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Equivariant Embeddings of Trees into Hyperbolic Spaces

Marc Burger, Alessandra Iozzi, and Nicolas Monod

1 Introduction

For every cardinal o« > 2 there are three complete constant curvature model manifolds
of Hilbert dimension «: the sphere S%, the Euclidean space E*, and the hyperbolic space
H%*. Studying isometric actions on these spaces corresponds in the first case to studying
orthogonal representations and in the second case to studying cohomology in degree one
with orthogonal representations as coefficients. In this paper, we address the third case
and, in particular, we study isometric actions of automorphism groups of trees on H%.

The goal of this paper is twofold. First we exhibit, for every tree T, a one-
parameter family of equivariant embeddings (with respect to appropriate representa-
tions of Aut(7)) into an infinite-dimensional hyperbolic space which are, up to rescal-
ing, asymptotically isometric and have convex cobounded image. Secondly, in the case
in which the tree is regular of finite valence at least 3 and G < Aut(7) is a closed sub-
group satisfying appropriate transitivity properties, we show that the representations
constructed above give the unique irreducible nonelementary actions of G by isometries
on a hyperbolic space of appropriate infinite dimension.

Quadratic forms of finite index, and in particular of index one, can be studied on
real vector spaces of arbitrary dimension. A quadratic form of index one leads, via its
cone of negative vectors, to a geodesic CAT(-1) space which is then complete if and only
if the quadratic form satisfies a strong nondegeneracy condition. For any dimension «,
there is one such space H* with ideal boundary 0H* and bordification H” = H* U 0H™*.
Then we have the following theorem.
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Theorem 1.1. Let V be the set of vertices of a tree T with |V| = « + 1. Then for every A > 1
there is an embedding W, : V — H* and a representation 7, : Aut(7) — Isom(H*) such
that
(i) the map ¥, is my-equivariant and extends equivariantly to a boundary map
oY, : 0T — 0H* which is a homeomorphism onto its image,
(ii) for any two vertices x,y € V there is a precise relation between the combina-

torial distance dy and the Riemannian distance dy«:
A7) = cosh dyye (Wax, ¥ay), (1.1)

(iii) the set WA (V) has finite codiameter in the convex hull ¢ C H* of the image of
oY,. O

This result is the outcome of our attempt to understand certain claims of Gromov
[6, Section 6.A], to the extent that nontrivial amalgams admit actions with unbounded
orbits on infinite dimensional hyperbolic spaces.

Theorem 1.1 applies in particular to the automorphism group Aut(7;) of an r-
regular tree 7. By taking products and by denoting by H* the real hyperbolic space of
countable dimension o = X, we obtain a family of metrically proper convex cobounded
actions of Aut(7, x Ts) on H® x H*. This leads immediately to the following.

Corollary 1.2. Any cocompact lattice I' < Aut(7, x Ts) admits a metrically proper con-
vex cobounded action on the product H*® x H* of two hyperbolic spaces of countable

dimension. O

Recall that in [3, 4] these types of lattices were studied systematically and ex-
amples of torsion-free simple groups I' were obtained. These I's are then fundamental
groups of finite aspherical (two-dimensional) complexes; on the other hand, the ques-
tion to which extent there are compact aspherical manifolds (with or without bound-
ary) with a simple fundamental group is open. Here we obtain metrically proper convex
cobounded actions of I' on H® x H*; in particular, "\(H* x H>) retracts to a convex
bounded (infinite-dimensional) aspherical manifold with boundary. In contrast to the al-
gebraic aspect of this situation, observe that if A is a group acting in a metrically proper
convex cobounded way on H*, then A is a nonelementary Gromov hyperbolic group, and
hence SQ-universal [10]; in particular, it admits many normal subgroups.

Turning to the classification of isometric actions, we recall that an action of a
group G on H* by isometries is elementary if it preserves a point in H” or a geodesic.
Hence the study of elementary actions on H* reduces essentially to the study of isometric

actions on the Euclidean space E*~! or on the sphere S*~'. (Conversely, as observed by
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Gromov [6, Section 7.A], any isometric action on E*~! can be extended to an elementary
action on H* by realizing E*~ ! as a horosphere based at a fixed point at infinity; similarly,
isometric actions on S*~! extend obviously to actions with a fixed point in H*.)

Since any nonelementary action admits a unique minimal G-invariant hyperbolic
subspace (Proposition 4.3), we say that a (nonelementary) action G — Isom(H%) is irre-
ducible if there is no G-invariant hyperbolic subspace other than H*.

Let now T, be the regular tree of finite valence r > 3, G < Aut(7;) a closed sub-
group, and 7 : G — Isom(H%*) a nonelementary action of G on H*. If G acts triply tran-
sitively on 07,, we will see that the image 7t(g) of any hyperbolic automorphism g € G is
a hyperbolic isometry of H* of translation length {, independent of g, provided g is of
translation length one in 7,.. With this in mind, we can state the following.

Theorem 1.3. Let G < Aut(7,) be a closed subgroup which acts triply transitively on
07,. For every { > 0, there exists, up to equivalence, a unique irreducible nonelementary

continuous homomorphism 7 : G — Isom(H*) with {, = {. O

It follows that the representation 7t in Theorem 1.3 is exactly the irreducible com-
ponent of 7ty |g for A = e’ in Theorem 1.1.

The structure and unitary representation theory of closed subgroups of Aut(7;)
with some transitivity conditions on their action at infinity are the object of intensive
study. We refer to [1, 5] and the references therein for a more comprehensive picture. A
first notable set of examples to which Theorem 1.3 applies is given by the topological
group G = PGL;(k), where k is a non-Archimedean local field; indeed, if q is the cardinal-
ity of the residue field of k, then the action of PGL; (k) on the associated Bruhat-Tits tree
Tq+1 identifies it with a closed subgroup of Aut(7,.1) which acts triply transitively on
0Tq11.

Another important class of examples of closed subgroups of Aut(7,) are the uni-
versal groups introduced in [3]. Recall that when 7, is an r-regular tree, one can label its
edges in such a way that for every vertex, the edges issued from it are labelled {1, 2,...,r}.
Thus, for any g € Aut(7,) and any vertex x, one obtains a permutation c(g,x) € S, repre-
senting g “locally” at x. To a permutation group F < S,, one can then associate U(F), the
closed subgroup of Aut(7,) consisting of all g € Aut(7,), such that c(g,x) € F for every
vertex x. Then U(F) does not depend, up to conjugation, on the labelling of the edges. It
acts transitively on the set of vertices and at every vertex x it induces the full permuta-
tion group F on the edges issued from x and is, by construction, maximal with respect to
this property. The group U(F) satisfies Tits’ independence condition [13] and, in fact, all
closed vertex transitive subgroups of Aut(T,) satisfying Tits’ independence condition are
of the form U(F).
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Many properties of U(F) can be read off the finite permutation group F < S,. For
example, for n = 2 and 3, U(F) is n-transitive on 97, if and only if F is n-transitive. In
the case in which F is doubly transitive, the unitary dual of U(F) has been determined by

Amann [1]. When F is triply transitive, Theorem 1.3 applies to U(F).

Remark 1.4. We have been informed by Valette that the algebraic part of the construction
of Theorem 1.1 can also be derived elegantly from the “tree cocycles” that he proposed
in [14].

The structure of the paper is as follows. In Section 2, modelling on the finite-
dimensional case, we discuss basic properties of quadratic forms of finite index on a
real vector space of arbitrary dimension, we single out the notion of strongly nondegen-
erate form, and show that strongly nondegenerate forms are determined by their sig-
nature. In Section 3, we associate a hyperbolic space to every nondegenerate quadratic
form of index one; this is a geodesic CAT(-1) space which is complete if and only if the
form is strongly nondegenerate. This leads to the existence and the uniqueness of H*
for every cardinal «. In Section 4, we discuss the existence of irreducible hyperbolic sub-
spaces (Proposition 4.3) and establish the description of elementary actions in terms of
orthogonal representations and cocycles in degree one (Proposition 4.4). In Sections 5, 6,
and 7 we turn more specifically to the study of actions on H* of automorphism groups
of trees. In Sections 5 and 6, we study more closely actions on H* of certain locally
compact groups occurring as stabilizers of ends of trees, that is, topological ascending
HNN-extensions. These actions turn out to be elementary and hence a substantial use of
Section 4 is made. In Section 7, the proof of Theorem 1.3 is completed by showing that
the irreducible part of the action under consideration is determined by its restriction to
any parabolic subgroup. In Section 8, we give the explicit construction in Theorem 1.1.
Finally, the appendix contains some of the explicit matrix representations used through-
out the paper.

2 Quadratic forms of finite index

A quadratic space is a pair (3, Q) consisting of a real vector space H and a quadratic
form Q : H — R. As usual, Q is positive definite if Q(x) > 0 for all x # 0 and negative
definite if —Q is positive definite; dim H denotes the cardinal of any R-basis of J. Define

i+(Q)
= sup {dim W : W is a subspace of J{ and Qlw is positive/negative definite}
(2.1)
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and the index of Q as

i(Q) = sup { dim W : W is an isotropic subspace of J(}. (2.2)

(Recall that W is said to be isotropic if Qlw = 0.) Let B : H x H{ — R be the bilinear

(symmetric) form associated to Q. For any subset S C 3, write

1S = {x € H:B(x,5) =0Vs € S}. (2.3)

We say that Q is nondegenerate if *3{ = 0 and that the quadratic space is of finite index
ifi(Q) € N (we agree that 0 € N).
Just like in the case of finite-dimensional quadratic spaces, we have the following

proposition.

Proposition 2.1. Let (H, Q) be a nondegenerate quadratic space of finite index. Then
(i) i(Q) = minfi_(Q),i,(Q)}
Assume now i(Q) =1i_(Q).
(ii) If W_ C K is a negative-definite subspace with dimW_ = i(Q), then W, =
W_ is positive definite and H = W_ @& W,.
(iii) If X = W’ & W/ is an orthogonal direct sum with W} positive/negative defi-
nite, then dim W’ =1i(Q). 0

We precede the proof of the proposition by a couple of lemmas.

Lemma 2.2. Let (H, Q) be a quadratic space and W C H a finite-dimensional subspace
such that Q|w is nondegenerate. Then H = W& +W. If moreover Q is nondegenerate, then

Q| is so too. O

Proof. The kernel of the linear map H — W* induced by B is “W; since W has finite

dimension, we have

dim (3/*W) < dim W* = dim W. (2.4)

On the other hand, since W N W = 0, the canonical projection W — H /W is injective;

hence it is an isomorphism by (2.4). [ |
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Lemma 2.3. Let (H, Q) be a quadratic space with Q(x) > 0 for all x € H. Then *H = {x €
H:Q(x) =0 O

Proof. If Q(x) =0, then forally € H and all A € R, we have

0 < QAx+y) =2AB(x,y) + Q(y); (2.5)

hence B(x,y) = 0 for all y. [ |

Proof of Proposition 2.1. Let AL C 3 be positive/negative definite subspaces of finite
dimension and set A = A_ + A;. Then i(Q|a) < i(Q) and the theory of finite-dimensional

quadratic spaces implies

min { dimA_,dim A, } <i(Qla) <i(Q), (2.6)

whence min{i_(Q),1;(Q)} < i(Q). Assume without loss of generality thati (Q) < 1i,(Q),
pick a negative-definite subspace W_ of dimension i (Q), and let W, := *W_. Since
Qlw_ is nondegenerate, H = W_ @ W, and Ql|w, is nondegenerate (Lemma 2.2). Since
dimW_ =1 _(Q), we have Q(x) > 0 for all x € W, and hence, by Lemma 2.3, W, is pos-
itive definite. If now W is an isotropic subspace with dimW = {(Q), then WNW,_ =0
and thus the canonical projection W — H/W, = W_ is injective; hence i(Q) < i_(Q).
This proves (1) and (2). As for (3), if W_ is negative definite with dimW_ = {i(Q), then
W_ — H/W/ =W’ is injective and hence an isomorphism since dim W’ <i_(Q) =1i(Q).

|

In view of Proposition 2.1, we call any orthogonal direct sum decomposition H =

W_ @ W, , where W4 are positive/negative definite, a +-decomposition of (H, Q).

(x,y)+ =B(x4,y+) —B(x_,y_), (2.7)

wherex =x_ +x,,y =y_ +y, are the corresponding decompositions.

Lemma 2.4. Let (H,Q) be anondegenerate quadratic space of finite index and H = W_ &
W, =W’ @ W/ two +-decompositions. Then (3, (-,-)+) is a Hilbert space if and only if

(7, (-,-)%) is a Hilbert space, in which case the two scalar products are equivalent. O
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We need the following lemma.

Lemma 2.5. Let 3 be a real vector space, (-,-)1, (-, )2 two scalar products, and H' C H a
subspace such that

(1) (-,)1, (-, )2 coincide on H’ and H’ is complete;

(2) H'1is of finite codimension.

Then (-, )1, (-, )2 are equivalent and ¥ is a Hilbert space. O

Proof. Let | be the orthogonal of H’ for (-, -);. Since H’ is complete, we have H{ = H' ¢
JHj. But K] is complete because it is finite dimensional and hence (3, (-,-)1) is a Hilbert
space. For any x € 3, write x = x’ 4+ x; according to the above decomposition. Since || - |1
and || -||2 are equivalent on H7, there is ¢ > 0 with ||x}||§ > c||x]||3 for all x. We may choose

¢ < 1 and now

I3 = I3+ P15 = 1013 +c|lxi |12
2 7112 c / ’ 2 c 2 <2'8)
> (Il + [x4115) = 5 (bl + [[x3]1,)° = 5113 .

Proof of Lemma 2.4. Assume i(Q) = i_(Q). Since B is continuous with respect to both
| - ||+ and || - ||, all subspaces considered are closed for both topologies and so is in par-
ticular W, NW/_. Moreover, the latter is of codimension at most 2i(Q), hence we conclude
by Lemma 2.5. |

Definition 2.6. Anondegenerate quadratic space of finite index (H, Q) is strongly nonde-
generate if for some (hence any) +-decomposition H = W_ & W, , the space (K, (-, )+) is
a Hilbert space.

We denote by d(L) the cardinal of any Hilbert basis of a Hilbert space £. Ob-
serving that d(£) depends only on the equivalence class of the scalar product, we de-
duce that the pair (d(W,),d(W-)) is independent of the choice of a +-decomposition
H = W_ @ W,. We call (d(W,),d(W-)) the signature of the strongly nondegenerate
quadratic space (H, Q).

Two quadratic spaces (H1,Q1) and (H,, Q2) are isomorphic if there is a vector
space isomorphism T : 3{; — H, with Q; = Q, o T. Observe that if (3{;, Q1) is nonde-
generate of finite index, then so is (H3,Q2). Since the image of a +-decomposition for
Q1 is a +-decomposition for Q,, we see that Q is strongly nondegenerate if Q; is so;in
that case, T is automatically continuous. In particular, the orthogonal group O(Q) of a

strongly nondegenerate form Q of finite index consists of bounded linear operators.

Proposition 2.7. For strongly nondegenerate forms of finite index, the signature is a com-

plete invariant of isomorphisms. O
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Proof. Using +-decompositions, this follows immediately from the fact that d(£) deter-

mines completely the Hilbert spaces £ up to isomorphisms. [ |

Let (H, Q) be a strongly nondegenerate form of finite index, H{* the topological
dual, and A : H — JH* the continuous morphism associated to B. Applying the Riesz
representation theorem to the restrictions of B to W.. for a +-decomposition H = W_ @

W, , we deduce that A is an isomorphism (of topological vector spaces).

Proposition 2.8. Let (¥, Q) be a strongly nondegenerate form of finite index and V C H a
closed subspace such that Q|y is nondegenerate. Then (V, Q|v) is strongly nondegenerate
and H =V a1V, O

Proof. Assume i(Q) = 1_(Q) andlet V = U_ & U, be a £-decomposition of V with U
positive/negative definite (which exists by Proposition 2.1). Since V is closed and B con-
tinuous, U, = *U_ N Vis closed. Let now H{ = W_ & W, be any +-decomposition of K.
Then W, NU, is closed, of finite codimension in V, and B coincides with (-, )+ on it. By
Lemma 2.5 with (,-); = (-,-)2, we deduce that V is a Hilbert space and hence (V, Qlv) is
strongly nondegenerate. To conclude, the nondegeneracy of (V, Q|v) implies, as observed
above, that the morphism Ay : V — V* associated to B|y is a topological isomorphism. In
particular, for every x € H, there is xy = A(ﬂ B(x,)lv € V* such that B(x,y) = B(xv,y) for
ally € V. Thus x € 'V + xv and the claim follows. [ |

3 Real hyperbolic space

Let (¥, Q) be anondegenerate quadratic space of index one; we assume more specifically
that i(Q) =i-(Q) = 1. Let C_ := {x € H : Q(x) < 0} be the cone of negative vectors and
H := R*\C_ the set of negative lines. One proves as usual the reverse Cauchy-Schwartz

inequality

B(x,u)* > Q(x)Q(y) W¥xyeC., (3.1)
with equality if and only if R*x = R*y. This allows to define d:C_xC_—> R, by

B(x,v)

275 - Y 2
cosh™dxv) = 509Q(y)’

(3.2)

which descends to a well-defined functiond: Hx H — R,.
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Remark 3.1. A useful geometric fact is that for any finite set S of negative lines, the re-
striction Qlg¢, of Q to the span Hs C H of S is equivalent to the standard real quadratic
form of signature (dim Hs — 1, 1) and that, under this isomorphism, the restriction of d to
the image Hg of Hs in H corresponds to the standard distance on the finite-dimensional

real hyperbolic space of dimension [S| — 1.

As a consequence of the above remark and [2, Theorem 10.10], we have the following

proposition.

Proposition 3.2. The function d is a distance function with respect to which H is a geo-
desic CAT(-1) space. O

Let {_ be a vector of length —1 and let H = H, ® R{_ be the orthogonal de-
composition, where Qls¢, is positive definite (see Proposition 2.1). The exponential map
exp : H, — His defined as follows. For every v € H, , there is a unique t > 0 such that
x := v+ t{_ has length —1; we define exp(v) := [x] to be the image of x in H. A straightfor-

ward computation gives

coshd(exp(v),exp(w)) = | —B(v,w) + 1+ Q(v)\/T+Qw)], (3.3)

and, in particular, cosh d(exp(v),[{_]) = /1 + Q(Vv).

Proposition 3.3. The CAT(-1) space H is complete if and only if (H, Q) is strongly nonde-

generate. g

Proof. Using the above formula, on checks that exp is for all R > 0 a bi-Lipschitz bijec-
tion between the ball in (3, Qs ) of radius (sinh R)? centered at 0 and the ball in (H, d)
of radius R centered at [(_]. Thus (H, d) is complete if and only if (, is complete, which in
view of Lemma 2.5 (with (-,-); = (-,-)2) is equivalent to the quadratic space (H, Q) being

strongly nondegenerate. [ |

Observe that any orthogonal transformation T € O(Q) preserves C_ and de-
scends to an isometry of H. The group O(Q) is a direct product O, (Q) - {+Id}, where
0. (Q) is the subgroup preserving the (two) connected components of C_. Let PO(Q) =
O(Q)/ = 1d. Then we have the following.

Proposition 3.4. The homomorphism O(Q) — Isom(H) induces isomorphisms

0,(Q) — PO(Q) — Isom(H). (3.4)
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Remark 3.5. Let G be a topological group and 7 : G — O(Q) a group homomorphism.
We call 7t continuous if the action map G x H — H is continuous; then, the resulting
action G x H — H is continuous. Conversely, given a continuous action G x H — H, one
verifies that the resulting homomorphism G — O, (Q) deduced from Proposition 3.4 is

continuous.
Lemma 3.6. The O(Q)-action on H is transitive. O

Proof of the lemma. Let L,L’ C H be two negative lines. Then L © “L and L’ & L’ are two
+-decompositions, and ‘1, 11’ are isomorphic Hilbert spaces. Hence there is (compare
also Proposition 2.7) an isomorphism of (3, Q) bringing L to L". [ |

Proof of Proposition 3.4. Let T € Isom(H). By Lemma 3.6, we may assume that T fixes
[(_]. Define a map U : H; — H, by exp(U(v)) = T(exp(v)). It follows from the above
formulee that U is a bijection, fixes 0 and preserves By, . Hence U is a linear orthogonal
transformation of H, . Defining S := U ¢ Id, one verifies that S € O, (Q) correspondsto T
via O(Q) — Isom(H) and the statement follows. [ |

One proves the following similarly.

Proposition 3.7. Let (3, Qi) be strongly nondegenerate quadratic spaces of signature
(ai, 1) and let H; be the associated hyperbolic spaces (for i = 1,2). The following are
equivalent:

(i) (H4,Q;q)isisomorphic to (H3, Q2);

(il) o1 = az;

(iii) H; is isometric to H;. O

Thus we obtain for each cardinal « “the” real hyperbolic space H*.

3.1 Bordification

Let again H = R*\C_ be the real hyperbolic space associated to a strongly nondegenerate
quadratic space (H, Q) of signature («, 1). Let O0H be the boundary of the CAT(-1) space

(H, d) defined as usual as classes of asymptotic rays. Set

Co={xeH:Q(x)=0,x #0}, Cco:={x e H:Q(x) <0,x #0}. (3.5)

Using that any configuration of finitely many geodesics in H is contained in a finite-

dimensional hyperbolic subspace (see Remark 3.1), we obtain a bijection identifying the
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bordification H = H LI 9H with the set R*\C<o. We relate this to the description of H in

terms of Busemann cocycles: for every x € C<y, define by:C_xC_—R by

N d(x,y) — d(x,z) ifx e C_,
Y

bx(y,z) == 1 B
el

—

=

~—
N

ifx € Cop.

Then, for every x € C<o, b, satisfies the cocycle identity

by (U2,U3) — b (U1,U3) + by (y1,y2) =0. (3.7)

Moreover, EX gives a well-defined function b : R*\C<¢ x H x H — R which coincides on
H x H x Hwith (x,y,z) — d(x,y) — d(x, z).

For every x € R*\C<o and z1,z, € H, the cocycle property implies that the contin-
uous functions y — by(y,z1) and y — by (y,z2), defined on H, differ by a constant. Thus
we obtain, for every x € R*\C<o, a well-defined class B(x) € C(H)/R, where C(H) is the

space of continuous functions on H. Endowing C(H)/R with the topology coming from

the topology on C(H) of uniform convergence on bounded sets, and denoting by B(H) the
closure of B(H) in C(H)/R, we have the following proposition.

Proposition 3.8. The map B : R*\C<o — B(H) is a homeomorphism when R*\C<y is en-

dowed with the quotient of the norm topology. O

One can verify that in this topology, H is compact if and only if H is finite dimen-
sional.

By a slight abuse of terminology, we call the level sets of b, (-, z) (resp., B(£)) horo-
spheres in 3 (resp., in H) centered at x € Cy (resp., at & € 0H).

4 Nonelementary and elementary actions

In this section, we study basic properties of group actions on hyperbolic spaces. First we
establish that any nonelementary action has a unique minimal invariant hyperbolic sub-
space, and then we turn to the description of elementary actions in terms of orthogonal
representations, characters, and continuous cocycles.

Let X be a metric space. Recall that a semicontraction isamap T : X — X such
that d(Tx, Ty) < d(x,y) for all x,y € X. Recall the following.
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Proposition 4.1. Let X be a complete CAT(-1) space and T : X — X a semicontraction.
Then one of the following holds:
(i) the set {T™x:n > 1}is bounded for some (hence any) x € X and the set X" C X
of T-fixed points is not empty,
(ii) the set{T™x : n > 1}is unbounded for some (hence any) x € X and there exist
a subsequence {nyjx>1 and & € 0X with limy_,, T"*x = & and T¢ = &.
Moreover, |(0X)T| = 1 or 2. O

(A general semicontraction need not extend to infinity; the notation T¢ = & means
that T : X — X extends by continuity to X U {£} endowed with the topology induced by X.)

Proof of the proposition. The case (ii) follows from the argument given by Karlsson
([7, Proof of Proposition 5.1]); see [8, Section 3] for the additional statement on |(3X)T].
If on the other hand, the T-orbits are bounded, then it is known that X' is nonempty; in-
deed, one verifies that for any x € X, the circumcentre of the set {T*(x) : k > n} converges

to a T-fixed point as n — oo. [ |

This result applies in particular to the case where T is an isometry and is the

basis for the classification of isometries.

Definition 4.2. An isometry T is called
(i) ellipticif {T"x:n > 1}is bounded,
(ii) parabolicif {T™x:n > 1}is unbounded and |(3X)T| = 1;
(iii) hyperbolic if {T"x : n > 1}is unbounded and |(9X)T| = 2.

If T is hyperbolic, then (3X)" = {£_, &, } with lim, , 1 T™x = &4 forall x € X (see
again [8, Section 3]). However, when X is not proper and T is parabolic, the sequence T™"x
might not converge in X.

As usual a group action G x X — X by isometries is called elementary if G pre-
serves a nonempty finite subset of X. This is equivalent to saying that either G fixes a
point in X or it preserves a geodesic.

Let now H be the hyperbolic space associated to a strongly nondegenerate qua-
dratic space (H, Q) of signature («, 1). In the sequel, we will study nonelementary and

elementary actions and we will prove the following proposition.

Proposition 4.3. Lett: G — O(Q) be ahomomorphism. Then, one of the following holds:
(i) G preserves anisotropic line and all horospheres in H centered at it;
(ii) G preserves a negative line;
(iii) there is a unique minimal nondegenerate closed G-invariant subspace H; C
JH of index one. Any nondegenerate closed G-invariant subspace of index

one contains H;. O
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First we prove the proposition in the case where the associated action on H is
nonelementary, which excludes of course (i) and (ii). The remaining will be a conse-

quence of a closer analysis of elementary actions.

Proof in the nonelementary case. We need to show that (iii) holds. Let P be the set of G-
invariant closed positive-definite subspaces of H, ordered by inclusion, let ¢ C P be a
maximal chain, andlet L := m Then L is closed, G-invariant, and Q| > 0. By Lemma 2.3
applied to L, we have that {x € L : Q(x) = 0} = LN-L; if the latter were not zero, it would be
a G-invariant isotropic line, contradicting the assumption that the action is nonelemen-
tary. Thus Lis a G-invariant closed maximal positive-definite subspace of . Set Hy := L,
H; := ‘L. Then, by Proposition 2.8, H = Hy ® H; and H; is a G-invariant closed nonde-
generate subspace of index one which is minimal with respect to these properties.
Let now H = 3§ @ 3| be any other orthogonal decomposition into G-invariant
closed subspaces where | is positive definite and 3] of index one. We need to show
that 3 D J{;. Consider ] := 3(; N H}. Again, since the G-action is not elementary, ] is
nondegenerate. There are two cases.
(i) Jis indefinite. Since ] C H;, we have either ] = H;, whence H{ O H; and we
are done, or ] = 0.

(ii) ] is positive definite. Then Hy ® ] would be a G-invariant closed positive-defi-
nite subspace and, by maximality, we would have Hy ® ] C Hy and hence,
once again, | = 0.

Thus, we may assume (for a contradiction) H; N H; = 0. Let H;,H; € H be the
corresponding hyperbolic subspaces and consider the orthogonal projectionsp : H — H;
and p’: H — Hj given by the nearest point retraction. Since H; N H; = @ and H is CAT(-
1), both plu; and p’lu, are contractions. Hence the map f : H; — H;, defined by f :=
Pluy o p’ln,, is a G-equivariant contraction, that is, d(f(x), f(y)) < d(x,y) for all distinct
x,y € H;. If for some x € Hy, the set {d(f™(x),x) : n > 1} were bounded, Proposition 4.1(i)
would imply the existence of an f-fixed point in H. Since f is G-equivariant, the set of
its fixed points H{ is G-invariant. However, since f is a contraction, H{ consists of one
point, which is hence G-fixed, contradicting the assumption that the G-action is nonele-
mentary.

Thus, the f-orbits are unbounded and by Proposition 4.1(ii), there is a subse-
quence {ny} and & € 0H; with limy_, ., f**(x) = &. However, for every given g € G and

forx € Hy,
d(gf“(x),f"(x)) = d(fn(gx),f“(x)) < d(gx,x) (4.1)

is bounded independently of n, thus, by passing to subsequences, the sequences gf™(x)
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and f™(x) are at bounded distance and hence define the same point at infinity, namely
gé = &. Since this contradicts again the assumption that the action is nonelementary, the

proof in this case is complete. |

4.1 Elementary actions

As before, let (H, Q) be a strongly nondegenerate quadratic space of signature (x,1). We
will study, for a topological group G, the elementary actions on H*, and more specifically,
the actions fixing a point in 90H*. Thus, fix L, an isotropic line in ¥, let O, (Q) be its
stabilizer in O(Q), and let Rep(G, O, (Q)) be the set of continuous representations (see
Remark 3.5). Then G acts on L, by multiplication by a continuous character x : G —
R*. The bilinear form B induces a Hilbert space structure of Hilbert dimension « — 1 on
4L, /L, and we may thus fix a real Hilbert space E of Hilbert dimension « — 1 and an
isomorphismi: L, /L, — E.Sincen: G — O¢, is continuous and G preserves L, and
41, ,itinduces on ‘L, /L, a continuous orthogonal representation which we transport to
E via i, obtaining p : G — O(E). The space /"L, is one dimensional; since G preserves
B, it acts on that space by multiplication by x .

We define a new G-module structure on H by means of the continuous represen-
tation x ® 7t. Then we have a short exact sequence of G-modules

0— 1. /L, —H/L, — H/H, —0 (4.2)

in which the last term is a trivial G-module of dimension one. Thus, applying the corre-
sponding transgression map in degree zero, the image of the trivial module (/"L in the

continuous cohomology Hl (G,*L, /L,) vields via i a subspace

R CHY(G,Xx®0p). (4.3)

Thus, with i fixed, we associated to every continuous homomorphism 7 : G —
O¢, (Q) the following data:
(i) a continuous homomorphism x, € Hom¢(G, R*),
(i) a continuous orthogonal representation p, € Hom.(G, O(E)),
(iii) a continuous classn, € H}(G,Xx ® p), well defined up to scalar multiplication.
Denoting by Z(G,E) the set of all triples (x,p,n) with x € Hom.(G,R*), p €
Hom,(G, O(E)),andn € H} (G, x®p), we have that O(E) x R* acts on Z(G, E) by (T,A)(x, p,n)
= (x, TpT~",ATn).
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Proposition 4.4. (i) The map Rep(G, O, (Q)) — Z(G,E), m — (X, Px,Nr), induces a bi-

jection

Rep (G,0r, (Q))/Or, (Q) — [O(E) x R*]\2(G, E). (4.4)

(ii) The representation 7t leaves all horospheres centered at L, invariant if and

only if [x.| = 1. O

Proof. Givenx : G — R*, p: G — O(E),and 1 € H!(G,x ® p), we indicate how to re-
construct m € Rep(G, O, (Q)). Fix an isotropic line L_ # L, andletf : G — Ebea
continuous cocycle representing . Set F = (L, @ L_), and denote by j the isomorphism
of Hilbert spaces obtained by composing F — ‘1, — E. Fix{y € Ly with B(¢_,¢,) = 1.
Using the notation of Appendix A, we define

n(g) = 0 (4.5)

by

(@) = <x(9) a(g) ) ‘ (6)

where

The rest of the proposition is now a verification left to the reader and uses the fact that

Ix| is the exponential of the Busemann character associated to the fixed point L, . [ |

We turn now to continuous representations m: G — Op, (Q) for which [x| is not
identically 1 (write x = x»). We fix once and for all x and a € G such that [x(a)| # 1.
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Definition 4.5. A continuous cocycle f: G — E for x ® p is standard if f(a) = 0.

Lemma 4.6. Let p: G — O(E) be a continuous orthogonal representation and x : G — R*
a continuous homomorphism with [x(a)| # 1.

(i) Every classin H}(G,x ® p) admits a unique standard representative.

(ii) If M < G is a compact subgroup normalised by a, then any standard cocycle

vanishes on M. U

Proof. (i) SetT=x ® p. Recall that |[x(a)| # 1 implies that 1 — t(a) is invertible and hence
H'({a), ) vanishes. Therefore, for any cocycle f’ : G — E, there exists v € E such that
f’(a™) = t(a™)v — v. Now f(g) := f'(g) + v — 1(g)v defines a standard cocycle. If f; and f;
are any two cohomologous cocycles, there exists v € E such that f1(g) = f2(g) + t(g)v — v.
If in addition f; and f, are standard, then t(a)v = v, which implies, since |x(a)| # 1, that
v =0 and hence f; = f5.

(ii) Let f be a standard cocycle. Since M is compact, C := sup, -y, [|[f(g)|| is finite.
We have for all k € M,

f(k) = t(k)f(a) + f(k) = f(ka) = f(aa""ka)
=1(a)f(a "ka) + f(a) = t(a)f(a 'ka),

which implies that C = [x(a)|C and hence C = 0. [ |

Letn € H (G, x ® p) and let w: G — O, (Q) be the homomorphism associated to
(X, p,n) by the above construction. Then 7t(a) is hyperbolic with fixed points L_ and L . If

f: G — Eis the standard cocycle representing the class 1, define

I :=(f(g): g € G), (4.9)

which is a closed G-invariant subspace of E. With these definitions, we have the following

proposition.

Proposition 4.7. There is a G-invariant orthogonal decomposition

H=H; & Ho, (4.10)
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where
Hi=(Lral)aj (L), Ho="3. (4.11)

Moreover, the subspace H; is nondegenerate of index one, H, is positive definite, and if
H{ C H is any closed nondegenerate G-invariant subspace of index one, then H] > K;.
O

Proof. We verify the last assertion: let H; C H; be the hyperbolic subspace associated
to H}. Without loss of generality, |[x(a)| > 1. Then lim,,_, +o m(a™)x = L4 for all x € Hj,
hencel, € OH{. If L:=L, ¢ L_ and Pr; : K — Lis the orthogonal projection, this implies
that 7t(g)¢_ — Pry (n(g)f_) is in H({ for all g € G; therefore, using the formulee in (4.7) and
Appendix A, H; 2§ (I,). n

End of proof of Proposition 4.3. We know already that the alternative (iii) of the propo-
sition holds in the nonelementary case. If the G-action is elementary, then there are the
following possibilities.

(1) G fixes a point in H. This corresponds to (ii).

(2) Gleaves a geodesicline in H invariant. Denote this line by H; C H. This means
that there is a G-invariant two-dimensional subspace H; C H of index
one. In fact, H; = L, & L_, where 0H; = {L_,L,}. We may assume that
G has no fixed point in H;, so there is g € G acting hyperbolically: say,
limy_, 40 m(g)™x = Li. But then, if H{] is any G-invariant closed nonde-
generate subspace of index one and H; C H the associated hyperbolic
subspace, we get 0H; > L, hence (] D KH;.

(3) G fixes an isotropic line L. Let then x : G — R* be the associated character.
Either [x| = 1 and we are in alternative (i), or [x| # 1 and we can apply

Proposition 4.7, so that alternative (iii) holds once again. [ |

5 Actions of certain HNN-extensions

Let P = (a) x N be a locally compact group, semidirect product of an infinite cyclic sub-
K,, which is the

increasing union of compact open subgroups K,, < K., such that aK,,a™' = K,,; for all

group (a) with generator a and a closed normal subgroup N = J, 4
n € Z.In other words, P is the topological ascending HNN-extension P = Ky

In this section, we study more in detail elementary actions of P on a hyperbolic
space H, using the results in Section 4, in particular Proposition 4.4. We begin with the

following general fact.
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Lemma 5.1. Let X be a complete CAT(-1) space and P x X — X a continuous action by
isometries. Then there is a P-fixed point in X and, in fact, one of the following holds:
(i) aiselliptic and X? # @;
(ii) ais parabolic and [(0X)?| =T;
(iii) ais hyperbolic and the attracting fixed point of a is P-fixed. O

Proof. For (i), we have for all x € X,

supd(gx,x) = sup d(ka "x,a "x). (5.1)

geN keKo,n>0
Since by assumption a has bounded orbits and K, is compact, the latter quantity is
bounded and hence N has bounded orbits; the setwise decomposition P = (a) - N implies
that P itself has bounded orbits and hence admits a fixed point in X.

In cases (ii) and (iii), the set {a™x : n > 0} is unbounded for all x € X. Pick & € 9X
and a subsequence {n;} of N with limy_,,, a™*x = & for all x € X (see Proposition 4.1). It

is enough to show that & is P-fixed. Setting F; := X" , we have

FENX#2 YjeZ,
FjDF V< (5.2)

ClnFj = Fj+n V),TL e 7.

Picking x € F;, we have a™*x € F;,, C F;forallk > 0andhence & = limy_,, a™ x €

F; since F; is closed in X. Thus & € (;, F; = X" . It follows that £ is indeed P-fixed. n

We now turn back to the particular case where X = H is the hyperbolic space
attached to a strongly nondegenerate quadratic space (3, Q) of signature («, 1). We will

focus on the study of continuous elementary representations 7t : P — O, (Q) for which

mt(a) is hyperbolic with attracting fixed point L, ; that is, [x(a)| > 1.

Proposition 5.2. Let x : P — R* be a continuous homomorphism with [x(a)| > 1, let p :
P — O(E) be a continuous orthogonal representation, and t:=x ® p.
(i) The orthogonal complement EX-1 © EXe of EXe in EX-1 is isomorphic to

H} (P, 7), with isomorphism given by v — f,,), where forv € EX-1 & EXo|

o(v)= > t(a)™v (5.3)

n<-1

and f(,) is the standard cocycle uniquely determined by

for) (k) =T(k)o(v) —o(v) (Vk e Kp). (5.4)
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s 1 . .
) ) o(v
(ii) Forn € H;(P,7), let f,(,) be the standard cocycle representing n (with v €

EX-1 & EX). Then the subspace I, = (fo)(p) : p € P) coincides with the closed cyclic
subspace generated by v and, in fact,

I = <fg<v)(n) meN\[) Kj>. (5.5)

JEZ
Proof. (i) The proof consists of two steps.

Claim 5.3. There is an isomorphism of topological vector spaces

{veE:(Id—7(a))v e EX°}/EX — H(P7),

(5.6)
vi— [fy],
where f, is the standard cocycle determined uniquely by
fy(k) :==t(k)v—v Vk € Ko. (56.7)
O

Proof. Though this follows immediately from the Mayer-Vietoris sequence associated to
topological HNN-extensions in continuous cohomology, we give an explicit proof.

Let f be a standard cocycle. Then repeated applications of the cocycle identity
imply that for alln € Z and g € P, one has

f(a™ga ™) = t(a)™f(g), (5.8)
which, applied ton > 0 and g € Ky, shows that f is determined by its restriction to Ko.

Since K, is compact, there is v € E, uniquely determined modulo EX°, such that, for all
k € Ko,

f(k) = t(k)v —v. (5.9)
Substituting (5.9) into (5.8) withn = —1 and g € K, we get
(Id—t(a))v € EXC. (5.10)

Conversely, any cocycle f on Ky defined by (5.9) with v satisfying (5.10) extends uniquely

to a standard cocycle on P, which hence completes the proof of Claim 5.3. |
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Claim 5.4. The map

0o:EX T e B — {(veE: (Id—t(a))v e EX} /EF,

vi— Y t(@)™'v modEX, (5.11)
n<-—1
is an isomorphism of topological vector spaces. O

Proof. To start the proof of the claim, observe that, since [x(a)| > 1, the operator S :=
Id —(a) = t(a)(t(a)"! —Id) has a (bounded) inverse given by S™" = — 3% t(a)~ ™+,

Since t(a)'EXe = EX¢ | this implies that
Ji=|J EXe D {veE:SveEXe} (5.12)
(<1

Defining E; := EX) © EXi+1, we have an orthogonal decomposition

A

J=to @ E. (5.13)
j<—1

Let v = vo + Y_;_; v; with Sv € E*°; since we need to determine v mod EX°, we

may assume vy = 0. Then

[e°]

Sv=-—1t(a)v_1— Z (t(@)v_(511) —v-5), (5.14)

=1
where t(a)v_; € EX° and t(a)v_j,1) — v_j € E_;. In view of (5.12) and (5.13), saying that
Sv € EXe is equivalent to saying that

T(av_gi1y =v_5, i=>1, (56.15)
which impliesv=3_ _ ; t(a)™*'v_; and hence yields Claim 5.4. |

(ii) It is clear that I,; is contained in (t(p)v: p € P). Conversely, since for k € Ko
we have f s, (k) = 1(k)o(v) — o(v), it follows that

—J o) (k)dk = 0(v) — Prex, (0(v)) = o(v),
Ko (5.16)

- J T(u) J fow)(k)dkdu =v.
Ko Ko

Thus v € I, which is a closed invariant subspace, and hence contains the closure of its
orbit (t(p)v:p € P). The additional formula for I, follows since fy(,) vanishes on M =
ez K by Lemma 4.6(ii). [ |
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6 Representations of certain parabolic subgroups
6.1 Gelfand pairs

We start this section recalling some definitions and facts about Gelfand pairs which will
be essential in the sequel. We refer to [12, Section 24], for example, for a complete discus-
sion and proofs. Whilst this theory is generally presented for unitary representations, it
carries over without changes to orthogonal representations; this will be our viewpoint
here.

Let G be a locally compact group, K < G a compact subgroup, and let C.(G)
be the convolution algebra of bi-K-invariant functions on G with compact support. Then
(G,K) is a Gelfand pair if C.(G)®* is commutative. It is easy to see that the condition x ! €
KxK for all x € G is sufficient for (G, K) to be a Gelfand pair.

If (G,K) is a Gelfand pair, a continuous bi-K-invariant function ¢ € C(G)i* is a
spherical function if

(1) e(e) =1,

(2) forall f € G.(G)"*, there exists a constant c¢ such that @ * f = cf.
An irreducible orthogonal representation of G is K-spherical if there exists a nonzero K-
invariant vector. If (G, K) is a Gelfand pair and (7, }) is any irreducible orthogonal repre-
sentation of G, then dim 31X < 1, and hence (7, K) is K-spherical if and only if dim H* = 1.
Moreover, (equivalence classes of) K-spherical representations of a Gelfand pair (G, K)
are in bijective correspondence with positive-definite spherical functions, with the cor-
respondence given by ¢(g) = (t(g)v,v), where v € H is a K-invariant vector of norm one
and (-, -) is the inner product in .

6.2

In the remainder of this section, we will consider a closed subgroup P < Aut(7) of the
automorphism group of a locally finite tree T satisfying the following conditions:

(1) Pfixes a point & € 0T;

(2) P acts doubly transitively on 9T\ {&}.

We will assume throughout that the vertices of T have valence at least three; ob-
serve that under these hypotheses it follows that P acts transitively on the vertices of
T, which is therefore a regular tree (and § is uniquely determined). Fix a geodesic line
c:Z — T with c(+00) = &; by (2) there is a hyperbolic element a € P with axis c, transla-
tion length one, and attracting fixed point &. We denote by K; the stabilizer of c(j) in P for
j € Z. Then P has the structure P = (a) x N as in Sections 5.

Let now (H, Q) be strongly nondegenerate of signature (No,1) and let L be an

isotropic line. The main objective of this section is to prove the following.
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Theorem 6.1. For every continuous homomorphism x : P — R* with [x(a)| > 1, there is
up to conjugation a unique continuous representation A : P — O (Q) such that

(i) P acts on L by multiplication by x;

(ii) there is no proper closed P-invariant subspace of H which is nondegenerate

of index one. O
This result is based on Sections 4 and 5 and on the following generalization of [9].

Proposition 6.2. Let P, be the stabilizer in P of a vertex x € J. Then there is a unique (up
to equivalence) irreducible orthogonal representation of P having a P,-fixed vector and

whose restriction to N is nontrivial. O

We precede the proof with some intermediate results. For j € Z, we denote by H;
the horosphere centered at & passing through c(j); furthermore, for £ > 0, let H;(2{) be the
intersection of H; with the sphere of radius 2{ centered at c(j). Notice that for r < j, the

group K, acts on H;(2¢) for every { > 0, and moreover we have the following.
Lemma 6.3. The group K, acts transitively on H;(2¢) forallr <jand ¢ > 0. O

Proof. Write &1 := c(+o0) and pick a,b € H;(2{). Complete the geodesic segments [c(j +
0), a] and [c(j+{), b] to infinite rays [c(j+{), «] and [c(j+(), B], respectively, where , p € 0T.
We may assume { # 0, thus «, § # &_. By double transitivity, there is g € P with g(«) = 3
and g(&_) = &_. The center of the tripods (&, «,&_) and (&4, 3,&-) is c(j+{), hence g fixes
that point. But since g fixes £+ and hence preserves c(Z), it follows thatg € ()., K. W

Corollary 6.4. (N,K;) is a Gelfand pair forallj € Z. O

Proof. As mentioned in Section 6.1, it is enough to prove that n=' € KjnK; for alln €
N and j € Z. We may assume that n ¢ Kj. Thenn € K; \ K;_; for some { > j + 1 and
n(c(j)),n""(c(j)) € H;(2(¢ —j)). By Lemma 6.3, this implies the existence of k € K; with
kn(c(j)) =n~"(c(j)) and hence n~' € K;nK;. n

Let N be the set of (equivalence classes of) irreducible orthogonal representa-
tions of N; the group (a) acts on N by a,m(g) = m(aga~'), thus preserving the subset N!
of representations that have a K;-fixed vector for some j € Z. In fact, if we set

Ny = {(m,30) e N - 3¢5 #£0,30%+ =0}, (6.1)

then N' = ez N]‘ and a*ﬁ]] = IQJJL], so that any N; is a fundamental domain for the

action of (a) on N'.
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Lemma 6.5. |ﬁj‘\ =1forallj € Z. O

Proof. Since K; < K; for { < j, for any K;-spherical representation (7, ), we have that
FHKe 5 H®; since (N, K;) is a Gelfand pair, these spaces are of dimension one and hence
FKe = KX, Thus, in order to show that |Nj‘\ = 1, it is sufficient to show that there is a

unique positive-definite Kj-spherical function ¢ with
J @(kg)dk =0 Vg e N. (6.2)
Kj 41

Since it suffices to show that \ﬁ(‘)l =1, we start by showing that the space

Ko

So = {(p € (C(N)H) :JK p(kg)dk =0Vg € N} (6.3)

is of dimension one. By identifying N /K, with the horosphere Hy, we can identify Sp with
the space of Ko-invariant functions on Ho = [ |-, Ho(2{), and by applying Lemma 6.3, we

deduce that any function ¢ € Sy can be written as

[ee]
®= Z KeTH,(20) (6.4)
=0

where k; € R. The condition defining Sy means that the sum of the values of ¢ over any
K;j-orbit in Hy is zero; denoting by g the valence of T, this implies that k; = 0 forall { > 2
and ko + (q — 2)k; = 0, thus proving the claim.

Thus, let ¢ € Sp be the unique function such that ¢(e) = 1. To complete the proof
we need to show that for all f € C¢(G)"*, there exists a constant c; such that @ +f = c¢¢. To
this end, observe that any f € C.(G)"* is a linear combination of characteristic functions

Tk, and T \k, , :=Xn forn > 0. In this notation, we have that

1
eo =Tk, _E1K1\Ko' (6.5)

Moreover, a direct computation shows that

Kn \ Kn—1)Xm if )
Yo 30m = 4 P VK e (6.6)
H(Kn\an1)1Kn - H(an1)Xn 1fn:m,
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wherein p is the Haar measure implicit in the chosen convolution structure on C.(G).
Now it follows that

Qo *Xm =0 ifm>1,
9o *x1 = —1(Ko) @o, (6.7)
9o * Tk, = 1(Ko) @o,

and hence shows that ¢ is spherical.

Finally, observe that since ¢, is compactly supported, it follows from the identity

Qo * (pO =CqpoPo, (6'8)

where as usual @o(x) := @o(x~ '), that @ is positive definite. [ |

Proof of Proposition 6.2. There is no loss of generality in assuming x = ¢(0), so that
Py = Ko. Let 71; be a representative of the unique equivalence class in N; and observe that
a.7; = m_1. Thus the N-representation m := @jczm; extends canonically to a
P-representation. To verify that 7t is irreducible, observe that if o is any sub-P-
representation of 71, then oy is a direct sum of sub-N-representations oj of 715, because
the mt; are irreducible and pairwise inequivalent. Therefore, each oj is either zero or ir-
reducible. The a-invariance of o shows that either o is zero or it coincides with 7t, hence
7t is irreducible as a P-representation. The uniqueness of 7t follows from Lemma 6.5 and

the existence of a Ky-fixed vector by construction. |
Proof of Theorem 6.1

Existence. Let m : P — O(E) be the continuous orthogonal representation of P con-
structed in Proposition 6.2 with underlying Hilbert space E. Let p := [x| ® t® X' and en-
dow E with the P-action defined by x ® p. Since we have by construction that EX-1 © EKe £
0, then Proposition 5.2(i) implies that H! (P,x ® p) # 0 and hence Proposition 4.4 (with
G = P) gives us a representation A : P — O (Q) € O(Q), so that (x ® p)|n = 7N acting on
L by x. By Proposition 4.3(iii), one can extract the corresponding “irreducible” part and
hence the existence is proved.

Uniqueness. We set L. = L. Since |[x(a)| # 1, A(a) is hyperbolic; let L_ be the isotropic
line representing the repelling fixed point and let p : P — O(E) be the orthogonal repre-
sentation obtained as in Section 4.1 via the identification E — 1, /L, andn € H} (P, x®p)

the cohomology class defined by the above action. The irreducibility hypothesis and
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Propositions 4.7 and 5.2 then imply that

E-::<fchﬁ<p) ‘pe P>v (6'9)

where f(,) is the standard cocycle representing n and moreover E is the cyclic subspace
generated by v € EX-1 © EXo,
Consider the orthogonal representation \ := [x|~' ® x ® p on E and let 7 denote

the orthogonal representation of P given by Proposition 6.2. Then

V=mndm &y, (6.10)

where 7|y = 1 and 7, does not have any nonzero K, -invariant vectors. Sincev € EX-1 ©
EXo | the projections of v to the components of 71; and 7, are zero. Being a cyclic vector,
this implies \p = mm and therefore also m = 1. It now follows that p = [x| ® X ' ® m; in
the notation of Proposition 5.2, T = [x| ® 7. By Proposition 5.2, we have H} (P,t) = EX-' &
EX°o. Let now (7., 3, ) be the unique K,,-spherical representation of N that is not K, -

spherical. Then it follows from Lemma 6.5 that 1N = 71|y = ®nezn . Hence,

A A
B = P HE, B =P, (6.11)
n>—1 n>0
Observing that HKX~! = HKe for alln > 0, we deduce that EX-' © EX° has dimension one.

Hence dimH! (P,t) = 1, which implies now by Proposition 4.4 that, up to conjugation,

A:P — Op(Q) is completely determined by . [ |

7 Representations of G into O(Q)
7.1

In this section, T denotes a regular or biregular tree of finite bivalency (r,s) with r,s > 3.
As usual, we endow Aut(7T) with the locally compact topology of uniform convergence on
finite sets of vertices. A subgroup G < Aut(7T) satisfies the property T, if for every &; # &,
in 0T and ny,m2 € 0T \{&1, &2} such that the distance between the projections of n; and n,
on the geodesic [¢1, &;] is even, there exists h € G fixing &, &, and h(n;) =13.

This property is implied by triple transitivity of the G-action on 07 and implies

double transitivity. The main result of this section is the following.
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Theorem 7.1. Let G < Aut(7) be a closed subgroup satisfying property T, & € 3T and P
the stabilizer of & in G. Let (3, Q) be a strongly nondegenerate quadratic space of in-
dex 1 and m : G — O(Q) a continuous, nonelementary representation. Then 7/p has
an irreducible indefinite component J; p and the canonical orthogonal decomposition
H =H;p ® Hop pis G-invariant.

Let My, 7 : G — O(Q) be nonelementary continuous representations such that
71 |p = m2|p. Then the restriction of 717 and 7, to the indefinite irreducible components of

P coincide. O

7.2

Let G be a locally compact group boundedly generated by {s} U P, wheres € G and P < G
is a closed subgroup with the structure considered in Sections 5; assume further that
(1) (s)is relatively compact,
(2) {a™sa™s~': n > 1}is relatively compact.
(We recall that a group G is said to be boundedly generated by a subset X C G if
thereisn € Nwith X™ = G.)

Proposition 7.2. Let X be a complete CAT(-1) space and G x X — X a continuous, nonele-
mentary isometric action. Then a acts as a hyperbolic element, s exchanges both fixed
points of a, and (dX)" is the attracting fixed point of a.

Proof. We use Lemma 5.1 and we distinguish the three cases for a.

a is elliptic. Then X # & and since (s) is relatively compact and G is boundedly gener-
ated by (s) and P, the G-orbits in X are bounded. Hence X® # &, contradicting nonele-

mentarity.

a is parabolic. Then 9X” = {&}. Let {ni}i>1 be a sequence such that a™x — &; then
a "ix — &, and since {a"sa™s~' : n > 1} is bounded, we have that sa™s~'x — & which, in

1

view of the fact that a™ s~ 'x — &, implies that s(&) = £ and hence G = &, a contradiction,

thus leading to a being hyperbolic.

a is hyperbolic. . Let now & , &, be, respectively, the repelling and the attracting fixed
points of a on 0X. Since a™x — &,, a "x — &_, and {a"sa™s !
deduce that sa™s 'x — &_andhences(é,) =¢_ands(§_ ) =&,.

Finally, we know (3X)” > &, from Lemma 5.1; since (9X){® = {{.}, it remains

:n > 1} is bounded, we

only to observe that & is not P-fixed, since otherwise the set {£.} would be preserved
by G. |
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7.3

Let now G < Aut(7) be any closed subgroup which acts doubly transitively on 07. Then
(see [4, Sections 4.1 and 0.4])
(i) for every & € 07, the Busemann character x; : Gz — Z has image Z or 2Z
depending on whether G is vertex transitive or not;
(ii) for every geodesicc:Z — 7, thereiss € G and ng € Z with s(c(£o0)) = ¢(Fo0)
and s(c(no)) = c¢(no);

(iii) forany & #nin 97 and s € G exchanging & and 1, we have G = G U G¢sGs.

Lemma 7.3. Let G < Aut(7) be a closed subgroup satisfying T,, ¢ : Z — T a geodesic,
&r = c(koo),and S ={s € G : s(&x) = (&5), s(c(0)) = c(0)}. Let also Kj = G¢ N G(c(j)).
Then, givenj € Z,n € K; \ Kj_1, and s € S, there exists h € G such that

(i) forall q € Z, he(q) = c(q — 2j);

(ii) foralls’,s” € S, s'nshns” € K_j \ K_;_;. a

Proof. Sincen € Kj \ Kj_1, then Prig, ; j(n&_) = c(j) and Prg, ¢ (s ' '€.) = c(—j).
Thus property T, implies that there exists h € G, N G¢_ such thathng =s"'n "¢ so
that (i) follows. Let now s’,s” € S and set g = s'nshns”. Then we have
(i) g&: =s'nshns”&, =s'mshnf =s'nss~'m~ ' =s'¢ =¢&,.
(i) ge(—j) = s'mshns”c(—j) = s'nshnc(j) = s'nshc(j) = s'nsc(—j) = s'ne(j) =
s’c(j) =c(—j). Thus g € K_j.
(iii) ge(—j—1) =s'nshns”c(—j—1) = s'nshne(j+1) = s'nshe(j+1) = s'nsc(—j+1) =
s'nc(j — 1). But since n € Kj, we have that nc(j — 1) # ¢(j + 1) and hence
s'nc(G—1)#c(—j—1). Thus g ¢ K_j_1. [ |

7.4
We are finally ready to give the following proof.

Proof of Theorem 7.1. Let t : G — O(Q) — Isom(H) be a continuous nonelementary
action. Being the stabilizer of § € 97, P has the structure of Section 5; we will use the cor-
responding notation for a. In view of Section 7.3, we can choose s and a parametrisation
¢ : Z — T of the axis of a such that sc(0) = ¢(0) and sc(+o00) = c(Foo). Observe further
that these notations also put us in the setting of Section 7.2. By Proposition 7.2, nt(a) is
hyperbolic and hence cannot fix a point in H or preserve any horosphere. It follows from
Proposition 4.3 applied to P that 7t/p has an irreducible indefinite component J; p.

We need to show that H; p is G-invariant and that, on H; p, the representation

7t is determined by nlp. Let Ly be the attracting/repelling fixed points of 7t(a) and let
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L=1L,®L,F =1L We are in the setting of Proposition 4.3 for P (instead of G) and
we adopt its notation. By Proposition 4.7, 31 p = L @ j~'(I,,). By Proposition 7.2, 7t(s) ex-
changes L.. It is enough to show that 7(s) preserves j~'(I,,) and that its restriction to
JHq p is determined by 7p.

We adopt the notation of Appendix A with {.. Then

0 u 0
ns)=|pu' 0 0 |, (7.1)
0 0 7'[0(8)

where 7y (s) is orthogonal and p € R*.
Fixj € Z,n € K;\K;_7,and h as in Lemma 7.3 such that g := snshns € K_; \ K_;_;.

We write

and likewise

mg)=| 0 x(g)! 0 . (7.3)

nh)y=| o x(h)"' o |. (7.4)
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Computing g = snshns, we find

x(9) = u 'x(n""Th)a(n), (7.5)

M; = x(hn)mo(s)N3. (7.6)

Equation (7.5) shows that 1 is determined in terms of 7t|p. We are left to determine

7o (s). Write f for the standard cocycle associated to n; then (7.6) gives

mo(s)f(n) = x(gh)~'(g). (7.7)

We obtain such a formula for every n € N\ Nj;czK;. Thus we are done since by Proposition
5.2(ii), I,, is spanned by these f(n). [ |

Proof of Theorem 1.3. By Proposition 3.4, we are reduced to study homomorphisms from
G into O (Q) and can thus apply the results obtained so far. The existence statement in
Theorem 1.3 follows from Theorem 1.1 and Proposition 4.3(iii).

For the uniqueness part, let & € 97, P the stabilizer of £ in G, and a € P a hyper-
bolic element with attracting fixed point & and translation length 1. Let 7 : G — O, (Q)
be a nonelementary continuous representation. Let ¢ : Z — T, be a parametrization of
the axis of a, and let K,, be, as usual, the stabilizer in P of c¢(n). Using that G is doubly
transitive on 07, we see that any other hyperbolic element b with translation length 1
is conjugate to an element of the form a - k, where k € N, ¢zK,;,. Since 7t(a) is hyperbolic
(Proposition 7.2), and using that a normalises N, <z Ky, one sees that 7t(k) fixes pointwise
the axis of 7(a) and hence n(a) and 7t(b) have the same translation length, say {,. Let
L, be the attractive fixed point of 7(a) and x the character by which P acts on L, . Then,
since 7t takes values in O, (Q), we have that x takes values in R, which implies first that
x(a) = e'~ and then that x is trivial on N, since N is an increasing union of compact
groups. This shows that x is completely determined by (.

Assume now that 7 is irreducible. Then Theorem 7.1 implies that 7t/p is irre-
ducible, Theorem 6.1 that it is completely determined by x (and hence by {,), and Theo-

rem 7.1 again that 7tis completely determined by .. |

8 Explicit constructions
8.1

Let T be any simplicial tree. Let o+ 1 be the cardinal of the vertex set V of T and let (K, Q)
be a strongly nondegenerate quadratic space of signature («, 1); let H be the correspond-
ing hyperbolic space. Denote by G the (abstract) group G = Aut(T). We denote by d both
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the metric on H and the metric on (the geometric realization of) T that gives unit-length

edges.

Theorem 8.1. For every A > 1, there is an embedding ¥ : 7 — H and a representation
7:G — O(Q) — Isom(H) such that
(i) the map V¥ is G-equivariant for 7,
(ii) Ad0Y) = cosh d(Wx, Wy) for any two vertices x,y of T,
(iii) ¥ extends to an equivariant boundary map ¥ : 0T — 9H which is a homeo-
morphism onto its image,
(iv) W(V) is cobounded in the convex hull ¢ C H of the image of oV. O

Remark 8.2. The formula in (ii) shows in particular that d(Wx, Vy) is asymptotically pro-
portional to d(x,y). If we denote by b” the Busemann cocycle for T and b is the one for H

as in Section 3, we have

bye (Wx,Yy) = b} (x,y)InA V& € 3T, ¥x,y € V. (8.1)

We can give right away the construction of ¥; the remainder of the section will be
devoted to proving the properties stated in Theorem 8.1.
Fix a vertex w € V. By Proposition 2.7, we may identify H with ¢?(V) in such a

way that the bilinear form B associated to Q reads

B(f,g)= >  f(v)g(v)—f(w)g(w). (8.2)

veV,v#Ew

We define a map V — H, v — f, as follows. Denote for u € V by b, the unit function

supported on u; then

d(w,v)
fy = AMVE 4+ /A2 =1 Y AR (8.3)
k=1
where w,uq,uz,...,Ugnw,v) = Vis the geodesic from w to v (it is understood that the right-
hand side summation is zero when v = w). A computation gives Q(f,) = —1 so that f,

is in the negative cone C_; now V¥ is the resulting map V — C_ — H extended to T by
sending each edge to a geodesic segment. Each element & € 07 can be realized by a unique

geodesic ray of vertices {vi %, with vo = w; we define (0W)(&) by considering the element
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fe of the isotropic cone Cy given by
fe =08y + VAZ=1) A5, (8.4)
k=1

Observe that one obtains a multiple of f,, , hence the same point Wvy, by truncating the
above sum at k. It follows that the resulting map 7 — H is continuous; claim (iii) now
follows from Remark 8.2 and claim (i). The formula of claim (ii) can be verified by in-
spection; however, we will see that it can be reduced to the obvious case u = w.

The strategy for the proof of Theorem 8.1 is first to construct 7tin the case where T
is regular, that is, G acts transitively on V. The general case will follow by the naturality

of our construction with respect to the pointed tree (T, w).

8.2 Regular case

We assume that G = Aut(7) acts transitively on V. Fix a neighbour z of w and denote
by K < G the stabilizer of w, by L the subgroup of G preserving the set {w,z}, and by
E = KN L the pointwise stabilizer of {w,z}. The K-action on V preserves B and hence
induces a representation 7 : K — O(Q) by 7(g)d,, = d4u (g € K). We extend now m by
defining7w: L =EU (L\ E) — O(Q) as follows: the map is already defined on E = KN L; for
every g € L\ Eand everyu € V, set

Aoy +VAZ =16, ifu=w,
7(g)du == ¢ —V/AZ =16, — A5, ifu=z, (8.5)

dgu otherwise.

It is a matter of computation to verify that 7t(g) is in O(Q).

Proposition 8.3. The map 7w : L — O(Q) extends uniquely to a homomorphism n: G —

0(Q). 0

Proof. We start by showing that the map 7 : L — O(Q) is a homomorphism; that is, we
need to verify that 7(g)nt(g’) = m(gg’) holds on L, which we do by discussing the cases
according to where g, g’ are in the coset decomposition L = ELI(L\ E). There is nothing to
doif g, g’ are both in E since wis a homomorphism on K. We will write out the verification
in the case g, g’ € L\ E; the two remaining cases are simpler and similar. Let thus g,g’ €
L\ E. Then 7t(gg’)d., = d4g/u for allu € V since gg’ € E (as E has index two in L). On the
other hand, we have the following cases.
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Case 8.4 (u=w).

71(9)7t(g") 8w = 1(g) (A8y + VAZ —15.)
=AMy + VA2 =18;) + VA2 = 1( = VA2 =18, — A8;) (8.6)

:6W)

which is indeed 644, since E fixes w.

Case 8.5 (u=1z).

m(g)(9)82 = () ( — VA2 — 18, — A52)
= VA2 —T(A8w + VA2 —18,) — A(— VA2 =18, — AS,) (8.7)

= 62’

which is indeed 644/, since E fixes z.

Case 8.6 (uw # w,z). Then we have also g’u # w, z and hence

71(9)7(g")du = 71(9)8g u = dgg/u = 7(g9")du. (8.8)

To show that the map 7t defined on L extends uniquely to a homomorphism on G,
observe that the G-action on (the first barycentric subdivision of) T determines a split-
ting of G into an amalgamation G = KEL' Therefore, the statement follows from the uni-

versal property of amalgamations. [ |

Remark 8.7. The definition of 7 on G is independent of the choice of z: indeed, observe
first that K acts transitively on the set of neighbours of w. If k is any element of K, we
obtain another neighbour kz of w and another amalgamation G = KkEiq kLk~". With 7
defined as before using L, one checks immediately that for g € kLk~'\ kEk ™', the formula

(8.5) for 71(g) remains valid upon replacing z with kz.

We turn to Theorem 8.1(i). Pick a vertex v € V and let n = d(v,w). There is a hy-
perbolic element a of translation length one admitting an axis {uy }xez such that uy = w,
u, = v, and aux = ui,; for all k € Z. Notice that K and a generate G; since more-
over ¥ is K-invariant by its construction, we need only verify that ¥(av) = n(a)¥(v). By
Remark 8.7, there is no loss of generality in assuming that z = u;. Let s be an element of
L\ E preserving {uy}; that is, sux = u;_y for all k € Z. Then a = st for t € K such that
tux = u_y for all k € Z, and thus an immediate computation using (8.5) for n(s) shows
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that we have for all k € Z,
ASyy + VAZ =18y, ifk =0,

m(@)duy = T(S)TT(1)0u, = ¢ —VAZ =18, — A8y, ifk=—T, (8.9)

dur otherwise.

Now we can compute
n
m(a)f, = n(a) (A“éw + VA2 -1 Z )\“kéuk>
k=1
n
= A" (A8 + VA2 —18y,) + VA2 — 1 Z A S
k=1

n+1

=AM 8+ VAZ =T Y AR,
k=1

(8.10)

- fuk+1 = fav»

and claim (i) is proved. Now the transitivity of G reduces (ii) to the case where one of the
vertices is w, which is an immediate computation. As (iii) was addressed before, we are

left with proving (iv).

Proposition 8.8. Every point x € Cis at distance at most cosh™' /T + A of some element
of W(V). O

Proof. Every element of H is represented by a unique function in ¢?(V) with value one on
w. In fact, if D’ denotes the unit ball in {?(V\{w}), the set of such functions is D := §,,+D".
This gives the Klein model in finite dimensions, and thus it follows that geodesics in H
correspond to affine lines in D. It is therefore enough to show the claim for any finite
convex combination x = 3 ;¢ sefe, where S C 97 is a finite set and s : S — (0,1) is
any function & — sg of sum one (observe that S must contain at least two points since
0<sg <)

We write B = b(-,5,,) for Busemann function on H normalised at §,, and B =
b7 (-,w) for the analogous Busemann function on 7. Consider the function {5 : V — R%
defined by

Pe(v)i= Y seAPED) (8.11)
£es
This function admits a minimum vy € V;indeed, outside a finite subset of V determined
by the configuration of S, it increases monotonically with the distance to this subset. We
will see that W(vo) is at distance at most cosh™' v/T + A of x.
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Pick g € G such that gvp = w; then w is a minimum of the function v — (

which in view of 7 (g7'v) = 7, (v) — B (gw) reads

o) = X sy SO B0,
negs

g '),

(8.12)

Thus, setting (g.s)s == A PE(@™)s . it follows that w is also a minimum of the function

P fors’ :=g,s/ ) ;(g«s)e. Setting
oy:=) {si:visintheray [w,&]} VveV,
the minimality implies for every neighbour v of w,

=15 /(w) <¥sr(v)
=AY {spivew, B} +A) {s{:vew, i}
=A"o, +A(1—-0y),

and hence o, < A/(1+ A). This in turn implies

A
O'ng VVGV,V#W.

Formula (3.6) shows that for every g € G and h € Cy, we have

B(gh, gdw)1/—Q(5w) B(h, &)

ﬁgh(géw) =In =In =In

B(ahow)y—Qgow)  BOM5w)

Thus we have for all ¢ € 07,

(gfe) (W)fe (w)e Pore(98w) — fe (WA Paz(ow)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)
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and since gf; is proportional to fy:, we deduce gf; = }\*ﬁg&@W)fgg. We conclude that gx

is represented in H by the element y := Z£Egs s;fe of D. We proceed now to compute

B (8w, V) _ 1 '
JQ(Gw)Qw) VW)

(8.18)

coshd(dw,y) =—

If Sy is the sphere of radius k around w, we deduce from the definition of f; that

y=28u+ VA2 -1 i > Aoy, (8.19)

k=1 veSy

and therefore

o0 B A o0 B
Q(y):—1+(7\2—1);7\ T oS TH (NN 2 AT ) o

VESK k=1 VESK
(8.20)
Using } s, oy =1, one finally gets Q(y) < —1/(1 + 7). It follows that
d(Wvo,x) = d(Ww, gx) = d(8w,y) < cosh ' VT +A. (8.21)
This proposition completes the proof of Theorem 8.1 in the regular case. [ |

8.3 General case

Suppose now that T is a general tree with vertex set V of cardinal « + 1 and G = Aut(7).
Complete T to a regular tree T’ with vertex set V' O V of cardinal «’ + 1. We keep the
notation of Section 8.1 and define likewise H’ = ¢?(V'), H’, B, G’ = Aut(J’), and so forth;
takew’ :=w € V C V' and observe that H is a hyperbolic subspace of H’. Let ¥’, 7t/ be the
maps associated to T’ by the proof for the regular case.

Denote by Ly < L < G’ the pointwise stabilizer, respectively, stabilizer, of T; since
any automorphism of 7 can be extended to some automorphism(s) of 7/, we have a nat-
ural identification G = L/L,. It follows at once from the definition of ¥, ¥’ and 7, 7’ that
the restriction of ¥/ gives ¥, while 7’ descends to 7. In fact, as all definitions for T’ van-
ish on V’\ V when restricted to T, the only part of Theorem 8.1 for T that does not follow
immediately from the case of 7’ is point (iv). But the proof given above, when applied

to 7" and to the corresponding convex hull €', shows in fact that whenever x € € C €’ is
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a finite affine convex combination of elements in W(07), then the vertex vy € V' is actually
in V. This follows indeed from the definition of the function s and thus concludes the

proof of Theorem 8.1.

Appendix
A Matrix representations

Let (K, Q) a strongly nondegenerate quadratic space of signature («,1). If L_, L, are two
distinct isotropic lines, define L:= L, @ L_ and F = 'L so that

H=LaF (A.1)

On L and F, we consider the restrictions B|; 1 and Blgxf, and if A is a continuous lin-
ear operator between any of these spaces, A* denotes the adjoint with respect to these
strongly nondegenerate bilinear forms. For any continuous linear operator T : H{ — ¥,
define

Ar=piTlt, Az=PiTl,
Az =PeTl,  As=pellr.

Then T € O(Q) if and only if the following conditions are satisfied:

(a) A%A; +A%A; =1Idy;

(b) A3A, + AjA4 = Id;

(c) AjAs +A3A4 =0,

(d) A3A; +A5A3 =0.
Observe that by taking adjoints, the last two conditions are equivalent.

We will look more closely at O, (Q), the stabilizer in O(Q) of L. For this, let
Ly = R{y, with B({,,¢_) = 1. We represent A; by a two-by-two real matrix; A, : F = L
will be represented by two linear forms A] and A; given by A, (e) = AJ (e)l + A (e)l_;
A3z : L — Fwill be represented by two vectors A} = A3({,), A; = Az({_), and hence

Az
T= As |- (A.3)
A; Ag Ay
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Then T € O¢, (Q) if and only if it has the form

A ax AJ
(O L (A.4)
0 Ag Ay

withA € R*, A7 € F, A4 € O(F), and «, A are determined by

& =-3Q(A3),
A (v) =—-AB(A4(v),A;) WveF

(A.5)

The inverse of

S=]10 w' 0 ]€0(Q) (A.6)
0 B; By

is given by
po! B —u BBy’
STT=1 o0 n 0 (A.7)

0 —uB;'(B3) By

and the conjugate STS~! of T by S has the following entries:

-1
2,20

1

STS =A=(STS™ ")

1,1
STS ), | = (STS*‘)M = (STS*‘)M =0,

)

13 = —ABIBy' +uATB T + BIALB, T,
! 2= A TuBs +uB,'A; — uB4A4B, B3,

(5TS™
(5TS™
(5TS™
( —1
(5T577),
(5TS™

)
)
"), =AuB + i — p?ATB By + A up — uBJ A3 — uB; A4B, B3,
)
)
)

1 —1
53 =BaA4B; .

In particular, if [A| # 1, by choosing u = 1, B4 = Id, there exists B3 such that

Az + (AT —A4)(B3) =0. (A.9)
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Then, using the relations (i) and (ii), one can see that T is conjugate to

0 0
0 A" o0 (A.10)
0 0 Ay

and is hence hyperbolic; conversely, one can show that if [A| 1, T is hyperbolic.
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