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Kazhdan constants for SL (3, 2)

By M. Burger at Stanford

Introduction

This work presents a partial answer to a question raised by J. P. Serre in [HV],
Chap. 1, § 17, namely to what extent it is possible to give a quantitative version of
property (T) for SL(3, Z). We remind the reader that this property is equivalent to the
following assertion:

Let S be a finite set of generators of SL (3, Z). Then there exists an ¢>0 such that
for all unitary representations n of SL(3, Z) in a Hilbert space 5, with no nonzero
invariant vectors and for all £ € #, one has the inequality:

1) max |2() £ - &l 2 e 1]l

Here we will obtain explicit examples of pairs (S, ¢) satisfying (1) for all permu-
tation representations of SL(3, Z). Let us now describe two corollaries of our results
more precisely.

A. If = is an irreducible finite dimensional unitary representation of SL (3, Z) we

know ([Ste]) that there exists N € N such that = factors through the principal con-
gruence subgroup

I'(N)={yeSL(3,Z):y=1dmod (N)}.

We denote by N, the smallest integer for which = has this property. Moreover we
suppose that =« is nontrivial, thus N, = 2.

Let
12 j 100

S={(O 1 0), (2 1 j), j=—1,0,1 and the transposed inverses of these matrices}.
001 001
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Burger, Kazhdan constants for SL(3, Z) 37

With these notations and definitions we have:

-1
o L g[2_2‘/ 1_(1—]@,, )2]”2

ves <l 4

for all £ € #,, where n, is the product of all distinct primes dividing N,. Note that the
right hand side of the inequality is bigger than

()
4 l/a )
The inequality (2) will be a consequence of Proposition 3, § 2 and Proposition 5, § 4.

As stated before, all irreducible finite dimensional unitary representations of
SL(3, Z) occur in the action of SL(3,Z) on L*(SL(3, Z)/T'), where T is some sub-
group of finite index in SL (3, Z). For the infinite index case we have the following
result.

B. Let n be the permutation representation of SL(3, Z) on L?(SL(3, Z)/I") where
I' is a subgroup of infinite index. Then we have

iy JEOE=CI 1
ves || [8+2)/15]12
for all ¢ e [*(SL(3, Z)/T), and S is as before. Note that the right hand side of (3) is

bigger than 1/4. This inequality will be a consequence of Proposition 3, §2 and Pro-
position 4, § 4.

&)

Example. Let ¢ be an irreducible non-trivial representation of SL (3, [R) in a real
vector space V of dimension n and choose a basis of V such that ¢(SL(3, Z))=SL(n, 2).
In this way we obtain an (ergodic) action of SL(3, Z) on the n-torus T"=[R"/Z" with
the following property:

1
@ maxllf o0t =2 g e

for all fe [*(T") such that:

[ fx)dm(x)=0
™~

where m is the Lebesgue measure on T". Inequality (4) follows immediately from (3) by
considering the unitary representation of SL(3, Z) in

H={feA(T": | f(x)dm(x)=0}
™

which is equivalent via Fourier transform to a sum of representations of the above
type B. Indeed, the contragredient of ¢ has no finite orbit on Z"\{0}.
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38 Burger, Kazhdan constants for SL(3, Z)

Outline of the paper. In the first paragraph we establish a quantitative version of
the relative property (T) for the pair (H, Z2) where H =272 xSL (2, Z) is the semi-direct
product for the natural action of SL(2, Z) on Z2. In this case our result will include all
unitary representations of H. The bounds we obtain will depend on a quantity that
measures the extent to which a given set of elements in SL(2,Z) does not fix any
probability measure when acting on the real projective line. This quantity will be
estimated in § 4.

In the second paragraph we consider a subgroup R<SL (3, Z) isomorphic to
SL(2, Z) that normalizes two subgroups 4., A_ both isomorphic to Z2. We can then
apply the result of § 1 to the groups RA, and RA_ to get a lower bound for

@) E— &)
Do el

in terms of the angle between the subspaces of 4, and A_ invariants vectors.

In §3 we obtain an estimate of this angle for all permutation representations of
SL (3, 2).

In §5 we will make a slight disgression on the relative property in general.
Namely we are interested in the following question: Given a semidirect product 4 x H
where A is abelian, what is a sufficient condition on the action of H on the dual A such
that the pair (4 x H, A) has the relative property (T).

Acknowledgements. I thank P. de la Harpe, J. P. Serre and A. Valette for their
remarks and suggestions. This work was strongly motivated by an idea of Furstenberg
(see [HV], Chapter 2, Proposition 2). I thank also the IHES for their hospitality.

1. The relative property

Let G be a locally compact group and L a closed subgroup of G. According to
Margulis ([Ma]) the pair (G, L) is said to have the relative property (T) if any con-
tinuous unitary representation that has almost invariant vectors has nonzero L-in-
variant vectors.

If G is a finitely generated group this means that for any finite set S of generators

of G there exists ¢>0 such that for every unitary representation n of G with no nonzero
L-invariant vectors and all £ € 5, one has the inequality:

8] max In(g)é—<¢ll=ellll.

We will now construct examples of (S, ¢) satisfying (5) for the pair

(Z*»SL(2, Z), Z?).
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Burger, Kazhdan constants for SL (3, Z) 39

To state the result we need to introduce the following invariant. Let F be a finite
set of homeomorphisms of the real projective line P! (/). We define

a(F)= inf = sup max|u(yB)—u(B)|

neM! BcPi(R) 7
where M! is the space of probability measures on P!(/R) and the supremum is taken
over all Borel subsets B P!(R). Note that «(F)=0 if and only if there exists an

F-invariant probability measure on P!(R). If F<SL(2, Z) this happens if and only if
the subgroup generated by F is almost cyclic.

1 . 11 1 0
1 . 1 2 1 0
anzg it r={(o 1) 3

Given a subset F<SL(2,Z) and a measurable fundamental domain D for the
action of Z?2 on [R? we define the following subset of H=27?xSL(2, Z):

Example (see § 4).

P={(x,y) € Z*x F :m([x + y(D)] n D) % 0}

where m is the Lebesgue measure on [R2. With these definitions and notations we want
to prove the following proposition:

Proposition 1. Let n be a unitary representation of Z*xSL(2,Z) in a Hilbert
space #, and let q be the orthogonal projection of #, on the space of Z?*-invariant

vectors.

Let & € A, and 6 20 such that:

q@1E>=(1-9) &>
Then:

‘,"ei},‘ Ren(y)E1E) S/ 1—a(F)* 0% (€],

Corollary. Let n be a unitary representation of Z*>xSL(2,Z) with no nonzero
Z*-invariant vectors. Then for all ¢ € 3, we have:

max @) & =&l 2 [2—2)/1—a(F)* ]2 ||&].
Remark. The proof below shows in fact that if I' is any subgroup of SL(2, Z)

which is not almost cyclic then the pair (Z? x I, Z?) has the relative property (T).
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40 Burger, Kazhdan constants for SL(3, Z)

Examples. Suppose that = is a unitary representation of Z2?x SL (2, Z) with no

. . 1 1 1
nonzero Z2-invariant vector. Set n = ( 0 1), n= ( 1 (1))

1) F={n i} and D=(—1/2, 1/2)x(—1/2, 1/2) then

P~ Y A6))- (0)- o)

a(F)=1/4 (see § 4)

and

max [m(s)E—&ll 2

1
wray

for all £ € H,.

2) F={n? n*} and D is as in example 1) then

=, 8, (o)) (0 )

a(F)=1/2 (see §4)

and
©) max ()¢ ~ £l 2 [2~1/3]2 €]

for all £ € J,.

Remark. F={n? i*}, D=(0, 1)x(0, 1) then

= B A ) (O )

For this P Gabber and Galil derived ([GG]) the inequality (6) (with the same constant)
for all unitary representations of Z2x SL(2, Z) obtained by letting this group act on
the subspace of functions in 1?((Z/mZ)?) orthogonal to the constants (m € N).

To prove Proposition 1 we first need to establish the corresponding assertion for
the pair (R?xSL(2, Z), R?).

Proposition 2. Let w be a continuous unitary representation of R*>%SL(2,Z) in a
Hilbert space #, and Q the orthogonal projection of 3, on the space of [R>*-invariant
vectors.
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Burger, Kazhdan constants for SL(3, Z) 41

For all £ € #,, and 6 =0 with

@IS =1-9) g

we have:

rsrligIRe () IO s)/1—a(F)? 0% IEI°.

Proof. Let P be the spectral measure of the restriction of @ to /2. This is a map
which associates to each Borel set B< [R? an orthogonal projection P(B) of J, which
has (among others) the following properties:

@ PR?*=Id.

(b) B— (P(B)¢|&E) is a positive measure on [R? of total mass |£|?, for
any ¢ e .

© 2=P({0}). ,
d) P(sB)=w(s)"' P(B) (s), se SL(2, 2).
Let now ¢ e #,, [|£] =1 and <Q(§)|¢) =1-0.

Consider the restriction of the probability measure B — (P(B)¢|¢) to R?—{0}
and let u be its direct image on P! (/) via the canonical projection:

p:R*—{0} > PY(R).

By hypothesis on ¢ we have u(P'(R))=6. For se F, BcP'(R) and B'=p (B) we
have:

#(sB)—u(B) = {P(sB'){| ) —<P(B)¢|&)
={P(B) w(s)¢lw(s) &> —<P(B)EIE)
=Re{P(B) (w(s)¢ + &)l (w(s) £ — &)

Note that if 4 is an orthogonal projection and {,n vectors with ||{||=]n] we
have:

1 1
|R6<A('1—C)l(n+C)>|=5|Re<(2A—I) (rl—C)I(n+C)>|§-2- Il =l i+l

using Re {n —{|n+{> =0 and the fact that 24— I is unitary.
This implies:

1
lu(sB) = pB)l =5 llw(s) ¢ + <l leols) € — <l =)/1—(Re<{w(s)&IE)).

Taking the supremum over s and B and the minimum over all u with u(P*(R))=J one
obtains the result. Q.E.D.
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42 Burger, Kazhdan constants for SL(3, Z)

Remark. The idea of the proof of Proposition 2 is taken from Furstenberg’s
proof of the relative property of (R x SL(2, R), B?). See [HV], Chap. 2, Proposition 2.

Proof of Proposition 1. To derive Proposition 1 from Proposition 2 we relate the
coefficients {n(y)&|¢D of the representation n of Z2x SL(2, Z) to coefficients of w, the
representation of @2 xSL(2, Z) induced by =.

More precisely, let E be the quotient of &2 x 4, by the following action of Z?:
x(y, &)=(x+y,n(x, 1)§), xezZ?
and %, the space of [*-sections of the canonical projection:
E— RYZ>.

Then B?*x SL(2, Z) acts by measure preserving homeomorphisms on ®%Z2 and thus
unitarily on J,. Denote by w this unitary representation. Given a measurable funda-
mental domain D for the action of Z? on [R?, for each vector ¢ € #, we have an
obvious section of

E— R2/22

denoted by S£(&). This defines a linear map £ : ¢, — #, which has the following
properties:

(@) . is an isometry.

(b) Forall se SL(2,Z) and £ € 5, we have:

(w(0, 5) £(5)|£()) = 2;2 {nlx, ) €16 m([x +s(D)] n D).

(c) Let Q (q resp.) be the orthogonal projection of J, (£, resp.) on the subspace
of R? (Z? resp.) invariant vectors. Then Q.# = #q.

The verification of these properties is easy and left to the reader.

Now let ¢ € #, and 6 =0 such that

q()1E>=(1-9) &)
Then #(€) verifies:
QL)L) =<FqIL () =<q®)IE>=1-d) £ I

and Proposition 2 applied to w and (&) shows that:
ai;llRe (o (s) LI FED| Y 1-a(F)?6* | £ QI
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43
It follows from the definition of P:
P={(x,s) e Z>x F :m([x + s(D)] n D)+ 0}
and property (b) that:
min Re (n(7)¢|¢) SminRe<w(s) £ (©)]# () <)/ 1-a(F) & |£ Q)1
=)/1—a(F)*&* |¢|2. QE.D.

2. The case of SL (3, Z)

Let s be a Hilbert space and U, V two closed subspaces. We define the “cosine”
of the angle between U and V to be

R
BU, V)= sup “ElD2
werbey Tl o

if U and V are nonzero. If U= {0} or V = {0} we set (U, V)=0.

Remark that if P, (resp. P,) denotes the orthogonal projection on U (resp. V)
then B(U, V)= Py Py| where | | denotes the operator norm.

Consider the following two subgroups of SL (3, Z):
1 0 x, X, .
A, =<0 1 x,): eZ*p,
00 1 %2
1 0 0
_={<0 1 0>:t(X1,X2)Ezz}
b 1

X2

which together generate SL (3, Z).

For a unitary representation n of SL(3, Z) in 5# and for the subspace V, (V_ resp.)
of vectors fixed under A, (A_ resp.) we set f,=pf(V,,V_). In this paragraph we shall
prove a lower bound on

() €¢Il
max ——
ves €Il

in terms of f,, for suitable subsets S = SL (3, Z).
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Biirger, Kazhdan constants for SL(3, Z)

Construction of S. The following subgroup of SL (3, Z) normalizes A, and A_:

0
R={< & 0>:geSL(2,Z)}
0 01

and the subgroups R4, and RA_ are isomorphic to Z2xSL(2,Z) via the isomor-

phisms
g X
=(x, g),
?. (0 0 1) (x, 8)

0
(p_( g 0)=(_tg—'1x, tg“l).
X 1

Given a subset F=SL (2, Z), a measurable fundamental domain D for the action of Z?
on R? and P the associated subset of Z2xSL (2, Z) (see § 1)

P={(x,y) € Z*>x F:m([x +y(D)] n D)+ 0}

we define

S=¢ ' (P)u'(P).

Examples. 1) If F={n, i} and D=(—1/2, 1/2)* then S is the set of matrices

11 j 100
(o 1 0),(1 1 j), j=—10,1
001/ \o 01

and the transposed inverses of these matrices (|| =12).

1 1\?
2) If F={n% A*} and D= (—5, —i) then S is the set of matrices

12 j\ /100
(0 1 0),(2 1 j), j=-1,0,1
001/ \o o1

and the transposed inverses of these matrices (|S| =12).
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Burger, Kazhdan constants for SL(3, Z) 45
Given these definitions we have:

Proposition 3. Let m be a unitary representation of SL(3,Z) in a Hilbert
space .

1) If V. +{0} and V_={0} we have for all ¢ € #,:

F)(1— 273)1/2
maxIln(8)6—5l|2{2—2\/1—[?(—)(2—ﬁ] } I
seS

2) If V,={0} or V_={0} we have for all £ € #,:
max [|z(s) & — &l = {2-2)/1—a(F)*}'/> |I&].

seS

Remarks. 1) It is easy to see that property (T) for SL(3,Z) implies the
existence of a constant c<1 such that B, <c for all unitary representations = with no
nonzero fixed vectors. Proposition 3 shows that the converse is also true.

2) The results A and B stated in the introduction are now direct consequences
of Proposition 3 applied to the set S of example 2), together with the bounds on B,
obtained in § 3.

Proof. Let m be a unitary representation of SL(3, Z) in a Hilbert space #, and
q. (g_ resp.) the orthogonal projection of 5, on the subspace V, (V_ resp.). Let £ € #,
with ||¢| =1 and define 6., 6_ by:

g+ (D> =1-0d,, <g-(OIE)=1-0d_.

Setting S, = @' (P), S_ = ¢-(P), Proposition 1, § 1 implies:

(@) minRe(n(g)¢|¢> <|/1-a(F)*o3,

geS+
(b) minRe{n(g)¢|¢) <)/1—a(F)*o2.
geS_

If the left hand side of (a) or (b) is negative then

max |n(g) & — &Il > /2 €]

geS

and the proposition is proved. If not, then the inequalities (a) and (b) are equivalent to:

m. =)/1—min (Re (n(g) £1£)) Za(F)d.

Thus:

s m 1 1
max (m,. m_)gTTm—;a(F) (1= <, + )21} 2 alF) (1 g, +4)).
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46 Burger, Kazhdan constants for SL(3, Z)

In other words:
) 1
x;lelg(Re (m(g)élEy) <1—a(F)* {1 —3 g, +q-1}>.

This and the equality |lg, +g_|| =1+ B, (see Lemma 1 below) proves Proposition 3. 1).
Proposition 3. 2) is an immediate consequence of the corollary of Proposition 1, § 1.
Q.E.D.

The equality |lq, +q_|l=1+ B, depends ohly on the Euclidean structure on %,
so that we have to prove the following:

Lemma 1. Let E be an Euclidean space and q (p resp.) be a nonzero orthogonal
projection on a subspace U (V resp.). Then we have:

lg+pl=1+B(U,V).

Proof. First a general remark: let u,ve E|u||=|v|=1, w=u+v, and let P,
(resp. P,) be the orthogonal projection of E on [Ru (resp. Rv). Then we have by direct
computation:

(P, + P)w|w)
Iwi?

™ =1+u, v).

Suppose now u € U and v e V then:

Iwl? [1+ <u, )] =<(P,+ P)w|w) =<(p+ q) w|w).

This proves that 14+ p(U,V)<|p+4ql. Now we prove the opposite inequality. If
dim E =1 there is nothing to prove. If dim E =2 we can suppose that U and V are two
distinct lines in E. The two bisectors of U, V are eigenvectors for p+ q and the equality
(7) shows that the largest eigenvalue is 1+ (U, V). Thus |p+4q| =1+ B(U, V). Now let
E be arbitrary. Taking & € E, ||£|| =1 we consider P (Q resp.) the orthogonal projection
of E on Rp(&) (Rq (&) resp.). Then we have:

p+@elH=KP+QLIOH=IP+Q|=IPT+QT|

where T is the orthogonal projection on the subspace spanned by p(£) and q(¢). By the
preceeding discussion we have:

Ka@1pE 57 v

IPT+QTI =1+ e =

which implies:
Ip+qll=1+B(U, V). Q.E.D.

Remark (referee). Let u=1—2p, v=1—2q, u and v are involutions on s and
hence define a unitary representation of the infinite dihedral group D,. Via direct
integral decomposition one is reduced to prove Lemma 1 for dim s =1, 2.
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Burger, Kazhdan constants for SL(3, Z) 47

3. The angle estimate

In this paragraph we will estimate f, in the case where = is a permutation re-
presentation of SL(3,Z). We first treat the case of the action of SL(3,Z) on
L*(SL(3, Z)/T) where I is of infinite index in SL(3, Z).

Proposition 4. Let I" be a subgroup of infinite index in SL(3, Z) and V., (resp. V_)

be the space of A, (resp. A_) invariant functions in L*(SL(3, Z)/T’). Then V, and V_ are
orthogonal.

In other words, if = denotes the representation of SL(3,Z) on L?*(SL(3, Z)/I")
then B, =0.

Proof. We will need the following result of J. Tits ([T]): if N is a natural number
and Q is a subgroup of SL(3, Z) containing the N’th power of the 6 elementary
matrices Id + E;; (i+j) then Q contains I'(N?), in particular Q is of finite index in
SL(3, Z).

Suppose that V, and V_ are not orthogonal. Then there is a finite orbit O,
(O_ resp.) of A, (A_ resp.) on SL(3, Z)/T such that O, nO_=+@. Let I’ be the stabilizer
of xe O, nO_. Then I'" is conjugate to I and I''n A, (I'"n A_ resp.) is of finite index
in A, (A_ resp.). In particular there is an m € ¥ such that I'’ contains

1 0 m 1 00 1 00 1 00
<0 1 0), (0 1 m>, (0 1 0), (0 1 0)
0 0 1 001 m 0 1 0 m 1

and thus contains also
1 m* 0 1 00
( 0 1 0 > and ( m* 1 0 ) .
0 0 1 0 01

These two matrices are commutators of some of the preceding ones.

Now Tits’ result implies that I’ (and thus I') is of finite index in SL(3, Z). This
contradicts the assumption on I Q.E.D.

The rest of this paragraph is devoted to the estimate of f, for finite dimensional
unitary representations of SL(3, Z). Since the discussion will involve various rings, we
introduce the following notation: Let 4 be a commutative ring with identity. Then:

1 0 x x
A+(A)={<0 y>:( )eAxA},
0 1/ Y

1 0
A_(A)={<0 0):’(x, y)eAxA}.
x y 1
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48 Burger, Kazhdan constants for SL(3, Z)

The following is our main result:

Proposition 5. Let Z, be the ring of p-adic integers and m a continuous unitary
representation of SL(3, Z,) with no nonzero fixed vector. Let V. (V_ resp.) be the sub-
space of A,(Z,) (A_(Z,) resp.) invariant vectors. Then:

1
B(V+s V—)é——
Vr

Corollary. Let © be an irreducible nontrivial finite dimensional unitary represen-

1
tation of SL (3, Z). Then B, =< .
n1t

We show first how to deduce the corollary from Proposition 5. For this we need
the following lemma:

Lemma 2. Let E,, E, be finite dimensional Euclidean spaces and V,, W, (resp.
V,, W,) subspaces of E, (resp. E,). Then:

ﬂ(V1 ®V,, i ® W2)=ﬁ(V1, W) B(Vy, Wy).

Proof.
B(Vl ® Vz’ W1 ® W2)= ”PV1®V1PW1®W2”
=|(Py, ® Py,) (Pw, ® Py,)| =Py, Py, ® Py, Py, || =Py, Pyl | Py, Py, |
=BV, Wy) B(V,, W)). Q.E.D.

Proof of the corollary. We can interpret n as a representation of

SL(3,Z/N,Z)= ﬁ SL(3,Z/p{Z)
i=1

k
where N, =[] p;* is written as a product of distinct primes. Due to this representation
i=1

as a product we have the decomposition:
k k
®) rx@m, HxQ K,

m; being a nontrivial irreducible representation of SL (3, Z/p{*Z) in .
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Burger, Kazhdan constants for SL (3, Z) 49

Because
k
A+ (ZIN. Z)= ] A:(Z/p}'Z)
i=1

the decomposition (8) induces an isomorphism

k
Ve ® Vi (m;)
i=1

where V. (m;) is the subspace of #; consisting of A, (Z/p;Z)-fixed vectors. Proposition 5
shows that f(V, (n,), V_(n;)) < 1/]/1; and by Lemma 2 we are done. Q.E.D.

To show Proposition 5 we first need to show an analogous result for SL (2, Z,).

If 4 is a commutative ring with identity we consider the following subgroups

of SL(2, A):
1 a
N+(A)={(O 1>:aeA},

v Ovedl

Then we have:

Proposition 6. Let m be a continuous unitary representation of SL(2,Z,) in a
Hilbert space # with no nonzero fixed vectors and W, (resp. W_) the subspace of N.(Z,)
(resp. N_(Z,)) fixed vectors. Then:

B, W) s—

<7

Proof. We can suppose that = is an irreducible representation of SL (2, Z/p"Z)
for some n>1 and W,+{0}. Thus = occurs in the regular representation of
SL(2,Z/p"Z) on SL(2, Z/p"Z)/N,(Z/p"Z). We identify this homogeneous space with

V,, the SL(2, Z/p"Z)-orbit of (é) in (Z/p"Z)*:

V,,={(:) :a orbis a unit in Z/p"Z}.
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50 Burger, Kazhdan constants for SL(3, Z)

Let W,(n) (resp. W_(n)) be the subspace of I?>(V,) consisting of N,.(Z/p"Z) (resp.
N_(Z/p"Z)) invariant functions orthogonal to the constant ones. We prove by induction
on n that:

(R N PR
lf

for all u, e W,.(n), u_e W_(n).

Case n=1: V, ={<;>E(Z/p2)22<);>=#(g>}. Let F, (F_ resp.) be the set of

fixed points under N, (N_ resp.) in V;. For fe F=F, UF_ we denote y/ (resp. y;)
the characteristic function of the N, (resp. N_) orbit of f.

{wf:feF} resp. {y;:feF}

is an orthogonal basis of the space of N, (resp. N_) invariant functions in [?(V;). Let

+ —
up= ), XpWf, U= yy;
SeF feF

then

Ilu+||2=fZF lelz+PfZF 7
eF, eF_

lu_l>=p Y Iy P+ Y lyl%

feF, feF.

Cuglu )= Z xfy_f+( Z xf)( Z .vf)

SfeF SfeF_ f'eF+

Set X, = ) x,. Then:
SeFy

1 1/2
é”l‘-"z{ Y ‘xflz'*'; Y |xf+X-|2} .

Kuddud = ¥ x5+ Y (e, +X)j,
Se SeF, SfeF_ feF,

If u, e W,(1) then pX_+ X, =0 and as the right hand side of the inequality we get:

lu_llz lusllz

1 -
—= lu_llz {lus 3 - +p) IX_?}2 <
Ve Vo
Case n22: Letr,:V,—V,_,, q,:SL(2,Z/p"Z)— SL(2,Z/p" ' Z) be the maps
of reduction mod p"~!. Define:

Sp: 2(V) = 2 (V,-y)

by S, /()= Y fO

yira(y)=x
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Burger, Kazhdan constants for SL(3, Z) 51

1
Then ;-S,, is an g,-equivariant isometry between (KerS,)* and [2(V,_,). By in-

duction hypothesis it suffices to estimate the angle between the subspaces of N, (Z/p"Z)
and N_(Z/p"Z) invariant functions in Ker S,.

We have an orthogonal decomposition of Ker S, given by restricting the functions
on V, to the fibers of r,:

KerS,= @ P(r,'(x)°

x€Vp-1

where [2(r, *(x))° is the subspace of functions in [?(r, *(x)) orthogonal to the constants.
Let

N.(x)={ge N.(Z/p"Z): g preserves r, ' (x)}

and V,(x) the subspace of I%(r, !(x))® of N.(x)-invariant functions. The subspace of
N. (Z/p" Z)-invariant functions of Ker S, is then contained in

D Vilx)

x€Vn-1
so that it suffices to estimate the angle between V, (x) and V_(x).

If x =<Z) with a-b+0 (in Z/p"~' Z) one verifies easily that all N, (x) and N_(x)

orbits in r, !(x) have the same number of points namely p, and that every N, (x) orbit
meets every N_(x) orbit in exactly one point. From this it follows easily that V, (x) and
V_(x) are orthogonal.

If x=(g), a a unit in Z/p"~' Z then

)l omed

a’ being a fixed unit such that a’=a mod p"~'. Then:

N, (x)= {((1) i) ‘ze Z/p"Z}
1 0
N‘(x)={<yp"‘1 1):ymodp}.

Brought to you by | Eidgendssische Technische Hochschule Ziirich ETHZ (Eidgenéssische Technische Hochschule Ziirich ETHZ)
Authenticated | 172.16.1.226
Download Date | 3/29/12 2:37 PM

and



52 Burger, Kazhdan constants for SL(3, Z)

If we identify ! (“

0) with (Z/pZ)? in an obvious way, the action of N, (x) and N_(x)

6 D-(0)-()
G ()0

t t
For te Z/pZ let ¢, be the characteristic function of {( O>}=N+ (x) ( 0> and ¢, the

becomes

t t
characteristic function of N_(x) ( 0>={<y>: y=|=0}. For y+0, ye Z/pZ, v, is the

characteristic function of
X = (S E .
+ y y 14

Then {9}, y,:t, ye Z/pZ, y+0} is an orthogonal basis of the N, (x)-invariant func-
tions and

{o; :teZ/pZ}

is an orthogonal basis for the N_(x)-invariant functions.

Let:
uy =Y %0, + Y f,v,
y*¥0
u_=)y z,¢, .
Then:
lue>=Y Ix2+p Y If,)%
y*0
lu_lI?=p Y Iz/?
(uglu_) =Z XeZy+( Z fy) (Z z_t)
t y*0 t

if u_ is orthogonal to the constants: Y, z,=0 and
t

Kot 1Y S (X 1l (2 122 S — | )
Vp

0
The case x = (

b) is completely analogous. Q.E.D.
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Burger, Kazhdan constants for SL (3, Z) 53
Remark. The proof shows that the inequality of Proposition 6 is sharp.

Let us define the following subgroups of SL (3, 4):

®

y

1
P(A)={<O b>:ad—bc=1;x,y,a,b,c,deA},
0 ¢ d
1 00
S(A)={<0 b>:ad—bc=1;a,b,c,deA}.
0 ¢ d

Lemma 3. Let V. be the subspace of A, (Z/p"Z) invariant functions in

S

Q

I*(SL(3, Z/p"2)/P(Z/p"Z))

which are orthogonal to the constants. Then we have for all u, eV, ,u_eV_:

<u+|“ >|

l/ sl .

The proof will be given further on.

We identify SL (2, A) with S(A) so that N, and N_ becomes:

1 00
N+(A)={<O a>:aeA},
0 01
1 00
N_(A)={<0 1 O):aeA}.
0 a1

Lemmad4. Let W, (E_ resp.) be the subspace of A,(Z/p"Z) (N_(Z/p"Z) resp.)
invariant functions in

—

2(P(Z/p"2)/S(Z/p" 2))

which are orthogonal to the constants. Then we have for alle_ e E_ and w, e W, :

[<e_Iw. )| =

1[ le_1l flwIl.
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54 Burger, Kazhdan constants for SL(3, Z)

Proof of Proposition 5. We can suppose 7 is an irreducible nontrivial represen-
tation of SL(3, Z/p"Z) for some n>1 and V, % {0}, V_+{0}.

If = has a nonzero P(Z/p"Z)-invariant vector n is contained in the regular re-
presentation of SL(3, Z/p"Z) on 1*(SL (3, Z/p"Z)/P) and we can apply Lemma 3.

Suppose n has no nonzero P(Z/p"Z)-invariant vector. Note that V_ is contained
in the space of N_(Z/p"Z)-invariant vectors.

Decomposing =|, into irreducible components we are left with the following
problem: For a nontrivial irreducible representation w of P(Z/p"Z) estimate the angle
between the subspace of N_(Z/p"Z) and A, (Z/p"Z)-invariants. If  has a nonzero
S(Z/p"Z)-invariant vector, w is contained in [*(P/S) and we apply Lemma 4. If @ has
no nonzero S(Z/p"Z)-invariant vector we apply Proposition 6 to the irreducible com-
ponents of w|g. Q.E.D.

Proof of Lemma 3. Let us introduce the following notations:

Un=(Z/p"Z)", |Unl=p"(1—p7").

V.<(Z/p™Z)* is the SL(2, Z/p™Z) orbit of (é) It has |V, |=p?>™(1—p~?) elements.

0
Finally R,, denotes a set of representatives of U,, in U, (n=m).

E,c(Z/p"Z)*, (m<n—1) is the SL(2, Z/p"Z) orbit of (p ); |E,|=p*® ™1 —p~?).

1
We identify SL(3, Z/p"Z)/P(Z/p"Z) with Q, the SL(3, Z/p"Z) orbit of (0)

in (Z/p"Z)3: 0
a
Q= {( b) : at least one coordinate is a unit}.
c

Recall that the action of 4, (Z/p"Z) on (Z/p"Z)? is given by

1 0 x a a+xc
(0 1 y) <b>=(b+yc>.
0 01 c c
From this one deduces that the orbits of 4, (Z/p"Z) on Q are:

(ay) ceU,:W}= {(w) ‘we (Z/p"Z)z}.
. c
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Burger, Kazhdan constants for SL(3, Z) 55

Then |W,*| = p>".

(by) 1=k=n—1, deR,_;, veV:

vl
Wty o= {<dp‘°> :v'=v mod p"},

Wela,ol=p*"7".

©) weV":WJ={(g>}, Wi =1.

The action of A_(Z/p"Z) is:

1 00 a a
(0 1 o>(b>=( b )
x y 1 c c+xa+yb

The orbits of A_(Z/p"Z) on Q2 are the following:

w
(a) weV,,:Ww“={< ):er/p"Z},
X
W, |=p"
(b_) 1=sm=<n-1, deU,, veE,:
i v
o= N :d'=d mod p™,
(Wen,a,ol =p""™.

0
(c.) ceU,,:W[={<0)}, W, |=1.
c

Denote by F!, F!;,, F, F,, Fy .., F. the characteristic functions of the orbits
of type resp. (a.), (b.), (c+), (a-), (b.), (c.).
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56 Burger, Kazhdan constants for SL(3, Z)

Let F be an A, (Z/p"Z)-invariant function on Q and H an A_(Z/p"Z)-invariant
function. Then:

F=Z x‘.F‘_.++ Z xk,d'szd’,,-l-z waJ,

Un k,d,v Vn
H=Z wav;+ z ym,d,va_,d,v""Z Ych—'
Va m,d,v Un

Their norms and inner product are:

© IFI?=p* Y x>+ ¥ P Plxpa0l> + 2 xal?s
Un

k,d,v Vn

IHIP=p"Y 13,2+ Y P ™ Ymadl* +2 1V
Va Un

m,d,v

<FlH>=(UZ xc) (; yv)+ }; }_)m,d,v Z xd'+z xcyc+ Z xk,d.v z yc'+z xvyv'

d'=d(p™) Un k,d,v v’ =v(pk) Va

Denote by h,,: U, — U, the canonical homomorphism. We can write the second term
of the sum (9) in the following way:

Z Vm,d,v Z Xa = Z Xatq

m,d,v d’'=d(p™) deUy,
where

n—1

ta= Z Z Y, bm(d), v

m=1 veEm

Substituting this into (9) and writing Y= ) y, we obtain:

veVn

ceUpn v’ =v(pk) veV,

<F‘H>= z xc[7+fc+y_c]+ 'g xk,d,u 2 y—v’+ Z xv.vu'
k,d,v

By Cauchy-Schwarz: |[(F|H)| < ||F| T** where

(10) T=p 2" ¥ ¥4+t +ylP+1-p Y)Y P " T | ¥ »wl’+ 3 WP

ceUp k=1 veVi v =v(p¥) veVn

We want to estimate T under the assumption that H is orthogonal to the
constants.

In order to estimate the second term of the sum (10) we introduce an orthogonal
decomposition of [2(V,) defined as follows.
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Burger, Kazhdan constants for SL(3, Z) 57

Let r;: ¥, — V; be the map given by reduction mod p’. Consider the linear map
5;: P (V) — (V)

defined by S;h(v)= ), h(v'), he I*(V,). For j=—1 we put S_, =0. Then:

v'=v(pJ)
{0} =KerS,cKerS,_,= ... cKerS,=KerS_, =1%(V,).

Define K; to be the orthogonal complement of KerS; in KerS;_;, j=0,..., n. In this
way we obtain an orthogonal decomposition of I*(V,)= @ K; with the following
property: j=0

h=h"+...+ho, hiGKi’ hEIZ(V;,),
then

th=SJh]+...+S]ho, 0§j§n.
To compute the norm of S;h we make the following remarks:
(i) The adjoint S} of S; is given by SFf=for;, fe ?(V)), 1Sj<n.

(i) n=j=1, 0<I<j:(S;h)orj=p*"h, (because h, is constant on the fibers
of r;). From this we deduce:

(11) IS;hI> = <(S;h) o rjlhy =p>*™D 3 k1%
=0

We apply the preceding discussion to the function h(v) =y, and obtain:

n—1 n—1
I-p )T P Y| T wl'=0-p"Y)Y p*"ISh|?
k=1 veVi v =v(pk) k=1
n—1
=" =) [hol®+ Y (p"7*=1) |I1)?
k=1
(use (11))

=" kol + 3 p" Il — I,
k=1

Substituting this into (10) we obtain:

(12) T=p " Y |Y+t+yl2+p"  hol*+ Y p" *lhl?
ceUp k=1
P Y Y+t +y et Y Il
ceUp veVn
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S8 Burger, Kazhdan constants for SL(3, Z)

Now we deal with the first term of the sum (12):

P Y Y+t +ylr=p " (1—p ) |YP+p 2" 2Re[Y ¥ ¢t +y)]+p " Y I+l

celUp celUp, celUp

The definition of ¢, and the hypothesis that H is orthogonal to the constants imply:

n—1
2 A=Y Y Y P Vmaot L Ve=—D" Y =-p"Y.
ceUn m=1 veEm deUpn ceUpn veV,

Thus:

P Y Y+t +ylP=—p"0+p HIYP+p™ 2" ¥ |t +yl%

ceUn celUn

Now we apply Cauchy-Schwarz:

2 n—1 n—1
§[1+ Zl IE...I] [lyc|2+ )IED) ly,..,,.,.m.vi’]-

m= m=1 veEn,

n—1
Itc+Ycl2= V. + 2 Z Y, bm(c),v

m=1 veE,,
Recall that |E,|=p>®~™(1—p~2).

We obtain:

n—1
CpT™ Y Y+t +ylSp Y ltc+y¢I2§p“2{ YIwlP+Y Y ¥ p"""ly...,a,.,lz}-

celp celUp ceUn m=1 veEpy deUpm

Substituting this into (12) we obtain T <p~!||H||? and thus

I<F|H>i§—1; VI IH]. Q.E.D.

7

Proof of Lemma 4. We parametrize a set of representatives of

P(Z/p"2)/S(Z/p"Z)

1 a b
(a, b)—»(O 1 0).
0 01

In this parametrization 4, (Z/p"Z) acts as follows:

by (Z/p"Z)*:

1 0 x

0 1 y|x(ab)=(ab+x—ay)
0 01
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and N_(Z/p"Z) like:

1 00
(O 1 O)X(a, by=(a—bc, b).
0 ¢ 1

Orbits of A, (Z/p"Z):

aeZ/p"Z, V), ={@a,x):xeZ/p"Z}.

Orbits of N_(Z/p"Z):
(1) beU,: V, ={(xb):xeZ/p"Z},
(2 1=jsn-1, ueR,_;, xeZ/p’Z: V,.={x, p'u):x'=x modp’},
3 xezZp"Z: V,,.={(x, 0}

The inner product of an A, -invariant function with an N_-invariant function leads to
the same type of sums as the ones in Lemma 3 (in fact they are somewhat simpler). And

the method of estimating them is exactly the same, so we leave the proof as an exercise
to the reader. Q.E.D.

4. The value of a(F) in two examples

tenmas. @ «nzg v r={o ).(; V)
mma.(a)a()=zzf—01,11,

w wn-3 o0 r={o 1) (O
()a()—‘z"f—OI,ZI.

1

1
Proof. Let us denote as usual n=( )

10
), ﬁ=(1 1). We identify P!(R) with
S'={ze C:|zl=1} in such a way that:

QRi-1)z+1

RS

Qi+1)z+1
—z+Q2i—-1)
Brought to you by | Eidgendssische Technische Hochschule Ziirich ETHZ (Eidgenéssische Technische Hochschule Ziirich ETHZ)

Authenticated | 172.16.1.226
Download Date | 3/29/12 2:37 PM
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We will use the following partition of S*:

n()=1, A(=1)=—1.

Let u be a probability measure on S.

(a) Suppose that for all Borel sets EcS! we have

|u(nE)— p(E)| éz
We apply this to E=a* ub* and use that
n(@*ub*)=>b"*

to conclude that u(a*t)<1/4. In the same way one shows that u(a”)<1/4. On the other
hand we have: i(a* Ub*)=a"* and fi(a”)=a" U b™. Finally, with E=a* Ub*:

N =

M(E)—p(AE)+ p(Aa”)—pu(@ ) =pb*)+pbd ) =1—p@)—p@)z
From this follows: sup |u(@B)— u(B)|=—
Bc St

(b) Suppose that |u(n’E)— u(E)l S for all Borel sets Ec S*.
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Take B=a~ ua* ub™, then n?B=>b"* and p(a~ ua*)=<1/2 by hypothesis. On the
other hand, if A=b*Ub” Ua®, then A?A=a* and u(4)—p@AE*A)=pb* ub7)=1/2.

1 1
This proves that a(F)=>1/2. By taking p=z 04 +5 d_, one sees that a(F)=1/2. Q.E.D.

5. The relative property revisited

In this paragraph we want to find the relevant property of the action of SL(2, Z)
on the 2-torus T2 which implies the relative property (T) for the pair

(Z?xSLQ2, Z), Z?).

In particular we want to give a proof of this relative property without referring to
another group (e.g. B2 x SL(2, R)) as done usually.

For the sake of clarity we will formulate our problem in a more general context.
Namely, let A be a locally compact abelian group and H a topological group acting
continuously on A by (continuous) automorphisms. The semidirect product Ax H is as
usual the topological space 4 x H endowed with the group structure

(a, h) (a, ') =(ah(a), hK).

The group Aut A (and thus H) acts on the dual group 4 and we extend this to an
action on A, the Alexandroff compactification of 4. Then Aut A has at least two fixed
points in A, namely e, the trivial character and oo the point at infinity.

Proposition 7. Let X be a compact space on which H acts by homeomorphisms.
Let p: X — A, be a continuous H-equivariant map such that:

(i) p is a homeomorphism from the complement of p~'(e,)up '(0) onto
A, —{e,, ©}.

(i) There is no H-invariant probability measure on p~*(e,) U p~*(c0).
Then (A x H, A) has the relative property (T).

Note. If A is discrete i.e. A compact we set A, =A. Then the conditions (i) and
(ii) have to be replaced by

(") p is an homeomorphism from the complement of p~!(e,) onto 4—{e,}.

(i) There is no H-invariant probability measure on p~!(e,).
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Examples. 1) Let V be a finite dimensional vector space over a locally compact
non discrete field k. Let H be a subgroup of GL(V); H acts on the dual vector space
V* and on the projective space P(V*). We assume that there is no H-invariant prob-
ability measure on P(V*). Then the pair (V x H, V) has the relative property (T). Let us
construct the space X and the map p: X — V.. Choose a continuous nontrivial char-
acter of the additive group k and identify ¥ with V* in the usual way. Let Y be the
space obtained by adding the hyperplane at infinity P(V*) to V* and let i: V* — Y be
the canonical injection. The space X is obtained by blowing up the point i(0*) € Y. The
map p is the composition of the canonical GL(V)-equivariant maps X — Y and
Y — V.X. By construction this map p: X — V.* satisfies the hypothesis of Proposition 7.

We remind the reader that a subgroup H of GL (V) stabilizes a probability
measure on P(V*) if and only if it is contained in a compact extension of some group
stabilizing a line in V* (cf. [Z], Chap. 3).

2) Let V=[R" and let 'cSL(n,Z) be a subgroup such ‘that there is no
I-invariant probability measure on P(V*). Then (Z"x I, Z") has the relative property
(T). The dual space of Z" is T". The space X is obtained by blowing up the point
O* e T". Then p~1(0*)= P(V*) and the hypotheses of Proposition 7 are satisfied. This
implies that if I' is any subgroup of SL(2,Z) which is not almost cyclic, then
(Z"x T, Z?) has the relative property (T).

Proof. Let m be a continuous unitary representation of AxH in a Hilbert
space /. Let P be the spectral measure of n|,. Then we have for each vector ¢ € #
a positive bounded measure y,; on A defined by:

pe(B)=C(P(B)E|),

B Borel subset of A. We have the following properties:
(@ Forhe H:pypye=peoh.
(b) For fe L'(A): teipre =111 g
where f is the Fourier transform of f.
(© For ¢, ne, |Ell=Inll=1 one has: [lu,— p,l| 2[1&—nll.

Now we consider u, as a measure on Ay. If #,={teH#:|&|=1} we obtain in
this way a map:

M:# — M'(4,)
from J, into the space of probability measures on A, which is compact for the weak

topology. Let now {&,},<= 5 be a sequence of almost invariant vectors. In particular
for each function f e L'(A):

lim |2()&,~ ([ f) &l =0.
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Then it follows from (b) and (c) that
Tim [(1f1* =17 (€)I) e, I =0.

Now if v is any positive bounded measure on A which is a weak accumulation point of
the sequence u, then v has to verify:

If2-v=|f(e)>-v forall feL'(4).

In other words suppv={e,}. From this discussion we deduce that any pe M'(4,)
which is accumulation point of the sequence {M(&,)}, has its support in {e,, co}.
Suppose now that m has no nonzero A-invariant vector, then P(e,)=0 and for ¢ € 5,
we can consider M({) as a probability measure on X whose direct image under
p:X — A, is M(£). But then any accumulation point u of the sequence M(¢,), viewed
as measures on X would be an H-invariant probability measure on p~!(e,) U p~!(o0).
This is a contradiction. Q.E.D.

We want to close this paragraph by discussing the following point: let ¥ x H be
the semidirect product of example 1) above. Then Furstenberg’s proof of the relative
property of (Vx H, V) (see Proposition 2, § 1) shows that any continuous unitary re-
presentation of V' x H that almost has H-invariant vectors has nonzero V-invariant
vectors. This stronger property does not hold for the pair (Z"xSL(n, Z), Z"). Indeed,
consider the translation representation of Z"xSL(n, Z) on 12((Z/mZ)"), the space of
functions on (Z/mZ)" which are orthogonal to the constants. In this space there is an
obvious SL(n, Z)-invariant vector but no Z"-invariant one. However we have the
following

Proposition 8. Let n be a unitary representation of Z"xSL(n, Z) having almost
invariant vectors for SL(n, Z).

Then either there exists a nonzero vector which is invariant under a subgroup of
finite index of Z" or:

(i) if n=3, = contains the natural representation of Z"xSL(n, Z) on 12(Z");

(i) if n=2, = contains weakly the natural representation of Z*»SL(2,Z) on
12(Z?).

In order to prove Proposition 8 we need to know the classification of
SL (n, Z)-invariant probability measures on the n-torus T"=[R"/Z". This follows from
the following result.

Proposition 9. Let p be a SL(n, Z)-invariant ergodic probability measure on the
n-torus T". Then either p is concentrated on a finite SL(n, Z)-orbit or p is the Lebesgue
measure of T".

In order to prove this proposition we recall the following theorem due to
N. Wiener ([B], p. 54, 1. 3. 1).
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64 Burger, Kazhdan constants for SL(3, Z)

Theorem (Wiener). Let u be a bounded measure on T". Then p has no atoms if
and only if

lim — ¥ |aX)?2=0.

Proof of Proposition9. Let p be a SL(n, Z)-invariant ergodic probability
measure and suppose that u is not the Lebesgue measure. Then there exists X € Z”,
X #0 such that (X)+0. If m is the g.c.d. of the components of X, the SL(n, Z)-
orbit of X is:

{mY:Ye Z" Y primitive}.
From this follows that:

Y A@)F2|AX))? card {Ye Z": Y primitive, | Y| < N/m}

IZll=N

2 |AX)I? c(n) N/m"

where c(n) is a positive constant which depends only on n. From Wiener’s theorem it
follows that p has atoms. Since u is ergodic it has to be supported on one finite
SL(n, Z)-orbit. Q.E.D.

To prove Proposition 8 we need one more result on almost SL(n, Z)-invariant
measures on T":

Lemma 6. Let (u,)n-, be a sequence of probability measures on the n-torus
T"=R"/Z" such that:
(i) lim ||pp oy —pml=0 for all yeSL(n, 2).

(ii) Um(@YZ™) =0 for all m=1.

Then (u,,)m=, converges weakly to the Lebesgue measure.
To prove this lemma we need the following construction:

For each finite SL (n, Z)-invariant subset Fc T" (hence Fc @Q"/Z") let Ty be the
topological space obtained by blowing up each point pe F. Then SL(n, Z) acts by
homeomorphisms on T¢ and if F'< F we have continuous SL (n, Z)-invariant maps

Pre:Tg = Ty pp: Ty — T
Let T" be the projective limit of this system. This is a compact topological space on

which SL(n, Z) acts by homeomorphisms. If u is a probability measure on T" such
that u(@Q"2Z")=0 then using the homeomorphisms

pr: Ty —ps'(F)> T"—F
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we obtain on each Ty a probability measure up such that ppp.(ug) = up.. This defines a
unique probability measure & on T" such that p.(fi)= ur ([Bo], chap. 5, § 8, ex. 19). In
particular the Lebesgue measure on T" gives a SL(n, Z)-invariant probability measure
on 7" denoted by L.

The point of our construction is that L is the unique SL(n, Z)-invariant
probability measure on T". Let us show this: Let u be an ergodic SL(n, Z)-invariant
probability measure on T" and u, its direct image on Ty for all finite SL(n, Z)-
invariant sets FcT". In particular u, is a SL(n, Z)-invariant ergodic probability
measure on T". If u, where supported on a finite SL(n, Z)-orbit Fc @Q"/Z" then pg
would be supported on:

pr'(F)=) P (R),.

feF

Let I'; be the subgroup of elements of SL (n, Z) stabilizing each point f € F. Then I} is
of finite index in SL(n, Z) and the restriction of ur to each component P"'(R), is
I'p-invariant. This would produce a probability measure on P"~!(R) which is invariant
under a subgroup of finite index of SL(n, Z). This contradiction and Proposition 9
show that y, is the Lebesgue measure of T”, hence u=L.

Proof of Lemma 6. The preceding discussion shows that we have an isometric
SL (n, Z)-equivariant map:

{ne MY(T"): n(@"/Z") =0} — MN(T").

If (u,)2-, is a sequence in M'(T") satisfying the hypotheses of Lemma 6 any weak
accumulation point of the sequence (fi,)m-; is SL(n, Z)-invariant. Hence (f,)m=1
converges weakly to L. From this it follows that (u,),.-, converges weakly to the
Lebesgue measure. Q.E.D.

Proof of Proposition 8. Let (¢,)m=, be the sequence of almost SL (n, Z)-invariant
vectors with ||£,[|=1, 1=m =< co. Let P denote the spectral measure of 7|zn.

If n=3 then there exists m=1 such that &, is SL(n, Z)-invariant, this because
SL (n, Z) has property (T). Then

pe(B)=<m(B){|&)> where (=(,

is a SL(n, Z)-invariant probability measure on T". If u, has atoms then there exists a
nonzero vector invariant under some subgroup of finite index in Z". If u, has no atoms
it is the Lebesgue measure. In this case we associate to each function f on Z" with
finite support the vector:

n= 73 f)nx)¢.

xeZ"
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66 Burger, Kazhdan constants for SL(3, Z)

Using the fact that u, is the Lebesgue measure one verifies that for all
(3,7) € Z"%SL(n, Z): (v, Mmind = Y, (7 z—7) f@).
zeZ”

This shows that the map f— n realizes the natural representation of Z"xSL(n, Z)
on [2(Z") as subrepresentation of n.

If n=2 there are also two cases. If for some m2>1:
#.:,,.(@2/22) >0

then there exists a nonzero vector which is fixed by some subgroup of finite index
in Z%. 1If

e, (@%Z*)=0 forall m21

we are in the hypotheses of Lemma 6. Hence the sequence (u, )n.-; converges weakly
to the Lebesgue measure of T2. From this one deduces that for each y € SL(2, Z) the
sequences of measures

Vm(B) = (P (B) (y) G| Em?

also converges weakly to the Lebesgue measure.

Now let f be a function on Z? with finite support and consider the sequence
of vectors

M = Zzz JX) (%) &,

Then we have:
D Dy =Y f(X) F@) <r(—2 +y +7(x), & RO EQlE

as m — oo this expression has the following limit:

Y f®f@=Y f67'c-»)f0).

y+y(x)=z zeZ?

This shows that n contains weakly the natural representation of Z2xSL(2,Z) on
12(Z?). Q.E.D.
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