using the properties of the approximate hedging error function J¢ from
Corollary 4.7 we have that J¢ € L%([0,T]; H?/?). The same is true for the
approximate option price function V¢ by Lemma 4.2. Finally, we can obtain
the uniqueness of the solution of hedging error PIDE (1) by using the a

priori estimate above:

Theorem 5.4. The approximate hedging error function J¢ is the unique
solution of the PIDE (1) in:

L:= {f e C12([0,T] x R) N L2([0, T); H?/?);Vt € (0,7 : f(t,-) € DLI(A)}

Proof. See [13] Corollary 5.1.6. O
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5.3 Localization — localized formulation

For the numerical implementation we truncate R to a finite interval
Q = (=R, R) for some truncation parameter R > 0. We would introduce
some notation for s > 0,k € Ng and B C R:

gs ::{U € HsyuhR\Q = 0}7
CM(B) :={f :R—>R; f|p € C*(B) and f|g,5 = 0},

Y :=H*"?, with |-y := IRIFTZEE

Define a truncation function ®, € C* for some r > 0 with &,|_,,) =
1, supp &, C (—r — 6,7 + 9) and [|®,|cp+s < oo. Denote by Y|q the
restriction of Y to functions with domain {2 and take the Gelfand triple
Yia <, L2(2) < (Y|q)*. Consider the localized variational formulation
Find ug € L2([0,T];Y) N H([0,T]; Y*) such that

d
&(UR(t)av)LQ +a(ug(t),v) = (g(t),v)y*xy, YveyY
ur(0) = ®r_suo,
where a = a8. It is an extended version of the variational formulation

corresponding to the chosen Gelfand triple, but we still have existence and
uniqueness of the solution since a is continuous and coercive by Section 5.2,
and the extended version is trivially solved outside €.

The additional error introduced by localization decays exponentially as R —

Q.

Theorem 5.5. For |w| < A and C independent of R we have the following

localization error bounds:

I, ) = (T ey < OO (Wl + oo, )

H'LL - UR”L2([O,T};YW) < Cei()\i‘w‘)R <”U‘0HL2)\7)\ + |’g|’L2([O,T};(Hp&%A)*)) )
where Y, is the localized version of H£/2.

Proof. See [13] Theorem 5.2.1. O

In order to have estimates depending on h, we usually choose R =

cr|log h| for some positive constant cg.
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5.4 Spatial semi-discretization — semi-discrete formulation.
Properties of orthogonal and piecewise polynomial inter-
polation projections. Matrix compression and perturbed
formulation. Error of the semi-discretization

In order to be consistent with the framework in [8] we define for w €

[—n,n] the so-called Schwartz kernel K4 : R x R — C as
Kaolo,y) i= [ @50U(E + iw)de,
R

and from the properties of W it follows (see [11] Lemma 3.0.2) that the
following Calderén-Zygmund property for the Schwartz kernel holds

IDSDY K as (2, y)| < Cla, B)le —y| 7777, a,BeNg,z#y.

Then by setting K“(z,z — y) := K g« (x,y) we have for u,v € Y

(A“U, V) (pro/2yex (mror2 = /Q 0 K¥(z,z — y)u(y)v(z)dydz,
X

and we are in the setting of [8].We need the Calderén-Zygmund property for
the matrix compression analysis. It basically means that for functions with
increasing distance between their support, the duality pairing is decaying
polynomially.
For the spatial semi-discretization we use linear Finite Element Method. To
this end denote for [ € N and some C' > 0

7t = {[mk,xk+1];k =0,...,02' — 1,2, = —R+ Cl;lRl}’
a partition of Q. Let Y denote the space of all piecewise linear functions on
7! that are continuous and vanishing on the boundary of 2. We have that
vt c H3/?279,
Fix L € N and define Y}, := (Y, ||-|ly), where h = % is the mesh width
of the partition Z”. Denote the orthogonal projection of Y, onto Y}, by
P, and N = C2% the number of elements in the partition Z”. Then our
semi-discrete variational formulation reads:
Find ugy, € H*([0,T);Y,) such that

d
—(upn(t),vn) 2 + alupp(t),vn) = (9(t), vn)y+xv, Vup, €Yy,

dt
ur,p(0) = Pr(®r_suo)-
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Define now the projection Py : C'(£2) — Y}, to be the unique piecewise linear
interpolation on 2. In order to write this projection in explicit form we
define fori =1,...,N,j=0,1:

li := —R +ih,
T; := [-R + (i — 1)h, —R + ih],
t; == sup |Ti,
wl =R+ (i+74)h,
1
Lj(z) = ]] H
k=0,k+#£j

; 1
() = 1 @)L (o))
@i(7) == qi () + )41 (), for i < N. (local hat basis)

Then we have the expression:

N-1

Prf(z) = f(zi)pi(e).

i=1
Both operators P;, and P; play an important role in the semidiscrete for-
mulation, and we want to study their properties in order to obtain error
estimates on the sparse assembly later.
Let Q* := Q\ [; denote any of the resulting domains when ¢ =1,..., N and
Qr:=(—-R+1,R—1). For s € [0,3/2) and w € R we also define a certain

norm on Yy:

wT .
s ——
we i willas
and set |- o o= [|/[z2 - Now we are ready to give the properties of P;.

Lemma 5.6. For f,g1,g92 € C(Q) and gy non-vanishing in

Pi(fg1) = (Prf). = (Prgr)
f
Pr(=) = (Prf).: (P1g2),
g2
where .x and . : denote pointwise multiplication resp. division of the com-
ponents with respect to the local hat basis. Let w € R and f € H?. Assume

also f € C3(*).For s € [0,1],t € [1,2]

I(Id = Pr) fllas < CR'5(| £l e -
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Forr e (0,1],r € (1/2,2]
I(Id = Pp) fll gz, < CR7H f g
For g€ CZNL? and m = 1,2
[(Id = Pr)gllze < C(W"||gllem + llgllLe o),
[(Id = Pr)gll 2 < C(h*llgllar + 119l L2m\ar))-
Proof. See [13] Lemma 5.3.2. O

For investigating the properties of the orthogonal projection Pr, we define
for s € [0,3/2),w € R the (N — 1) x (N — 1) matrices

(M) i,y := (i, i ) s
(Do) iy = €18,

where &;7 € {0,1} and &;7 = 1 only when i = i’. Denote M := M{ the
so-called mass matrix.

We can now formally define Pr, : (Y3,)* — Y}, by
(PLfa‘Pz>:(faSOz) 7;:1,...,N—1,
or equivalently by

Prf = (@) M7'(f, ¢,

T

where (¢;); denotes the vector (p1,...,¢on—-1)'. The properties of Pj, are

as follows

Lemma 5.7. Fix some non-arbitrary constant o > 0 and take w such that
wh —loga < =8 < 0. For si,t; € [0,3/2) and f € HO:

1Pl < CRT | £ll -

The following approzimation property holds for s; € [0,1],t2 € [1,2] and
f e H>nC3(Q)

1(Zd = Pr)fll gz < Ch27%2If | s
For sq € [0,3/2),t4 € (1/2,2] and f € H N C3(Q*)

1PL Al pgsa < CH™** (W[ £ s + 1 fll2)-
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Finally, for g € C'g and m=1,2

|(Id — Pr)gllzee < C(h™||gllem + [lgll Lm0y
| PrgllLe < Cllgllpe-

Proof. See [13] Lemma 5.3.4. O

By using the local hat basis, our semi-discrete formulation can now be
solved as a system of linear equations. However, the resulting matrix from
the sesquilinear form a is densely populated due to the integral jump part
in the generator of a Lévy process. Thus we will apply matrix compression
techniques. We will choose another basis, so that the resulting matrix for a
in this basis is sparse, and the loss of accuracy is acceptable. Note that we
will also use the local hat basis for operations which involve the projection
Pr as will be explained later.

Define the hierarchical biorthogonal wavelet basis (see also [15] 3.4.2),
{5, 1€ENgj=1,...,M,

where M! = dim(Y"') — dim(Y'~1) as satisfying the following properties:

(W1) Y, = span{@bg;l =0,...,L,j=1,...,M"}

(W2) The diameter of the support Sjl- of wé- is bounded by €27

(W3) If wé- is zero on 02 and ¢ is polynomial of degree less than 2 than
(¥hq9) =0

(W4) w; can be obtained by scaling and translation from ¢§° for I > I

(W5) ForveY

oo M!

v=2>_2 v,

1=0 j=1

where vé- =

converges in H* for s € [0, p/2]

(v, @é) with wé the corresponding dual wavelets. The series

(W6) For s € [0,3/2):
co M!

> 1522 ~ ol

1=0 j=1
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and for s € (p/2,2]:

oo M!

DD WP < OLF o,
1=0 j=1

where Kk = 0 if s < 2 and k¥ = 1 otherwise.

(W7) For f € H* with t € [p/2,2] and s € [0, p/2], the projection Q; : Y —
Y}, defined by

L M!

Q=33 !

1=0 j=1

satisfies
I(Id — Qn) fllms < Ch™*||fllare

For our purposes we define the so-called inner mother wavelet function ()
as the piecewise linear function vanishing outside (0,1) and taking values
of (0,-1/2,1,-1/2,0) at the points (0,1/4,1/2,3/4,1). Then we define
wé(x) =2 e — (25 —1)272) for 1 < j < 2! —2 and [ > 2. The boundary
wavelets can be obtained by using the mother wavelet 1, (z) taking values
(0,1,-1/2,0) at (0,1/4,1/2,3/4) and setting ¥} (x) = 1. (2""1x), and the
mother wavelet ¢*(x) taking values (0,—1/2,1,0) at (1/4,1/2,3/4,1) and
setting ¢éz_1($) = p*(2!71z — 2'=1 4 1). By rescaling the wavelets to our
domain 2 we can use them as a basis, since they satisfy all of the above
properties - for (W6) we refer to [4] Theorem 2.1, Remark 4.1 and [14]
Proposition 4.2, while for (WW7) we can use (W6) and apply the approxima-
tion in Lemma 5.6.

Now, for the weighted sesquilinear form in the semi-discrete setting af :
Y, x Y, — C denote its corresponding stiffness matrix by A%, defined by
A%’ld)’(l,,j,) = a‘({(l/Jé-,,, wé) As in the local hat basis case, this matrix is densely

populated. Therefore, we now substitute A* with the matrix A“ defined as

- AL @y i dist(S) 8% < G or SENOQ # 0
(Lg),.5") .
0 otherwise,

L+a(2L—1-1")

/ .
where &, 1= comax{2~ , 271,271 for some compression factor

co > 0and & € ( 1]. It is clear that the larger the compression factor

_4
44-p?
co, the denser the matrix A“ is. The corresponding sesquilinear form is
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denoted by @ and for convenience we set @ := a’, A := A0, A := A0, We
define the equivalent norm ||u||qe := v/a®(u,u) ~ ||uly, by using that a*

is continuous and coercive. We want coercivity and continuity also for a“.

Lemma 5.8. For large enough compression factor ¢y and w € [—n,n)| there
exist &, 3 > 0 such that for all vy, up, € Yp:

|a% (un, v)| < allup|ae [|vnlae

Re @ (up,up) > Bl|up|[7e.
Proof. See [15], Proposition 3.2 O

Thus, we again have continuity and coercivity of the perturbed form
a. Further we can quantify the compression effectiveness by the following

lemma (see [8], Proposition 3)

Lemma 5.9. The number of non-zero elements of A¥ is of order O(NlogN)
if & <1 and O(N(log N)?) if& =1 as N — oc.

The perturbed variational formulation now reads:
Find @igy € H([0,7);Yy) such that

d  _ o
— (g n(t),vn)r2 + a(trn(t), vn) = (9(t), vh)v*xy, Yoy, € Yy,

dt
tp,n(0) = PL(®p—suo),

and we still have unique solution due to Lemma 5.8.

Due to the expression for the hedging error in Theorem 3.3 and the defini-
tion of the operators I' and v, we need a square integrable norm estimates
in time. The following theorem makes use of the representation of the solu-
tions of the variational and perturbed variational formulations by Duhamel’s
principle from Section 2.3 and shows that the error of semi-discretization is
independent of time, but the price is that we must have higher order norms

in the initial data and the right hand side (compare with [8] Theorem 1).

Theorem 5.10 (Error of the semi-discretization). If p < 3/2 and AR >
(24 p)|logh| then for 6 € [0,1] we have

lur(T) = arn(T) | o2 CR>=13(

|uo HH?meM

+ 19l L o120, )
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For 6 € (0,1] we have

lwr = @r.nll 20,17, m0-900/2) §C'h2_9p/2(HUO”HZmHﬁM
+ HgHLOO([O,T];HQFWHf)\’)\))'
If ug = 0 then for 6 € [0,1] we have

h2—6'p/2

||UR — aR,hHLQ([O,T];HQP/Q) <C ”gHLOO([O,T};HQﬂHf)\‘/\)‘

Finally, if p > 3/2 and AR > 2|logh| the above estimates hold for 6 = 1
and Hf/jA instead of Hf/\’/\.

Proof. See [13] Theorem 5.3.10. O

5.5 Time discretization — discontinuous Galerkin (dG) for-
mulation. Error of the dG formulation

We need to discretize in time the perturbed variational formulation and
we use the discontinuous Galerkin (dG) scheme. The dG scheme takes into
consideration the fact that the solution of the variational formulation is
increasingly smooth as time to maturity increases and uses geometric mesh
with increasing mesh width and local polynomial degree in time to maturity.

More specifically, let a time mesh 0 =ty < t; < --- < tp, = T and vector

My

meo be given, and denote Ip, = (tm—1,tm),

of polynomial degrees 1 := (7,,)

ki =t — tim—1 and A = (Im)Mt ;- For function u in the following space

m=
HY(#,Yy) = {ve L*([0,T};Ys) 1 vlr,, € H (Im,Y3),m = 1,2,..., My},
define the one-sided limits and jump term

wlh = lim u(ty, + s), m=0,1,...,M; — 1,

s—0t

U, = lim u(t, —s), m=1,2,..., M,
s—0+

[u)m = )l —u,, m=1,2,...,M; — 1.

Let £, (I, S) denote the space of all polynomials on I,,, of degree r,, with

values in some function space S and define our discrete space as:

S M Yy) = {u € L0, T V) < uly,, € Py, (In, Ya),m = 1,2, My}

38



Note that #Z(.#,Y;,) C H' (.#,Y},). Then our dG formulation reads:
Find ﬂ‘}gh € SI(M,Yy) such that for all w € SZ(A,Y},) we have

Bag (s, w) = Fya(w), (5)
where
B (u,w) : Z/ (4, w) + a(u,w)) dt

My

Y ([l wih) + (ug wy),

m=1
and

Fya(w Z/ )y xydt + (PL(®r_suo), wy ).

We have the following existence and uniqueness result (see [12], Proposition
2.6).

Lemma 5.11. There exists a unique solution udRGh e SM,Yy) of (5).
The semi-discrete solution g, also solves the dG formulation and satisfies

the following Galerkin orthogonality
Bac (g — @y, w) =0
for allw € (M, Yr).

We also need stability estimates, because later we use sparse assembly
of the right hand side. For vy, € Y}, and u € /(.4 ,Y},) define

lonlla == /la(vn, on)| ~ llonlly

M—1
1 t—
lullde = > Mt/} lullZdt + 3 (HUU 22 + > Mulmlz2 + \UMJIL2> :
m:l m

m=1

The following lemma states the stability result.

Lemma 5.12. The solution deR?h € SAM, YY) of (5) satisfies:

a5 lac < Clluollzz + llgllz2ory(vi)))-
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Finally, we must take care of the error of the dG discretization. It turns
out that we can derive exponential bounds with respect to the number of
time mesh nodes M;. For this purpose fix some o € (0,1) and set p :=
c3d|log o| where d is the constant from assumption (G2) and c3 is positive
constant. The time mesh and the degree vector for some positive p would
then be

1 ;:O, T 1= |JU,mJ, m:2,...,Mt.

Slight adaptation from [12], Theorem 5.4 leads to the following error bound.

Lemma 5.13. Take o € (0,1) and M; = QI‘}EEZI Then 3ez > 0 such that:

larn — @E 2o 11y + arn(T) — @hp (1) 12 < CdR>.
The number of spatial equations to be solved is bounded by O(d|log h|?).
Proof. See [13] Theorem 5.4.3. O

5.6 Solution algorithm — system diagonalization and precon-
ditioning, GMRES method and its error

This section is almost identical to [8], Section 4. Let L; be the j-th
Legendre polynomial on (—1,1) normalized such that L;(1) = 1 and define
form=1,...,M;

(@j;: j+1/2Lj>} o with @ ey = 1.

3:07"'77‘7}1
This is a basis of the polynomial space &, (—1,1) which after rescaling of
the domain will be used as basis at the m-th time step. For this purpose

define the following interval mapping;:
Fy:(—1,1) = Ly; Fu(t) == tm 1+tm) + k‘mt

Now set uRhm = a%?hhm and w,, = w|1m for w € ST( M ,Y}). Then we
have the following basis representation on the time interval I,,, of the dG

solution and any other function in the solution space:

URhmtSU ZuRhm,] )(@j 0 FM)(t)

T) = Z W, () (B4 0 Fp ') (1),
§=0
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where udRGh m,j» Wm,j € Yn. Having fully discretized the perturbed variational

formulation and fixed a basis with respect to time, we get the discrete for-
mulation as:

tmy € (Vi)™ ' such that for all

For every m = 1,..., M, find (ﬂﬁl%c,;h,m,j)g

(Wim,i)i% € (Vi)™ *! we have,
Tm . .
Z CZ] (/ac]l%?hmda W, z ?m Z CNL UR hym,js wm i Z fm,i (u}ﬂ%i)7
-3=0 i=0 =

where for ¢, =0,...,r, we have

1) if >
Cijzaij\/(i+1/2)(j+1/2), Uij:{( DT s>

1 otherwise,

and

fm,i(v) = / (g(t), wmi)y=xy (i 0 F, ') (t)dt + (I)i(_l)(u(;%Gh_m 1(tm—1),v),

where we set ﬂ?fhjo(O) = Pr(®r_suo).

We fix now some m = 1,...,M; and drop the subscript for short when
needed. Let Cj; form the matrix C and M the mass matrix of the wavelet
basis. Then at time step m, with ® denoting the Kronecker product, we

must solve the following linear system:

(C®M+§I®A>u—f7 (6)

where u denotes the coefficient vector of uR hm € Prom(I;m,Yp) and the
vector f is the right hand side evaluated at the wavelet basis of (Yy,)rm+t
obtained by taking all (r,, + 1)-component vectors with r,, zero components
and one element of the wavelet basis of Y,.

If we set N := dim Y}, the above is a linear system of size (r—l—l)N and we can
decouple it into (r + 1) linear systems of size N. Indeed, let C = QTQ* be
the Schur decomposition with unitary Q and upper triangular T, containing
on the main diagonal the eigenvalues Aj, ..., Ay411 of C. Multiply (6) from
the left by Q7 @1 to get:

k ~
(T®M+ 21®A)w:g, with w = (QF © Tu,g = (Q7 & 1)f.  (7)
By denoting w = (wy, . ..,w,),j € CN we can solve (7) by iteratively solving

k ~
()\j+1M + 2A> w; = s,
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for j =r,...,0 where s; = 9;— > oi—j+1 iyt Muw;.

We can also precondition the system at each step with the matrix:
k 1/2
S = (Re()\j)I + 2D) ,

where D ;) 1) = 2lP/2 is a diagonal matrix. Thus we must iteratively solve

forj=r,...,0

70

k -
s! (AjHM + 2A) S (Sw;) =S7's

with unknown Sw; via ng incomplete GMRES(my) iterations (restarted
every my iterations). We end up with an approximate solution &dRG,;GMRES

for which the following error bound holds true (see [9], Section 5.5.4).

Theorem 5.14. Tuake sufficiently large constants cg,co and c3 and set ng =
cod* | log h|®, M; = ca|loghl|, p = csd. Then we have

_dG _dG,GMR _dG  ~dG.GMR
g, (T) — a%y " (D)l + gy — agy le2qo.ryy) <

< O (Jluoll 2 + 19l 22 o.rpv:e))-

The overall number of computation steps is bounded by O(d*T° N (log N)®).

5.7 Assembly of the right hand side. Sparse assembly of
U, representation of I' via the infinitesimal generator.
Wavelet transform, approximative operators and error
of the sparse assembly

In the previous section we were finally able to describe a procedure for

the assembly of the left hand side of the variational formulation of the PIDE
for both the approximate option price and hedging error functions V¢ and
J¢. In this section, we would concentrate on the problem of computing the
corresponding right hand sides of the equations. Moreover we assume o2 = 0
because the theoretical error estimates are valid only in this case.
First, notice that, up to basis transformations, the right hand side of the
equation for V° is reconstructed from the components (AFEO, vi)i. If we are
working in the wavelet basis, then we need the inverse wavelet transform
which results in O(V) additional computation steps and does not have im-
pact on the overall computation as can be seen from Theorem 5.14.

In the equation for the approximate hedging error J°, however, the right
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hand side is given again up to basis transform by (¥(V,V°), ¢;); where, in-
. ~¢€,dG,GM Res
stead of V* we use V Rh , which is given as a coordinate vector with

respect to the chosen basis. A naive approach, would be to compute the
right hand side with respect to all basis components, but this would result
in O(N?3) computational steps. Therefore we use the special properties of I'
in order to come up with reasonable approximation of the right hand side.
In [2] it was shown, that I' can be represented in terms of the generator on

a suitable restricted domain. Specifically, define:

D*(T) :=={(f,9) € D(T); f,g, fg € D(A)},.

We have the following representation for (f,g) € D?(T):

I(f,g) = A¥(fg) — fAYg— gA™f. (8)

Indeed, from the definitions of AX and I' we have:
(A (f9)@) = [ (fa+9)g(a+y) = [@)g(@) = (€ = Vg(@)DS (@)

— (¥~ 1) () Dgl)(y)dy + 50*(9() D (2)
+ f(2)D?g(x) + 2D f(2)Dg(x) — g(z)Df (x) — f(x)Dy(x))

(f(A%g))(x) = /R(f(x)g(ﬂf +y) = f(2)g(x) — (¥ = 1)f(2)Dg(x))k(y)dy

+ ;“2(f(w)D29(x) — f(#)Dg(x))

AT @) 5= [ G+ ) — 9() (@) = (& = 1gla) DI () k(y)dy
+ 5030 D* [ (@) ~ 9(@)D ()
(AX (F9))(x) ~ (F(A%))(x) ~ (9(AX ))(x) = 0> Df () Dy(z)
+ [ +9) = F@) oo+ 1) - g@) F(dy)
= I(f.9)(a).

Note that the operators AX and A have dense corresponding matrices due to
the same reason - the integral part which corresponds to the jump part of the
Lévy process X. The same line of reasoning used for introducing the sparse
approximation matrix A of A in the perturbed variational formulation can
be used to introduce sparse approximation of AX. It can also be used to

derive sparse approximation matrix A for the operator A% corresponding
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to the sesquilinear form af. Thus we implicitly change the notation for
short and identify AX to be A for the rest of this section, since we are inter-
ested only in the jump part of the generator. It seems natural to substitute
directly into the expression for I' the already introduced sparse approxima-
tion for the generator. However, for the ensuing analysis we will further
introduce the approximative operator A%. This operator is defined through
the interpolation operator P;, the approximate orthogonal projection Py, in-
troduced below and the already introduced sparse approximation operator
A¥ corresponding to the matrix A“. It has good analytical properties and
results in right hand side assembly done in O(N (log N)) computation steps.

Define first the approximate orthogonal projection operator P, as follows:

Pr = (¢i); BIM ™Y, %5)(f, ¢i)i,

where

(o} —e9
b Fu g<15 )W’

and B(M~1!, ~s) is the matrix consisting of the main diagonal, 75 lower and
s upper diagonals of M ~!. This is a sparse approximation of the orthogo-
nal projection Pj, because, in general, even if M is sparse, M ! is not.

In order to exploit the multiplicative property of P; we need to work in the
local hat basis (cpé) Thus we need not only the inverse wavelet transform,
but also an efficient wavelet transform. For both coordinate transform di-
rections we apply the multiscale wavelet transform described below.
Denote ¢! and ! the local hat and wavelet bases column vectors respectively,
for the partition Z!. Then there exists a matrix T € RAIm (Y1) xdim(Y'H)

such that:
l
+1 _ ¥
Tt = (7).

where P sorts the elements of a vector increasingly according to the infimum
of the support of the its component functions. Specifically, P sorts both
bases as in the vector (¢}, ¢4, ¥4, ... ,cplZl_l, djél—l) and the matrix T is given

44



1 —1/2
/2 1 1/2
~1/2 1 —1/2

1/§ 1' 1/2
~1/2 1

Take now f € Y}, and denote the coordinate vectors of f with respect to
local hat and wavelet bases ¢! and 9! respectively by ¢ and d' and notice

the trivial ¢” := d° since wavelet and hat bases coincide on partition of 1

TP(Z)::&*P (9)

Then the inverse wavelet transform is just finding ¢! with given d°, d!, ..., d

interval. Then we have:

l

which results in matrix vector multiplication with the tridiagonal matrix T’

41 we must

and results in O(N) steps. For the wavelet transform given ¢
solve (9) for ¢* and d* for k = 0, ..., which can be done using band matrix
solvers (see [5] Section 4.3) and results also in O(N) steps.

We will need integrability in space for the argument functions of the sparse
approximation of I' so that we are able to derive error estimates. There-
fore we again use the idea of subtracting a smooth approximation functions
from its arguments. The terms which involve only the smooth approxima-
tion functions can be precomputed once using the operator I'. To this end

define the following spaces for w € R and r > 0:
Do = {e**f e CPP N D(4)},
Dg, = {f € H™ N H'Y*P 0 CPP2(Q%); flry(—r/2—5,R/216) = 0} ;

and set Dg := DY. The smooth functions that we subtract from the original
arguments will lie in Dre while the resulting differences will be in Dg.

Finally, the approximative operator A% : Do — Y}, is defined as:
“f .= E“PLA“P/(E“f),

where A% is the operator with corresponding matrix A in the wavelet basis,
and all other operators on the right hand side are taken with respect to the

local hat basis. From the definition, it can be seen that computing the right
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hand side needs basis transformations (O(N)), pointwise vector multiplica-
tion (O(N)) and multiplication of sparse matrices A“ and B(M ™!, ;) with
vectors and assembly (O(N(log N))). Our ultimate goal is deriving error
bounds for the sparse assembly of the right hand side. For shorter notation,
define for r,s > 0:

1A oy = B2 U g + B £l g )-

Assume also that w,wf,w —wy € (—n,n) and for w* = |w| V |wf| V |w — wy]
3/2—v
n—w* *

we set cp > 2 On the space

A

D('q) :={(f,9) € Do x Dq; fg € Do},
define the approximative carré-du-champ operator f‘:f ¥ D(Ty) — Yy as:
P 9) = A3 (fo) — FAT 9 — gAY 1

Notice that the above definition is similar to the representation (8). In
order to compare I' and f:f “ we define an intersection of their domains

depending on r > 0:
[d T T T
D" = {(f,9) € D*(I) N (Dy x D); fg € Do},

and for notational convenience introduce the norm estimate for r,s > 0

[d A A
”f?.gH{r,s,wf,w) = Hf”(rlfs,wf)HgHHi/_Q:)Ff =+ HgH(rils,w—wf)HfHHigchrs'

Now we can define the approximation of I" that we would use in the numerical
implementation and that represents the idea of subtracting smooth functions

from the argument functions. To this end for

D) ={(rfgae U (C® xDg x C®) x Dy~

w1,w2E€[—n,1]
f_f7g_g€DQ)}7

define T';"* : D(I'y) — Cy as



We again define the respective intersection of domains of I' and F:f “ for
r >0 as:

Dty = {(fvf‘,g,é) € C(R) x Dy’ x C(R) x Dy “*;(f — f.g— §) € D,

and (7.9). (. 9). (7.9). (7.9) € D*(0)

and for shorter notation the norm estimate for r,s > 0
A 7 I ) 1A 3
121299l s r =N = £:9 = 3l gy T BN = Gl oo 1/ e

_5 SA -
+h ||f—fl!(r‘fs,wf)llgllcitif-

The arguments of F:f “ are both original arguments of I' as well as the
smooth approximations that we subtract from them. As mentioned, and as
can be seen from the definition, we use the operator I' and the generator A
for computing the terms involving only the smooth approximation functions.

Finally we can define the approximative operator ¢Z;f “ D(Ty) — Cy as

) r ~ ) 3 ~ 1 we—1 ~
Vo (f £,9,9) =T (5, £,9:8) = T (£, Foexp, exp) x
x T4 79re == (g g, exp, exp),

and the corresponding notation of the norm estimate for r,s > 0

r ~ r ~I FIlA ~
”f7 f>g7qu(€ffs’wf7w) ::H.ﬂ fvgag”(r,ffs,wf’w) + Hf - f”(r,js,wf)HgngL(ul/Q—&—é,w—wf)

~1NA v A
+ ”g - g|‘(r?s,w7ch)(hl/2+ ||f - f”(ld/2+1/+5,1/+1/2,wf)

+ Hf7 f~HL(Ul/2+5,wf))‘

Notice that in the expression for ¢§f “ the terms Fzzf wf _1( f, [ exp, exp)
and T “09™/ _l(g,g,exp,exp) are well-defined because exp € Dg' and

therefore (f, f,exp,exp), (g, §, exp,exp) € D(I'y). In our actual implemen-
tation we substitute 1 (f, g) with ijg’o(f, f,9,9) - we use weighting only
for theoretical purposes. The main result for the error and stability of the

sparse assembly follows.
Theorem 5.15. For m,m; = 1,2,(f, f,g,g) € D(Fri+u+1/2 0,0) and Y (f,g) €
L we have

||¢(f>9) - PI¢2’O(JC7 f?gag”
< UL, 0031 1m0y B IO 9)lem + 190, 0) L e

Yy
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Moreover, for (f,f,g,3) € D(I'y) we have
1Prog°(f, f.9,9)]

— s ~nI ~ s
< Ch 5<Hf, F9, 054172000 T 119 = Gl mrrz+sl|ASIl 2

Yy

1 = Fllanaesl|Adll 2 + IDCF 3 g szes
A Fllw ~ A ~||w
7 = FI vy + 1 FIsn50) (19 = 5N 21s) + 19081 p21500)

Proof. See [13] Theorem 5.6.8. O

5.8 Final variational formulation. Overall error of the option
price, optimal strategy and hedging error

Taking into consideration the right hand side we now have the following
variational formulation for the option price:
Find ﬂ%d}? € (M ,Yy,) such that for all w € SZ(A,Y},) we have

Buc (il w) = [ (AT (0).w(®)y e dt + (Po(@p-a(H = H)). ),
(10)
with the respective solution computed by the GMRES method denoted by
ﬂ%th GMRes - hyg, the approximation of the option price function is given

by:
7 oo aglGoMRes gy,

For the application of 1/)2’0 we need its arguments to be functions in Dgq
but V.— H® ¢ Dgq because it has larger support. Therefore for r > 0 we

introduce

e, dG,GMR —e
V= (I)Tu;%,h “ 4+ HY,

and we note that VNR = V. The approximate trading strategy is now given
by
1

C€2m

~ 1= I 1 -
V= Pr ( I’g’ 1(VR/2 - H°, O,exp,exp)) + CerF(HGO,eXp).

The hedging error variational formulation is:
~¢€,dG,A
Find Jp;, € S"(A,Y}) such that for all w € S*(A,Y}),) we have

. =edG,A T = e = —
Bac(Tpn ~vw) = [ (PG (Vi T Vi ) 1), w(®)y s (1)
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and is well-defined due to (ﬁR/Q,ﬁeo,ﬁR/%ﬁgo) € D(T'y). Denote the
approximate solution of (11) via the GMRES method by J and introduce

the following indicator function:

0 otherwise.

{1 p>3/2

We have the following result on the approximate solutions of the variance-
optimal hedging problem where we have error bounds depending only on h,

or equivalently on the number of computation steps.

Theorem 5.16. Undoing the transformations that we have previously ap-

plied, the approrimate solutions are given by

V(T,x):= KeqTﬁ(T, z— (6%/24 )T +log K),
G(t, z) == Ke®(t,x — (02/2 + 1)t + log K)

J(T,x) = Kequ(T,x —(02/2 + )T + log K).

Letting € :== Ch®, denoting M the number of computation steps and defining

the following constants

sV = 1,

. 3/2—(1+1/2k)v —cr/2—2¢
2 )

o 1-— (1+1/2H)V—(5’

2
we have the error bounds:
IV(T) = V(T)| 2 < CME1H3/257
19 = Dl 2o1y.22) < CM(1+0)3/257,

3/2s”

7 /
1J(T) = J(T)|| 2 < CM ™~ Trowsss

Proof. See [13] Corollary 5.7.7. O

5.9 Implementation issues — computation of certain I' ex-
pressions and assembly of the approximative operators
through functions of the kernel. Implementation for the
CGMY kernel

We still have to deal with the terms that we have subtracted from the

right hand side of both PIDE equations in order to have numerical tractabil-
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ity, i.e. terms involving H™, or equivalently just H, because the opera-
tors of interest do not act on the time variable. Indeed, we must compute
[(He, H), T'(H®,exp) and assemble the sparse stiffness matrix AY of the
wavelet basis, where the weighted version at w = —1 is needed for the
approximative operator 1/)2’0. Notice that the terms which are not straight-
forward to compute correspond to the jump part of these operators and ma-
trices, so we are interested only in them. For that purpose assume o2 = 0
and ignore the part of A corresponding to coercivity ensuring parameter .
The implementation would be devised, so that it is easy to implement anew
when we change the distributional assumptions.

We introduce now the functions that will contain the dependance on the
distributional assumptions (i.e. the kernel) and with the help of which, we
will compute the right hand side expressions. They are the so-called an-
tiderivatives of the kernel function k(z) corresponding to the Lévy measure
F(z) of the underlying process X. For k) (z) := k(z) and i € N

— [k (y)dy x>0

k(_i)(x) = . -
JE kCH D (ydy <0

By assumption (A4) we get the same exponential bound as z — + — oo
for the antiderivatives as well as the derivatives. Denote also the weighted
function k' % (z) == k(=2 (z).

In the computations, we consider a regularized payoff function of the form

HO () := (1 = €")1(—og,—c0) (%) + A7) [—g,¢0) (%),

where ey > 0 and § is polynomial such that H is at least in C?(R). We

need to compute

L(f,9) = A(fg) — fAg — gAf.

We assume now that we have applied the removal of drift even in the case
p > 1. This does not change our results up until now, since we never
assumed p > 1. However this simplifies case study because in this case the
jump part of the operator A can be written in the following general form,

by subtracting from AX the expression for the drift:

Af(@) = [ (S +y) = 1) = yf (@)k(y)dy.
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Therefore, it is sufficient to compute Ag where

9(x) = ™ (_og,—eo) () Or g(x) = ™ p(2) [y 00) (7)),

for m € Nym < n (so that Ag is finite) and p some polynomial. H€ is
sufficiently smooth, so that we can compute the integrals involved in Ag
only on the respective domains, without worrying about jumps at —eg due
to taking derivatives of indicator function. Notice that for any function

f € H? we have by twice integrating by parts
Af@) = [+ 0) = f@) = @)@y = [ 7 1@+ kD )y
Af@ = [ GG+ - 1@~ ul @Ry = [ )y,

—00

and thus

Af@) = [ @+ ) = f@) = uf @)k)dy = [ '@+ @)y,
(12)

Ignoring derivative jump terms as explained above, for g(z) = €"*1(_ _¢,)(7)

we obtain

Aga) = [ e ey, (19
and if g(z) = €"p(x)1[_¢y ] (7)

Ag(x) =™ K kS P () (mPpla +y) + 2mp (z +y) + 0" (x + y))dy. (14)

—eo
We can work out an explicit formula for the integral (13) as explained at
the end of this section, while for (14) we choose a gaussian quadrature rule
for simplicity and because the integral is on a finite interval.

Now, we are interested in assembling the sparse stiffness matrix A% or equiv-
alently the computation of the terms a“’(wzl-, Lbff) for the wavelet basis. Our
approach is to compute a“(p;, ¢;/) and then we can use the wavelet trans-
form and the bilinearity of a* to obtain a* (3}, 4}). After that we can set
to 0 the entries corresponding to basis wavelet functions with large distance
between their supports. To this end, since ¢; € H? we get by integrating by
parts (12) the unweighted version

a(pi, @5) = (—Awi, ©;) LQZ_//SOz (z + )k (y)dyp;(z)dw

-/ [ e @k - aydyde,

Ti—1

o1



where 4,7 = 1,...,N — 1 and zg = —R. We want to obtain more explicit

expression. Denote for j € Ny

h p(+1)h
K ::/ / K2 (y — @) dyda

(J+1D)h
/ / k- — x)dydz.

Now for j > 4,4,5 = 1,..., N — 1 by using that the first derivatives of the

local hat basis functions are piecewise constants we obtain

Tirl (AL / (—2)
alere) = [ [ @Ky - 2)dyda
(J—i+1)h (j—i+2)h
( / / 2Dy -z dydx—/ / 2 (y — z)dyda
(G—i)h (j—i+1)h
// k2 —:n)dyd:v).
(G—i—-1)h

Analogous result can be obtained when j < i. Write the above in compact
form for the hat basis stiffness matrix A andi=1,...,N —1

Am = a(gpi, ng) (2]{50 - — k‘f),
1 . .
Aiivj = alpity, i) = ﬁ(%”r k]trl k‘;r ), j=1...,N—i—1
... _ . .
Aiimj = alpigpi) = 752k — ki — ki), j=1,...,i— 1.

We can compute k;r and k; exactly by using antiderivatives of order —3
and —4 like

ki =ky = /h /h 2 (y — z)dyda
_ / O () 4 kI (h - 2) — KD (01))de
3><0 ) = kD7) + KTV (=h) = KED(07) = KEVOF) + KTV (),

where k(=9(07), k(=9(0%) are respectively the left and right limits at 0. By

analogy we obtain

+ —4)((4 -

ki =—2kCY(h) + KOV — DR) + kU (G + Dh), j=1,...,N—1

— — . — . —4 . .

ki = —2kCY(—jh) + KCY(=(G — Dh) + (=G + DR), j=1,...,N -1,

where if 7 = 1 we have k"9 (—(j — 1)h) = k9 (07) and kD ((j — 1)h) =
ECD(0).
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For the assembly of the weighted hat basis stiffness matrix A“ we use nu-

merical quadrature after noting that E~“¢; € H? and we have
a* (i, 5) = (E¥(=A)E™vi, ;) 2
— [ [0 @+ kD )y (@)oo
= -’ /R /R iz +y)e Yk (y)dyp; (z)dx
+ 2w / / i@+ 9)e k) (y)dyp; () de
/ / ol (z 4+ y)e kD (y)dyp; (x)da
Tj4+1 Ti41 o

= —w / / ( —x)dyp;(z)dx

Tj+1 z1+1/ (-2)
+2w [ / Sk 2 (y — 2)dyp; (@)de

j—1 Ti—1
Tj+1  [Titl ,
/ | ek D — )y )

The operator AYf := E~“Pp A¥P;(E“ f) which is used in wg,o can now be
computed, because A“ acts on element in the basis space (i.e. P;(E“ f)) and
thus for computing Py A“Pr(E“ f) we only need the corresponding sparse
stiffness matrix A¥.

To give a practical example we mention the case when X is CGMY process.
This means X is pure jump (i.e. 02 = 0) Lévy process with kernel function

k(z) corresponding to the jump measure F'(x) given by

— Mz
s L ifr>0,
k(z) = C {

Sy s ifr <0,

where C,G >0, M >1land Y <2. If G >2,M > 2 and Y > 0, then X
satisfies assumptions (A1) —(A4). It turns out that this form of kernel allows
exact integration and expression for its antiderivatives - for this purpose

symbolic integration software can be used.

6 Numerical results

In the numerical experiments we use CGMY underlying process with

parameters

C=1,G=9,M=15Y =0.2.
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We consider European put option with strike K = 1 and maturity 1. We
further set the coercivity ensuring parameter ¢ = 0 and the slope of the
dG scheme p = 2. We do not subtract H before solving the option price
equation, i.e. we do not solve for the excess to payoff. As reference solution
we use the finer mesh level that we were able to compute in reasonable time,
that is L = 5. The errors at strike price at time to maturity for levels L = 3
and L = 4 are 0.0109 and 0.0067 respectively so we obtain convergence.
For the trading strategy we do not get reasonable results. Below are graphs
depicting the strategy.

The hedging error is expensive to compute because of the right hand side
function and the necessity to do numerical integration and scalar product
in each time interval of the dG scheme, resulting in evaluations of the ap-

proximative operator wg’o.
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Figure 1: Put option price V(t,z) at time t = 1 and L = 3
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Figure 2: Put option price V(t,z) at time t = 1 and L = 4
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Figure 3: Put option price V(t,z) at time t =1 and L =5
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Figure 4: Trading strategy J(t,z) at time t = 1 and L = 3
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Figure 5: Trading strategy 9(t, x) at time t = 1 and L = 4
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Figure 6: Trading strategy J(t,z) at time t = 1 and L =5
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