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1 Introduction

This is a continuation of our paper (joint with J.S. Li) “Ramanujan duals and
automorphic spectrum”, which we will refer to as I. For the convenience of the
reader as well as making this note self contained, we review the key definitions from
I. Let G be a semisimple linear algebraic group defined over Q. Then G(Z) is
a lattice in G(IR) and we denote by I'(N) the principal congruence subgroup of
G(Z):

F'(N)={yeG(Z):y=TmodN}.

Let G(RR) be the unitary dual of G(R) endowed with the Fell topology (see [D,
18.1]) and G '(RR) the subset of G(IR) consisting of all class one representations. We
are interested in the spectrum o(I'(N)\G(R)), that is the set of all e G(R)
occurring weakly in the regular representation of G(IR) in L?(I'(N )\ G(IR)) (see [D,
18.1.4]). We let ' (I'(N)\ G(R)) denote the class one part of o(I'(N)\ G(RR)). We
recall from 1 the definitions of G4, and Graman-

x

Gaw = U o(T(N)\G(R))
N=1

(;Ran\an = GAU! M Gl (IR) . (11)

The closure in (1.1} is taken w.r.t. the Fell topology of G(R). Identifying Graman may
be viewed as the general Ramanujan conjectures. The main result in I is the
followmg let H be a ®-subgroup of G and e H,,,, then any n’ weakly contained
in IndH“R)n lies in G oy, Symbolically:

Ind( ) HAul < (’Aul (12)

(Ind always denotes unitary induction.)
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The inclusion (1.2) gives nontrivial lower bounds on G,,, and in particular
yields a new method to construct automorphic forms and spectrum. Such applica-
tions are described in I. Our main result here is to establish two other very useful
functorial properties of the sets Gau-

Theorem 1.1 Let G be a semisimple linear algebraic connected group defined over Q).
Let H < G be a semisimple Q-subgroup. Then

(@) ResywyGauw © Haw: for me Gy, any ©n° weakly contained in Resyup,n lies in
HAut

(B) Gau ® Gpue © Gaue: for n, we Gay any n’ weakly contained in m ® w lies in G oy

_ Part (a) of the Theorem may be used to prove nontrivial upper bounds on
Gau and Ggaman Via “lifting” such bounds from Ha. to Gau. This, of course,
requires that we can find such suitable ®@-subgroups. These upper bounds give
partial results towards the general Ramanujan conjectures. We illustrate this
technique for certain orthogonal groups. Let k/@ be a totally real field, I its ring of
integers and g a quadratic form over k such that:
1. g has signature (n, 1) over R
2. q° is definite at each archimedean place ¢ + id.

Let G be the special orthogonal group of g. We consider G as a @Q-group via
restriction of scalars so that

G(R) = SO(n, 1) x ISO(n + 1)

Let G(R) = KAN be an Iwasawa decomposition, A = Lie(A4), p =  — sum of
positive roots and g = ke@n, The theory of spherical functions identifies G*(IR)
with a subset of NE/W, where W is the Weyl group. If Le UE/W corresponds to
ne G(R), the spherical function ¢ associated to  is given by:

(0((1) = j" e A PIHK) JI

K

Incidentally, this formula shows that the Fell topology on G'(IR) coincides with the
topology on G (lR) viewed as a subset of AUFE/W. Now we identify 2 to R by

sending p to

. With this normalization G'(IR) is identified with

iRul—pp]=C

modulo {+1}. (See [Ko, Prop. 6. Th. 10]). We choose to parametrize G'(IR) by
seiR " U [0, p] and denote the corresponding representation by ;.

For these groups G we showed in I (using 1.2 with the trivial representation on
=~ SO(m, 1)) that

éRamanDiIR+U{pap—1a~-~p_[p]}' (13)

Recall that if 7 is an automorphic representation of GL(2, Ar), F a number
field, such that n, is spherical and = not one dimensional it is conjectured that 7, is

tempered. We will refer to this conjecture as the Ramanujan conjecture at oo for
GL(2, F).

Theorem 1.2 For n 2 3, and G = SO(q) as above
(a) GRaman < llR+ v [0, P — %] o {p}
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(b} Assuming that the Ramanujan conjectures at oo for GL(2, F), where F is
a number field, are true then

GARaman < ”R+ o [O, p— ]] v {p} .

One can formulate (a) and (b) in terms of the first eigenvalue Z, of the Laplacian
acting on L2(I'\H"), where IH" is the hyperbolic n-space.

Corollary 1.3
(a) Let I' be a congruence subgroup of SO(q, I') then
2n -3

T

J(CVH) = n=3. (1.4)

(b) Assuming the Ramanujan conjectures at « for GL(2):
AT \HYZn—-2, n=3. (1.5)

Remarks 1.4 (1) The Ramanujan conjectures for GL(2) together with (1.3) show
that (1.5) is the precise sharp lower bound for A, (' H") for all n = 3.

(2) In the special case k = @ and n = 4, G(Q) is 1sotropic and Corollary 1.3(a)
was established independently by Elstrodt-Grunewald-Mennicke [E-G-M7] and
Li-Piatetsky Shapiro-Sarnak [L-P-S]. The methods employed in those papers,
which make use of Kloosterman sums, are restricted to the isotropic cases as well as
to rank 1. (Essential use is made of the cusp in defining Poincaré series).

(3) Corollary 1.3(b) gives strong support to our conjecture that

Graman = IR U{p,p —1,.. .} = Gp, (see 1) . (1.6)

In this case conjecture (1.6) apparently agrees with Arthur’s conjectures [A] at
the infinite place. In fact, (1.3) establishes the “easier” half of these conjectures.

(4) Tt follows from Theorem 1.1(b) that if {5} © Gryman for some 0 < s < p then
{k(5 - P) + pl kENs k(S - P) +p> 0} < GRaman'

The proof of Theorem 1.1 makes use of the equidistribution of a certain
sequence of points in I\ G(IR). In Sect. 2 we construct these sequences and establish
their equidistribution using Hecke operators. In Sect. 3 we prove Theorem 1.1
while in Sect. 4 we establish Theorem 1.2. Various comments and extensions are
described in Sect. 5.

Acknowledgements. We thank M. Borovoi for clarilying discussions concerning weak approxima-
tion and J. Schwermer for general comments.

2

Let G and I' = I'(N) be as in Theorem 1.1. Let M < I'\ G(IR) be a finite subset
which is invariant under right I'-action. Then

Tuflg)y= ), flmg) 2.1

meM

is a bounded operator on L?(I'\ G(IR)) of norm
I Tl = M| . (22)
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The basic example of such an invariant set comes from he Comm(I’), the
commensurator of I'. Namely, let M be the I'-orbit of 'k in I'\ G(R). Then M is
finite and we set Tj,:= T,. It is easy to check that

[ Tull = |h~'ThAT\T|
and
Tk =T . (2.3)

Now let Py = {2,3, 5, .. .} denote the set of finite primes. If S < P, is a finite subset,
Z sy denotes the ring of S-integers. Under the assumptions on G we have:

G(Zs,) is finitely generated . (2.4)
(See [BS, Th. 6.2(1)]).

Lemma 2.1 Under the assumptions on G, there exists S < Py finite such that G(Zs))
is dense in G(R).

Proof. Assume first that G is simply connected. Then one is easily reduced to the
case where G is Q-almost simple in which case Lemma 2.1 follows from the strong
approximation theorem. ([K, P, Th. 4.2]).

In general, let p: G*° — G be the simply connected covering of G and let S < P,
be such that G**(Zs,) is dense in G**(IR). Enlarging S if necessary we may assume
that p(G*(Zy)) © G(Zs). Since p(G*(R)) = G(R)°, we conclude that
G(Zs)) N G(R)? is dense in G(IR)°. On the other hand, it follows from the weak
approximation theorem for G (see [San, Coroll. 3.5]) that G(®) is dense in G(R).
Enlarging S if necessary we conclude that G(Zs,) meets every connected compon-
ent of G(IR) and therefore is dense in G(IR). Q.E.D.

Let {¢;,. .., ¢} be a finite set of generators of G(Z)) and set
T= i T, + T 2.5
i=1
then T is self-adjoint by (2.3). Let
17| = i_il 1T+ 1 Tl = k. (2.6)
In view of (2.2), the averaging operator 7™ may be written in the following way:
T"f(g) = kZ 16" 9) 27)

Here the 8™ are in G(Zs)) and products in the ¢}s and ¢; !. Remark that any
element of G(Zs)) appears as a 6™ for m big enough.

Our aim is to prove that these 6/ become equidistributed in I'\ G(IR) as
m — o0. Precisely let

T =(T)". (2.8)
Lemma 2.2 (a) For all f,, f,e L*(I'\G(R)):
lim (T.fi..>= | filgdg | fal9)dg

m= + oo M\G(R) I\G(R)
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where dg is the G(IR) — invariant probability measure on I'\ G(R).
(b) For all fe Co(I'\G(R))

lim T.f= | flg)dg
Mmoo rG®)

uniformly on compact sets.

Proof From (2. 6) we have || 71| = 1 and T is selfadjoint. Thus the spectrum of
T, is contained in [— 1, 1]. From the spectral theorem apphed to 7; it follows
easily that (a) of Lemma 2.2 will follow on showing that — 1 is not an eigenvalue of
7T, and that 1 is a simple eigenvalue of T; (with corresponding eigenfunctions the
constants.) That is we must show that if

by ={f: Tf=f, | fdg=0} (2.9)
I\G(R)
UAlz{fiﬁf: ~f}
then 6; = v, = {0}. Now 0, and v_, are invariant under G(R)-action. Hence,
6, 0 C(I\G(R)) and v_; ~ C(I'\G(R))

are dense in ¢; and v_; respectively. Observe that these spaces are invariant under
complex conjugation. So it suffices to show that if f is continuous, real valued,

[fll2=1, ff )dg =0
I\G(R

and [<T f.f > = 1 then f = 0. Under the above clearly (73| f],|f]> = 1 and hence
nLfl=1f1

Moreover | f|(g) = 0 for some g, since fis of mean value 0. From the definition
of T, it follows that

Iflet'-g)=0 for j=1,2,...r
Since T,,|f| = | f] for all m = 1 we get

|f|(8ﬁ1 .- -Sﬁc:lg)=

for any choice of k, ji, . . ., ji. It follows now from Lemma 2.1 that | f| is zero on
a dense set and hence f = 0.

To prove (b) we note that fe Co(I"\ G(IR)) is uniformly continuous. Hence for
¢ > 0 and all g, e '\ G(IR) there is a neighborhood U,{g,) of g, such that for all
m=1and geU,(g,)

1T f (@) — Tufg)l <& (2.10)
Now take e Co(I'\G(R)), supy < U,(gy1), ¥ = 0 and of integral 1. For m big
enough (a) implies:

(Tuf>— | flodg|<e. 21

I'\G(R)

On the other hand, (2.10) implies that
KTnfs 0> = Tuflg)l <
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therefore 7, f converges pointwise to

| flg)dg

I'\G(R}
and in fact uniformly on compact sets. Q.E.D.
Now let H < G be a semisimple @-subgroup. If I' is a congruence subgroup of
G(Z) then 4 = I' n H(R) is a congruence subgroup of H(Z). Identifying A\ H(R)

with the H(R)-orbit of I'e in I' \ G(R) we can think of 4\ H(IR) as a “cycle” or as
a positive measure g in I'\ G(R) by defining

wf>= [ f(hdh (2.12)
A\H(R)

for fe Co(I'\ G(R)). An averaging operator Ty as defined before, operates on cycles
by
Lemma 2.3 For fe Co(I'\G(R)) and u as above

lim {T,(u),f> = Vol(4\H(R)) | flg)dg .

m— o r'\G(R)
Proof. This is immediate from Lemma 2.2 since 7, f is uniformly bounded and
converges uniformly on compacta. Q.ED.

Before closing this section we express (T, f1,f2 > and {Tp(u), f > in forms to be
used later. We will only need to consider the case where Ty, is self adjoint. Let

A
M = LI Mi
i=1
be the decomposition of M into I'-orbits, M; = I'h;I" where h; € Comm(I"). Now let
B,={yer.rh,y=rh,} .
One checks that

A

(Tufi,i>=% | filkg)fa(g)dg . (2.13)

j=1 B\G(R)

Of course if h;e G(Q), which is the case for us, then B; is a congruence subgroup of
G(Z).
Similarly, if 4\ H(R) is a cycle as above, M decomposes into A-orbits:

A
M=l_|Fh,A.
i=1

Let A; = {hed:h;h = I'h;} then:

A

(T(whf>=3% [ flyhydh. (2.14)

=1 4A\H[R)

Again for our H and Ty, 4; = H(Z) is a congruence subgroup.
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3 Proof of Theorem 1.1

We begin with part (a). Let I' < G(Z) be a congruence subgroup and
fe Co(I'\G(R)). Correspondingly, we have the diagonal matrix coefficient

yhy= [ fl9)f(ghdg . B.1)
I'\G(R)
To prove (a) it suffices to show that (k) is a limit (uniform on compacta of
H(R)) of diagonal matrix coefficients of representations of H(IR) whose spectra lie
in Hay ([D, 18.1]). By Lemma 2.3 we can write

$ = lim (T, R> ()
where
R@) = yoic gy @O0 -
From (2.14) this means that
b= tim 5T [ RO (33)

m— o Jj=1 4™ H(R)

In as much as the 4{™ above are congruence subgroups of H(Z), it follows that each
term in the sum in (3 3) is a diagonal matrix coefficient of a representation of H(R)
whose spectrum is in Hau. Thus the same is true for the sum. Therefore
Respwypor < Hay.. T being an arbitrary congruence subgroup of G(Z), part (a) is
established.

We turn to the proof of part (b). From Lemma 2.2(a) and (2.14) we have that for
u,ve LA(I'\G(R))

1 A(m)
lim = Yo f o™gulgydg= | [ v(gi)ulg,)dg.dg, .
m-—» o ji=1 BS""\G(]R) I\ G(R) '\ G(R)

Hence it follows that for he Co(I'\ G(R) x I'\ G(R))

A(m)

1
lim — [ h(r™g, g)ydg = § h(g1,92)dg,dg, .

km
m—w =1 B GMR) T\G(R) x I'\G(R)

Let

Y@= | | F(91,92)F(9:19,9:9)dg.dg,

FAG(R) I'\G(R)

with Fe Co(I'\G(R) x '\ G(R)), be a diagonal matrix coefficient of pr ® pr.
From the above

1 Am —_
Y(g)=1lim — 3 | F(h{™h, h)F(h{™hg, hg)dh .
m— o k j=1 B\ G(R)
The terms of this sum are diagonal matrix coefficients of p, for suitable
congruence subgroups I'’ of G(Z). Part (b) now follows as before. Q.E.D.
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4

For notational simplicity we begin by assuming k = Q. Let e,,...,e, be an
orthogonal basis of @" such that

q(e)) >0 1<ign—-1
qlen) <0 (4.1)
and define
H = {geSO(g).g(e;) =e,1 <i<n—4}. 4.2)

H is a @Q-subgroup of G =SO(g) and H(Z) is a lattice in H(R). Note that
H(R) = SO(3, 1).

Lemma 4.1 Let H be the special orthogonal group of a quadratic form over @Q in
4 variables such that H(R) = SO(3, 1). Then

(a) HRaman < l]R+ v [07 %] v {1}

(b) If the Ramanujan conjectures at oo hold for GL(2, E) where E is an imaginary
quadratic extension of Q then

Hraman < iR* U {1} .

Proof. This may be deduced from well known results as follows: Let Spin(g) be the
spinor group associated to the quadratic form g, (see [Ca, p. 181]). Under the
assumptions, Spin(g) may be identified (over @) with the elements of reduced norm
1 in a quaternion algebra 4 over E, where E is an imaginary quadratic extension of
Q. Moreover, the inverse image under the covering Spin(g) - SO(q) of a congru-
ence subgroup of SO(g)(Z) is a congruence subgroup of Spin(g). (See for example
[E-G-M, Prop. 3.1]). Thus to establish (a) and (b), it suffices to do so for the group
of reduced norm 1 elements in a quaternion algebra over E. By using the Jacquet-
Langlands correspondence [J-L], see also [ V], we may reduce the problem to
showing that (a) and (b) hold for I'\SL(2, €C) where I' is a congruence subgroup of
SL(2, J) and J is the ring of integers of E. That (b) holds is now a tautology since
this is precisely the assumption made. On the other hand, (a) has been established
by Gelbart-Jacquet ([G-J, Th. 9.3(4)]), using the GL(2)-GL(3) lifting and by
Sarnak [S] using Kloosterman sums. QE.D.

To complete the proof of Theorem 1.2, we use Theorem 1.1(a) and Lemma 4.1.
Let G = SO(g), H as in (4.2) and n € Groaman, © + 1. Then:

Resg@my™ < Hay - 4.3)

Let K be a maximal compact subgroup of G(R) such that Ko = K n H(R) is
maximal compact in H(IR). We may choose A = H(IR) a maximal R-split torus
such that G(R) = KAK, H(R) = KqAK,. For the proof we may assume that
n =7, with 0 <s < p. Let ¢, be the associated spherical function. Then ¢, is
bi-K y-invariant of positive type and therefore

os(h) = | oi(h)dp(r) (4.4)
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where y is a probability measure on H(R)" and ¢/ is the spherical function of H(IR)
corresponding to the parameter reilR™* U [0, 1]. It follows from (4.3) and Lemma
4.1(a) that:

support 4t © Hygman < iR* U[0,3] U {1} .
Notice that u({1}) = 0 since = has no H(IR)-invariant vectors. Therefore
supporty < iRT U [0,4]. 4.5)

Let X € Lie(4), X of norm 1 w.r.t. the Killing form of Lie G(IR). It is well known (see
[G-V, 5.1]) that

(@) lor(exptX)| < golexptX), reiR™, ¢t 2 0.

(b) eiexptX) = Cl+1)e" Y, 0<r<1,t20,and C is an absolute constant.
From this follows that for all t = O:

@sexptX) = Ijqa;(exp tX)du(ry| < C + e 2. (4.6)

Observe that if se[0, pl, ¢, is positive. On the other hand, ¢, as a spherical
function on G(R) has the following behavior as t — + oo (see [G-V, 5.1]):

psexptX) ~ Ce® ™™, 0<s<p.

This together with (4.6) imply s £ p — % which proves (a). In the same way, if the
Ramanujan conjecture holds for GL.(2, E), then we conclude s < p — 1.

The proof of Theorem 1.2 for g a quadratic form over an arbitrary number field
k is similar. The only comment that need be made is that Spin(q) will be identified
with a quaternion algebra over a quadratic extension E/k. The Gelbart-Jacquet
result mentioned earlier then may be used to deduce (a) in this case. For (b),
assuming the Ramanujan conjectures for GL(2, E), E an arbitrary number field,
will suffice.

5

This section is devoted to a discussion of Hecke operators and uniform distribution
of Hecke points in the light of recent results of M. Ratner, ([R]). It is also meant to
illustrate the connection between the methods of Sect. 2 and certain questions of
ergodic theory. For this reason we did not include proofs, therefore we are writing
“Theorem 5.2” instead of Theorem 5.2.

First, we fix some notations. If X is a locally compact topological space with
a continuous group action X x G —» X we let M (X ) denote the space of bounded
measures with weak topology, M (X) the space of probability measures, Co(X) the
space of continuous functions vanishing at infinity, M (X)¢, M(X)° the space of
G-invariant vectors in M(X) resp M!(X). Let G be a simple connected Lie group.
We are interested in the classification of I'-invariant ergodic probability measures
on I'\G. To relate this problem to the classification theorem of M. Ratner [R] we
make the following observation:

Let ve MY (I'\G)Y, for fe Co(I'\ G x I'\ G) define

5(f)= § dg | dv(h)f(g,hg)
NG r\c
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where dg is the G-invariant probability measure on I'\G. Clearly & is a 4(G)
invariant probability measure on I'\G x I'\ G. Here A4(G) denotes the diagonal
subgroup of G x G.

The following lemma is straightforward.

Lemma 5.1

MYI\G) - MY{(I'\G xI'\ G)4©)

v D
is a homeomorphism.

Now it follows from Ratner’s classification theorem and the fact that A(G) is
maximal connected in G x G that any 4(G)-invariant probability measure is of the
form

(1) dgxdg
or
(2) 4(G)-invariant probability measure supported on the closed orbit (z, e)4(G)
where ze Comm(I).
Via Lemma 5.1 we deduce that any I'-invariant ergodic probability measure on
I'\G is:
(1) dg
or

Q) pas p(f) = Y. f(m), where M = I'\G is a finite I'-orbit.

IMlmeM

This classification has an interesting consequence for intertwining operators.
Namely, let p be the regular representation of G in Co(I'\ G) and Int Co(I'\ G) the
space of continuous intertwining operators with strong topology. It is plain that
the map

M(I'\G)" - Int Co(I'\ G)
n—-T,

defined by T,(f)(g9) = u(p(g) f) is a homeomorphism of topological vector spaces.
Remark that if u=dg then T, = P the projection onto the space of constant
functions. Also, if p = uy, where M =TI orbit of I'y, ye Comm I then T, = T the
normalized Hecke operator. It follows now from the above class1ﬁcat1on theorem
that any intertwining operator is limit of linear combinations of Hecke operators
and the projection onto the constants.

Concerning the uniform distribution of Hecke points one may obtain the
following theorem using the results and methods of M. Ratner:

“Theorem 5.2 Let (x,)i-1 < I'\Comm I" and assume that

lim x, = x¢ '\Comm I" .

n—a

Then for fe Co(I'\ G), Tx,, f- jp\g f(g)dg uniformly on compact sets.
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