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TIGHT HOMOMORPHISMS AND HERMITIAN SYMMETRIC
SPACES

MARC BURGER, ALESSANDRA 107zl AND ANNA WIENHARD

Abstract. We introduce the notion of tight homomorphism into a locally compact
group with nonvanishing bounded cohomology and study these homomorphisms in
detail when the target is a Lie group of Hermitian type. Tight homomorphisms
between Lie groups of Hermitian type give rise to tight totally geodesic maps of
Hermitian symmetric spaces. We show that tight maps behave in a functorial way
with respect to the Shilov boundary and use this to prove a general structure theorem
for tight homomorphisms. Furthermore, we classify all tight embeddings of the
Poincaré disk.
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1 Introduction

Let L,G be locally compact second countable topological groups. A continuous
homomorphism p : L — G induces canonical pullback maps p* in continuous coho-
mology and py in continuous bounded cohomology. A special feature of continuous
bounded cohomology is that it comes equipped with a canonical seminorm || - || with
respect to which p; is norm decreasing, that is

Hpﬁ(a)” < |lef| for all @ € HY (G, R).

Given a class o € HY (G,R) we say that a homomorphism p : L — G is a-tight
if the pullback pf preserves the norm of «, that is ||pf(a)| = ||/

For the main part of the article we specialize to the situation when the target
group GG is of Hermitian type, i.e. G is a connected semisimple Lie group with
finite center and without compact factors such that its associated symmetric space
X is Hermitian symmetric. Let J be the G-invariant complex structure on X;
combining it with the unique G-invariant Riemannian metric of minimal holomorphic
sectional curvature —1, gives rise to the Kihler form wg € Q%(X)%. We denote by
/ig € H% (G,R) the bounded continuous cohomology class obtained in the familiar
way (see section 2.3) by integration of wg over triangles with geodesic sides.
DEFINITION 1. Let L be a locally compact second countable topological group and
G a group of Hermitian type. A continuous homomorphism p: L — G is said to be
tight it |1t (w2) | = [

It is implicit in the definition of a tight homomorphism that it depends on the G-
invariant complex structure J which is part of the data of the Hermitian symmetric
space X.

FUNDAMENTAL EXAMPLE. Let I' < SU(n,1) =: G be a cocompact lattice and
M :=T\X the corresponding compact hyperbolic manifold. The (ordinary) Kéhler
class p*(kg) of a representation p : I' — G, seen as a de Rham class on M, can be
paired with the Kahler form wy; on M to give a characteristic number

_ {p"(ka),wnm)

ip 1=
(war,wir)

which satisfies a Milnor-Wood inequality [Bulo2]

lip] <1x .
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Representations such that i, = ry are called mazimal. (A modification of the
above construction leads to the definition of an analogous invariant even in the
case of nonuniform lattices, [Bulo2, §5].) Maximal representations are tight [Bulo2,
Lem. 5.3], and in fact, they are the most important examples of such.

The study of the structure of tight homomorphisms is paramount in the classifi-
cation of maximal representations of compact surface groups [BulW1,2], [BuloLW].
It should be remarked, however, that the scope of the notion goes well beyond this,
as for example every surjection of a finitely generated group onto a lattice in G is
tight (see Corollary A.4). In particular we have

PROPOSITION 2.  Let Mod, be the mapping class group of a closed surface of
genus g > 1. Then the natural homomorphism Mod, — Sp(2g,R) is tight.

One of the main points of this paper is the following structure theorem for tight
homomorphisms.

Theorem 3. Let L be a locally compact second countable group, G a connected
algebraic group defined over R such that G := G(R)® is of Hermitian type. Suppose
that p : L — G is a continuous tight homomorphism. Then,

(1) The Zariski closure H := p(L)Z is reductive.

(2) The centralizer Zg(H) of H := ,o(L)Z(IR)o is compact.

(3) The symmetric space ) corresponding to H is Hermitian and ) admits a
unique H-invariant complex structure such that the inclusion H — G is tight
and positive.

To explain the notion of a positive homomorphism, let us recall that the com-
plex structure J defines a cone H?(G, R)Z° of positive Kdhler classes and, via the
isomorphism

H2,(GR) — ~HI(G.R),
a cone of bounded positive Kdhler classes containing in particular /{g. A continuous
homomorphism p : G; — Gg between two groups of Hermitian type is said to be
positive if pf)ﬁgb € H2 (G1,R)=0.
As an immediate application of Theorem 3, we have
COROLLARY 4. Let G be a connected algebraic group defined over R such that

G := G(R)° is of Hermitian type and let p : I' — G be a maximal representation of
a lattice I' < SU(n, 1). Then,

(1) The Zariski closure H := p(F)Z is reductive.

(2) The centralizer Zg(H) of H := p(F)Z(R)O is compact.

(3) The symmetric space Y corresponding to H is Hermitian and ) admits a
unique H-invariant complex structure such that the inclusion H — G is tight
and positive.

In the case in which I' is the fundamental group of an oriented compact surface
possibly with boundary, one can reach much stronger conclusions, as for example
faithfulness and discreteness of p, [BulW1,2], [BuloLW].
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Our study of tight homomorphisms relies on the study of a parallel notion of
tightness for totally geodesic maps between symmetric spaces. Namely, let X, X
be Hermitian symmetric spaces of noncompact type.

DEFINITION 5. A totally geodesic map f : X} — Xb is said to be tight if

Sup/f*wg2: Sup/wg2, (1.1)
ACX1 JA ACXy JA

where the supremum is taken over all smooth oriented triangles A with geodesic
sides in X7 and X5, respectively.

A first immediate fact is the following:

ProproSITION 6. Let Gy, Gy be Lie groups of Hermitian type and let Xy, X> be the
corresponding symmetric spaces. A homomorphism p : Gy — Gs is tight if and only
if the corresponding totally geodesic map f : X1 — Xy is tight.

Tight embeddings behave nicely at infinity. Recall that the Shilov boundary Sy

of the Hermitian symmetric space X is the unique closed G-orbit in the (topological)
compactification of the bounded symmetric domain realization D of X, and can be
identified with G/Q, where < G is an appropriate parabolic subgroup. Two
points z,y in Sy are said to be transverse if (x,y) is in the unique open G-orbit in
S x X S X-
Theorem 7. Let G1,Gy be Lie groups of Hermitian type and Sy, Sy the Shilov
boundaries of the associated symmetric spaces. Let p : G1 — Gy be a continuous
tight homomorphism and f : X1 — Xy the corresponding totally geodesic tight map.
Then there exists a p-equivariant continuous map f : S; — Sy which extends f and
which maps transverse pairs to transverse pairs.

Using this theorem we can establish a general existence result for boundary maps.
Let T' be a countable discrete group and (B,v) a Poisson boundary for I'. Recall
that under these conditions, the amenability of the I'-action on (B,v) insures the
existence of a p-equivariant measurable map from B to the space of probability
measures on GG/P, where P is a minimal parabolic in G. Under some conditions,
such as for instance Zariski density of the image of the representation p, one can
deduce the existence of such a map with values in G/P (see [Bulol], [BuloW3]).

For tight homomorphisms we have the general existence result:

Theorem 8. Let G be a semisimple algebraic group defined over R such that
G := G(R) is of Hermitian type and let p : T' — G be a tight homomorphism. Then
there exists a p-equivariant measurable map ¢ : B — Sy.

Recall that Hermitian symmetric spaces fall into two classes, according to whether
or not they admit a realization generalizing the upper half plane model of the
Poincaré disk. Namely, a Hermitian symmetric space is of tube type if it is bi-
holomorphically equivalent to a domain V @ €2 where 2 C V is a proper open cone
in the real vector space V. For any Hermitian symmetric space X maximal subdo-
mains of tube type exist, they are of the same rank as X, holomorphically embedded
and pairwise conjugate.
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Theorem 9. Let p: G; — Go be a tight homomorphism and f : X} — X the
corresponding tight map. Then,

(1) If X is of tube type, then there exists a unique maximal subdomain of tube
type T C Xy such that f(Xy) C T. Moreover p(G) preserves T'.
(2) Ifkerp is finite and X> is of tube type, then X; is of tube type.

Our main tool to study tight embeddings and tight homomorphisms is the con-
cept of diagonal disk. Recall that a mazimal polydisk in X is the image of a holo-
morphic and totally geodesic embedding t : D'* — X. Maximal polydisks arise
as complexifications of maximal flats in X' and are conjugate. It is easy to check
that maximal polydisks are tightly embedded. A diagonal disk in X is the image
of the diagonal A(D) C D'* under the embedding ¢ : D'* — X. Diagonal disks are
precisely tight and holomorphically embedded disks in X.

Using diagonal disks we can give a simple criterion for tightness of a totally
geodesic embedding f : X} — X5 in terms of the corresponding homomorphism of
Lie algebras (see Lemma 8.1). We apply this criterion to classify tight embeddings
of the Poincaré disk and obtain:

Theorem 10. Suppose that X is a Hermitian symmetric space and f : D — X
is a tight embedding. Then the smallest Hermitian symmetric subspace ) C X
containing f(D) is a product Y = Hleyi of Hermitian symmetric subspaces Y;
of X, where )); is the Hermitian symmetric space associated to the symplectic group
Sp(2n;,R). Moreover, Z§:1 n; < ry and the embedding f : D — )); is equivariant
with respect to the irreducible representation SL(2,R) — Sp(2n;,R).

Tight embeddings are never totally real but they are also not necessarily holo-
morphic. The irreducible representations SL(2, R) — Sp(2n,R) provide examples of
non-holomorphic tight embeddings of the Poincaré disk when n > 2.

We are not aware of an example of a non-holomorphic tight embedding of an
irreducible Hermitian symmetric space of rank ry > 2. It might be that all tight
homomorphisms of higher-rank Hermitian symmetric spaces are holomorphic.

We suspect that tight embeddings of Hermitian symmetric spaces that are not
of tube type are always holomorphic. For tight embeddings of CH" into classical
Hermitian symmetric spaces of rank 2 this can be deduced from [KoM].

Acknowledgments. We thank Domingo Toledo for useful discussions about tight
embeddings of complex hyperbolic spaces.

2 Tight Homomorphisms

2.1 Continuous bounded cohomology. In this section we recall some proper-
ties of bounded continuous cohomology which are used in the sequel. For proofs and
a comprehensive account of continuous bounded cohomology the reader is referred
to [M], [BuM2].

If G is a locally compact second countable group, then

Ch(GM1 R) := {r: GM! S R : f is continuous and || f]jee < 0o}
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is a G-module via the action

(hf)(gos-- - 9x) = F(h ™ go, .. h " gr).
The continuous bounded cohomology H? (G, R) of G' with coefficients in R is the
cohomology of the complex of G-invariants

0 ~C(GRE T=Cu@LR)IE -

where d is the usual homogeneous coboundary operator defined for f € Cy,(G*,R) by

k
df (90, 9k) = Y [(90s-+ -+ Gis- -+ Gk) -
=0

The supremum norm gives Cp,(G*T R)® the structure of a Banach space and
induces a canonical seminorm || - || on Hg (G, R)

al = inf o0 -
ol = int I

The inclusion of complexes Cp(G*TH R) € C(G*TR), where C(G*TL,R) de-
notes the space of continuous real-valued functions, induces a natural comparison
map

ce : Hoy(G,R) — H2 (G, R) (2.1)
from continuous bounded cohomology to continuous cohomology. Moreover, any
continuous homomorphism p : L — G of locally compact groups induces canonical

pullbacks both in continuous cohomology and in continuous bounded cohomology,
such that the diagram

*

[ ] p °
ch<G’R) ’ >ch<L7R)
ca cr,
\ o \
HZ(G,R) = H (L, R)
commutes. In particular, if L < G is a closed subgroup, the pullback given by the

inclusion is the restriction map.
PROPOSITION 2.1. (1) Let L be a locally compact second countable group and
Ly < L a closed subgroup. If Lg is of finite index in L, then the restriction map
(L, R) — Hg, (Lo, R)
K — KL,
is an isometric isomorphism [BuM2, Prop. 2.4.2].

(2) If R < G is a closed amenable normal subgroup, the canonical projection
p: G — G/R induces an isometric isomorphism via the pullback

py, t HY,(G/R,R)  =Hg (G, R)
in continuous bounded cohomology, [M, Cor. 8.5.2].

(3) The seminorm || - || on H% (G,R) is a norm which turns it into a Banach
space, [BuM2, Th. 2].
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(4) If G = Gy x -+ x Gy, Is a direct product of locally compact second countable
groups, then the map

n
Hgb(G’ R) - H Hgb(Gi’ R)
i=1 (2.2)
R ()
into the Cartesian product of the continuous bounded cohomology of the factors, is
an isometric isomorphism, [BuM2, Cor. 4.4.1], that is

EIED (23)
=1

By a slight abuse of notation, we indicate by x|, the pullback of € Hgb(G, R)
by the homomorphism

GZ‘—>G=G1X---XGn

gi— (€., Giy. .. €).
REMARK 2.2. (1) The statement in Proposition 2.1(1) is true more generally if
there exists an L-invariant mean on L/Lg, but we shall not need this here.
(2) The fact that the isomorphism H% (G,R) = [, H? (G;,R) is isometric is
not stated as such in [BuM2], but it follows from the proof. Moreover an explicit
inverse to the map H% (G,R) — [[i~, H% (G;,R) in (2.2) is given by

[1H2,(Gi R) —HZ,(G,R)
i=1

n
(Ki)iey Z(pz‘)f;fﬂ,
i=1

where p; : G — G; is the projection onto the i-th factor.
We record the following fact as a consequence of Proposition 2.1.

COROLLARY 2.3. Let L = H - R, where L is a locally compact second countable
group, H and R are closed subgroups of L. We assume that R is amenable and
normal in L. Then the restriction map

ob (L, R) — HE, (H,R)
is an isometric isomorphism.

Proof. We have the following commutative diagram

L " >L/R
A A
i i
T  ~H/HNR,
pla
where i is the topological isomorphism induced by i; according to Proposition 2.1(2),
p; as well as (p|g);, and iy, induce isometric isomorphisms. This implies the assertion

about iy . O
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2.2 General facts about a-tight homomorphisms. The pullback pj is semi-
norm decreasing with respect to the canonical seminorm in continuous bounded co-
homology, that is |pf(a)| < ||a| for all k¥ € N and all « € HY (G,R). So, it is
natural to give the following

DEFINITION 2.4. Let L, G be locally compact second countable topological groups
and o € H? (G,R) a continuous bounded cohomology class. A continuous homo-
morphism p : L — G is said to be a-tight if ||p} (a)|| = |la|.

LEMMA 2.5. Let L,G,H be locally compact second countable groups. Suppose
that p: L — H, ¢ : H — G are continuous homomorphisms. Let a € H? (G,R).
Then 1) is a-tight and p is 1} (c)-tight if and only if 1 o p is a-tight.
Proof. The statement follows immediately from the chain of inequalities
[ o p)iall = lobviall < [¥hall < ol O
The following properties of tight homomorphisms are straightforward conse-

quences of the properties of continuous bounded cohomology summarized in Propo-
sition 2.1.

LEMMA 2.6. Let L,G be locally compact second countable topological groups,
a € H (G,R) and p : L — G an a-tight homomorphism.

(1) Let H < G be a closed subgroup. If the image p(L) is contained in H then

p is aj, -tight and [|ay, || = ||a]|.
(2) Let Ly < L be a closed subgroup of finite index in L. Then Plr, is a-tight
and
[Cop, el = llobell = lledl

(3) Let R<G be a closed amenable normal subgroup, p : G — G/R the canonical
projection. Then the homomorphism po p : L — G/R is tight with respect
to the class (p})~!(a) € H4 (G/R,R).

(4) Let a € H2 (G,R) and if G := Gy x -+ x Gy, let p; : G — G; be the
projection onto the i-th factor, i = 1,...,n. Then p; = pjop: L — G; is
a|Gi-t1'ght for all .

Proof. (1) Since p(L) is contained in H we have that pja = pfj(c,). If p is a-tight,
then
ladl = Nl = [ ()| < lley, Il

Since H < G is a subgroup we have that |||, || < [|a| and the claim follows.

(2) Since (p|, )jo is the restriction to Lo of the class (pja) € HY (L, R), by
Proposition 2.1(1) and tightness of p we have that

Gy, bl = llosedl = lledl

(3) The facts that p{ is an isometric isomorphism (Proposition 2.1(2)) and that

p is a-tight give rise to the following chain of equalities:

(o p)i(pt) " ]| = llpball = llall = {|(pE) " ]| -
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(4) By Proposition 2.1(1) and Remark 2.2 we have that

n

o= (miala,).
Then -

n

(@) = (ph(alc,),

=1
so that, by (2.3) and a-tightness of p, we have

> lalell = llall = [lo"(@)] =
i=1

The assertion now follows since

n

S (p)ilala) H zu (03 (06

=1

B

[(p)i(ele)| < llala,ll- O

2.3 Groups of type (RH). Let G be a connected reductive Lie groups with
compact center. Then G = G, - Gy, where G, is the largest compact connected
normal subgroup of G and G, is the product of all connected noncompact almost
simple factors of G. Then G, has finite center and G, N G, is finite.

DEFINITION 2.7. (1) A Lie group G is of Hermitian type if it is connected semisimple
with finite center and no compact factors and its associated symmetric space is
Hermitian.

(2) A group G is of type (RH) (reductive Hermitian) if it is a connected reductive
Lie group with compact center such that G, is of Hermitian type.

If G is a group of type (RH) and X is the symmetric space associated to G,,. we
have a homomorphism

¢:G =Gy (2.4)

into Gy := Isom(X')°, which is surjective with compact kernel so that G acts prop-
erly on X.

Let J be the G-invariant complex structure on X and gy the G-invariant Rie-
mannian metric on X, normalized so that the minimal holomorphic sectional cur-
vature on every irreducible factor equals —1. We denote by wy € Q2(X)Y the
G-invariant two-form

wy(X,Y) :=gx(X,TJY)
which is called the Kdhler form of X.

Choosing a base point 29 € X any G-invariant two-form w € Q?(X)% gives rise
to a continuous cocycle

v GXGEXxGE— R
1
(.g()aglagQ) L 2 w,
T J A(gozo,9120,9270)

where A(goxo, 9170, g2x0) denotes a smooth oriented triangle with geodesic sides
and vertices goxo, 9120, g20. Let x, = [c,] € H2(G,R) denote the correspond-
ing continuous cohomology class; then the map w +— &, implements the van Est

(2.5)
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isomorphism [E]
0*(x)¢ 2 H2(G,R).

It is well known that if M is a connected simple Lie group with finite center,

then
dimH?(M,R) =0 or 1;

in fact, the dimension is nonzero (hence 1) if and only if the associated symmetric
space M carries a M-invariant complex structure and hence is Hermitian symmetric.
Then Q?(M)M = Rwyy, and with the above notation and normalizations we have

Theorem 2.8 [DT], [CO]|. If M is an irreducible Hermitian symmetric space we

have that
1

/ ‘ 1 / I M
sup wWM| = sup WM = )
21 acmJa 2T Acm A 2

where r 4 denotes the rank of M.

In particular ¢,,, defines a bounded class /{R/[ € Hgb(M ,R) which corresponds
to K, € H3(M,R) under the comparison map in (2.1), and it was shown in [BuM1]
that the comparison map

ey H2 (M, R) — H2(M,R) (2.6)
is an isomorphism in degree two. The following result for the canonical norm in
continuous bounded cohomology could also in principle be deduced from [DT], [CQ].

Theorem 2.9. With the above notation and if M is irreducible, then

M

2

Strictly speaking the concept of bounded continuous classes and their norms

does not occur in [DT], [CQO]; what the authors show is that for a specific — and
hence any — cocompact torsion-free lattice I' < M, the singular bounded class in
HZ(I'\\M) defined by integration of the Kéhler form on straight simplices has Gromov
norm mrp. Using this and the isometric isomorphism between bounded singular
cohomology of T\ M and bounded (group) cohomology of T', one could deduce the
above theorem. We shall however give in the Appendix a direct proof which in
particular avoids the construction of a lattice in M with specific properties.

b r
leaell =

Let now G be a group of type (RH), X = &} x --- x &), a decomposition into
irreducible factors, and wy; := p}(wyx,), where p; : X — A& is the projection onto
the i-th factor. Then

{wr,; € QX(X)C* 11 <i<n} (2.7)
gives a basis of Q?(X)%* and, in view of the van Est isomorphism [E],
{Hx,i = Ruwy,; € Hg(GX,R) 1< < n} (2.8)

gives a basis of H2(Gx,R). Moreover, since it is the group G'x which acts effectively
on X, it is obvious that Q%(X)% = Q2(X)%*, and hence the cohomology class defined
by the cocycle c,, in (2.5) can be thought of as a cohomology class in H?(G, R). Hence
the map ¢ in (2.4) defines an isomorphism
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and we denote by
{kai = q" (Fux,) € H2(G,R):1<i< n} (2.10)
the corresponding basis of H2(G, R).
If m; : Gx — Gy, denotes the projection onto the i-th factor, then we have that
the analogous map to (2.9) in bounded cohomology
g, - Hy (Gx, R) — H% (G, R) (2.11)

and
n

H Hgb(GXi ,R) —’H(sz(GXa R)

=1 (2.12)

() — > i)k
=1

are now isometric isomorphisms: for (2.11) this follows from Proposition 2.1(2) and
the fact that kerq is compact, and for (2.12) it follows already from Remark 2.2.

Let /{B(’Z- be the bounded class of Gy defined by Cuox,; = Cuwy, ©Dis then it follows
from the isomorphisms in (2.6) and (2.12) that

{kh, € HA(Gx,R):1<i<n} (2.13)
gives a basis of H} (Gx,R) and, analogously to before,
{K&; = ai (k) € HYL(GR) : 1< <n} (2.14)

a basis of H (G, R).
Thus if w = 31 | Mwx; is any element in Q%(X)¢ written in the above basis
(2.7), then

n
b _ b
K, = Z Aike
i=1

is the bounded class in Hgb(G, R) defined by ¢, = > | Aicw »,; and corresponding
to w under the isomorphism Q?(X)¢ — HZ (G, R). Moreover applying the isometric
isomorphism in (2.12) and Theorem 2.9 we have that

n n
Ty,
Izl = alliseall =Y _Inil 5 (2.15)
=1 =1

and in particular
Ty

;- (2.16)

b
kel =
With the same notation we have

PropPOSITION 2.10. For any Hermitian symmetric space X we have that

1 / ' 1 / "L Ta
sup w| = sup [ w= Al
A 21 Acx Ja ;' I

2T Acx
where A C X runs through all smooth triangles with geodesic sides in X.
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Proof. We assume here Theorem 2.8 and we focus on the nonirreducible case. If
w =y 1" Nwx;, then

so that

1 / ’ 1] / 1 ¢ = Iy,
w=_ > N wa,| < ) I wa, [ <IN
27 A 2 i—1 pi(A) 27 im1 i(A) i—1 2

where we used Theorem 2.8 in the last inequality. For the opposite inequality, let
e >0 and A; C &; be smooth triangles with geodesic sides such that

/ W x; Z’JTI')(Z. —€.
A

More precisely let Jj_ : A — & be a parametrization of A; with geodesic sides, and
o, be the parametrization of A; with the opposite orientation. Then let Ay be the
image of the map

oc: A — X

/ Wi :/ Wx;
AX O';;ql

and
/ w:Z)\i/n_in:ZM”/ in2W<Z|>\i|rXi)_6Z|>\i"
Ax o i=1 Ai i=1 i=1

i=1
Since this holds for any € > 0 the proof is complete. O

where 7; = sign(A;). Then

DEFINITION 2.11. Let L be a locally compact second countable topological group
and G a group of type (RH). A continuous homomorphism p : L — G is said to be
tight, if p is kP-tight, that is if

10" (e[| = lIwell -
PROPOSITION 2.12. Let H,G be Lie groups of type (RH), X the symmetric space
associated to G and Y = Y1 X --- X Y, the symmetric space associated to H, where

the );’s are irreducible. Let p : H — G be a homomorphism and assume that
p*(kR) =" Nkl ;. Then p is tight if and only if rae = > 1 | |Ni| 1y,

Proof. We have by (2.15)
n
" (el = 32 il sl
i=1

and since ||k%| = rx/2 (by (2.16)) and ||H%ZH = 1y./2 (by Theorem 2.9), the
assertion follows immediately. O
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2.4 Tight maps. Let now f: X7 — X5 be a totally geodesic map, where X7, Xy
are Hermitian symmetric spaces of noncompact type.. Recall that this means that
given any geodesic ¢ : R — A7, the path foc: R — X5 is a geodesic, possibly not
parametrized by arclength; in fact, f o ¢ might be the constant map. At any rate,
for every triangle A; C X} with geodesic sides, f(A1) C Aj is so as well, and hence
sup ff(wa,) < sup / W, (2.17)
A1CX J A, AoCXo J Ay

where the supremum on each side is taken over all triangles with geodesic sides.
DEFINITION 2.13. (1) A totally geodesic map f : X1 — X» is tight if equality holds
in (2.17).

(2) We say that a subsymmetric space ) C X is tightly embedded if the inclusion
map is tight.
PROPOSITION 2.14. Let f : X1 — X3 be a totally geodesic map and Y C f(X)) a
subsymmetric space.

(1) The map f is tight if and only if the subsymmetric space f(Xy) is tightly
embedded in X,.
(2) If Y is tightly embedded in Xo, then f is tight.

Proof. For the first assertion it suffices to observe that every triangle in f(A7) with
geodesic sides is the image of a triangle in X} with geodesic sides. This implies that

sup ff(wx,) = sup / wx,
A1CX1 J A Asz(Xl) Ao
which shows the first assertion.
The second assertion follows immediately from the above and the inequalities

By D D
ACYJA A1 Cf(Xr) JAq AoCAXo J Ay

Given a homomorphism p : G; — G5 of Lie groups of type (RH), let 1 € A} be
a base point, K; = Stabg, (z1) the corresponding maximal compact subgroup and
x9 € Xy a point such that p(K7)(z2) = x2. Then p gives rise to a map

f . Xl — XQ
defined by f(gx1) := p(g)z2, which is p-equivariant and totally geodesic.
LEMMA 2.15. The diagram

P
Hgb(GQ’R) ’ = Hgb(Gl’R)
QZ(Xz)GQ f*>Q2(X1)G1
\4 o* \4
HE(GQ,R) = Hg(GhR)

commutes.
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Proof. Let w € Q%(X,)%2. Using the points z; € X; and x5 = f(z1) € Ay in the
construction of the cocycles we have
Cfe(w) = CwOp. O

COROLLARY 2.16. In the above situation the following are equivalent:

(1) The homomorphism p : G; — Gy is tight.

(2) The totally geodesic map f : X; — Xo is tight.
Proof. By Lemma 2.15 we have that p*(ﬂgz) = lil;*(
tion 2.10 we have that

1
)l = gl = g [,

Thus, applying Proposi-

way)’

and

1
kg, || = sup / W,
2T Moo Ay

from which the equivalence follows readily. O
From Corollary 2.16 and Proposition 2.12 we immediately deduce the following:

COROLLARY 2.17. Let H,G be Lie groups of type (RH) with associated Hermitian
symmetric spaces Y and X, p : H — G a homomorphism and f : Y — X a p-
equivariant totally geodesic map. Let ) = Y1 X --- X ), be the decomposition into
irreducible factors and suppose that f*(wx) = ;i Niwy,i. The totally geodesic
map f:) — X is tight if and only if v =Y ;| [Ni| 1y,

Before stating the next corollary let us recall the following:

DEFINITION 2.18. (1) A mazimal polydisk in X is the image of a totally geodesic
and holomorphic embedding ¢ : D** — X of a product of ry Poincaré disks.

(2) A diagonal disk in X is the image of the diagonal A(D) C D"* under an
embedding ¢ : D'* — X of D' as a maximal polydisk. In particular d := to A :
D — X is a totally geodesic and holomorphic embedding.

Maximal polydisks arise as complexifications of maximal flats in X', and hence
are conjugate under Gy. Moreover, with the normalization chosen in section 2.3 the
embedding ¢t : D"* — X is isometric. In fact one can say more, as we have

LEMMA 2.19. A metric on an Hermitian symmetric space X is normalized if and
only if every maximal polydisk f : D'* — X is isometrically embedded.

Proof. If X is irreducible, it follows from the computation in [CQ, p.273-274], that
the holomorphic sectional curvature is minimal at v € T, X if and only if the complex
geodesic obtained by w is the image of a factor of a maximal polydisk ¢ : D'* — X.
The general case follows immediately. O

Lemma 2.19 has the following useful consequence:

COROLLARY 2.20. Let) C X be a Hermitian subsymmetric space of the same rank
as X. Then the restriction to ) of the normalized metric on X is the normalized
metric on ).
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Proof. Indeed, every maximal polydisk ¢ : DY — ) in ) is a maximal polydisk
in X. O

DEFINITION 2.21. A Hermitian symmetric space X is said to be of tube type if X is
biholomorphically equivalent to a tube domain of the form

{v+iu|lveV,ueQlCcVail,
where V is a real vector space and €2 C V is a proper open cone.

Every Hermitian symmetric space X contains maximal (with respect to the inclu-
sion) subdomains T of tube type which are of the same rank as X', holomorphically
embedded and conjugate under Gy. Moreover, the embedding T' C & is always
isometric (see Corollary 2.20).

COROLLARY 2.22. (1) Let f : Y — X be a holomorphic and isometric embedding.
Then f is tight if and only ifry =ry.

(2) Maximal polydisks t : D'* — X are tight.

(3) Diagonal disks d : D — X are tight.

(4) Maximal tube type subdomains T C X are tight.

Proof. If f : Y — X is holomorphic and isometric, then f*(wx) =wy =Y ;" wy,,
so (1) follows from the fact that ry = > ; ry, and Proposition 2.12.

Then (2) and (4) follow at once from (1) since the embeddings ¢ : D'*¥ — X and
T C X are holomorphic and isometric.

To see (3), observe that since ¢ is a holomorphic isometry, then t*(wy) = wprx;
moreover, an easy verification shows that A*(wprx) = rywp. It follows then that
d*(wx) = rywp, so that the assertion follows from Proposition 2.12. ]

Further examples of tight maps and tight homomorphisms will be discussed in
section 8.1.

3 Kahler Classes and the Shilov Boundary

In this section we collect the facts from the geometry of Hermitian symmetric spaces,
some of which are of independent interest, needed for our purpose. Those concerning
the geometry of triangles are due, in the context of irreducible domains, to Clerc
and Orsted [CQ]; we present also here the necessary — easy — extensions to general
domains.

Let & be a Hermitian symmetric space of noncompact type with a fixed G-
invariant complex structure J. Fix a maximal compact subgroup K = Stabg,, (x¢),
where xy € X is some base point. Let g = € @& p be the corresponding Cartan
decomposition, where g = Lie(Gx) and ¢ = Lie(K). There exists a unique element
Z7 in the center Z(¥) of £ such that ad(Z7)|, induces the complex structure 7 under
the identification p = T, X. The complexification gc of g splits into eigenspaces of
ad(Z7) as

gc=tcOpr Dp-. (3.1)
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The Hermitian symmetric space X can be realized as a bounded symmetric

domain
Dcp,=CV.
Let us describe the structure of D more explicitly. Let us fix h C £ a maximal
Abelian subalgebra. Then Z(€) C h and h¢ is a maximal Abelian subalgebra, indeed
a Cartan subalgebra of gc. The set ¥ = W(gc, he) of roots of hc in gc decomposes
compatibly with the decomposition of g¢ in (3.1) as
VS AUR Lo UR LEN

here U':= {a € ¥ | the root space g, C [}. One can choose an ordering ¥ =¥, U¥ _
such that UP+ C U,

To every root o € ¥ we associate a three dimensional simple subalgebra

O[a] = CH,¢CE,®CE_,, (3.2)

where H, € B¢ is the unique element determined by a(H) = 2%%(%}2%3) for all

H € he and B is the Killing form on gc. The elements F,, F_, are the elements
of g1, satisfying the relation [E,, F_,] = H, and 7(E,) = —F_,, where 7 is the
complex conjugation of gc with respect to the compact real form gy = €@ ip. Then
Py = D qecur+ CEq and the vectors Xo = Eo + E_q, Yo = i(Eo — E_q), o € UPH,
form a real basis of p.

Two roots «, 3 € W are called strongly orthogonal if neither o + 8 nor a — 3
is a root. By a theorem of Harish-Chandra there exists a maximal set A =
{71,...,w} C ¥P+ of r = rp strongly orthogonal roots. The associated vectors
Xy, € p span a maximal Abelian subspace a of p over R. The bounded symmetric
domain D admits the following description

D= {Ad(k:) i:tanh(tj)E%. ke K, tjc R} Cpss (3.3)
moreover, we call -
Po = {Ad(k) i:tanh(tj)E% :keexp(h), t; € R} cD (3.4)
the standard mazximal pol;/;sk and
Ay = {Ad(k) zr:tanh(t)E,yj ke Z(K), te R} C Po, (3.5)
j=1

the standard diagonal disk. With the explicit description of D we define the (nor-
malized) Bergmann kernel

kp:D x D — C*,
by
kp(z,w) = hp(z,w) 2, (3.6)
where hp(z,w) is the polarization of the unique K-invariant polynomial h on p

such that
h<ZsjE7j> = H(l - s?) .

j=1 j=1
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The (normalized) Bergmann kernel is continuous on D? and gives rise to a Rie-
mannian metric gp, called the (normalized) Bergmann metric on D, which has
minimal holomorphic sectional curvature —1: this holds in the irreducible case by
[CO, (1.2)] and follows for the general case by the naturality under product of the
normalized metric. Let us observe that the Bergmann metric and the normalized
Bergmann metric are equivalent: indeed for an irreducible domain they are propor-
tional — the proportionality factor however depends on the domain, see [CO, (1.2)]
for the precise value — and the Bergmann and normalized Bergmann metrics behave
functorially with respect to taking products.

The Kahler form given by

wp = 1001og kp(z, 2)
corresponds to wy under the isomorphism X — D.
LEMMA 3.1. Let D ¢ CV be a bounded symmetric domain with Riemannian
distance dp(-,-). Then there exists a constant ¢ = ¢(D) such that for all x,y € D
dD(HT,y) > CH(IZ - y”eucl ’
where || - ||euer denotes the Euclidean norm on CV.
Proof. Using the observation above, it suffices to show the lemma for the distance

coming from the Bergmann metric.
Let bp be this metric, then at every z € D we have

(bp)2(+,-) = <-,AdlC(z,z)*1 . >,
where (-,-) is the Hermitian form on p; coming from the Killing form and K
is the kernel function defined on an open subset of py x py with values in the
complexification K¢ of the maximal compact subgroup (for definition and details
see [S2, §5.6 and Prop.6.2]).
We now need to estimate the eigenvalues of Ad K(z,z). Writing z = Ad(k)z
and observing that

AdK(z,2) = Ad(k) AdK(z1, 21) Ad(k) "

we may assume that

D
21 = E éjij .
J=1

An explicit calculation (see e.g. [S2, p.71]) shows that the eigenvalues of
AdK(z1,21) on the root space g, for a € WP+ are given by

(1-1&12)%,
(1—1&7) (1 - |£1<:|2) :
(1=1&%), o

(1- &)+ |§kl2) + 1€kl

where 1 < j # k < ry. In particular, since 0 < |§;| < 1 every eigenvalue of
AdK(z,2)7! is greater than 1/3 and the claim follows. O
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3.1 Shilov boundary. We shall denote by Gp the connected component of the
group Aut(D) of holomorphic automorphisms of D. When D’ C D is a Hermitian
symmetric subspace, we shall denote by Aps the subgroup of Gp of Hermitian type
associated to D'; in fact, Aps is the product of the noncompact connected almost
simple factors of the reductive subgroup Ng, (D’), where if E C D is any subset, we
define

Nep(E):={g9€Gp:g(E)=EFE}.

The closure D contains a unique closed Gp-orbit which is the Shilov boundary
Sp of D; more precisely, the Shilov boundary Sp is the Gp orbit of the point
Z§:1 E,, C p4, where E,, are the root vectors associated to strongly orthogonal
roots v; € A (see (3.2)), and can hence be realized as Gp /@, where @ is the stabilizer
in Gp of Z;Zl E.,,. In particular, if D is irreducible, then @ is a maximal parabolic
subgroup in Gp.

LEMMA 3.2. (1) Let D = D; x - -- x D,, be a decomposition into irreducible factors.
Then the Shilov boundary Sp of D is the product S'DI X oo X S'Dn of the Shilov
boundaries of the irreducible factors.

(2) If P is any maximal polydisk and A C P is any diagonal disk, then
S'A C Sp C SD.

(3) If D' C D is a Hermitian symmetric subspace with rp/ = rp, then Spr C Sp.

Proof. (1) This first assertion follows from the characterization of Sp as the unique
closed Gp-orbit in D.

(2) To see the second assertion observe that since all maximal polydisks (and
their diagonal disks) are conjugate by Gp, it suffices to show the assertion for the
standard maximal polydisk Py. First it is obvious that S Ao C 5’7:0. Then let Ap, be
the subgroup ofv Hermitian type of Gp associated to Py; clearly the vector E;:1 E,;
is contained in Sp, and hence its Ap,-orbit is contained in its Gp-orbit, which implies
that Sp, C Sp and hence the second assertion.

(3) Finally, let P C D’ be a maximal polydisk and let Aps be the subgroup of
Hermitian type of Gp associated to D’. Then P is maximal in D as well and hence,
by (2), Sp Cng'- 'vl‘his, together with the obvious inclusion AD/(SP) C Gp (Sp)
implies that Spr C Sp. O

The relationship between the geodesic ray compactification D(o0) of X and the
boundary 0D of the domain D is far from being simple. For example, a point in
D(o0) does not uniquely determine one in 9D; this is however true if the endpoint
of a geodesic ray lies in the Shilov boundary. In fact we have

LemMMA 3.3 [L, Th.9.11]. Let z € Sp be a point in the Shilov boundary of D and
let m1,m2 : [0,00) — D be geodesic rays such that

(1) lim¢—oomi(t) = 2, and
(2) supg>gdp(m(t), n2(t)) < oo.
Then limy_,o 172(t) = 2.

Sketch of the proof. We can assume that the bounded symmetric domain is irre-
ducible and that z = eQ € S = Gp/Q. The geodesic n; converges to z € S if and
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only if the stabilizer Stabg, (71) is a parabolic subgroup P which is contained in
the maximal parabolic subgroup @@ < Gp. Then sup;~qdp(n1(t),n2(t)) < oo implies
that Stabg, (1) = Stabg, (172) = P. Now P < Q and P cannot be contained in any
other conjugate of @, hence lim; o 12(t) = z. O

We shall as usual say that a geodesic ray r : [0,00) — D is of type P, where P is
a parabolic subgroup of Gp, if the stabilizer of the point in D(oc) defined by r is P
or, what amounts to the same, if

P = {g € Gp :supdp(gr(t),r(t)) < +oo}.
>0

By way of example, we notice that the geodesic
o : [0,00) — D

t — Z tanh(t) £, (37)
j=1

is of type @Q; this is the geodesic contained in Ay connecting 0 to Z;zl tanh(t)E.,
in D. We should observe here that there are many geodesics connecting 0 to
Z§:1 E.; in D, and they need not be at a finite distance from 7. A typical example
is given by

T
t— Z tanh(a;t) £,
j=1

where 0 < a1 < --- < a,. However we have the following:

PROPOSITION 3.4. For any # € D and z € Sp, there is a unique diagonal disk
A, . C D with {z,z} C A, .. Moreover, if r, , denotes the unique geodesic ray in
A, . joining x to z, then r, , is of type Q). := Stabg,(z). Furthermore, for every
r1,29 € D and z € Sp, we have that

sgg) dp(rxl,z(t),rxw(t)) < 400.

>
Proof. Concerning the existence of such a disk, observe that the diagonal Gp-action
on D x Sp is transitive; indeed @) acts transitively on D. Thus we may assume that
z=0and z =}, tanh(t)E,,. But then Ag and ro (see (3.7)) are the objects we
sought for.

Let for the moment rﬁz denote the geodesic joining x to z inside A, where A is

a diagonal disk. Let z € Sp, and consider = € A, 2/ € A’ both diagonal disks with
2z € QAN IA'. Then there is g € Gp with

g(A>:Al7 g.’L':.’L'/, gz =z,
that is ¢ € @),. In particular
g(rA )= rs (3.8)

T,z ',z
Let D =Dy x --- x D,, be a decomposition into irreducible components and, accord-
ingly, Gp = Gp, x-+-xGp,, x = (x1,...,2pn), ¢’ = (&},...,2) and z = (21, ..., 2n).
Now if p; : D — D; denotes the projection on to the i-th factor, we observe that
pi(rﬁz) is a ray with parametrization proportional to the arclength and of type @), .
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Since now @, is maximal parabolic, there is a unique geodesic ray ;" : [0,00) — D;
starting at x; of type ., and hence
A i
Tz,z(t) = (T'LZ (CLJ))
for some a; > 0. Similarly,
() = (] (bit))
for some b; > 0. If now g = (gl, .. g ) according to (3.8) we have
gi (1 (ast )) e ( t), forallt>0,
which implies, since g is an isometry, that a; = b; for 1 < ¢ < n. Finally, since
gi € Q;, we have that
sup dp, (17(s), 7} (s)) < 400
s>0
and hence

sup dp(rﬁz(t),rﬁ L(t )) < 400 (3.9)
>0

It remains to show the uniqueness assertion. For that, let A, A’ be diagonal

disks with z € AN A" and z € 9A N IA’. Because of (3.9) we have that
ros(t) = o (¢)

for all ¢ > 0. Thus the holomorphic disks A, A’ contain a half line in common and
hence coincide. O

3.2 The Bergmann cocycle and maximal triples. Let us denote by D the
closure of D in py.

DEFINITION 3.5. We define
@ . {(z,w) € Dx D : hp(z,w) # 0}

2 2 . . .
2 = {(z, w) € D" : there exists some geodesic in D connecting z to w} .

Then D(z) is a star-shaped domain and is the maximal subset of D? to which the
Bergmann kernel kp extends continuously. Moreover, expanding [CQ, Prop. 4.1] to
the nonirreducible case, we have that

) c p*
If
argkp : D(z) — R
is the continuous determination of the argument of kp vanishing on the diagonal
of D?, then the integral i) Acy wx can be expressed in terms of the function arghp.

ProOPOSITION 3.6 [CO]. Let A(z,y,z) C D be a smooth oriented triangle with
geodesic sides and vertices x,y,z € D. Then

/A( “P == [argkp (2, y) + argkp(y, 2) + argkp (2, )] .
$7y7
Define the following subsets of D’
D(S) = {(21,22,23) eD’ (2i,25) € D(Q) for all ¢ # j},
D[S] = {(21,22,23) eD’ (2i,25) € D[Q] for all 7 # j} )
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DEeFINITION 3.7. The Bergmann cocycle
4p: D SR
is defined by
Bp(x,y,2) == — . [argkp(z,y) + argkp(y, 2) + argkp(z, )] .
It is a Gp-invariant alternating continuous function which satisfies the cocycle
identity df(z1, 22, 23,24) = 0 whenever (z;,zj,21) € PP for all 1 < i,jk < 4
pairwise distinct.

In terms of the decomposition D = Dy x --- x D,, into irreducible factors, we
have the following formulas for the above mentioned objects:
hp (21, 2n), (Wi, wn)) = [ [ b (2 wi) (3.10)
i=1
D® = {(z,w) € D*: (z1,w;) e D, 1<i<n}, (3.11)
D = {(z,w) € D*: (z,w;) € D, 1< i <}, (3.12)
analogous formulas for D® and D , (3.13)
Bp(z,y,2) = Zﬁpi (x4, Yi, zi) whenever (z,y,z) € p¥. (3.14)
i=1

From (3.14) and Theorem 2.8 we deduce that |#p| < rp/2 and clearly
Op(x,y,z) = r;) if and only if Op, (i, yi, zi) = rgi for all 1 <i<mn.(3.15)

Theorem 3.8. Suppose that (x,y,z) € PP is such that Bp(z,y,z) =rp/2, then

(1) The points x,vy, z lie on the Shilov boundary Sp; and
(2) there exists a unique diagonal disk d : D — D such that d(1) = z, d(i) = vy,
d(—1) = z. Moreover,

d(D) C {p € D : p is fixed by Stabg, (z,v, z)}

with equality if D is irreducible.
(3) The group Gp acts transitively on the set
{@y.2) €D i By, ) =7}
of maximal triples.
Proof. All the above assertions are due to Clerc and Orsted in the irreducible case,
[CO]. In the general case, the first assertion follows from (3.15) and Lemma 3.2(1).
In the second assertion, only the uniqueness needs to be verified, but this follows
easily from the fact that a totally geodesic map D — DD is necessarily isometric.
The last assertion follows immediately from (3.15), (3.13) and the irreducible
case. O
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3.3 On subdomains of maximal rank. The main goal of this section is to
show that if D/, D" are subdomains of D of maximal rank, that is rp = rpr = rpr,
whose Shilov boundaries coincide, then D' = D”. We begin with the following.

LEMMA 3.9. Let D' C D be a subdomain of maximal rank. Then,
2) ¥ = (p)* n D,
(3) Bps(2,y.2) = Bpl (2.9, 2) for all (z,y,2) € D',
Proof. (1) We observed already that the normalized Bergmann metric on D’ is the
restriction of the normalized Bergmann metric on D (see Corollary 2.20), thus the
first assertion follows readily.
(2) The second assertion is obvious.
(3) To see the third assertion, observe first of all that if (z,y, z) € D3, then the
equality follows from (1). Furthermore, continuity of the Bergmann cocycle and the

fact that D3 is dense in D’ 13 complete the proof. O

LEMMA 3.10. Let D' C D be a subdomain of maximal rank, Ap/ the associated
subgroup of Hermitian type and f : D — D’ a diagonal embedding. Then

NGD(SD’) :NG’D(D/) C Apr - ZG’D(f)
where Za, (f) ={9 € Gp : gz = x for all x € f(D)}.

Proof. Let x := f(1), y := f(i) and z := f(—1), and pick g € Ng,(Sp'). We have

that since (z,y,z2) € S’gl then (gz, gy, gz) € Sg’l and, using Lemma 3.9(3),

rp

o, = Bo(,y.2) = Bp(@,y, 2) = bpl9z, 9y, 92) = Brr (92, 9y, 92) ,
which implies by Theorem 3.8(3) that there exists h € Aps with hx = gz, hy = gy,
hz = gz and thus g € Ap/ - Stabg, (2,y,2). Since Stabg, (z,y,2) C Za,(f) (see
Theorem 3.8(2)), we obtain that Ng, (Sp) C Apr - Za, (f).

Let now p € f(D) C D'. Then Ng,(Sp) - p C Ap/(p) = D', and since
Nep(Sp) = Ngp(Spr) - Ap, we obtain that Ng,(Sp)D' = D’ and hence
Ne,(Spr) € Nap(D'). The opposite inclusion is clear. 0
PROPOSITION 3.11. Let D', D" be subdomains of D of maximal rank, and assume
that S’D’ = S’D”' Then D' = D".

Proof. Let z,y,z € Spr = Spr with Bp(z,y, z) = rp/2. Then
Bpr(x,y,z) = rgl and  Opr(z,y,2) = rg” ,
and there are diagonal disks
for:D—-D" and fpr:D— D"

with

fo(1) =z = fpr(1)

for (1) =y = fpr (i)

fpr(=1) =z = fpr(-1).
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Those are also diagonal disks in D and hence by uniqueness we have fp = fpr, and
in particular D' N'D” # (. Pick now p € D’ N D" and apply Lemma 3.10 to obtain

D/:NGD(SD’)‘p:NGD(SD”)‘p:DH' o

4 Structure Theorem for Tight Embeddings, I

The main objective in this section is to prove the following structure theorem:.

Theorem 4.1. Let H,G be Lie groups of Hermitian type, p : H — G a continuous
tight homomorphism and f : D' — D the corresponding p-equivariant tight totally
geodesic map. Then f extends continuously to a p-equivariant map

f : SD/ — S’D .
Moreover the centralizer Z¢ (p(H )) is compact.

4.1 The case of the Poincaré disk. We will first prove Theorem 4.1 in the
case when D’ = D is the Poincaré disk.

PROPOSITION 4.2. Let L be a finite covering of PU(1,1) and G a group of
Hermitian type. Let p: L — G a continuous tight homomorphism with finite kernel
and f : D — D the corresponding totally geodesic tight embedding. Then,

(1) f extends continuously to a map

f:0D— oD,
which is p-equivariant and has image f(OD) C Sp.
(2) Ifx # y in OD, then f(z) and f(y) are transverse.
(3) The centralizer Zg(p(L)) is compact.

Proof. Observe that since f is equivariant, there exists a constant ¢ > 0 such that

dp(f(x), f(y)) = cdp(z,y).
Next, let r1,75 : R™ — DD be geodesic rays representing a given point £ € D and
a > 0 such that limy_. dp(r1(t),72(t + a)) = 0. Then

Jim dp (f(ri(t)), f(ra(t +a))) =0,
and, by Lemma 3.1,
Jim [ ((8) — £(ra(t + )]y = 0.

which shows that the geodesics ¢ — f(r1(t)) and ¢t — f(r2(t)) have the same end-

points in 9D. This produces a well-defined and equivariant (continuous) extension
f:0D — 9D of f. Observe that for all z # y in OD, (f(z), f(y)) € D since x,y
and thus f(z), f(y) are joined by a geodesic.

Now, for the (normalized) Kéhler forms wp € Q2(D)¢ and wp € Q?(D)* we have
since f is tight

f*(wp) = ewp,

where |¢| = rp. Composing if necessary with an orientation reversing isometry of D
we may assume € = rp.
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This implies by integration over simplices with geodesic sides in D and continuity
of f, as well as of fp on D[g] and of fBp on ID)[3] that

B(f(x), f (). f(2)) = rp B(2,y, 2)

for all (z,y,z) € D,
Applying this to a positively oriented triple (z,y, z) we get
~ ~ ~ I‘D
B(7 @), f), 7)) =
and hence, by Theorem 3.8, f(x) € Sp. This shows (1). The second assertion follows

from the fact we already remarked that (f(x), f(y)) € P2 if o # y. For the third
assertion, let 7 : R™ — D be a geodesic ray with limy .. n(t) = . Then f(n) is a
geodesic ray in D converging to f(z). For g € Zg(p(L)) the geodesic ray g - f(n) is
at bounded distance from f(n), hence Lemma 3.3 implies that

9f () = ().

In particular Z¢(p(L)) C Staba(f(z), f(y), f(2)) which by Theorem 3.8(2) is com-
pact. O
COROLLARY 4.3. Let H, G be groups of Hermitian type and let {/{'}{ﬂ- n €H? (H,R)
be the basis ongb(H, R) corresponding to the decomposition ) = Y1 X -+ - X Y, into
irreducible factors of the symmetric space ) associated to H. Let p : H — G be
a tight homomorphism and assume that pé/{% =>", )\m%i. IfH=H---H, is
the decomposition of H into connected almost simple groupé where H; corresponds
to Vi, then \; = 0 if and only if H; is in the kernel of p.

Proof. If f:Y — X is a tight p-equivariant map, then
n
Frlwr) =D Aiwy,
i=1

where wy; = pf(wy,). Assume that \; # 0 for 1 < ¢ < ¢ and A\pyy = -+ =
A = 0. For 1 < i < { definet; : D — ); to be the embedding as a diagonal
disk (Definition 2.18) composed with an isometry of D reversing the orientation
in the case in which A\; < 0, and let p; : SU(1,1) — Isom();)° be the associated
homomorphism. Let b; € V; be a basepoint and define

t:D— ylx---xyn

2 (tl(z)a <o ,tg(Z),bg+1, s abn) .
and
m:S5U(1,1) — Isom(Y)°

gr— (pl(g)a ,Pé(9)7€,--- ,6) .
Taking into account that H is a finite extension of Isom())°, let

m:L—H
be the lift of 7 to a finite extension L of SU(1,1). Then

t*<2)\iw:)},i) = (Z P\i’ryi )WID) =IxwWn,
=1

i=1
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where the last equality follows from the fact that f is tight (Corollary 2.17). Thus
fot:D— X,
is tight and equivariant with respect to the homomorphism
pom: L — G.
Let now H = Hy - --- - H, be the decomposition of H into connected almost simple
groups, where H; is a finite extension of Isom();)°. In particular, for /4+1 < j <mn,
H; commutes with 7(L) and hence p(H;) commutes with (p o 7)(L) which implies
that, for £+1 < j < n, p(H;) is contained in Zg(p7(L)) which is compact by virtue
of Proposition 4.2, and hence p(H;) = e.
The converse, namely that p(H;) = e implies that A\; = 0 is clear. 0

4.2 Positivity. Let G be a group of type (RH). We shall use freely the nota-
tion from section 2.3. In this section, we prove that the notion of tightness does
not depend on the choice of the specific Kihler class s € H? (G,R) which we
used to define it but, indeed, it depends only on the choice of a G y-invariant com-
plex structure on X. In the case when X is irreducible this is immediate from
Hgb(G,R) = Rm%. In the general case, however, one could have some “cancella-
tions” coming from different factors, but we are going to set up conditions which
will allow us some freedom to choose the Kéhler classes according to the context.
Again, let X = &} x .-+ x X, be the decomposition into irreducible factors.
Then any choice of G y-invariant complex structure Jx determines a G y,-invariant
complex structure Jy, on X; and hence an orientation on H? (G, R). Conversely,
any choice of orientation on each H% (Gx,, R) determines a complex structure on X

DEFINITION 4.4. A bounded cohomology class o € H? (G, R) is positive if

n
b
a = Z HikG i
i=1

with p; > 0 for all ¢ = 1,--- ,n and strictly positive if the p; > 0, foralli =1,...,n.
The cone of positive Kihler classes in H3 (G, R) is denoted by H% (G,R)=Y and
the cone of strictly positive Kdhler classes by H% (G,R)>0.

Note that the cone Hgb(G,R)zo depends only on the complex structure J. In
fact H% (G, R)>? coincides with the set of bounded Kihler classes associated to any
G-invariant Hermitian metric on X compatible with the complex structure J; in
particular we have that x2, € H% (G, R)>0.

ProrosiTION 4.5. Let p: H — G be a homomorphism of a locally compact group
H into a group G of type (RH). Then the following are equivalent:

(1) p is tight;

(2) p is a-tight for some a € H% (G, R)”Y;

(3) p is a-tight for all « € H% (G, R)>?;

(4) p is a-tight for all o € H? (G, R)=Y.

This is a consequence of the special Banach space structure of Hgb.
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n

LEMMA 4.6. Let V be a Banach space. Let v; € V, i =1,...,k, be vectors such
> v

that
n
= il

i=1 i=1

Then for every real numbers py, ..., lt, > 0, we have that
n n

Yo wivil| = pillvill -
i=1 i=1

Proof. By virtue of the Hahn—Banach theorem the norm of a vector w € V is given

by

|w|| = sup {|A(w)| : A : V — R is a linear form of norm 1} .

By hypothesis, if we fix € > 0, there exists A : V' — R a linear form of norm 1 such

that
n n
A(Zw) > Zvi —€= (Z ||vl||> —€.
=1 =1 =1
From this and the fact that A(v;) < ||v;]|, we must have that
Awi) = [Joi]| — e
for all i = 1,...,n, and hence, if u; > 0,

iA(vi) = pillvill — pae -

A(me) > <ZmHvill> —e) i,
i=1 i=1 =1

which, since € is arbitrary, shows the assertion. O

Proof of Proposition 4.5. We start by showing that (1)=-(4). We first verify that
the vectors v; := p]’;(/@% ;) satisfy the hypotheses of Lemma 4.6. We have that
> v

n
* b
E PbRG i
i=1 i=1

where the last equality follows from the fact that p is tight. Moreover, Lemma 2.6(4)
implies that

n

But then

n

b b
= |lpprél = kel

b b
lvill = [[o5 (8¢ = lIweall (4.1)
and hence
n n
D il =D Ikl = sl -
i=1 i=1
Thus, || Y0 vi|| = Y1 [Jvill, and applying Lemma 4.6 we get
n n
loball = {| D mipirleil| = D lusptres,|
i=1 i=1

= [lal-

n
b
= nillwgll =
i=1

n
b
Z HikG i
i=1

Thus p is a-tight.
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The implications (4) = (3) = (2) are obvious.

Finally, to see that (2) = (1), let @ = > 1" | )\mgﬂ- be strictly positive. Then
setting v; 1= )\mgﬂ- and p; := 1/);, the argument above implies that if p is a-tight
then it is ﬁg—tight. O
DEFINITION 4.7. A homomorphism p : H — G of groups of type (RH) is said to be
positive if pi k2 € H (H,R)Z0 and strictly positive if p 2 € H (H,R)>0.

The point of the next lemma is to provide a converse to Lemma 2.6(4), for which
we need the hypothesis of positivity. Remark that it will be essential that, with

the norm on the continuous bounded cohomology, we have that if v, w are positive
classes then ||v + w|| = ||v|| + [Jw]|.

LEMMA 4.8.  Let H,G be of type (RH) and let p : H — G be a continuous
homomorphism. With the notation in section 2.3, if p; := qo p: H — Gy, is tight
and positive for all i = 1,...,n then p is tight and positive.

Proof. Since we have

n
Ky = Z "”vlé,z' € H3(G,R),

i=1
then
n
b b
Phre = Y (pi)irk, -
i=1
Since (pi)ﬁﬁ% are positive for all ¢ = 1,...,n, pl’;/{g is positive; this, and the
hypothesis that
()%,

allow us to deduce that

n
Z (Pi)5R%, Z [[e0 Z 3| = s3] = Is&l- B
i=1

LEMMA 4.9. Let H,G be Lie groups of type (RH), L a locally compact group,
p: L — H a tight homomorphism, and v : H — G a positive tight homomorphism.
Then ¥ o p: L — G is a tight homomorphism.

ot =

Proof. 1If 4 is positive, zﬁ{;/{g € H? (H,R)=%. By Proposition 4.5, if the homomor-
phism p is tight, it is also wg(mg)—tight and Lemma 2.5 concludes the proof. O

LEMMA 4.10. Let H, G be Lie groups of Hermitian type with associated symmetric
spaces Y and X with complex structures Jy and Jx. Suppose that p: H — G is
a tight homomorphism and f : Y — X is the corresponding tight map. Then there
exists a complex structure J' on ) such that p is tight and positive with respect
to J'. If moreover kerp is finite, then this structure is unique.

Proof. Since p is tight, we have 0 # pﬁ/{g € H? (H,R). So, if Y is irreducible, then
p: H — G is either positive with respect to Jy or with respect to —7y.
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In the case when ) is not irreducible, let ) = Y; x --- x Y, be the decomposition
into irreducible factors, and J; the complex structure on Y; induced by Jy. We
have

n
ok = Z Nz‘"f};{,i :
i=1
Set ji’ = ¢;J;, where ¢; = sign(y;) and let J’ be the complex structure on ) which
induces the complex structure 7/ on });. Let &’ ?{,i = sign(ﬂi)ﬂ]}{’i € H? (H,R) be
the basis vectors of H2 (H,R) corresponding to J'. Then

n
ke =Y sign(ui) ikl ,

i=1
S0 p is positive with respect to J’ and tight. In case kerp is finite we have that
w; # 0 for all 1 < i <n (Corollary 4.3) and hence [J’ is unique. O

Proof of Theorem 4.1. Let D' and D be the bounded domain realizations respec-
tively of ) and X. Let f : D' — D be a p-equivariant totally geodesic tight map.
Because of Lemma 4.10 we may assume that f is positive. For every x € D’ and
z € Spr, let A, . C D' be the unique diagonal disk given by Proposition 3.4 and

dp D — Ay,
the unique totally geodesic map with
dy-(0) =2 and d,.(1)==z2.

Then fod,,:D — D is tight (Lemma 4.9) and hence, by Proposition 4.2 extends
to

fody: oD — Sp.
We set
Jal2) = (fodz) (1) = lim f(ra,:(t)) .
If now 2’ is another point in D, we have that

51>1p dp (rm,Z(t),rm/,Z(t)) < 400
>0

and, since f is totally geodesic, also
sup dp (f(ras(8), frar (1)) < +o0.
t>

Since f,(z) € Sp, we deduce, by (3.8), that f,(z) = f.(2); thus the extension
f:Sp — Sp is independent of x and hence p-equivariant. O

5 Tight Embeddings and Tube-Type Domains

Let X be a Hermitian symmetric space and D its bounded symmetric domain real-
ization. We will use the concepts and notation from section 3.
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The real vectors X, € p associated to the strongly orthogonal roots v; € A,
j=1,...,7 (see section 3.1) give rise to the Cayley element

T
.
¢ = exp <4’LZX%) € Gc = exp(gc) -
j=1

REMARK 5.1. The Cayley element defines the Cayley transformation p; D D —
H C py, which sends D to a Siegel domain H, which, if X is of tube type (see
Definition 2.18), is a tube domain of the form V & €.

The automorphism Ad(c) of gc is of order 4 if X' is of tube type and of order 8
if X' is not of tube type. When X is not of tube type Ad(c)* is an involution of gc
which preserves g and commutes with the Cartan involution of g = ¢ @ p (see e.g.
[KW, Th.4.9]).

We denote by gr C g the fix points of Ad(c)* in g and let gy = &7 @ pr be its
Cartan decomposition. Then the corresponding Hermitian symmetric space Xr is of
tube type. Furthermore, X is isometrically and holomorphically embedded into X,
the rank of Xp equals the rank of X and as a bounded symmetric domain X7 is
realized as

Dr=Dn p% )
where p7. are the fixed points of Ad(c)? in p.
Note that the maximal standard polydisk Py is contained in Dr (see (3.4)), hence

also 22:1 E, € SDT C Sp. Moreover, for the polynomial hp which is related to
the Bergmann kernel by equation (3.6), we have

hDT = hp‘ 4
P
This implies in particular that Dg’ ) = DB n (pgpr )% and fBp, = B @)
Dp

LEMMA 5.2. Dy is a maximal (with respect to inclusion) subdomain of tube type
in D.

5.1 The Shilov boundary and tube type domains. It is well known that
the structure of the Shilov boundary Sp detects whether D is of tube type or not, see
for example [KW, Th.4.9]. Similarly the behavior of the restriction of the Bergmann
cocycle to the Shilov boundary detects whether D is of tube type or not when D is
irreducible. In the general case we have

PrOPOSITION 5.3 [BuloW3, Cor.3.10]. Let
5B .— {(21,22,23) € 8% : (2,25) € S@) for all i # it

the space of triples of pairwise transverse points in S. Then S®) ¢ D[g] and the
Bergmann cocycle Bp is well defined and continuous on S®). Furthermore,

(1) If D is of tube type, then

&(3) :{_I"D D TD_er}.
/BD( ) 2 ) 2 + ) ) 2 ) 2
(2) If D is irreducible and not of tube type, then

o5 = [-12.77]
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The following relation (see Proposition 5.6) between transverse pairs in the Shilov
boundary and maximal subdomains of tube type is important for our later consid-

erations. If (z,y) € Sg)

(Sp)ay = {2 € Sp: (z,2) €SP, (2,9) € SP}

to be the set of points z € S which are transverse to = and to y. This is an open
and dense set in Sp. In the following we shall denote 22:1 E,; by Ep, where, as in
section 3, A refers to the set {71,...,7:} of strongly orthogonal roots. The following
lemma is crucial and follows immediately from the case in which D is irreducible,
which was proven by Clerc and Orsted as the first step in the proof of Theorem 4.7
in [CO].

LEMMA 5.4 [CQ]. Let z € Sp be transverse to Ex and —E, with

‘/B’D(27EA7_EA)} - r2D .

we define

Then z € Sp,.
If (z,y) € S’(DQ ) and D’ C D is a subdomain of Hermitian type, we define
. r
M, ,(D') == {z € (Sp),, |8 (= Ex, ~En)| = ;’} . (5.1)

From the above lemma we now deduce

ProrosiTIiON 5.5. With the above notation, we have that
Mg,,-p,\(D) = Mg, —g,(Dr) (5.2)
and SDT is the real Zariski closure in Sp of Mg, —g, (D).

Proof. Equation (5.2) follows from Lemma 5.4 and the fact that 8pl(g, @ = Bp,-
T

Since Dr is of tube type, then Mg, _g, (Dr) is a nonempty open subset of Sp,.,
and hence (5.2) implies that the Zariski closure of Mg, g, (D) is Sp,. O

PROPOSITION 5.6. Let D be a Hermitian symmetric space and (x,y) € S’(DZ) be a
pair of transverse points in its Shilov boundary. Then there exists a unique maximal
subdomaianxy C X of tube type with x,y € STIy. Moreover, STW is the real Zariski
closure in Sp of M, ,(D).

Proof. Observe that (Fx,—Fj) are in SDT and Dp is a maximal subdomain of
)

tube type. Moreover, since Gp acts transitively on S’g , we obtain the existence

statement for every pair (z,y) € S’(DQ).

Concerning uniqueness, we may assume, again by transitivity of the Gp-action

on S’(DQ), that (x,y) = (Ex,—Ex). Thus, let D' C D be a maximal subdomain of

tube type with (Ejx,—Fj) € S’g,). Since rp = rp/, we have that ﬁp](gpl)(3> = Bpr

and hence
Mg, —E, (D/) C MEg,,~Ea (D) = Mg, ,—E, (Dr)
which implies, upon taking the real Zariski closure and using Proposition 5.5, that

Spr C Sp,. On the other hand, dimD’ = dim Dy, which, since D’ and Dr are
of tube type, implies that dimSpr = dim Sp, and, together with the previously
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established inclusion, that Spr = S’DT; this then implies by Proposition 3.11 that
D = Dr. O
REMARK 5.7. One could prove the uniqueness in Proposition 5.6 also by considering
the Lie algebra of the stabilizer of (Ey, —Ej) € S (2), but for us the characterization
of St,, obtained as a byproduct of the proof is essential.

Let Ty be the space of maximal tube type subdomains in X. Then, since all max-
imal subdomains of tube type are conjugate, 7y is a homogeneous space under Gy.
The map

S’g) — TX
provided by Proposition 5.6 is a G y-equivariant map between G y-homogeneous
spaces and hence is real analytic.
5.2 Structure theorem for tight embeddings, II.

Theorem 5.8. Let H,G be Lie groups of Hermitian type with associated sym-
metric spaces ) and X. Let p : H — G be a continuous tight homomorphism and
f Y — X the induced p-equivariant tight map. Then,
(1) IfY is of tube type, then there exists a unique maximal tube type subdomain
T C X such that f()) C T and p(H) preserves T
(2) If p has finite kernel and X is of tube type, then Y is of tube type.

We shall need the following.

LEMMA 5.9. Under the assumption of Theorem 5.8, let f : S’y — Sy be the
(continuous) equivariant map given by Theorem 4.1, and let

n
X) = Z )\Z'(,Uyﬂ' .
=1

Then for all (x,y,z) € SG) | we have

52( (f(x)a f( f Z Azﬁyz Ti, Yi, zz) .

=1
In particular, if f is moreover positive and y(z,y,z) = ry/2, then

/ﬂﬁ@%ﬂ@ﬁ@):f.

Proof. Let 0 € Dy and 74,70, and rp. be the geodesic rays given by Proposi-
tion 3.4; then we know that

fx) = lim f(roa(t)), (5.3)
and analogously for y and z. Writing « = (x1,...,2,) and y and z in coordinates,

we have

aﬁﬂmA»vawxﬂmxm)zf I (@)

A(TOVI (t)aTOVy (t) 77‘0,2 (t))

= Z )\iﬂyi ("”O,zi (t)v T0,y; (t)v T0,2; (t))
=1
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and by using (5.3) and the fact that the normalized Bergmann cocycles extend
continuously to 5’52 ) and S’S’), we conclude the first claim.

Now assume that f is positive; then if By (z,y,2) = ry/2, then By, (x;, yi, zi) =
ry,/2 and hence

B (F(2). Fy). f(2) ZA@’—”

where the last equality follows from Corollary 2.17 and the fact that f is positive,
that is \; > 0. O

Proof. By changing complex structure on ) we may assume that f is positive
(Lemma 4.10). Let (Sy), be the set of points in ) transverse to x so that (Sy)ac Y=
(Sy)z N (Sy),, and let us consider the set M, ,()) defined in (5.1). Let f: Sy — Sy
be the equivariant extension of f given by Theorem 4.1. Since f is tight and positive,
we have that for every z € M, ()
. . , r

B (f (@), fy). F@)] =)

(see Lemma 5.9), and hence

F(2) € Sy, 5,
by Proposition 5.5, and thus,

T i) = Tiw.fe)
by the uniqueness statement in Proposition 5.6.
Let 7y be the conjugacy class of maximal tube type domains seen as a G-
homogeneous space and hence as a real analytic variety. The map

(Sy)e —  Tx

(5.4)
2 T fe)

is real analytic and constant on the subset M, ,() C (Sy).; but since ) is of tube
type, My ,()) is open, (Sy), is connected and hence the map (5.4) is constant on
(Sy)ac

Let now (x1,71) and (zo,12) be arbitrary elements in (Sy)® and choose
2 € (5y)y.2o- Then we have

Tiar), i) = i) = L) f2) = TFwa) flwa)
which shows that the map

(Sy)® — Ty

(@) = T, jw)
is constant and hence its constant value T' C X is p(H)-invariant. Since
f(x) € STf< f(yy» We also deduce that f(Sy) c St.

Now, by Theorem 4.1 we know that the centralizer of p(H) < G in G is compact;
this implies that, given any maximal compact subgroup K < H, there is a unique
point xx € X which is p(K)-fixed. Since p(H) leaves T invariant, this implies that
xx € T and hence that f(Y) C T.
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For the second statement, observe that if X is of tube type, then By takes on
finitely many values; since p has finite kernel, this implies that A\; # Oforall1 <i <mn
and hence each 3y, takes on finitely many values on S (:?, and this, together with
Proposition 5.3, implies that ); is of tube type. O

6 Extensions to Groups of Type (RH)

Here we indicate the argument extending Theorems 4.1 and 5.8 to Lie groups of type
(RH). The study of tight homomorphisms of groups of type (RH) can be reduced
to the study of homomorphisms of groups of Hermitian type. In fact, let G, G2 be
groups of type (RH) and let p : G; — G2 be a continuous homomorphism. We have
the inclusion p(G1 ,c) C G2 pne and hence the commutative diagram

p
G > Gy
A A

p
Gl,nc > GQ,nc

hence p]’;(na) = (p)g(n02|62 ). From this and Corollary 2.3 we deduce the

‘Gl,nc
equalities
*/ b o * b d b _
loi(re) || = llob(rey , Il and kg, = llreayg,
from which it follows that p is tight if and only of p o is tight.
From this and Theorems 4.1 and 5.8 we readily deduce the following:

Theorem 6.1. Let H,G be Lie groups of type (RH), p : H — G a continuous
tight homomorphism and f : D' — D the corresponding p-equivariant tight totally
geodesic map. Then f extends continuously to a p-equivariant map

f : SD/ - SD .
Moreover the centralizer Z¢(p(H)) is compact.
Theorem 6.2. Let H,G be Lie groups of type (RH) with associated symmetric

spaces Y and X. Let p : H — G be a continuous tight homomorphism and f : ) — X
the induced p-equivariant tight map. Then,

(1) IfY is of tube type, then there exists a unique maximal tube type subdomain
T C X such that f()) C T and p(H) preserves T
(2) If p has compact kernel and X is of tube type, then Y is of tube type.

7 Structure Theorem for Tight Homomorphisms

In this section we prove the main structure theorem for tight homomorphisms.

Theorem 7.1. Let L be a locally compact group, G a connected algebraic group
defined over R such that G = G(R)® is of type (RH), and p : L — G a continuous
tight homomorphism. Then:

(1) The Zariski closure H := p(L)Z is reductive.
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(2) The centralizer Z(H) of H := p(L)Z(]R)o is compact.

(3) The group H is of type (RH) and the symmetric space ) corresponding to
H is Hermitian.

(4) There is a unique complex structure on Y such that the embedding H — G
is tight and positive.

Proof. Set H := p(L)Z(R)O. Then the inclusion H — G is tight. Let
H=H% R
be the decomposition of H, where R is the amenable radical and H®® is a semisimple

connected Lie group with finite center and no compact factors. Then it follows from
Corollary 2.3 that the inclusion H** — G is tight. Let

H*®=H----- H,
be the decomposition of H%% into almost simple factors, and let Hy,..., H;, | < n,

be the almost simple factors of H*® for which the restriction /{](D;|HZ € H% (H;,R) is
nonzero. Then

l
sl = gl =D lIngla,
i=1

and the inclusion
H1 e Hl — Gnc

is tight. Let X be the symmetric space associated to Gy, ); the symmetric space
associated to H;, 1 < i <[, and V) x---x); — X the corresponding tight embedding.

Then, by Theorem 4.1, the centralizer Z¢, . (H; ... H;) is compact, which implies
first that ¢ = n, that is Z¢, (H**) is compact and hence that Z5(H) is compact.
Now, if H were not reductive, it would be contained in a proper parabolic subgroup
of G and hence Z¢(H*®) would be noncompact. Hence H is reductive and, since
Zc(H*%) is compact and ) X ... ), is Hermitian symmetric, the group H is of type
(RH).

Finally, (4) follows from Lemma 4.10. O

From Theorem 7.1 we can now deduce the following

Theorem 7.2. Let I be a countable discrete group with probability measure 0 and
let G be a semisimple real algebraic group such that G := G(R)® is of type (RH).
If (B,v) is a Poisson boundary for (I',0) and p : I' — G is a tight homomorphism,
then there exists a p-equivariant measurable map
©:B— Sy.
Proof. Let H be the Zariski closure of p(I'). By Theorem 7.1 the symmetric space
Y associated to H := H(R)® is Hermitian symmetric and we fix a complex structure
such that the embedding J — X is tight and positive. Theorem 4.1 gives the
existence of a p-equivariant map f between the corresponding Shilov boundaries
f:Sy— Sx. (7.1)
Let Qn < H be a maximal parabolic subgroup defined over R such that Sy =
H(R)/Qpg(R), and let Py < Qg be a minimal parabolic subgroup defined over R
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contained in Qp, so that we have an equivariant map
H(R)/Px(R) - H(R)/Qp(R) = Sy . (7.2)
Since p : I' — H has Zariski dense image [BuloW3, Th. 4.7] implies the existence
of a p-equivariant measurable boundary map

o : B— H(R)/Py(R)
which composed with the maps in (7.1) and (7.2) provides the p-equivariant map
©:B—8S. O

8 A Criterion for Tightness

To get a simple criterion when a totally geodesic embedding is tight let us recall the
relation between totally geodesic embeddings and Lie algebra homomorphisms.

Let G'1, G2 be connected semisimple Lie groups with finite center and no com-
pact factors and X, X5 be the corresponding symmetric spaces. Fix two base points
xj € Xj, j = 1,2, and let g; = €;®p; be the corresponding Cartan decompositions of
g; = Lie(G;). Then every totally geodesic embedding f : X — X, with f(x1) = z2
induces a Lie algebra homomorphism p : gy — go which respects the Cartan decom-
positions. Conversely, any Lie algebra homomorphism p : g — go respecting the
Cartan decompositions gives rise to a totally geodesic embedding f : X7 — Xy with
f(z1) = x9.

Let X be a Hermitian symmetric space with a fixed complex structure Jy and
let Zg7, € Z(t) be the element in the center of ¢ such that ad(Zz, )|, induces the
complex structure Jyx on T, X = p. The restriction of the Killing form 5 on g to ¢
is a negative definite symmetric bilinear form. Let

t=RZz, ®RZ3,
be the orthogonal decomposition of £ with respect to B|,. We identify RZ 7, with
R by sending Z 7, to i. Then the orthogonal projection onto RZ 7, defines a homo-
morphism Az, € Hom(t,iR).

To relate tightness of a totally geodesic embedding with properties of the corre-
sponding Lie algebra homomorphism we make use of the isomorphism

Hom(t,iR) — Q*(X)°* — H2 (Gx,R), (8.1)
where the first map associates to a homomorphism A\ € Hom(£,iR) the unique G y-
invariant differential form on X whose value at xg is
(w)\)xo (Xv Y) = 471_”)‘([X7 Y]) )
for XY ep=T, X.

Let &7, X3 be two Hermitian symmetric spaces with complex structures Jx; given
by Z; = Zij € Z(¢),j=1,2. Let f: X} — X, be a totally geodesic embedding,
f(x1) = x9, and p : g1 — g2 the corresponding Lie algebra homomorphism. Let
D be the Poincaré disk and Zp € s0(2) C sl(2,R) the element which induces the
standard complex structure on D. Let d; : D — &}, j = 1,2 be diagonal disks with
d;(0) = x; and pj : sl(2,R) — g; the corresponding Lie algebra homomorphisms.
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LEMMA 8.1. The embedding f : Xy — Xy is tight and positive if and only if

Az, (p(p1(ZD))) = Az, (p2(Zp)) -
Proof. We start by showing that since the embedding d; : D — A} is tight and
positive, then f : X} — Ay is tight and positive ifand only if h := fody : D — X,
is tight and positive. In fact, let X1 = &1 1 x --- X X, be the decomposition of X
into irreducible subspaces and let

sz E , )‘le1,

Then

n
sz E )\ dl le i E )\i er,i wp ,
=1

where the last inequality follows from the fact that d; is tight and positive. If h is
tight and positive, then

h* (sz) =Tx, WD
so that

n
Z AT, =Tx, - (8.2)
=1

Since f is norm decreasing then
n

Z Al Ty, STX,,
i=1
which together with (8.2) implies that f is positive and, by Corollary 2.17, tight.
Let wy,, € Q2(X5)%2 be the differential form corresponding to Az,. Then, since
Q2(D)PSLER) = Ry is one dimensional

Az, (p(p1(ZD)))
h*w)\ = 2 d*w)\ .
2 Ag(pa(Zp)) P
But since ds is tight and positive, h is tight and positive if and only if the propor-
tionality constant is equal to 1. O

Lemma 8.1 gives a criterion for tightness which takes on a particular nice form
when X5 is of tube type. Recall from [KW, Prop.3.12.] that a Hermitian symmetric
space Xy is of tube type if and only if there exists a diagonal disk dy : D — X5 such
that the corresponding Lie algebra homomorphism satisfies po(Zp) = Zo.

COROLLARY 8.2.  Let X1, X5 be Hermitian symmetric spaces of tube type. A
totally geodesic embedding [ : X1 — X is tight and positive if and only if the
corresponding Lie algebra homomorphism p : g1 — g2 satisfies

Az, (p(Z1)) =
Proof. Since X7, Xy are of tube type, we can choose the tight holomorphic disks
dj : D — A&j, j = 1,2, such that the corresponding Lie algebra homomorphisms
p;j = sl(2,R) — g; satisfy p;(Zp) = Zj. Then Az, (p2(Zp)) = Az,(Z2) = 1 and
Lemma 8.1 implies the claim. O
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Let us compare this criterion for tightness with the characterization of Lie algebra
homomorphisms corresponding to holomorphic totally geodesic embeddings.
DEFINITION 8.3 [S2]. A homomorphism p : g1 — go is said to be of type
(H1) if ad (p(Z1)) = ad(Zo).

(H2') if p is (H1) and the induced holomorphic totally geodesic map D; — Dy maps
the Shilov boundary of D; into the Shilov boundary of Ds.

Lie algebra homomorphisms of type (H1) are in one-to-one correspondence with
holomorphic totally geodesic embeddings X7 — Xb.
With these definitions, Theorem 4.1 implies

COROLLARY 8.4. Assume that f : X1 — X5 is a holomorphic tight embedding.
Then the corresponding Lie algebra homomorphism p : g1 — go is an (H2') homo-
morphism.

Corollary 8.2 together with [S2, Prop. 10.12] implies the following.

COROLLARY 8.5. Suppose X1, X are Hermitian symmetric spaces of tube type.
Then [ : Xy — Xy is a tight and holomorphic embedding if and only if the corre-
sponding homomorphism of Lie algebras p : g1 — g2 is an (H2)-homomorphism.

REMARK 8.6. When g1, gs are not of tube type, the property of being an (H2)-
Lie algebra homomorphism does not imply tightness: for su(1,n) = Aut(V,h) the
representations of su(1,n) on AF(V) preserving the Hermitian form induced by h
are always (H2) [S2, p. 188], but we will see below that they are tight only for k£ = 1.

8.1 Examples.

ExAMPLE 8.7. By Corollary 8.5 (H2) Lie algebra homomorphisms give examples
of diagonal embeddings if the Hermitian symmetric spaces are of tube type. All
(H2) Lie-algebra homomorphisms were classified by Satake [S1] and Thara [I1,2].

If we are actually interested in the existence of tight homomorphism of Lie groups
of Hermitian type the problem becomes more complicated since the Lie algebra
homomorphism might only lift to a Lie group homomorphism of a finite cover of
the adjoint Lie group. Satake showed in [S1] (see also [S2, Ch.IV]) that some of
the those (H2) Lie algebra homomorphism lift to Lie group homomorphisms, for
example,

7: SU(n,n) — Sp(4n,R),
7: SO*(4n) — Sp(8n,R),
7: Spin(2,n) — Sp(2m,R), where m depends on n mod 8,
are tight homomorphisms.
ExXAaMPLE 8.8. An important and interesting tight embedding that is not holomor-

phic is the embedding of the Poincaré disk into the Siegel upper half space obtained
from the 2n-dimensional irreducible representation s((2,R) — sp(2n,R).

PROPOSITION 8.9.  The homomorphism p : sl(2,R) — sp(2n,R) given by the
2n-dimensional irreducible representation of s((2,R) is tight.
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Proof. Let Zs and Zs, be generators of the center of the maximal compact Lie
subalgebras in sl(2,R) and sp(2n,R) respectively. Let A be the homomorphism
Hom(#y,,7R) given by the orthogonal projection onto R - Zs,. Then we have to
determine A\(p(Z2)).

Let V' = Ry,_1]x,y] be the vector space of homogeneous polynomials of degree
2n — 1 in two variables x,y, with a basis is given by (Py,...Py,), m = 2n — 1,
where Py (z,y) = 2™ *y*. The 2n-dimensional irreducible representation of s[(2, R)
is given by the following action: Let X = (% f’a) € sl(2,R), then

p(X)Px(x,y) = a(m — 2k) Py + b(m — k) Pyy1 + ckPy_1 .
This action preserves the skew symmetric bilinear form (.,.) on V, defined by
(Py, P) = (—l)k(k;l)_lém,k,l and gives rise to the irreducible representation
p:sl(2,R) — sp(2n,R),

into the Lie algebra of the symplectic group Sp(V,(.,.)). The map J defined by
JP, = (—l)kPm,k gives a complex structure on V' and the element in the center
of €, C sp(2n,R) which induces the complex structure on py, C sp(2n,R) via the
adjoint action is Zs, = éJ.

The image of the element

is given by p(Z2) Py = 3((k —m)Pyi1 + kPy_1). Decomposing p(Zs) = A(p(Z2)) Zan
mod Zy, we get
Zonp(Z2) = —31dy  mod Zs;, .
Since tr(Z2,Z5,) = 0, we have that tr(Za,p(Z2)) = — ) dim(V). Now Zayp(Z2) Py, =
L= [(m — k)Pyp—g—1 — kPyp_g+1). Thus the diagonal terms are
d=D"2n—1—n+1) fork=n—-1 and }(-1)"n fork=n.
Hence
|t1(Zanp(Za))| = § = § dim(V) = [tr(Z2Z2n)|
and |\ = 1. O

PRrOPOSITION 8.10.  The irreducible representation p : su(1,2) — su(2,4) is not
tight.

Proof. Let V be a 3-dimensional complex vector space with Hermitian form of
signature (1,2). The irreducible representation p : su(1,2) — su(2,4) is the repre-
sentation given by the action of su(1,2) on Sym?(V) with the induced Hermitian
form. Let Zg,24) be the generator of the center of the maximal compact sub-
algebra on su(2,4) and Zsu(2,2) the generator of the center of the maximal com-
pact subalgebra of the tightly embedded subalgebra su(2,2) C su(2,4). Then
t1(Zsu(2,4)Zeu(2,2)) = —1, so the representation p : su(1,2) — su(2,4) is tight if
and only if [tr(Zgy(2,4)0(Zsu(1,1)))| = 1, where Zg (1 1) is a generator of the center of
the maximal compact subalgebra of su(1,1) C su(1,2). A direct computation shows
that [tr(Zsu2,4)P(Zsu(1,1)))| = 1/6, thus p is not tight. ]
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ExAMPLE 8.11. Considering a complex vector space Vi of dimension (1 + n)
with a Hermitian form of signature (1,n) as real vector space Vg of dimension
(2 + n) with a quadratic form of signature (2,n) provides a natural embedding
SU(1,n) — SO(2,2n). The corresponding embedding H¢ — X3 9, is holomorphic
but it is not tight. Since Hg is of rank one, the totally geodesic embedding extends
continuously to a map of the boundary of HZ, but its image does not lie in the
Shilov boundary of X3 2y,.

EXAMPLE 8.12. In SL(4,R) there are two copies of Sp(4,R)
Sp(4,R) 4 := {g € SL(4,R) | g"Jg = J} ,
Sp(4,R)p := {g € SL(4,R) | g*jg = j} ,

where J = (f%d 151) and J = (_OA 3) with A = (9}), The two embeddings i4 p :
SL(2,R) — SL(4,R)
) a b ald bld
ia =
c d cld dId

in ((a b>> _ (aId bA)
c d cA dId)
are also conjugate by s. The images of SL(2,R) under these two embeddings are
contained in Sp(4,R)4 N Sp(4,R)p. The embedding i4 is tight and positive with
respect to Sp(4,R) 4 but totally real with respect to Sp(4,R)p.
The boundary 9D of D is mapped under both embeddings into the Shilov bound-
aries S4 respectively Sp. The totally real embedding extends to an embedding of

SL(2,C) whereas the tight embedding extend to an embedding of SO(2,2) into
Sp(4,R) .

9 Classification of Tight Embeddings of the Poincaré Disk

In this section we classify all tight embeddings f : D — X', where X is any Hermitian
symmetric space.

DEFINITION 9.1.  Let X be a Hermitian symmetric space of noncompact type.
Let V' C X be a subset. The Hermitian hull H(V') of V is the smallest Hermitian
symmetric subspace H(V') C X, such that V C H(V).

If X1, Xy are Hermitian symmetric spaces and f : X7 — Ab is a totally geodesic
embedding, we denote by H(f) = H(f(X1)) the Hermitian hull of f(X;) C Xs.

REMARK 9.2. We make some observations.
(1) Let X; be irreducible, then f: X} — X3 is (anti)-holomorphic if and only if
H(f) = [(X).
(2) If f: X — Ay is tight, then f: X; — H(f) is tight and H(f) — X% is tight
and holomorphic.
(3) If f: X1 — X is tight, then H(f) is of tube type if and only if X; is of tube
type (Theorem 5.8).
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ProrosiTiON 9.3.  Let Xy, X> be Hermitian symmetric spaces of tube type and
f X — Ay a tight embedding with corresponding Lie algebra homomorphism
p g1 — g2. Let H(f) C Xy be the Hermitian hull and ) C gy the Lie subalgebra
corresponding to the subgroup of Hermitian type Gy determined by H(f).

Then b is the subalgebra generated by p(g1) and Zs, where Zy € ¥ is the element
defining the complex structure on Xj.

Proof. The Hermitian symmetric space H(f) is of tube type and the embedding
H(f) — X is tight and holomorphic, therefore the corresponding Lie algebra homo-
morphism is an (H2) homomorphism (Lemma 8.5). In particular, the element Zj in
the center of the maximal compact subalgebra of § defining the complex structure
on H(f) equals Zs. Thus < p(g1), Zg> C b, and equality follows from the minimality
of H(f). O

Proposition 9.3 allows us to define in the above context (X} and X; of tube type)
the Hermitian hull of the Lie algebra homomorphism p : g; — go as

H(p) := (p(61), Za) -

REMARK 9.4. A similar characterization of the Hermitian hull is not true if X is not
of tube type. Consider for example the canonical embedding of su(p, p) — su(p, q).
It is holomorphic and tight, but the central element Z,, of the maximal compact
Lie algebra defining the complex structure on the symmetric space associated to
SU(p, q) is not contained in su(p,p) if p # q.

LEMMA 9.5. Let X be an irreducible Hermitian symmetric space and f : D — X
a tight embedding with corresponding Lie algebra homomorphism p : s[(2,R) — g.

If H(p) = g, then g = sp(2n,R) and p : sl(2,R) — g is the 2n-dimensional
irreducible representation.

Proof. Since D is of tube type, H(p) = g implies that necessarily X is of tube
type. Thus, Proposition 9.3 gives that g = (p(sl(2,R)), Z7,)r. Let gc be the
complexification of g and pc : s[(2,C) — g¢ the complexification of p, then gc =
(pc(sl(2,C)), Zgy )c.

By tightness Z 7, cannot lie in the centralizer of p(sl(2,R)) in g and so Z 7, can-
not lie in the centralizer of pc(s((2,C)) in gc. Hence, the centralizer Zy.(pc(sl(2,C)))
is trivial.

This means that pc(sl(2,C)) is a semiprincipal three-dimensional simple sub-
algebra of gc. Semiprincipal subalgebras were classified by Dynkin, and we refer the
reader to [Dy], [V] for more details. Using the classification by Dynkin (see [Dy], [V]),
we consider all possible cases of semiprincipal three-dimensional simple subalgebras
in gc which are complexifications of three-dimensional simple subalgebras of the
specific real form g of gc. This case by case study gives the following result:

1. When g = sp(2n,R), gc = sp(2n,C) the semiprincipal subalgebra b is given
by the image of the irreducible representation of sl(2,C) — sp(2n,C), hence
p:sl(2,R) — sp(2n,R) is the irreducible representation.

2. When g = su(n,n), gc = s[(2n,C) the semiprincipal subalgebra is also given
by the irreducible representation of sl(2,C), which in dimension 2n is always
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contained in sp(2n,C). Thus we have H(p) = (p(sl(2,R)), Zy4) = sp(2n,R) C
su(n,n).

3. When g = s0(2,2n — 1), gc = s0(2n + 1,C) the semiprincipal subalgebra b is
the image of the irreducible representation of s((2, C). But any real irreducible
representation of s[(2,R) into s0(2,2n — 1) is contained either in s0(2,3) =
sp(4,R) or s0(2,1) = sp(2,R).

4. In the remaining cases g = 50(2,2n), 50" (2n) or ey rr there are no semiprincipal
three dimensional subalgebras in gc which are complexifications of a real three
dimensional simple subalgebra in g.

Summarizing we get the result: g = sp(2n,R) and p : sl(2,R) — g is given by

the irreducible representation of sl(2,R). O

COROLLARY 9.6. Let f: D — X be a positive tight embedding with corresponding
Lie algebra homomorphism p : s((2,R) — g. Then

H(p) = ®i_y5p(2n:,R) C g

with Z?:l n; < ry and p; : sl(2,R) — sp(2n,;,R) being the irreducible representa-
tion, and

H(f) =1 x - x Vg,

where Y, is a symmetric space associated to Sp(2n;, R).

Proof. The subalgebra H(p) is a semisimple Lie algebra of Hermitian type, so
H(p) = 69?:1%, where all simple factors h; are of tube type. The representations
pi ¢ sl(2,R) — b; correspond again to tight embeddings with h; = H(p;). Hence
Lemma 9.5 implies the claim. O

A Appendix

A.1 The norm of the bounded Kihler class. We give here a proof of the
following:

Theorem A.1. Let M be a connected simple Lie group with finite center and
assume that its associated symmetric space M is Hermitian. Let k%, € H2, (M,R) be
the continuous bounded class given by the Kahler form associated to the Hermitian
metric of holomorphic sectional curvature -1. Then
™M
5 -

Since ﬂb’w is defined by the cocycle ¢, ,, which, according to Theorem 2.8 is

bounded by ra/2, the inequality

631l =

M

2

follows. Observe that the opposite inequality cannot be immediately deduced from
the statement that

T
k31l <

'm

lewndlloo = "3
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since the norm ||k}, is the infimum of the supremum norms over all bounded
cocycles on M representing k% ;.

We shall proceed as follows: let d : D — M be a diagonal disk (see Defini-
tion 2.18) and p : L — M the corresponding homomorphism, where L is some finite
covering of SU(1,1). Then

d*(wm) = rmwp
and hence it follows from Lemma 2.15 that

Po(KRr) = Tad K-
Since the pullback in continuous bounded cohomology is norm decreasing, we have

b b b
31l = [[ o5 (530)]| = rad 6L
and it suffices to determine the values of ||x? . Thus the theorem will follow from
the following:
ProPOSITION A.2. With the above notation we have that
b
Kzl = 5.

Proof. Let e : (0D)3 — {—1,0,1} be the orientation cocycle on the circle D. we
use the fact that the space of L-invariant alternating bounded measurable cocycles

on OD is isometrically isomorphic to H% (L, R) and that, under this isomorphism, e
corresponds to 2x%, [Io]. Thus, since ||e||oc = 1, we deduce that ||x}[| = 1/2. O

A.2 Surjection onto lattices.

ProprosiTION A.3. Let I' be a countable discrete group, G a Lie group of Hermitian
type and p : I' — G a homomorphism such that the image p(I') is Zariski dense and
the action of I' on the Shilov boundary of the associated symmetric space is minimal.
Then p is tight.

The proof of this proposition relies on functoriality properties of bounded coho-
mology. We use that the bounded continuous cohomology HQb(L, R) in degree two of

a locally compact group L can be realized isometrically as the space Z L7}, (B3, R)L
of L-invariant bounded alternating L cocycles on any space (B, v) on which the
L-action is amenable and mixing. In particular if G is a group of Hermitian type,

then
~ G
H}(G,R) = ZL% ((G/P)*,R)™, (A.1)
where P < G is a minimal parabolic subgroup. Likewise, we use that if I is the

countable discrete group with a probability measure 6 then a Poisson boundary
(B,v) for (I',0) always exists and then

~ r
HE(I,R) = ZLY, (B* R) .
For more details and proofs of the precise functoriality properties we refer the reader
to [BuloW3, §4] and to the references therein.

Proof. We realize the Shilov boundary of the bounded domain realization D of
the symmetric space associated to G as S = G/Q. We fix a minimal parabolic
subgroup P < @ < G and denote by pr : G/P — G/Q the canonical projection. If
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Bp : §% — R is the normalized Bergmann cocycle, then pr*fp : (G/P)? — R is a
cocycle in L ((G/P)3,R)Y representing the class k2 € H% (G,R). It follows from
(A.1) that
||’{2‘H = €esssup pr*/ﬁD($17$27$3)~
z1,22,23€G/P

Since the image of p is Zariski dense, there exists a p-equivariant measurable
boundary map ¢ : (B,v) — G/P [BuloW3, Th.4.7], and moreover ¢*pr*fp repre-
sents pi k2 [BuloW3, Prop. 4.6].

The essential image of pro ¢ : (B,rv) — G/Q is defined as the support of the
push-forward measure (prop)*(v) and is hence a closed p(I')-invariant subset which,
by minimality of the I'-action, must be equal to G/Q. But then this implies that

esssup  |pr*fAp(z1,@2,23)| = esssup |pr*Bp(p(b1), p(b2), o (bs))] .
z1,22,23€G/P b1,b2,bs€G/P
and hence . .
kel = llpprell - O

From the above proposition we immediately obtain the following:

COROLLARY A.4. Let T be a countable discrete group, G a Lie group of Hermitian
type and p : I' — G a homomorphism. If p(T") contains a lattice A < G, then p is
tight.

COROLLARY A.5. Let Mod, be the mapping class group of a closed oriented surface
of genus g. Then the natural homomorphism p : Mod, — Sp(2g,R) is tight. In
particular if k2 € H? (Sp(2¢,R)) is the bounded Kihler class associated to the
normalized Kéhler form, then the norm of p}r € H(Mod,,R) is g/2.

Proof. The natural homomorphism p : Mod, — Sp(2g, R) surjects onto Sp(2g, Z),
so ||pf k|| = ||x2|| which equals g/2 by Theorem A.1. O

References

[BGSS]  E. BREUILLARD, T. GELANDER, J. SOUTO, P. STORM, Dense embeddings of
surface groups, Geom. Topol. 10 (2006), 1373-1389 (electronic).

[Bulol] M. BURGER, A. Iozzi, Bounded Kaihler class rigidity of actions on Hermitian
symmetric spaces, Ann. Sci. Ecole Norm. Sup. (4) 37:1 (2004), 77-103.

[Bulo2] M. BURGER, A. I0zzi, Bounded differential forms, generalized Milnor-Wood
inequality and an application to deformation rigidity, Pure Appl. Math. Q. 125:1
(2007), 1-23.

[BuloLW] M. BURGER, A. Iozzl, F. LABOURIE, A. WIENHARD, Maximal representations
of surface groups: Symplectic Anosov structures, Special Issue: In Memory of
Armand Borel, Part 2 of 3. Quarterly Journal of Pure and Applied Mathematics
1:3 (2005), 555—601.

[BuloW1] M. BURGER, A. Iozzi, A. WIENHARD, Surface group representations with max-
imal Toledo invariant, Annals of Math., to appear;
http://www.arXiv.org/math.DG/0605656.

[BuloW2] M. BURGER, A. I0zz1, A. WIENHARD, Surface group representations with max-
imal Toledo invariant, C. R. Acad. Sci. Paris, Sér. I 336 (2003), 387-390.



GAFA TIGHT HOMOMORPHISMS AND HERMITIAN SYMMETRIC SPACES 721

[BuloW3] M. BURGER, A. Iozzi, A. WIENHARD, Hermitian symmetric spaces and Ké&hler
rigidity, Transform. Groups 12:1 (2007), 5-32.

[BuM1] M. BURGER, N. MoNoOD, Bounded cohomology of lattices in higher rank Lie
groups, J. Eur. Math. Soc. 1:2 (1999), 199-235.

[BuM2] M. BURGER, N. MoNoD, Continuous bounded cohomology and applications to
rigidity theory, Geom. Funct. Anal. 12 (2002), 219-280.

[CO] J.L. CLERC, B. @RSTED, The Gromov norm of the Kaehler class and the Maslov
index, Asian J. Math. 7:2 (2003), 269-295.

[DT] A. Dowmic, D. ToLEDO, The Gromov norm of the Kaehler class of symmetric
domains, Math. Ann. 276:3 (1987), 425-432.

[Dy] E.B. DYNKIN, Semisimple subalgebras of semisimple Lie algebras, Am. Math.
Soc., Transl. Ser. IT, AMS 6 (1957), 111-243.

[E] W.T. vaN EsT, Group cohomology and Lie algebra cohomology in Lie groups, I,
IT, Nederl. Akad. Wetensch. Proc. Series A 56=Indag. Math. 15 (1953), 484-504.

[11] S.-I1. THARA, Holomorphic imbeddings of symmetric domains into a symmetric
domain, Proc. Japan Acad. 42 (1966), 193-197.

[12] S.-I. THARA, Holomorphic imbeddings of symmetric domains, J. Math. Soc.
Japan 19 (1967), 261-302.

[Io] A. Tozzi, Bounded cohomology, boundary maps, and representations into

Homeo, (S!) and SU(1,n), in “Rigidity in Dynamics and Geometry, Cambridge,
UK, 20007, Springer Verlag (2002), 237-260.

[KW] A. KorANYI, J.A. WoOLF, Realization of Hermitian symmetric spaces as gener-
alized half-planes, Ann. of Math. (2) 81 (1965), 265-288.
[KoM] V. KoziaRz, J. MAUBON, Representations of complex hyperbolic lattices into

rank 2 classical Lie groups of Hermitian type, preprint;
http://www.arXiv.org/math/0703174.

(L] O. Loos, Bounded symmetric domains and Jordan pairs, Department of Math-
ematics, University of California at Irvine, Mathematical Lectures, 1977.

M] N. Monobp, Continuous Bounded Cohomology of Locally Compact Groups,
Springer Lecture Notes in Math. 1758 (2001).

[S1] I. SATAKE, On representations and compactifications of symmetric Riemannian
spaces, Ann. of Math. (2) 71 (1960), 77-110.

[S2] I. SATAKE, Algebraic Structures of Symmetric Domains, Kané Memorial Lec-
tures 4, Iwanami Shoten, Tokyo, 1980.

V] E.B. VINBERC (ED.), Lie groups and Lie algebras, III, Structure of Lie groups

and Lie algebras, Encyclopaedia of Mathematical Sciences 41, Springer-Verlag,
Berlin (1994); Current Problems in Mathematics. Fundamental Directions 41 (in
Russian), Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow
(1990).

MARC BURGER, FIM, ETH Zentrum, Ramistrasse 101, CH-8092 Ziirich, Switzerland
burger@math.ethz.ch
ALESSANDRA 10771, Department Mathematik, ETH Zentrum, Ramistrasse 101, CH-8092
Ziirich, Switzerland iozzi@math.ethz.ch
ANNA WIENHARD, Department of Mathematics, Princeton University, Fine Hall, Washing-
ton Road, Princeton, NJ 08540, USA wienhard@math.princeton.edu
Received: February 2, 2008
Revision: July 22, 2008
Accepted: July 29, 2008




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


