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1. Introduction

Let N be a complete hyperbolic n-manifold and C (V) its convex core. The manifold
N is said to be geometrically finite if the metric neighborhood C, (N) of radius one about
C(N)is of finite volume (see Bowditch [2] for equivalent definitions). The Laplace-Beltrami
operator A of N acts on the space of C*-functions with compact support and admits a
unique extension to an unbounded self-adjoint operator on L?(N). Let A,(N) denote the
bottom of the L?-spectrum of —A. (Notice that A,(N) = 0.) When N is geometrically finite,
Ao(N) =0 if and only if N has finite volume. Here we are interested in infinite volume
geometrically finite hyperbolic manifolds and our main result is a lower bound on 4,(N) in
terms of the volume of C, (N), provided »n = 3.

Main Theorem. For all n = 3, there exists a constant K, > 0 (depending only on n)
such that if N is an infinite volume, geometrically finite hyperbolic n-manifold, then

*o ) 2 S5rE, )

where vol (C, (N)) denotes the volume of the neighborhood C,(N) of radius one of the convex
core.

Observe that in dimension 2 the above inequality does not hold. Indeed by pinching all
boundary geodesics of the convex core C(N) one can make A, (/N) arbitrarily small, while
vol (C, (N)) remains bounded. We add that in dimension 2, the dependence of A, (N) on the
geometry of N is well-understood (see Dodziuk-Pignataro-Randol-Sullivan [11] or Burger [4]).

Let N = H"/I" be a geometrically finite hyperbolic n-manifold and let D denote the
Hausdorff dimension of the limit set L, of I'’s action on the sphere at infinity of H".
Sullivan (see Theorem 2.17 in [20]) proved that either

do(N)=(@m—1)*/4 and D<= (n—1)/2

*) Partially supported by NSF grant DMS 91-02077.
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or

4o(N) = D((n—1) - D).

Combining Sullivan’s result with our main theorem, we see that the volume of C,(N)
provides an upper bound on the Hausdorff dimension of the limit set.

Corollary A. Let N be a geometrically finite, infinite volume hyperbolic n-manifold and
let D denote the Hausdorff dimension of Ly. Then

K,
(n—1)vol(C,(N))?

D=(n—-1)—

where K, is the constant in the main theorem.

When n = 3, the main result should be contrasted with Theorem A from Canary [5],
which asserts that there exists a constant 4 such that if N is a geometrically finite hyperbolic
3-manifold, then

Alx(@c@))|
< 7
(V) = vol (C(N))
where y(0C(N)) denotes the Euler characteristic of the boundary dC(N) of the convex
core. (In fact, A may be taken to be 47.) Thus, if N is a hyperbolic 3-manifold, the volume of
the convex core provides bounds from above and below for 1,(N) and the Hausdorff
dimension of the limit set.

Corollary B. Let N be a geometrically finite, infinite volume hyperbolic 3-manifold
and let D denote the Hausdorff dimension of L;. If A,(N) % 1, then

4n|x(0C )| K
—_— - < [ —
vol(C(N)) = b=2-3a (c,)y)?
where K is the constant K, obtained in the main theorem.

The condition A,(N) #1 is not very restrictive. For example, if N is geometrically
finite and 4, (N) = 1, then N is either homeomorphic to the interior of a handlebody or to an
R-bundle over a closed surface (see Canary-Taylor [8], see also Sullivan [18] and Braam [3]).

Let N be a geometrically finite hyperbolic 3-manifold. We will see (Lemma 7.3) that
given a, there exists L such that if 0 C(N) contains no compressible curves with length < a,
then

vol (C(V)) + 27| 2(AC ()| = Vol (C; (V) < vol(C(V)) + LIx(2C(V))| -

(A curve in 0C(N) is called compressible if it is homotopically trivial in N, but homo-
topically non-trivial in  C(NV).) So we obtain the following corollary of the main result:

Corollary C. Given a> 0, there exists L> 0 such that if N is an infinite volume,
geometrically finite hyperbolic 3-manifold and 6 C(N) contains no compressible curves with
length < a, then
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K
ol (C(W) + Lix(daC))I)?

A‘O(N) g (V

where K is the constant K, obtained in the main theorem.

Corollary C may be phrased much more simply when every component of dC(N) is
incompressible. We recall that if N has no cusps, this is equivalent to I" being freely decom-
posable. More generally, it is equivalent to I satisfying Bonahon’s condition (B) (see Pro-
position 1.2 in Bonahon [1]). Recall that I' is said to satisfy Bonahon’s condition (B) if for
every non-trivial free decomposition 4 * B of I', there exists a parabolic element of I" which
is not conjugate into either 4 or B.

Corollary D. There exists a constant M > 0 such that if N = H3|T is an infinite

volume, geometrically finite hyperbolic 3-manifold and I' satisfies Bonahon’s condition (B),
then

K
vol (C(N)) + M[x(8C(N))|)?

where K is the constant K, obtained in the main theorem.

Our main result is an analogue of results of Schoen [17], for closed hyperbolic »-
manifolds, and Dodziuk-Randol [12], for finite volume hyperbolic n-manifolds. (In both
cases n 2 3.) They proved, in these cases, that

B,
M (N) 2 vol (N)?

for some constant B,, depending only on n. Our proof will follow the outline of Dodziuk
and Randol’s proof, although it seems likely that a variant of Schoen’s argument could also
be made to work.

The extra element needed in our extension of Dodziuk and Randol’s argument to the
infinite volume setting is an analysis of the behavior of the eigenfunction corresponding to
Ao on the complement of the convex core. The biggest technical difficulties are presented
by the possibility that components of the thin part may intersect the complement of the
convex core. In section 6 we note that one may prove that K; > 10711,

Acknowledgements. The second author would like to thank J.Dodziuk and
Y. Minsky for helpful and enjoyable conversations on the subject matter of this paper.

2. Patterson-Sullivan measure and the spectral theory
of geometrically finite hyperbolic manifolds

We recall that any complete hyperbolic #-manifold N may be written as the quotient
of hyperbolic n-space by a group I' of isometries. Let L denote the limit set for I'’s action
on the sphere at infinity S"~! for /". A hyperbolic n-manifold is said to be elementary if
n,(N) contains an abelian subgroup of finite index. If N is elementary, then
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(n—1)*

}'O(N)'_“ 4

and L, contains at most two points.

The convex core C(N) of a (non-elementary) hyperbolic 3-manifold N is defined to
the quotient by I' of the convex hull CH (L) of L. There exists a retraction R: N - C(N),
called the nearest point retraction, such that R(x) is the (unique) point on C(N) nearest to x.

A (non-elementary) hyperbolic #-manifold is said to be geometrically finite if the
neighborhood C, (N) of radius one of the convex core has finite volume.

A conformal density of exponent 6 for N is a measure u supported on L, such that

*) p(y(E) = [1y'°du
E

where E'is any Borel subset of the sphere and y is any element of I'. Given a conformal density
u of exponent 6 we may define a function ¢, on H" where

b ()= [ la|’dp
S

and a, is a hyperbolic isometry taking x to 0. Explicitly,

1—|x|?

Ol = g

¢, then descends to a function on N. Moreover, ¢, is a positive eigenfunction of the
Laplacian with eigenvalue §(6 — (n — 1)).

Patterson [15], [16] and Sullivan [18], [19], [20] showed how to construct a con-
formal density of exponent 4 (N) where 6 (N) is the exponent of convergence of the Poincaré
series. The situation is particularly satisfactory if N is geometrically finite.

Theorem 2.1 (Patterson-Sullivan). Let N = H"/T" be a geometrically finite hyperbolic
n-manifold.

a) The exponent of convergence 6(N) of the Poincaré series equals the Hausdorff di-
mension D of the limit set L and there is, supported on L, a conformal density p of expo-
nent 6 (N) which is unique up to scaling.

n—1 n—1

b) AO(N)<< 2 >2ifandonlyif5> 2

—A. The corresponding eigenspace has dimension 1 and is spanned by @,. Otherwise,

AO(N)=(";‘).

in which case A is an L*-eigenvalue of
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We will call the unique conformal density u obtained in Theorem 2.1 the Patterson-
. . . —1)\?
Sullivan measure and refer to ¢, as the Patterson-Sullivan function. If 1, (N) < (n > > ,

we will always normalize so that [ ¢2dv = 1 where dv is the volume element on N. In this

N
normalization, | |V@,|*dv = Ay(N).
N

3. The thick-thin decomposition and a key lemma of Dodziuk and Randol

In this section we will recall the thick-thin decomposition of a hyperbolic manifold.
We will then recall a lemma of Dodziuk and Randol which asserts that if 7 is a compo-
nent of the thin part such that the L?-norm of a function f is “big”” on T and the L?-norms
of f and Vf are “small” on a neighborhood of 87T then the L2-norm of Vf is “big” on T.
This lemma is a relative version of the fact that the first Dirichlet eigenvalue of T is “big.”

We recall that the injectivity radius injy(x) of a point x € N is defined to be half the
length of the shortest homotopically non-trivial closed curve passing through x. We define
Ninickey = 1x € N|injy(x) = &}

and
Nipin = {x € Nlinjy(x) < e}
There exists a constant .#,, called the Margulis constant (see p. 64 in Morgan [14] or

section 5.10 of Thurston [21]) which depends only on n, such that if ¢ <.#, and N is a
hyperbolic #n-manifold, then every component of Ny, is either

(a) a tubular neighborhood of a closed geodesic, or
(b) homeomorphic to FX [0, c0) where F is a, possibly noncompact, flat manifold.
Notice that if n = 3, this guarantees that Ny, is connected if & <.#,. We recall

(see Bowditch [2]) that N is geometrically finite if and only if C(N) N Nyiei () 1S cOmpact
for all ¢> 0.

If T is a component of Ny, ), we define T”s shell to be
F(T)={xeT|d(x,0T) =1}.

One immediate consequence of the thick-thin decomposition is a lower bound on the
volume of C,(N). In the remainder of the paper we will use V," to denote the volume of a
ball of radius r in H".

Lemma 3.1. Let N be an infinite volume, geometrically finite, non-elementary hyper-
bolic n-manifold. Then

vol(C,(N)) 2 V"

where r = min {1, #,}.
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Proof of 3.1. We need only show that there exists a point xe C(N) such that

injy(x) = #,. Then the ball B(x, r) of radius r about x is contained in C, (N) and isometric
to a ball of radius r in H".

If ¢ <.#,, then either there exists a point x, e C(N) such that
injy(x,) > ¢ or C(N) < Nying -
If C(N) is contained in a component of Ny, ., then n,(N) = =, (C(N)) has an abelian
subgroup of finite index, which contradicts our assumption that N is non-elementary.
Therefore, for all ¢ <.#,, there exists x, € C(N) such that inj,(x,) > ¢. Since

CV) O Niick (%)

is compact and injectivity radius is a continuous function, we see that there must exist
x € C(N) such that injy(x) = #,. O

It will also be useful to notice that there is a lower bound on the volume of

TnC,(N)
if T+%(T).

Lemma 3.2. Let N = H3|T be a non-elementary hyperbolic n-manifold and ¢ < M,
If T is a component of Ny, such that T+ & (T), then

vol (T C, (V) 2 ¥
where s = min { = !
ere s = 575 ("
Proof of 3.2. Let T be a component of N, and let
T,={xeT|d(x,0T) = s} .

We first prove that T, C(N) is non-empty. If T is a compact component of Ny, ), then
T, contains a closed geodesic and this closed geodesic is contained entirely within the convex
core. If T is non-compact, and T, is a lift of 7}, then T, is a horoball based at some point
p € S"~ ! left invariant by some parabolic subgroup I, of I'. Let Z be a geodesic ray joining
some point xe€ CH(L;) to p, then Z is contained within CH(L;). Thus, in either case,
C(N)N T, is non-empty.

Since T,n C(N) is non-empty and C(N) is not contained entirely within 7, we see
that there exists a point x € dT,n C(N). One may check that injy(x) 2 e—s5 2 % Thus

B(x, s) is contained entirely within 7n C, (N) and isometric to a ball of radius s in H". O

We will make key use of Lemma 2 from Dodziuk and Randol’s paper [12]:
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Lemma 3.3 (Dodziuk-Randol). Let N be a hyperbolic n-manifold and let ¢ < #,.
There exists a constant d,> 0 (depending only on n) such that if T is a component of
Niine With T+ & (T), and fe C'(N)n L*(T) such that

1. [ frdvze,
T

2. [ IVfI?dv < dyc, and
S(T)

3. | fPdv<d,c.

S(T)

Then

—1 2
2 >£ h
;lVf|d0=2< 2)-

The proof in Dodziuk-Randol [12] does not explicitly deal with the case where F is
non-compact, however the argument carries over directly. One may notice from their proof

that if n = 3 then one may choose d, = _116

4. Exponential decay on the complement of the convex core

In this section we will explore the behavior of the Patterson-Sullivan function on the
complement of the convex core.

Proposition 4.1. Let N = H"/I" be a hyperbolic n-manifold and let p be a I'-invariant
conformal density with exponent 8. Then there exists a constant d, >0, such that if
xeN—C, (N), then

IV, (x)| 2 d o] ¢, (x)].
Here d, may be taken to be (e* —1)/(e* +1).

Proof of 4.1. Again we will be working in the ball model for /". We may normalize
so that x = 0 and that R(x) lies on the positive portion of the x,-axis. (Here R: N - C(N)
denotes the nearest point retraction defined in section 2.) In this normalization
R(z) = (0, ..., R,(x)) where

e—.
P
RZ

This implies that every point in L, is contained in the portion of S$" ! enclosed by the
geodesic hemisphere passing through R(x) and perpendicular to the x,-axis. Let

X ={(x),.... %) €S 1x, 2 (> —1)/(e* + 1)} .

In particular, we see that L, < X.
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Let S be the cone of vectors v in Ty (H") whose associated geodesics y, have endpoints
in X. Then there exists a constant d;, such that if v is a vector in 7;(H") and u is a unit
vector in the direction of the positive x,-axis, then u- v = d,|v|. Here d, may be taken to
be (e2 —1)/(e? +1).

1— 2
= —'z——llz’ then ¢ (x) = j‘fg’(x) du. We now notice that Vﬁ:"e S if £e X and
X

that |V£?| = 6f,>. We then see, by elementary calculus, that

Let f, =

IV$, ) = || V) O)du| 2 d, [ IV O0)ldu=d,é | fdn=d,64,(0). O
X X X

We will not actually make use of this fact, but it is interesting to observe that ¢
decays exponentially as one moves away from C(N). Let S: N —» C,(N) denote the
nearest-point retraction from N to C,(N). Notice that S(x) is the intersection of the
geodesic joining x and R(x) with dC, (N).

Proposition 4.2. Let N be a hyperbolic n-manifold and u be a conformal density of
exponent 6. If xe N— C,(N), then

¢, (x) S 7 NHEID @ (S(x))
where d, is the constant in Proposition 4.1.

Proof of 4.2. Let y be a unit-speed geodesic arc joining x to S(x). Then the proof of
Proposition 4.1 implies that V¢, - 7 2 d, 6¢,. One may now integrate along y to obtain the
result. O

We now observe that if N is geometrically finite and A, (N) is “small” then | ¢2dv
is close to 1. (Recall that we have normalized so that [ ¢Zdv =1.) G
N

Lemma 4.3. Let N be a geometrically finite hyperbolic n-manifold such that

(n—1)*
4

Ao(N) *
and let ¢, be the Patterson-Sullivan function for N. Then,

224,(N)
2dp>1— 92
C,j;N) d)u (n—1)d,

where d, is the constant obtained in Proposition 4.1.

Proof of 4.3. 'We first notice that

[ 1V, I2dv £ 2o(N).

N-Ci(N)



Burger and Canary, Geometrically finite hyperbolic n-manifolds 45

We recall, from Lemma 4.1, that |V ¢,(x)| = d;0¢,(x) if xe N — C;(N). Combining these
two facts we see that

M)z [ |V l2dvzds [ ¢rdv.

N—-C;i(N) N-—-Ci(N)

The proof is completed by simply noticing that § > (n — 1)/2 and that

j ¢fav=1— [ ¢2dv. o

Ci(N) N-Ci(N)
We will need to make use of the following consequence of Yau’s Harnack inequality

for positive eigenfunctions of the Laplacian (see [22]). We will give a quick proof which uses
the definition of ¢, directly.

Lemma 4.4. Let N = H"/T" be a hyperbolic n-manifold and let ¢, be its Patterson-
Sullivan function. Then

| @idvz e " Vg2(x)vol (B(x,¢)) .

B(x,¢)

In particular, there exists a constant d,, depending only on ¢ and n, such that whenever
X € Nipicke)» then

[ drdvzd,di(x).

B(x,¢)

d, may be taken to be e~ 2*" =~V V" where V" denotes the volume of a ball of radius ¢ in H".
Proof of 4.4. It follows from the explicit formula for ¢, that
VoI = (n—1)9,(»)
for all y e N. Therefore, if y € B(x, ¢), then ¢,(y) 2 e *"~V¢,(x). Thus we see that

[ @2dvz e 2" Vg2(x)vol(B(x,8)). O

B(x,¢)

We next observe that if N is geometrically finite and Ay(N) is “small”, then @, is
“small” on the thick part of the complement of the convex core.

Lemma 4.5. Let N be a geometrically finite hyperbolic n-manifold with

(n—1)°
4

Ao(N) *

and let p be its Patterson-Sullivan measure. There exists a constant ds, depending only on &
and n, such that if x € Ny — C(N), then

¢, (x) S ds |/ A (N) .

4 Journal fiir Mathematik. Band 454
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Here dy may be taken to be e~V +9)/d,|/d,.

Proof of 4.5. First suppose that x € Ny and d(x, CN)) 21+ % Lemma 4.4
implies that

| ¢idvzd,i(x).

B(x,e/2)

We may then apply Lemma 4.1 to see that ||V, |l2 pex,e/2) = dll/Zi;% (x). But

IV bull2, Bexer2) =V Ao (V)

8,09 Vo
d,)/d,

Now let x be a point in Ny — C(N), such that d(x, C(N)) =d <1+ % Let Z

be the geodesic ray beginning at R(x) and passing through x. Notice that Z is orthogonal to

which implies that

dC(N). Let y be the (unique) point on Z such that d(y, C(N)) =1 + %

We recall that the neighborhood of radius d, 4;(C(N)), of C(N) is strictly convex
(see Corollary 2.4.11 in [7]). Thus, the nearest-point projection R,: N — A;(C(N)) is
distance-decreasing. Since R,(y) = x, we see that injy (y) > injy(x) = &. By the above argu-

ment, ¢,(») < |/4(N)/d,|/d,. Butsince |V¢,| < (n — 1)|¢,| on all of N we may conclude,
by integrating along Z, that

09 < e =DU+91/7 ()
u\t) = d1l/‘72_

Remark. Another, perhaps slightly more general, way to obtain the information
needed about the behavior of ¢, on the complement of the convex core, is to prove that
there is a lower bound for the first Neumann eigenvalue of each component of N — C; (N),
depending only on n.

5. The thick part of the convex core

In this section we will obtain pointwise bounds on ¢, on the thick part of the convex
core. We will first need the following result from elliptic theory. This result may be ob-
tained as a direct consequence of Gérding’s inequality. However, in order to obtain ex-
plicit constants we will give a more concrete proof in an appendix.

Lemma 5.1. Let N be a hyperbolic n-manifold and let ¢ be an eigenfunction of —A

. 2
with eigenvalue (n —1)>/42 A 20. If ¢ £2 arcsmh( n—:——l-), then there exists a constant

d,, depending only on & and n, such that if x € Ny;cy (), then
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IV, Bex ey = dallVOll 2, Bex.e) -

If n = 3, then d, may be taken to be

2'Gn+1))/n)/V;

&

n—1

where v, _, denotes the volume of the Euclidean (n — 1)-sphere.

We now see that vol (C,(N)) and 4,(N) provide a bound on the size of ¢, in the
thick part.

Lemma 5.2. Let N be an infinite volume, geometrically finite hyperbolic n-manifold

—1)?
with n 2 3 and Jg(N) + & - )

and let p be its Patterson-Sullivan measure. Suppose that

. . I [ 2
¢ < min {1, M, 2arcsmh( ﬁ)} There exists ds, depending only on & and n, such that
if X € Nipicx(e)» then

$,(x) < d5 /ol (C;(N)) |/ 2o (N) .
Here ds may be taken to be (dy[|/V;) + (ed, )/ V¢ / V%).
Proof of 5.2. Let {x;} be a maximal collection of points in C(N) N Nyy;cx () Such that
d(x;, x;) 2 g There are at most vol (C,(N))/ V;: such points, and Ny, NC(N) is
covered by the collection of balls {B(x;,¢/2)}¥-, of radius % centered at {x;}. Moreover,

at most V:+%/V%" of the associated e-balls intersect at any point.

Thus,
Vae/VDAHMN) 2T | [Vl do.

i B(xi,¢8)

We may apply Cauchy-Schwartz and Lemma 5.1 to see that

Yvol(C,(N) Vi (X | 1V4I2d0)* 2 Y 11Vl 50

i B(xi,e) i

1
2z~ YNVl o Bexses2) -
4 i

Therefore,

YUVl sy S da Y/ (Ve VE) 2 (N) |/ Vol (CL(N)) [V .

So if x and y are in the same component of Ny, N C(N) we see that

|18,) — 0| = &)/ (Ve/VE) Ao (N) /vl (C,(N)) [V .
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Recall that if y € 0C(N) N Nypier ) then, by Lemmas 4.5 and 3.1

6,0) < dy [/ Io (V) < ;37’,1/10 V) Vol (C,(NV)) .

We also notice that every component of C(N) N Ny () cOntains a point of dC(N), since,
if n2 3 and ¢ < #,, then Ny, is connected and contains points of N — C(N).

Combining these two observations we obtain

dy }/vol (C, ()
?,(x) < ( =

r

+d,e)/VE[VE)/vol (C,(V)) /V%) Vi,). o

It will also be useful to have an extension of Lemma 5.2 to the shell of a component
Of Mhin(e)'

Lemma 5.3. Let N be an infinite volume, geometrically finite hyperbolic n-manifold
—1)2
with 4Ny + =D

, and let u be its Patterson-Sullivan measure. Let

& < min {1, M, 2arcsinh (l/%)}

and T be a component of Nyiny- If x€ & (T), then

¢,(x) < dg /ol (C;(N)) |/ 4o (N)

where dg = e~V d,.
Proof of 5.3. This follows immediately from Lemma 5.2 and the fact that
VI < @—1)¢,.
Remark. Lemmas 5.2 and 5.3 are false if n = 2. This is a result of the fact that
Niick ) may be disconnected if N is a hyperbolic surface.
6. Proof of Main Theorem
In this section we will give the proof of our main theorem.

Main Theorem. For all n > 3 there exists a constant K,> 0 such that if N is an
infinite volume, geometrically finite hyperbolic n-manifold, then

K

AT

Proof of Main Theorem. We first recall that vol (C,(N)) = V" (see Lemma 3.1). So
if we take K, < ((n — 1)%/4) (V™)?, then we may assume that 1,(N) * (n — 1)?/4.
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We will use the shorthand 4 = 4,(N). Let ¢ denote the Patterson-Sullivan function for
N.Then ¢ € L*(N), Ap = —1¢ and | ¢p>dv = 1 (see Theorem 2.1). We will also choose a
N

fixed ¢ < min {l,ﬂn,2arcsinh <|/n 2 1>} SoV!zV"and V2 V%".

We will give a short outline of the proof, as the presence of actual constants can obscure
the relatively simple line of argument. If A is small enough, in comparison with vol (C, (N))?,
then we see, using Lemmas 5.2 and 5.3, that ¢ has at least half its support on the thin part.
We may then find a component T of the thin part, such that the L? norm of ¢ on T'is large
with respect to vol (C, (N)). However, both the L? norms of ¢ and V¢ are small, in com-
parison to vol (C;(N)), on the shell of T. Therefore Lemma 3.3 implies that the L2-norm
of V¢ on T is large with respect to vol (C, (N)). Combining these observations, we see that
A cannot be too small, in comparison with vol (C, (N))>2.

Let {T},..., T,} denote the components of Ny;,«)- Let NS denote Nye Vi (T).
One immediate consequence of Lemma 5.2 and 5.3 is that

[ ¢*dv<dZivol(C,(N))*.

C1(N)ANS

Combining this with Lemma 4.3 we see that

e P2dv=1— ((n _21)d_1 +d2vol(C, (N))2> A.
So if
s —p—— ,
n=Dd +2d2 vol(C,(N))?
we have
d2dv = —12- .

(N=N2)nC1(N)

Therefore, there exists a component T of Ny, such that T+ &(T) and

2= vol (Tn €, ()
TAC1(N) = 2vol(C,(N))
If
1< dy vol (T C,(N))
= 2vol(C,(N))
then,
j' |V¢]2dv§l§€9M€N_))§do “' ¢2dv.

£(T) 2 vol (C1 (N)) TAC1(N)
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To be able to invoke Lemma 3.3 it only remains to guarantee that

| ¢?dv<d, | ¢dv.

Z(T)

Unfortunately, this must be done in two steps. First we handle the portion of % (T) which
is “near” C(N) and then we handle the portion which is far from C(N).

Lemma 5.3 guarantees that

@2dv £ d? Avol (C,(N)) vol (£ (T)n C,(N))

& (T)nCy1(N)
< d2 Avol(C,(N)) vol (T C,(N))
<2d2Avol(C,(N))* | ¢*dv.

TnC1(N)

Therefore, if A < dy/(4d2 vol (C,(N))?), then

d,
| gas?
Y(T)nCI(N) 2

[

Moreover, by Lemma 4.3,

21
$*dv S ————
Z(T)~C1(N) (n—1)d,

1< dyd,(n—1)vol (T C,(N))
= 8vol (C,(N)) ’

[} ¢2dv§d7_[ 2dv.

& (T)—C,(N) T

Hence if

. d, dyd,(n —1)vol (T~ C,(N))
4= min {4 dZvol (C,(N))>’ 8vol (C, (V) ’

dyvol (T~ Cy(N)) 1
2vol(C,(N)) ° 4 ’
(n—-1)d,

+2d2vol (C, (N))?

then, by Lemma 3.3,

n—1\?vol(TnC,(N))
l;£|V¢|2dv>< 3 ) 2vol(C,(V))
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Thus, if we let A = vol (T~ C,(N)) vol (C,(N)), then

1 min § G dodi(n—1)A4 do A
vol (C, (N))? 4d¥’ 8 27

1 (n——1)2A}

4 TR
(dl n—1)vol (C, (N))2> +2dg

A

v

We now recall, from Lemma 3.2, that vol(Tn C,(N ) = Vg and, from Lemma 3.1,

that vol (C, (N)) 2 V;. We also recall that we assumed at the beginning of the proof that
K, < ((n —1)?/4) (V")2. Therefore, if we set

o dy dodi(n—1) _ . do no
K, = min {4d62’ g (V%Vs),?(V%Ve),
1 vevie -1’ (n—-1)2(V:>2}
4 Ay 8 ’ 4
(d,(n—l)(V:)z +2d6)
then
K
N> —F2o2 .
M2 i,y ©

Remark. In order to find a lower bound for K, it is only necessary to choose

. . 2 .. .
¢ < min {1 , M,, 2arcsinh ( p— >} and then explicitly bound all the constants used in the

paper. It is a consequence of the work of Culler and Shalen [10] that if n = 3, then we may

log3 . .
choose ¢ = —%g—. In this case, .75 > V2 > .7. We may then obtain the following estimates,

1
when n = 3, in a straightforward manner d, = 16 d,>.15,d,> .04, dy <86, d, <72,

ds <4528, and dg < 33,458. Thus, plugging into the above formula for K;, we see that
K, >10"!1, Given a choice of ¢ for n = 4, similar bounds can be obtained for all X,.

7. The boundary of the convex core of a hyperbolic 3-manifold

In this section we will derive the inequality (Lemma 7.3) used in the derivation of
Corollaries C and D. Much of the necessary information about dC(N) is summarized by
the fact that the boundary of the convex core of a hyperbolic 3-manifold is (the image of)
a pleated surface (see Theorem 1.12.1 in Epstein-Marden [13]).

A geodesic lamination on a finite area hyperbolic surface S is a closed, disjoint union
of simple geodesics. Any geodesic lamination on a surface of finite area has measure zero
(see Theorem 4.9 in Casson-Bleiler [9]). A pleated surface f: S — N is a proper pathwise
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isometry of a finite area hyperbolic surface S into N such that there exists a geodesic
lamination «, called the pleating locus, on S such that f is totally geodesic on S — o and f
takes each geodesic in « to a geodesic in N. Moreover, if g € 7, (S), then f, (g) is a para-
bolic element of =, (N) if g is a parabolic element of =, (S). (See [7] for an extensive dis-
cussion of pleated surfaces.)

Let o denote the pleating locus of dC(N). Since dC(N) — « is totally geodesic, we
observe that if 4 is any subset of dC(N) — a, then

vol (C; (N)nR™1(A4)) = area(4) .
Since « has measure zero we may conclude that:

Lemma 7.1. Let N be a hyperbolic 3-manifold. If A is a measurable subset of 0C(N),
then

vol (C;(N)nR™1(A4)) = area(4).
In particular,
vol(C,(N) — C(N)) = area(0C(N)) = 2.
We also need a bound from above on the volume of C,(N)— C(N). This may be
obtained from Lemma 8.12.1 in [21], whose proof is the same as that of Lemma 8.2 in [6].

Recall that if f: S — N is a pleated surface, then a homotopically non-trivial curve y on S
is said to be compressible if f(y) is homotopically trivial in N.

Lemma 7.2 (Thurston). Let f: S — N be a pleated surface such that every compress-
ible curve in S has length = a. Then there exists a constant L (depending only on a) such
that the volume of N, (f(S)) is less than L|x(S)| (where A, (f(S)) denotes the neighborhood
of radius one of f(S)).

We may now combine Lemma 7.1 and 7.2 to obtain the inequality which was used in
the introduction to derive Corollaries C and D.

Lemma 7.3. Given a> 0, there exists L >0 such that if N is an infinite volume,
geometrically finite hyperbolic 3-manifold such that 0C(N) contains no compressible curves
with length < a, then

vol (C(V)) + 27| x(dC (V)| < vol (C1(N)) £ vol (C(V)) + LIx(9C (V)| .

8. Appendix: Proof of Lemma 5.1

Lemma 5.1 is easily seen to follow from the following pointwise result in H".
Lemma 8.1. Let F: H" — R be an eigenfunction of — A with eigenvalue

(n—1)242220.
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, 2
If s= arcsmh( ;1——_—1) and x € H", then

c(n) Ve

IV.FII? < =5~ [ IVF|*dv
B(x,s)
Bn+1)%n
where c(n) = —————if n 2 3, ¢(2) = — and v, _, denotes the volume of the Euclidean

(n — 1)-sphere. Un—1

Proof of 8.1. We first pull back the Riemannian metric on H" via the exponential
map to obtain polar coordinates. In these coordinates the metric takes the form

ds? = dg? + sinh?(g)do?
where da? is the standard metric on S"~!. Here the volume form takes the form
dv = sinh" " 1(g)dod¢

where d¢ is the volume form on S" . For a function F we have

1
F= ——V F
v ( ¢ sinh?g Ve )
so || K|l £ |IVF]||. Finally the Laplacian is

AF=EN+(n—1)coth(Q)F‘,+ Agn-1 F.

1
h2
Now, let P be an eigenfunction of Ag.-, on "' and consider

M cp@= | Flo,0)P(0)d¢(o).

sn-1

If AF=—AF and Ag.-.P= —uP, p>0, then ¢, satisfies the ordinary differential
equation:

2 cp (@) + (n — 1) coth () cp (@) + (/1 - ﬁ) c,(@) =
and
cp(0)= [ F(0)P(0)d&(o) =
sn-1

Taking the Taylor expansion to second order at 0 of F:

F(g,0)=F(0)+¢).0:0,F(0)+ 0(e*)
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(where o = (ay, ..., 0,)) and plugging into (1), we get:

GO = ¥ 4FO | aP@de@.

s'l"l
Set
vp=( [ 0,P(0)dé(0),..., | 0,P(c)dE(0)).

Sn-1 Sn-1

Hence if y denotes the unique solution of the ordinary differential equation (2) with initial
conditions

y(©0) =0, y'(0)=1

we get cp(0) = (V, F,vp) y(0) and therefore

(€) (VoF,0p)y' (@ =cp(@ = | Fye,0)P(0)d¢(o).

Sn-1

Multiplying by sinh”~!(g), integrating from 0 to r, and expanding using equation (3) we
see that,

(Vo F, vp>£sinh"“(a)y’(e)de = I SI F,(g,0) P(0)sinh"~'(g)dod& (o) .
0 n-1

Then after applying Cauchy-Schwartz and recalling that || F,|| < || VF||, we see that

c - ’ Vr" 3
(@) [{VoF,vp)|| [ sinh" (o) y (Q)da’éllPHLz(s»-n) ( ) |IVFI|2dv>2-
0

Un-1 \B@x,n

We now specialize to P;(¢) = g;, which satisfies Ag.-: P, = —(n — 1) P, and we observe
that

Uy—1

) [ o0;d(0) = dy;

Sn-1

Also notice that since y depends only of F and u it is unaffected by the choice of j. Using
(5), squaring (4) and summing over j, we get:

2

n
S

ve [ IIVF|db.

vn -1 B(x,r)

©  IVFI? j)sinh""(e)y’(e)de

We now give a lower bound for [ sinh”~!(g) y’(p) de. Recall that y satisfies
V]

” ' n—l -
"+ (n—1)coth () +y<’1 sinhze)_o
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and that y(0) = 0 and y’(0) = 1. This can also be written as

@ sinh” ™! (r) y'(r) = isinh"‘ '@y@© (;?H;Tig - l) de.
0

Let 7, be the smallest zero of y/, if there is any. Hence y' = 0 on [0, r,] and therefore
y = 0 and is increasing on [0, r,]. By definition of r, we have

Tsinh“*‘(a)y(a)(”‘1 A)de=o
0

sinhZp

and therefore, — A <0, since sinh" (@) y(e) >0 on (0,r,]. Observing that

n —
w—1\2 sinh?(r,)
AL <T) , we get the bound

ro, 2 arcsinh (

i)

Now write the differential equation in the following manner:

” _ r__ y —_
y'+Ay+(n 1)<coth(g)y sinhzg> 0.

Notice that (coth @y — sinflzg> = (coth(g) y)’ and integrate from 0 to r, to obtain

y'(n—-1+ l([ y(e)de> +(m—1)[coth(r)y(r) —1] =0
0
or
y'(n+4 (IJ’(Q) de) + (@ —1coth(r)y(r) =n.
0
For r < r,, y is positive and increasing. Hence,

y'(r)+ Ary(r)+ (n—1)coth(r)y(r) 2 n,

1.€.

8) y' (1) + y(r) (Ar + (n — 1) coth (1)) zn.

. I [ 2
Observe that for all r < arcsmh( p— ) one has

_1\2
Ar+ (n—1)coth(r) £ (%) r+(m—1)coth(r) =

3n—1
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The second inequality is established by first observing that the function

n—1\? ,
f(n= r*+ (m—1)rcoth(r)
.. . . . 2 ) 3n—1
is increasing on the interval { 0, arcsinh —1) I and then noting that f(r) <
when r = arcsinh( L)
n—1

2 2
Now, since arcsinh{ |/—— | < arcsinh <r,, we have from (8) that
(l’"“1) (l/n—l) ° ®

yor+ (2o zn,

3n—1
for all r £ arcsinh <I/%) Multiplying by r 2, we get

3 -
Ty 2T

and hence by integrating that

2n
3n+1

for all r < arcsinh (I/ %) From equation (7) we see that

1
(10) j' sinh"~1(r)y’(r)dr = j' (s —o)sinh® () y(0) (smh2 A) do .

) y(r) 2

2
Now observe that for ¢ < arcsinh( ;—_—_——f),

n—1 n—1 n—1\>_ n-1
-1 — =
(1 sinh?g ‘e sinh? ( 2 > = 2sinh?g

2
Combining (9), (10) and (11), we see that if s < arcsinh( ;——_———1—>, then

i sinh"~1(r) y'(r) dr 2 :f) (s —e)esinh" (o) ("3(: -}—- i)) de

When n = 3 we may use the fact that sinhg = ¢ to observe that

funte 10y Oz flo-00r (7 de-

1 5
3n+1 )
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One may use this inequality and (6) to complete the proof of the theorem when n = 3. To
complete the proof when n = 2, use the fact that sinh(g) < [/gg if ¢ < arcsinh (]/5). n]
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