ON THE DOMINATION OF RANDOM WALK ON A DISCRETE
CYLINDER BY RANDOM INTERLACEMENTS

Alain-Sol Sznitman

Abstract

We consider simple random walk on a discrete cylinder with base a large d-
dimensional torus of side-length N, when d > 2. We develop a stochastic domination
control on the local picture left by the random walk in boxes of side-length of order
N'=¢ with 0 < € < 1, at certain random times comparable to N2¢, in terms of the
trace left in a similar box of Z4"! by random interlacements at a suitably adjusted
level. As an application we derive a lower bound on the disconnection time Tx
of the discrete cylinder, which as a by-product shows the tightness of the laws of
N2d/Ty, for all d > 2. This fact had previously only been established when d > 17,
in [3].
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0 Introduction

The present article relates random walk on a discrete cylinder with base a d-dimensional
torus, d > 2, of large side-length N to the model of random interlacements recently
introduced in [13]. It develops a stochastic domination control on the trace left by the
random walk in boxes of side-length of order N'=¢ in the cylinder at times which are
comparable to N2?, in terms of the trace left by random interlacements at a suitably
adjusted level in a box of Z4*! with same side-length. As an application of this stochastic
domination control and of estimates from [11] on the percolative character of the vacant
set left by random interlacements at a small level u, we derive a lower bound on the
disconnection time Ty of the discrete cylinder by simple random walk. In particular our
bounds imply that the laws of the variables N?¢/T}y are tight, for all d > 2. This result
was previously only known to hold when d > 17, cf. [3]. Combined with the upper bounds
of [15], this shows that for all d > 2, “T'y lives in scale N2?”.

We will now present the objects of study more precisely. For d > 2 and N > 1, we
consider the discrete cylinder

(0.1) E =T x7Z, where T = (Z/NZ)".

For z in F we denote with P,, resp. P, the canonical law on the space 7 of nearest-
neighbor F-valued trajectories, of the simple random walk on F starting at x, resp. with
the uniform distribution on T x {0}. We write X for the canonical process and Y, and
7. for its respective T and Z components.

Another important ingredient are the so-called random interlacements at level v > 0
introduced in [13]. They describe the trace on Z4*! (where d + 1 in the present article
plays the role of d in [13]) left by a cloud of paths constituting a Poisson point process
on the space of doubly infinite trajectories on Z4*! modulo time-shift, tending to infinity
at positive and negative infinite times. We refer to Section 1 for precise definitions. The
non-negative parameter u essentially corresponds to a multiplicative factor of the intensity
measure of this point process. In a standard fashion one constructs on the same space
(Q, A, P), see (1.14), (1.20), the family Z% u > 0, of random interlacements at level w.
They are the traces on Z*! of the trajectories modulo time-shift in the cloud, which have
labels at most u. The random subsets Z* increase with u, and for u > 0 constitute infinite
random connected subsets of Z4*!, ergodic under space translations, cf. Theorem 2.1 and
Corollary 2.3 of [13]. The complement V¥ of % in Z**! is the so-called vacant set at level
u.

Our main result establishes a stochastic domination control on scales of order N'~¢,
0 < e < 1, of the local picture left by simple random walk on the cylinder £ at certain
random times, in terms of the corresponding trace of a random interlacement ZV, at a
suitably adjusted level v. More precisely, given a height z € Z in the cylinder, we consider
the sequence R, D,k > 1, of successive return times of the vertical component of the
walk to an interval of length of order N centered at z and departures from a concentric
interval of length of order N(log N)?2, cf. (1.10). We show in the main Theorem 1.1, that
for0 <e <1, a>0 v>(d+1)a, for large N, given any x = (y,z) in F, we can
construct a probability () on some auxiliary space coupling the simple random walk on
under P, with the random interlacements on Z?*! under P, so that, cf. (1.24),

(02) Q[(X[QD%]—I‘)QAQIUHA]Zl—CN_gd,
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where K has order aN% !(log N)™2, A is a box centered at the origin with side-length
of order N'=¢, (viewed both as subset of £ and Z*!), and ¢ a dimension dependent
constant.

When z has size of order at most N, the random times D%, which appear in (0.2) have
typical order of magnitude N2?, cf. Proposition 7.1 and Remark 7.2. As an application
of the main Theorem 1.1 we derive a lower bound on the disconnection time T of the
discrete cylinder by simple random walk, cf. (7.1). Namely we show in Theorem 7.3 that

(0.3) lim P[Ty > yN*] > W[C( for all v >0,
N

v
- ) > ,
1) >
where v is a suitably small number, W stands for the Wiener measure, and

(0.4) ((u) =inf {t > 0; sup L(a,t) > u}, foru>0,

a€eR

with L(a,t) a jointly continuous version of the local time of the canonical Brownian
motion. In particular this implies that for d > 2,

(0.5) the laws of N2¢/Ty under P, N > 2, are tight,

a property previously only established when d > 17, cf. [3].
It is an open problem, cf. Remark 4.7 2) of [15], whether in fact

(0.6) Tn/N?* converges in law towards C(\/%),

where u, € (0,00) is the critical value for the percolation of V*, cf. [13], [11], see also in
the present work below (1.22). A companion upper bound to (0.3) already appears in
Corollary 4.6 of [15] and states that

(0.7) @P[TN > yN* gW[g(\/Z*%) 27}, for all v > 0,

where . € [u.,00) is another critical value, cf. (0.6) of [15], and Remark 7.5 2) below.
The claim (0.6) would follow from proving (0.3) with v = w,, and showing that u, = ..
In this respect an additional interest of Theorem 1.1 stems from the fact that it enables
to improve the value v in (0.3) once quantitative controls on the percolative properties
of the vacant set V*, with u < wu,, are derived. We refer to Remark 7.5 2) for further

discussion of this matter. As a direct consequence of (0.5) and of the upper bound (0.7)
of [15], one thus finds that for all d > 2,

0.8) the laws on (0, 00) of Ty /N?? under P, with N > 2, are tight,
' i.e. “Ty lives in scale N2¢”.

We will now give some comments on the proofs of the main results. The derivation of
Theorem 1.1 involves a sequence of steps which combine some of the techniques which
have been developed in [13], [14] and [15]. A more detailed outline of these steps appears
in Section 1 after the statement of Theorem 1.1. For the time being we only discuss
the rough strategy of the proof, and for simplicity assume that z = 0 in (0.2). We also
write Ry, Dy, in place of Ri=" Di=0 for k > 1, see above (0.2). A key identity proved in
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Lemma 1.1 of [15] and recalled in (1.13) below, makes it advantageous to replace the true
excursions X(g,+.)ap,, K = 1, which contain all the information about Xy p,j N A, with
an iid collection X%, 1 < k < K’, of “special excursions”, which have same distribution
as the walk starting uniformly on the collection of points in E with height equal to + N,
stopped when exiting B = T X (—hy, hy), where hy is of order N(log N)?, cf. (1.8), and
K’ is slightly bigger than K, cf. (1.26). Indeed one then uses a Poissonization procedure
and only retains excursions entering A, from the time they enter A until they exist B. In
this fashion one obtains a Poisson point measure x' on the set of paths starting on the
“surface of A7, and stopped at the boundary of B, cf. (4.1). The intensity measure of this
Poisson point measure has a structure similar to the intensity measure of the Poisson point
process attached to trajectories of a random interlacement entering A, cf. Proposition 4.1
and (1.18), (1.19). This eventually leads to the desired comparison.

To replace the true excursions with the “special excursions”, we proceed as follows.
The coupling technique of Proposition 2.2, see also Section 3 of [15], takes advantage of the
fact that between each departure of B and return to the much smaller B = T x [-N,N] C
E, the T-component of the walk has sufficient time to homogenize. This enables us
to replace the true excursions X(g,4+.ap,, 1 < - < K, with a collection of excursions

X k¥ 1 < k < K, which however are not iid. These excursions are only independent
conditionally on the sequences Zg,, Zp,,k > 1, with respective laws given by that of a
“special excursion”, (see above), conditioned to start at height Zp, and exit B at height
Zp,- One then needs to dominate the ranges of )?k, 1 < k < K with the ranges of
a collection of iid “special excursions” X’*, 1 < k < K', (with K’ slightly bigger than
K, as mentioned above). This step is achieved by constructing a suitable coupling in
Section 3, and using large deviation estimates under P for the pair empirical distribution
= > <k 0(zg, ,Zp, ) and for a similar object attached to the iid “special excursions”, with
K’ in place of K. The above pair empirical distribution attached to Zg,, Zp,, k > 1,
under P, can be controlled with the pair empirical distribution recording consecutive
values of a Markov chain on {1, -1}, with N-dependent transition probability, governing
the evolution of sign(Zp, ) = sign(Zg,,, ), P-a.s.. The crucial domination estimate appears
in Proposition 3.1.

As already pointed out, once true excursions are replaced with “special excursions”,
one is quickly reduced to the consideration of the trace on A of the paths in the support of
a Poisson point measure ;' with state space the set of excursions starting on the surface
of A and stopped at the boundary of B. However these excursions live on a slice of the
cylinder E and not on Z%*!. To correct this feature and enable a comparison with random
interlacements, we employ truncation as well as the “sprinkling technique” of [13]. Namely
we only retain the part of the excursions going from their starting point on the surface
of A up to their first exit from a box C' of side-length of order % centered at the origin,
cf. (1.27). This is the truncation. We also slightly increase the intensity of the Poisson
measure. This slight increase of the intensity, the “sprinkling”, is meant to compensate
for the truncation of the original excursions as they exit (', and ensure that the trace
on A of the trajectories in the support of this new Poisson point measure p typically
dominates the corresponding trace on A of paths in the support of i/. The key control
appears in Proposition 5.1. This result is similar up to some modifications to Theorem 3.1
of [15], where truncation and sprinkling is carried out on Z4*!-valued trajectories instead
of F-valued trajectories here. The interest of the step we just described is that paths in



the support of the Poisson point measure y live in cuaC , which can both be viewed as
a subset of £ and Z%*!. The intensity measure of y, cf. (5.4), can easily be compared to
the intensity of the Poisson point measure 14, cf. (1.18), which contains the information
of the trace on A left by random interlacements at level v. This is the essence of the
comparison which appears in Proposition 6.1 and leads to the conclusion of the proof of
Theorem 1.1.

The lower bound on the disconnection time Ty, cf. (0.3) or Theorem 7.3, now follows
rather straightforwardly. It relies on the one hand on estimates for the random times D5
which relate them to the random variable ¢ of (0.4), see Proposition 7.1 and Remark 7.2,
and on the other hand on the fact, see (7.16), that
(0.9) lim P[Ty < YN < " Si]%gdﬂ D3] =0,
when the parameter « entering the definition of K, cf. (1.24) is chosen small enough. To
prove (0.9) one uses Theorem 1.1 as well as controls from [11] on the rarity of long planar
«-paths in Z¥, when v is small, see (1.23) below. The point is that the occurrence of the
disconnection before time y/N?? forces the presence somewhere in the cylinder at height
in absolute value at most N2+, of a long planar *-path in Xjo,ry], cf. Lemma 7.4. Let
us mention that being able to prove (0.9) for all & < == would yield (0.3) with v = w,,

d+1
and thus bring one closer to a proof of (0.6), see also Remark 7.5 2).

We will now describe the organization of this article.

Section 1 introduces further notation and recalls various useful facts concerning ran-
dom walks and random interlacements. The main Theorem 1.1 is stated and an outline
of the main steps of its proof is provided.

In Section 2 we construct the excursions X ¥k > 1, mentioned in the above discussion.
The main result appears in Proposition 2.2.

Section 3 shows how one can dominate the ranges X(g, p,), 1 < k < K, in terms of the
ranges of an iid collection of “special excursions” X’*, 1 < k < K’ where K’ is slightly
bigger than K. The key control appears in Proposition 3.1.

Section 4 contains a Poissonization step where the Poisson point measure p’ is intro-
duced.

In Section 5 truncation and sprinkling enable to dominate the trace on A of the paths in
the support of 1’ in terms of the corresponding trace of the truncated paths in the support
of the Poisson point measure pu. The main step is Proposition 5.1. The Proposition 5.4
comes as a direct consequence and encapsulates what is needed for the next section.

Section 6 develops the final comparison between random walk on E and random in-
terlacements on Z%*!, so as to complete the proof of Theorem 1.1.

In Section 7 we give an application to the derivation of a lower bound on the discon-
nection time in Theorem 7.3. Some open problems are mentioned in Remark 7.5.

Let us comment on the convention we use for constants. Throughout the text ¢ or
¢ denote positive constants solely depending on d, with values changing from place to
place. The numbered constants ¢y, cq,... are fixed and refer to the value at their first
appearance in the text. Dependence of constants on additional parameters appear in the
notation. For instance c(«) stands for a positive constant depending on d and «.
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Finally some pointers to the literature on random interlacements might be useful to
the reader. Random interlacements on Z4! have been introduced in [13], where the in-
vestigation of the percolative properties of the vacant set was initiated. The uniqueness
of the infinite cluster of the vacant set has been shown in [16], and the positivity of u,
in full generality in [11], (in [13] this had only been shown when d > 6). The stretched
exponential decay of the connectivity function for u > w,s, is proved in [12], and quan-
titative controls on the rarity of large finite clusters in the vacant set, when d > 4 and
u sufficiently small, are developed in [18]. Random interlacements on transient weighted
graphs are discussed in [17]. The fact that random interlacements describe the micro-
scopic structure left by random walks on discrete cylinders at times comparable to the
square of the number of points of the base is the object of [14]. Similar results for the
random walk on the torus, and generalizations to cylinders with more general bases can
respectively be found in [19], and [20]. Applications of random interlacements to the
control of the disconnection time of discrete cylinders are the main theme of [15], where
an upper bound on the disconnection time is derived, and of the present article, where a
lower bound on the disconnection time is obtained.

1 Some notation and the main result

In this section we introduce additional notation and recall some useful results concerning
random walks and random interlacements. In particular a key identity from Lemma 1.1
of [15] for the hitting distribution of the walk on the cylinder lies at the heart of the
comparison with random interlacements. We recall it below in (1.13). We then state the
main Theorem 1.1 and outline the key steps of its proof.

We write N = {0,1,2,...} for the set of natural numbers. Given a non-negative real
number a, we write [a] for the integer part of a, and for real numbers b, ¢ we write b A ¢
and bV ¢ for the respective minimum and maximum of b and ¢. We write ¢;,1 < i < d+1,
for the canonical basis of R4, We let |- | and |- |, respectively stand for the Euclidean
and (*-distances on Z*! or for the corresponding distances induced on E. Throughout
the article we assume d > 2. We say that two points on Z%*' or E are neighbors,
respectively x-neighbors, if their | - |-distance, respectively | - |,-distance equals 1. By
finite path, respectively finite *-path, we mean a finite sequence xg, 21, ..., 2, on Z%!
or E, n > 0, such that for each 0 < ¢ < n, z; and z;,; are neighbors, respectively x-
neighbors. Sometimes, when this causes no confusion, we simply write path or *-path, in
place of finite path or finite x-path. We denote the closed | - |-ball and the | - |-sphere
with radius r > 0 and center z in Z4*! or E with B(z,r) and S(z,r). For A, B subsets of
74 or E we write A+ B for the set of elements x + y with  in A and y in B. We also
write U CC Z%*! or U CC E to indicate that U is a finite subset of Z*! or E. Given U
subset of Z4 or E, we denote with |U| the cardinality of U, with OU the boundary of
U and 04U the interior boundary of U:

(1.1) U ={xeU% I el |x—2|=1}, 0uU={xecU; I’ €U’ |[x—2'|=1}.

We write 7w and 7y for the respective canonical projections from E = T x Z onto T
and Z.

We let 7 stand for the set of nearest neighbor F-valued trajectories with time indexed
by N, see below (0.1). When F is a subset of E, or of Z¢"! we denote with 7z the
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countable set of nearest neighbor (F' U OF)-valued trajectories which remain constant
after a finite time. The canonical shift on 7 is denoted with (6,,),>0 and the canonical
filtration with (F,),>0. Further notation concerning the canonical process on 7 appears
below (0.1). Given a subset U of E we denote with Hy, f:IU and Ty, the respective
entrance time of U, hitting time of U, and exit time from U:

19 Hy =inf{n >0;X, € U}, Hy =inf{n > 1,X, € U},
1.2

Ty =inf{n >0; X,, ¢ U}.
In the case of a singleton U = {x}, we simply write H, or H,.

We denote with PdeH the canonical law of simple random walk on Z4*! starting at
x and with E%d+1 the corresponding expectation. We otherwise keep the same notation
as for the walk on E concerning the canonical process, the canonical shift and natural
objects such as in (1.2). Given K CC Z4*! and U D K, a subset of Z4*1, the equilibrium
measure and the capacity of K relative to U are defined by:
(1.3) exu(r) = PX" Hg > Ty), forz e K,
=0, forxz ¢ K, and

(1.4) capy(K) = > exu(r)(< |K]).

zeK

The Green function of the walk killed outside U is defined as

(1.5) gu(z,2') = EX" | S 1{X, = 2',n < Ty}, for 2 in Z4+1 .

n>0

When U = Z**! we drop U from the notation in (1.3) - (1.5). The Green function is
symmetric in its two variables and the probability to enter K before exiting U can be
expressed as:

(1.6) PdeH Hx <Tyl= > gu(z,2')exy(x), for z € 24,

J:’EZd+1

One also has the bounds, (see for instance (1.7) of [15]):

> gule,2)/sup X guly,a’) < PP [Hg < Ty) <

r’'eK yeK z'eK

(1.7)
> gu(x, )/ inf > gu(y,z).
2’ eK yekK ek

In the case of the discrete cylinder E, when U C FE is a strict subset of E, we define the
corresponding objects just as in (1.3) - (1.5), with P, and E, in place of PZ""" and EZ"""
We then have similar identities and bounds as in (1.6), (1.7). When p is a measure on F
or Z**!, we write P, or PpZd+1 in place of Y _pp(x) Pyor ). san p(2) Pz

As mentioned above (0.2) the main Theorem 1.1 involves measuring time in terms of
excursions of the random walk in and out of certain concentric boxes in the cylinder E.
More specifically we introduce the vertical scales

(1.8) ry =N < hy =[N(2+ (logN)*)],
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and the boxes in E centered at level z € Z:

(1.9) BS):TX<z+[)§§(2):TX(Z+T), where

I [—T‘N,TN] and T: (—hN,hN) .

When z = 0, we simply write B and B. The sequence of successive returns of X, to B(z)
and departure from B(z), R}, Di, k > 1, is then defined via:

(1.10) R{ = Hp(,), Df =Tp(,) 0 0r: + Ri, and for k > 1,

) Ri_i_l:RfOeDz—'—Dz, andD,§+1:Df09DZ+D,§,

sothat 0 < R < Df <--- < R < Dj <--- <00, and these inequalities except maybe
for the first one are P-a.s. strict. When z = 0, we simply write Ry, D}, in place of RY,
DY for k > 1.

Certain initial distributions of the walk on E will be useful in what follows. Namely,
we will consider for z € Z:

(1.11) q. = id > O aswell as ¢ =

z€Tx{z}

(Gry + qry) -

N~

As a result of Lemma 1.1 of [15], the initial distribution ¢ plays a central role in linking
random walk on F and random interlacements, see also Remark 1.2 of [15]. Indeed for
K CT X (—ry,rn), one has:

(hy —7n)

(112) Pq[HK<T§, XHK:IE]:(d+1) Nd

ex (), forz € K,

and with the application of the strong Markov property,

hN—TN)

(113)  PoHg < Ty, (Xipes ) € du] = (d+1) < 2 Pey ().

K,B
We will now recall some notation and results from [13] concerning random interlacements.
We denote with W the space of doubly infinite nearest neighbor Z+!-valued trajectories
which tend to infinity at positive and negative infinite times, and with W* the space of
equivalence classes of trajectories in W modulo time-shift. The canonical projection from
W onto W* is denoted by 7*. We endow W with its canonical o-algebra W, and denote
by X,, n € Z, the canonical coordinates.

We endow W* with W* = {A C W*; (7*)"1(A) € W}, the largest o-algebra on W* for
which 7* : (W, W) — (W*, W*) is measurable. We also consider W, the space of nearest
neighbor Z*!-valued trajectories defined for non-negative times and tending to infinity.
We write W, and X,,, n > 0, for the canonical o-algebra and the canonical process on
W.,. Since d > 2, the simple random walk on Z*! is transient and W, has full measure
for any PdeH, r € 7% see above (1.3), and we view whenever convenient the law of
simple random walk on Z*! starting from x, as a probability on (W, , W, ). We consider
the space of point measures on W* x R

W= Owru), With (w},u;) € W*xR;,i >0, and
(1.14) Q= :

i>0
w(Wi x [0,u]) < oo, for any K CC Z+ u >0,
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where for K cC Z*!, W}, C W* is the subset of trajectories modulo time-shift, which
enter K:

(1.15) Wik =" (Wk) and Wi = {w € W; for some n € Z, X,(w) € K}.

We endow €2 with the o-algebra A generated by the evaluation maps w — w(D), where D
runs over the product o-algebra W* x B(R, ). We denote with P the probability on (£2,.4)
under which w becomes a Poisson point measure on W* x R, with intensity v(dw*)du,
giving finite mass to the sets W x [0,u], for K CC Z**!, u > 0. Here v stands for the
unique o-finite measure on (W*, W*) such that for every K CC Z%"!, cf. Theorem 1.1 of
[13]:

(1.16) lyyv=7" 00k,

with Qg the finite measure on Wj, the subset of W of trajectories which enter K for
the first time at time 0, such that for A, B in W,, x € Z+!:

(1.17) Qkl(X_n)us0 € A, Xo =, (Xu)nzo € Bl = PP [A| Hx = o0] exc(x) PZ7'[B],
where ey, cf. (1.3) and below (1.5), stands for the equilibrium measure of K, and is
concentrated on the points of 0, K for which P,[Hx = oo] > 0.

Given K CC Z, u > 0, one further defines on (Q,.4) the random point process

with state space the set of finite point measures on (W, Wy ):

(1.18) prau(w) = 5(w;<)z<,+ Hw e Wi u; <u}, forw=> O(wr us)

i>0 i>0

where (w*)® " stands for the trajectory in W, which follows step by step w* € W} from
the first time it enters K. One then has, cf. Proposition 1.3 of [13], for K CC Z4*, u > 0:

(1.19) HEw is a Poisson point process on (W, Wy) with intensity measure u PZ ",
where we used the notation introduced below (1.7).

Given w € Q, the interlacement at level u > 0, is the subset of Z4:

T4 w) = U range(w;), if w=">" 0w )
u;<u 20 1

- U U o,

KCCzZd+l weSupp pk u(w)

(1.20)

where for w* € W*, range (w*) = w(Z) for any w € W with 7*(w) = w*. The vacant set
at level u is then defined as:

(1.21) Vi(w) = ZHN\TH(w), forw € Q,u>0.
One has the identity

(1.22) PV* O K] = exp{—u cap(K)}, for all K CC Z4+!|



Zd+1

and this property leads to a characterization of the law @, on {0,1} of the random

subset V¥, cf. Remark 2.2 2) of [13].

As a result of Theorem 3.5 of [13] and 3.4 of [11], it follows that there exists a non-
degenerate critical value u, € (0,00), such that for u > u,, P-a.s., V* has only finite
connected components, whereas for u < u,, P-a.s., V* has an infinite connected compo-
nent. It is also known, cf. [16], that for each u > 0, there is P-a.s. at most one infinite
connected component in V*. The existence or absence of such a component when u = wu,
is presently an open problem. In Section 7, when applying Theorem 1.1 to the study of
disconnection time we will also need the following estimate, cf. (3.28) of [11]:

for any p > 0, there exists u(p) > 0 such that for u < u(p)
(1.23) Llim LPP| there is a *-path from 0 to S(0, L) in Z% N (Zey + Zegy1)] =0,
where we use the notation from the beginning of this section, and any e;, e;,7 # j, could
of course replace e; and egyq in (1.23).

We can now state the main result of this article. It deals with the trace left in a
neighborhood of size N'=¢ of some point x of the cylinder by the random walk at time
D%, where z = mz(x) and K has order N¢/hy, cf. (1.8). Theorem 1.1 shows that
with high probability this trace is dominated by the corresponding trace of a random
interlacement at a suitably adjusted level. When |z| remains of order at most N¢, D3
typically corresponds to time scales of order N%¢, cf. Remark 7.2.

Theorem 1.1. (d>2, a>0,v> (d+1)a, 0 <e<1)

For N > c¢(a,v,¢) and x = (y,z) € E one can construct a coupling Q on some
auxiliary space of the simple random walk X, on E under P and of the Poisson point
measure w under PP so that

(1.24) Ql(Xpo,pz] —2)NAC T (w)NA] >1—cN,
where K = [aN%/hy] and A = B(0, N'7) is viewed both as a subset of E and Z*!.

The proof of Theorem 1.1 involves several steps, which we now outline.

a) This first step reduces the proof to the case where x = 0 and the initial distribution
of the walk is ¢, cf. (1.11), with zy € I, cf. (1.9).

4=, With a sequence )?k, k>1,
of E-valued processes, which are conditionally independent given Zg,, Zp,, k >
1, cf. below (1.10), with respective laws which coincide with that of X.,r. under
Pzy zp, » where we use the notation:

b) This step constructs a coupling ¢ of X, under P,

(1.25) P . =P, [|Zr, =2 forze€l ze ol

and are such that, cf. Proposition 2.2,

Ql[‘)}k 7& X(Rk+')/\Dk] < cNT



c) This steps constructs a coupling () of the above processes with a sequence of iid
E-valued processes X’* k > 1, with same law as X nry; under Py, cf. (1.11), in such
a fashion that, cf. Proposition 3.1,

Q2|: U Xir,,0,) € U rangeka] >1—cN3,

1<k<K 1<k<K’

where

(1.26) K = [(1+§5)aNd/hN} and 140 = ((dfl)a)/\z.

d) This is a Poissonization step taking advantage of the special property of the dis-
tribution ¢, cf. (1.12), (1.13). With Q3 one couples the above processes with an
independent Poisson variable J' of intensity (1 + 2 6) a}]:[—lj, and defines the Poisson
point measure on 7z, cf. below (1.1),

= > Oxnx1{range X’* N A # 0},

1<k<J’

with intensity measure (1+26)(d+ 1) (1 — W) Pe, ;[ XA, € dw], as well as the
random subset of A 7
7 = U range w N A,

weSupp p’

where Supp 4/ denotes the support (in 73) of the point measure 1, so that, cf. Propo-
sition 4.1:
Q3[Xjo.pg NACT]>1—eN3,

e) In this step one constructs using truncation and sprinkling a coupling @4 of X,
and 7’ under @3 with a Poisson point measure p on 75, with intensity measure
(1+50)(d+1)a(l — &) P, [Xar, € dw], where

A,B

(1.27) o= B(O, g) .

Defining the random subset of CuaC

7= U rangew ,

wESUpp K

this coupling is such that, cf. (5.44) in the proof of Proposition 5.4,

QT CINA>1—cN3.
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f) In this last step one constructs a coupling Q" of X, 7', 7 under ()4 with w under P
so that cf. (6.5),

Q' XopgNACT(W)NA >1—cN*,

and this enables to complete the proof of Theorem 1.1.

Remark 1.2. As it will be clear from the proof of Theorem 1.1, the exponent —3d in
the right-hand side of (1.24) can be replaced by an arbitrary negative exponent by simply
adjusting constants in Theorem 1.1. The specific choice of the exponent in (1.24) will
be sufficient for the application to the lower bound on the disconnection time we give in
Section 7. O

2 Reduction to the case £ =0 and a first coupling

This section takes care of steps a) an b)) in the above outline following the statement
of Theorem 1.1. We first show in Proposition 2.1 that it suffices to prove Theorem 1.1
when z = 0 in (1.24), and the initial distribution of the walk is ¢, with zy an arbitrary
point on I, see (1.11) and (1.9). This is step a). Then we turn to step b) and construct,
very much in the spirit of Proposition 3.3 of [14], a coupling of X, with a sequence of
FE-valued processes X ¥k > 1, which conditionally on Zg,, Zp,,k > 1, are independent
and respectively distributed as Pz, 7, , cf. (1.25), in such a fashion that each X ¥ is close
to X(r,, )ADy- This construction is carried out in Proposition 2.2. It uses the fact that
hy in (1.8) is sufficiently large to provide ample time to the T-component of the walk to
“homogenize” before reaching B, when the starting point of the walk lies outside B.

We keep the notation of Theorem 1.1 and begin with the reduction to the case z = 0.

Proposition 2.1. If for N > ¢o(e,a,v) and any zo € I one can construct a coupling Q'
of X. under Py, with w under P so that

(2.1) Q' XpopgNACT' (W) >1—cN?,
then Theorem 1.1 follows.

Proof. Consider N > co(e,a,v) and = = (y,2) in E. Setting X, = Xpzy. — x, and
denoting with Ry, D,k > 1, the successive return times to B and departure from B of
X ., one finds that

(X[QD%]—.’E)QA:X ]ﬁA,

[OvﬁK

and moreover that

X . is distributed as P, , where zp coincides with —z, when z € I, and

otherwise with ry or —ry.

With the coupling ) mentioned in Proposition 2.1 we can construct a conditional dis-
tribution under @’ of w € Q given Xy p,) N A, which only takes finitely many values,
and has same distribution under @’ as )/(\'[07 B N A= (Xp,pz) — ) NA, under P. This
conditional distribution and this identity in law enable to construct a coupling @) of X
under P with w under P so that (1.24) holds as a result of (2.1). O
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We will now carry out step b) of the outline below Theorem 1.1. With Lemma 3.1
and Remark 3.2 of [15], we know that for N > 1,

(2.2) |Py[Xg, =2 =N~ <eN for all z € B, a' € 8y B with mz(x) mz(2) > 0.
As mentioned in Remark 3.2 of [14] the exponent —5d in the right-hand side of (2.2) can

be replaced by an arbitrarily large negative exponent by adjusting constants.

The following proposition is simpler but has a similar spirit to Proposition 3.3 of [14].
It will complete step b).

Proposition 2.2. (N > 1,z, € I)
One can construct on some auxiliary space (1, A1,Q1) a Z-valued process Z and

T-valued processes Y, 37.’“, k > 2, such that

(2.3) X.=(Y.,Z.) under Q1 has same law as X, under P,

(2.4) conditionally on Zg,, Zp,, k > 1, )?k = Xap,, when k =1,= (?k,Z(RH_)ADk),

when k > 2, are independent with same law as X np, under PZRkszk’ cf. (1.25),
(2.5) Qi[X* # X(as oan] < N fork > 1.

Proof. Tt follows from (2.2) that for x € OB the total variation distance of the law of Xp,
under P, and ¢,(y), where |z(z)| = ry and 7z(z)-z(z) > 0, is at most N% ¢ N=5¢ = ¢ N~
With Theorem 5.2, p. 19 of [10], we can construct for any z € OB a probability p,(dz’, d¥)
on {(2/,7) € E% 7z(2') = nz(Z) = 2(x)}, such that under p,

(2.6) the first marginal has same law as Xg, under P, ,
2.7 the second marginal is g, ,-distributed,

(z)
(2.8) po({z' #T}) < c N4,

We define the spaces Wz, Wt of respectively Z- and T-valued trajectories with jumps
of | - |-size at most 1, as well as W7 and W the countable subsets of Wy and Wi of
trajectories which are constant after a finite time. We pick the auxiliary space €}y =
W x Wy X (Wﬂf )12 endowed with its natural product o-algebra A;. We write Y., Z.

and Y_k, k > 2, for the canonical coordinate processes on 2, as well as X, = (Y., Z.).
The probability ) is constructed as follows.

(2.9) The law of X.,p, under @Q; coincides with P, [X Ap, € dw].

(2.10) The conditional law Q1[X(p, 4k, € dw, (Y2, Zg,) € dT | X ap,]
equals Px,, [(Xar,) € dw|Xg, = 2'] px,, (do',dT) .
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With (2.9), (2.10) the law of (X.ag,), Y2 under Q; is specified. We then proceed as
follows.

(2.11) Conditionally on (X.Ag,), }702, the law of X(g,4.)ap, under Q) is
Py, [(Xar,) € dw].

(212) If 5;02 = YRQ( = FT(XRQ)), then }?2 = }/(R2+.)/\D2, Ql-a.s. .

(2.13) If Y2 # Yp,, then conditionally on X.,p,, Y2, the law of Y2 under Q; is

P(?02,ZR2)[YAT§ € duw'| Zprs = w(+)], where w(-) = Z(r,1ya0: (= T2(X(Rot-)ADs) -

The above steps specify the law of (X.ADW?.Q) under );. We then proceed using the
kernel of the last line of (2.10) with Xp, in place of Xp, to specify the conditional law
under @1 of (X Ag,), }703, given X.,p,, }7_2 and so on and so forth to construct the full law
@1

With this construction the claim (2.3) follows directly from (2.6). Then (2.5) follows

from (2.8) and the statements (2.10), (2.12) and their iteration for arbitrary k& > 2. The
proof of (2.4) is similar to the proof of (3.22) in Proposition 3.3 of [14]. O

Remark 2.3. As a direct consequence of Proposition 2.2 we see that for a > 0, N > 1,
K as below (1.24) and z, € I,

~,7 (2.5) N—3d
(2.14) Ql[ U X(ry. Dy = U range Xk] > 1l-ca .
1<k<K 1<k<K N
This estimate will be used in the next section. O

3 Domination by iid excursions

In this section we carry out step c¢) of the outline below Theorem 1.1. We construct a
coupling )5 of X, )?k, k > 1, see the previous section, with a collection X’*, k > 1, of iid
excursions having same distribution as X. 7. under F, (the “special” excursions), in such
a fashion that the trace on A, cf. (1.24), of Xy p, is with high probability dominated by
the trace on A of the union of the ranges of X’*, with k¥ < K’ and K’ “slightly” bigger than
K, cf. (1.26). This is carried out in Proposition 3.1. As mentioned in the introduction the
interest of this coupling is that, roughly speaking, the iid “special” excursions X’* k > 1,
bring us closer to random interlacements (especially once we carry out a Poissonization
step in the next section). The idea for the construction of the coupling is to introduce iid
sequences of excursions Ci(zl’”), i > 1, where (21, z2) varies over {ry,—ry} X {hy, —hn}
and classifies the possible entrance and exit levels of the excursions respectively distributed
as X.ar, under P, ., cf. (1.25). The sequence X k k> 1, is in essence realized by picking
for each k an excursion of type (21, 22) with z; = Zp, and 2o = Zp,, whereas the sequence
X'k k > 1, is realized by selecting for each k an excursion of type (21, zp) with z; = 2Rk
zy = Zpy, where (Z}ik, vak), k > 1, is an independent iid sequence with same law as
(Zg,,Zp,) under P,. The domination of the union of the ranges of the )?k, E < K, in
terms of the union of the ranges of the X’*, k < K’, then relies on large deviation estimates
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for the empirical measure of the (Zg,, Zp,) under P, and of the empirical measure of

the iid variables (Z5,, Zp ;). The excursion X1 requires a special treatment due to its
atypical starting height zo € I, which possibly differs from +ry.

The notation 7z for F' C E has been introduced below (1.1), and K’ is defined in
(1.26).

Proposition 3.1. (a > 0,v > (d+ 1)a)

For N > ¢1(a,v), zo € I, one can construct on an auxiliary space (Qa, As) a coupling
Q2 of X, XF, k> 1, under Q, and of X", k > 1, iid Tz-valued variables with same
distribution as X. . under Py, so that:

(3.1) Q2|: U Xir,,0 C U range X'k] >1—cN3,
1<k<K 1<k<K'

Proof. We introduce the space I' of “excursion types”:
(32) I'= {TN, —TN} X {hN, —hN},

and for v = (21, z2) € I write P, in place of P,, ,,, cf. (1.25).

We consider an auxiliary probability space (X, B, M) endowed with the following col-
lection of variables and processes:

(3.3) the variables (Zgx, Zp), k > 1, with values in {20} x {hy, —hn}, when k& =1,
and in I', when k& > 2, distributed as (Zg,, Zp, ), k > 1, under P,

qzq

(3.4) the iid variables (Zg ., Zp ), k > 1, with same distribution as (Z,, Zp,)

under F,,

(3.5) the independent Tz-valued (;(-), i > 1, v € T, such that (;(-) is distributed as

X pry under Py,

(3.6) the iid Tz-valued (,(+), i > 1, with same distribution as X. nr under P,
and so that
(3.7) the above collections in (3.3) - (3.6) are mutually independent.

We then introduce the I'-valued processes v, k > 1, and 7, k > 1, via:

(38) Y1 = (TN, ZD,I) and Ye = (ZR,ka ZD,k)u fOI' k Z 2,
(3.9) b= (Z Zipg) B> 1.

The definition of 7, in (3.8) is somewhat arbitrary as a consequence of the special role of
the starting point 2y € I of the walk. We also consider the counting functions:

Ni(v) = |{j € [2,k]; v =7}
Ni(v) =W € [LK]; vj =7}, fory €T,k > 1.

)

(3.10)
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We will now introduce processes X* k > 1, on (X, B, M) which have same law as X k k>
1, under )1, cf. Proposition 2.2. To this effect we define:

(3.11) 4o =inf {i > 1; (;(-) enters T x {2} before exiting B through T x {Zp1}},

where we note that since P;[Hryy.,; < T and Zr. = z] > 0, for z = +hy, one has
ip < 00, M-a.s., thanks to (3.6), (3.7). Further we observe that

(3.12) conditionally on (Zgy, Zp), k > 1, the processes (i, (Hrx (s} + -) and
C]'(,’Z(%)(), k > 2, are independent and respectively distributed as X. 7

under Pz, z,, and Pz, , 7, ., k> 2.

Taking into account (2.4) and (3.3) we have thus obtained that defining
(313) Yk = Zio(HTX{ZO} + ')7 when k = 1, Cxi(’%)()’ when £ > 2,
one finds that

(3.14) (X*¥)>1 under M has same distribution as ()N(k)kzl under ) .

In a similar fashion we also define the processes

(3.15) Xr=c (), k>1.

- N ()

Observe that conditionally on 7;, & > 1, the X k k> 1, are independent with respective
distribution that of X .,r. under P, or equivalently under P[-|(Zr,, Zp,) = ;] Since
the 7., k > 1, are iid I"-valued variables with same distributions as (Zg,, Zp,) under F,,
cf. (3.4), (3.9), it follows that

(3.16) Xk k> 1, are iid Tg-valued with same distribution as X ,r. under F,,
and they are independent from the collection (;(-),i > 1.

We recall the definition of ¢ in (1.26) and then set

(3.17) K= [(1+g> osz/hN], as well as

(3.18) X*® = X* when 1 <k <K, (,_p(), when k > K .
It now follows from (3.6), (3.16) that
(3.19) X,k > 1, are iid with same distribution as X.,r. under P, .

We then introduce the “good event”:

o / 7> /
(3.20) G ={ip < K' — K and for each vy € I', Ng(7) < N%(7)}.
The interest of this definition stems from the fact that on G
. (3.13) _ (318)
range X! C range(;,, C U range X'* |

R<k<K'
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as well as

7 (3.13) (3.13),(3.18)
U rangeX® =" U U range(¢/))C U U range(¢)) C
2<k<K vl i<Ng(7) YET <N ()
J range X'*.
1<k<K

As a result we see that

(3.21) M[ U range X ¥ C U rangeka] > M(G).

1<k<K 1<k<K’
We will now explain why Proposition 3.1 follows once we show that
(3.22) for N > c(a,v), M(G)>1—cN3,

For this purpose we note that (€24,.4;), see above (2.9), is a standard measurable space,
cf. [6], p. 13. The (X*)p>1 after modification on a Q;-negligible set can be viewed as
(Q A) valued variables where € stands for ’T = OO), with 7 the countable space defined
below (1.1), and where A denotes the canonical product o-algebra, so that ((2, ./T) is also
a standard measurable space. With Theorem 3.3, p. 15 of [6] and its corollary we can
find a probability kernel ¢(w, dw;) from (€, A) to (Ql, A;) such that for any bounded A;-
measurable function f on €, h((Xk)k>1) where h(@) = [, f( W, dwy), is a version of
ECLf | (Xk)k>1] such that for a.e. w relative to the .A1 law of (X )k>1, q(w, -) is supported
on the fiber {w; € Qy; (XF)ps1(wy) = T}

We can thus define 2y = ¥ x Oy, Ay = B® A, and Q, the semiproduct of M with
the kernel q((X*)g>1,dw;). Since (X )e>1 under M has same law as (X¥);>; under Q,
cf. (3.14), it follows that (QQs-a.s. Xf“ = Xk for k > 1, and X_, (X.)k21 has the same

law under @)y (on the enlarged space €23) as under @);. The claim (3.1) then follows from
(3.21), (3.22) together with (2.14).

We now turn to the proof of (3.22). We begin with an upper bound on M iy > K’—[A(].
For z € {hy,—hn}, we have the identity (with hopefully obvious notation):

Py[Hrxizy < Ty and Xp, € T x {2}] = Py[Hyyqsy) < Tg] P2 Xy, = 2] =
hy — 1 hy — 1 z4+z hy —r h
(3.23) <1 N N 10N N) o_ 1 12\/ ];[|z+zo\ 1 Ay — N_l’
2 hy + 2 2 hy — 2 2z 2 h — 2 hy +7ry 4

for N > c.

As a result of (3.6), (3.11), we thus find that for N > ¢(«,v),

~ K'-K
(3.24) Mliy > K' — K] < (g) < eclan)K

The next step in the proof of (3.22) is the derivation of an upper bound on M[Ng(v) >
N%(7)], for v € I'. We introduce the probabilities

hy +rn

= PRl <] = P < ] =Y
(3:25) =1~ —LN_TN sothat‘ —1)—) —1‘—1T—N
gN = PN = oy PN 2—C]N 2_2hN.
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With (3.4), we see that for v = (21,22) € I', and k > 1,

def

1 1
(3.26) M[(Z}%,k, Zbk) = fy] =5 PN 1{z129 > 0} + 5 IV H{z122 <0} = p(v).

Then with the help of a Cramer-type exponential bound it follows that for p > 0, v € T,

1 é > =M/ 1 1) _

M[N;?(fy) < (Z - 1—00) K} < exp {K[(Z - 1—00) p+log(l—(1—e p)p(fy))] } :
Hence for N > ¢(,v), (ensuring in particular p(y) > 1 — 2 for all ¥ € I), and
p = (e, v) small enough, the above inequality yields that

’ l . i 7> fc(a,v)l? —c(a)K
(3.27) M[NK(V) < (4 100) K} <e <e .

The last (and main) step in the proof of (3.22) is the derivation of an upper bound on
M[Ng(y) > (2 + 235) K]. We will rely on large deviation estimates for the empirical
measure of (Zgy, Zpk), k > 2, cf. (3.3). In essence, as we will see below, this boils
down to large deviation estimates on the pair empirical distribution of a Markov chain on
{1, —1}, which at each step remains at the same location with probability py, (close to %,
cf. (3.25)), and changes location with probability gy = 1—py. The transition probabilities
of this Markov chain depend on N, and to derive the relevant large deviation estimates
with uniformity over N, we rely on super-multiplicativity, cf. Lemma 6.3.1 of [4], p. 273.

In view of (3.3), M -a.s., for k > 2, Zp 1 and Zg; have same sign. We denote with
¢ the bijective map from I' onto I & {1, —=1}?, defined by ¢(vy) = (sign(z;), sign(zy), for
v € I'. We consider the I'-valued stochastic process, cf. (3.9),

Y = o) = (1,sign(Zp,1)), k=1,

a

= (sign(Zpy-1), sign(Zpy)), for k> 2.

Note that under M, (sign(Zpx))r>1, has the same law as (Zp,/hy)i>1, under P,
cf. (3.3), which is a Markov chain on {1, —1}, which at each step has a transition proba-
bility py to remain at the same location and gy to change location, as well as an initial

distribution (at time 1) quo [Hrx(hyy < Hrsqonyy] = hQNh—JIFVZ“ to be at 1 and hQNh—_NZ“ to be

at —1. This chain on {1, -1} induces a Markov chain on I' = {1, —1}? by looking at
consecutive positions of the original chain, so that when located in 5y = (¥!,72) € T, the
induced chain jumps with probability py to (¥2,72) and qy to (7%, —72). We denote
with éq, for v € T, the canonical law on I'N of this chain starting at 7, and with U,,,
m > 0, its canonical process. This is an irreducible chain on I and

(3.28) Yk, k > 1, under M has same law as U,_1, k > 1, under Eg, where
~ e . . . hn + 2o hn — 2o
k stands for the initial distribution e O,y + o 01,1y -

Using sub-additivity, see [4], p. 273 and 275, we see that for N > 1,

(3.29) inf Ry [% S YU, =7} >0v| <eG0 forn>1,7el0<v<1,
cel m=1
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where thanks to the fact that the chain on I describes the evolution of pairs of consecutive
positions of the chain on {1, —1} mentioned above, see Theorem 3.1.13, p. 79 of [4], we
have set fory e I', 0 < v < 1,

(3.30) Uy (3, v) = inf{Hy n(1); p probability on T’ with u({37}) > v},
and for p probability on r

Hs n(p) = 0o, when the two marginals of p are different ,

(3.31) = (1,1 log (* (11\|/1)> (=1, —1)log <%) +

u(1,—1)log (%) + pu(—1,1) log (%), otherwise,

where we wrote u(i,j) in place of p({i,j}), for 4,5 € {1,—1}, and p(j|i) for the p-
conditional probability that the second coordinates equals j given that the first coordinate
equals 1.

We then introduce W, and H, o as in (3.30), (3.31) replacing py and gy with 3. In
view of the last line of (3.25) we see that for N > ¢, for any probability x on T’

the finiteness of Hy n(1) and Hs oo (pt) are equivalent and when this holds,
(3.32) N
[ Hao (1) — Haoo )] < ¢ 2

The non-negative function H; ., is lower semi-continuous relative to weak convergence cf.
[4], p. 79, and only vanishes at the equidistribution on I". As a result ¥ (7, i + 555) > 0,

for each 7 € T, so that with (3.29), (3.32), when N > ¢(«, v) one finds

200 )

(3.33) inf Rz [l Y YU, =7} > 1+ i} <e @) forall¥ e, n>1.
Gel nom= 4200

Since infgﬁef Ra[UQ =7] > ¢ >0, it follows that for 7 € f, n>1

sup Bo[ 35 MU =7 > -+ 1)1 <

01 L B[ = (]
dexp{—(n+2)d(a,v)}, as soon as n( + 1—00) (n+2) ( + TOO)

Since ¢ is a bijection between I' and T' and 3 = ¢(7x), we can now deduce from (3.28)
and (3.34) with n = K — 1 that for N > ¢(«, v),

(3.35) M[NK( ) > ( + 1—00>K} < ce@VK for €T,

For large N, one has (1 + {S)K < (] — %)[?, cf. (3.17), and hence with (3.27), (3.35),
for N > c¢(a,v):

—c(a,w)K
(3.36) M[Nk(y) = Ne(y)] < ce @X for each v € T'.

Together with (3.24) this proves (3.22) and concludes the proof of Proposition 3.1. O
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Remark 3.2. Although we will not need this fact let us mention that Hs y in (3.31) is
a non-negative lower continuous function for the weak convergence. Moreover it vanishes
at the unique probability on I', for which the first coordinate is equidistributed and con-
ditionally on the first coordinate the second coordinate coincides with the first coordinate
with probability py (and differs with probability gy). This last feature follows from the
relative entropy interpretation of Hs v, cf. [4], p. 79. O

4 Poissonization

This section carries out step d) of the outline below Theorem 1.1. We construct a coupling

Qs of X, X’* k > 1, under @, with an independent Poisson variable .J’ of parameter

(1+26)a iv—d This enables to define a Poisson point measure p’ on 7z, cf. (4.1) and

below (1.1) for the definition of 75, such that the union of the ranges of trajectories in
the support of p/ with high probablhty contains the trace on A of Xg p,.

We thus consider, cf. Proposition 3.1, N > ¢;(«,v), 2o € I and Q3 = Qy x N endowed
with the product o-algebra A3 = A, x P(N), where P(N) stands for the collection of
subets of N and the probability ()3 product of ()5 with the Poisson law of parameter
(1+2 5) oz +—. We denote with J’ the N-valued coordinate which is Poisson distributed.
The deﬁn1t1on of A appears below (1.24).

Proposition 4.1. (a >0, v> (d+1)a, 0 <e <1)
For N > c(a,v,¢€) and zy € I, the random point measure on Tg defined by

(4.1) =3 5X/k range X'* N A # ¢}

1<k<J!

is Poisson with intensity measure X' k' on Tz, where

(4.2) N = (1 + g 5) a(d+ 1)(1 - Z—N> and K" is the law of X nr, under Fe, 5

N
Moreover if one defines the random subset of A
(4.3) T = U rangew N A,
weSupp p’

then one has
(44) Q3[X[0,DK} NnA g I/] Z 1— CN73d .

Proof. Since the X'* are iid T5-valued variables, the Poissonian character of y is imme-
diate. Tt then follows from (1.13) and the fact that the X’* have same distribution as
Xary under Py, that p' has intensity measure \' s’ with A" and " as in (4.2).

Finally note that on {J' > K"}, 7' contains |, ., range X*N A. Moreover choosing
a = a(a,v) small enough one has the exponential bound:

(4.5) Q3[J < K'] <exp {aK' — (1 + g 5) a 2\7—: (1— e_a)} < exp{—c(a,v)K}.

Combined with (3.1) and the fact that Xjop, N A C Ujcrer Xire,n N A, we easily
deduce (4.4). o O
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5 Truncation

This section is devoted to step e) of the outline below Theorem 1.1. We construct a
coupling Q4 of X, X’* k> 1, 7' under Q3 with a random subset Z which is the union
of the ranges of the trajectories in the support of a suitable Poisson point measure p
on 7z, cf. (5.4), where C = B(0,%). This coupling is such t~hat V&iith high probability Z
contains the trace on A of Xj p,). For large N one can view CUOC both as a subset of E
and Z%*!, and this makes Z more convenient than Z’ for the purpose of comparison with
random interlacements on Z%*!, see next section. The main result of this section appears
in Proposition 5.1. In the proof we employ the technique of sprinkling introduced in [13],
and throw in additional trajectories so as to compensate for truncation. This result is very
similar to Theorem 3.1 of [15], except that in this reference the non-truncated trajectories
are Z4!-valued whereas they are BUOB-valued in the present setting. This induces some
changes in the proof but the overall spirit remains the same. The main Proposition 5.1
then leads to the construction of the desired coupling in Proposition 5.4.

We recall the definition of C in (1.27), and keep the notation of Section 4. We consider
an auxiliary probability space (£2o,.4o, Qo) endowed with

(5.1)  an iid sequence X* k> 1, of T5-valued variables with same distributions as

X.arg under By,

d
(5.2)  an independent Poisson variable J with intensity (1 + g 5) a 2[— :

N
This enables to define the Poisson point measure on 75:

(5.3) p= >, 9 1{range X* N A # ¢},

k
Gty NHaronTg

and the same argument as in Proposition 4.1 now leads to the fact that for N > ¢(e),

p has intensity measure Ax on 75, where
(5:4) A= (1+26)a(d+1)(1— ™) and & is the law of X der P
= s0)a ) 2nd r is the law of X.iz, under Fe, ;.
We further introduce
(5.5) 7= U range w .

wESUpp 1
Proposition 5.1. (a >0,v> (d+1)a,0<e<1)

For N > c(a,v,e), z € I, there exist random subsets T* and I of A, defined on
(Qs3, A3, Q3) of Proposition 4.1, such that

(5.6) 7 =7"UT,

(5.7) T* and T are independent under Qs ,
(5.8) Q3[T # ¢l <N,

(5.9) T* is stochastically dominated by TN A.
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Proof. The proof with some modifications follows the same pattern as that of Theorem
3.1 of [15] and we detail it for the reader’s convenience. We consider

(5.10) M = [exp{y/log N}] + 1 and C = B( [ ])cc

and from now on assume N > ¢(«,v,¢) so that Proposition 4.1 holds true and
(5.11) A< B, 100N =) c o < B(0,100],7]) ST B.

We write ﬁk and ﬁk, k > 1, for the successive return times to A and departures from C
of a trajectory belonging to 73, just as in (1.10) with B(z) and B(z) replaced by A and
C. We then introduce the integer

(5.12) r=|2]+1,

as well as the decomposition, see (4.1) for the notation:

/

W= > u,+nm, where
(5.13) 1<t ~ ~
pp=1{Dy < Tz < Rey1} ', for £ > 1, and i = 1{D, 1y < T} .

Similarly considering the last return to A before exiting C , we write QQg-a.s.:

(5.14) W= > i, where p, = 1{5g <Tz< §g+1}ﬂ, for ¢ > 1.

>1
Observe that:
(5.15) ty, 1 < € <r, and @ are independent Poisson measures under Q3 ,

and their respective intensity measures on 7z are in the notation of (4.2):

(5.16) v, = )\ll{Dg<T~ <Ry} k', 1<0<r,

7 =N1{Dyyy < T3}

In a similar fashion one sees that

(5.17) e, £ > 1, are independent Poisson measures under (),
and their respective intensity measures on 75 are

(5.18) vi=A{Dy < Tz < Rps1} K, £>1.

We then define

(5.19) I = U ( U rangewﬂA),f: U rangew N A,

1<e<r weSupp u) weSupp &

so that

(5.20) T' =TI*UZ, and Z*,7 are independent under Qs .
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Note as well that Qp-a.s.,

(5.21) IﬁAzU( U rangewﬁA).

>1 wESUPD Ly

The next lemma deviates from the proof of Theorem 3.1 of [15], as a consequence of the
fact that we work here with simple random walk on F in place of simple random walk on
ZdJrl'

Lemma 5.2. (N > ¢(¢))

(5.22) sup P.H4 < Tz < c(log N)* (MN =)
xe

Proof. Note that with (5.10),
oc <5 s(0,[20] + 1),

The probability that the walk starting in S reaches B(0, 1 [Z]) before hitting S and then

enters A before entering S, using standard estimates on the one-dimensional walk and on
the Green function, cf. [8], p. 31, combined with the right-hand of (1.7), satisfies

~ M /N o\ —(d-1)
(5.23) sup Py[Ha < Hg A T5) < (M/Nl ) = c 2 (MNE)
zesS

On the other hand using estimates on the one-dimensional simple random walk to bound
from below the probability to move at distance [c 2] of C U'S = B(0, [47] 4+ 1) without
hitting S, then estimates on the Green function together with the right-hand inequality
of (1.7) to bound from below the probability to reach dB(0, %) without entering S and
the invariance principle to reach T x {[ 4] + N} without enterlng S, and then estimates
on the simple random walk to bound from below the probability to reach T x {hy} before
level [§], we see that for N > c(e):

(5.24) inf P,[Ty < Hg AHA]>C%><C><

z€S hn — z

Zli

(log N)~*

With the same argument as in (4.20) of [15], (5.22) follows from (5.23) and (5.24). O

We now resume the proof of Proposition 5.1 and assume N > c(a,v,¢) so that the
tacit assumption above (5.11) as well as (5.22) hold. We can now bound the total mass
of 7 in (5.16) with the help of the strong Markov property as follows:

~ strong Markov r
(5.25)  w(Tz) =N P., [Dy1 < T (S) cocap(A)( s%p P[Hy <Tg))" .
’ 4.2 zcoC

Since C' C B, it follows with (1.3), (1.4) that capg(A) < capg(A). Moreover for N > ¢(e),
as a result of the right-hand inequality of (1.7) and standard bounds on the Green function

sup, o5 P2 [Ha < 00] < L. Tt thus follows that

(1.3),(1.4)

(5.26) capg(A) —cap(4) < caps(A) sup Pp[Ha < 0],
aC
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whence with standard estimates on the capacity of A, cf. (2.16), p. 53 of [8], we find:
(5.27) capz(A) < capz(A) < 2cap(A) < ¢ NI
Coming back to (5.25) we see with (5.22) that:

7(Ty) < @) N@D0=2)(¢(log N)? Mé—1 N=e(d=D)r

(528> N>c(e)

< cla) N1 (1-e)~2 ([d-Der (5.12)

d>2
< c(a) NTHED < e(q) N7

As a result we find that
_ (5.28)
(5.29) Q[T # ¢ <Qs[m#0] < c¢N73 for N> c(a,v,¢).

Then for ¢ > 1, we introduce the map ¢, from {ﬁg <Tz < §g+1} C 73 into Wt where

W} denotes the countable collection of finite nearest neighbor paths with values in cuaC ,
as well as the map ¢, from {D, < T < Ry1} C T into foz defined by:

(bZ( ) ( (Rk + )OS'SBk*Rk)ISkSZ’ for w € {ﬁf < TE < §£+1}7

(5.30) _ B _
(bg(U}) = (w(Rk + '>0§~§f)k—1~%k)1§k§€’ for w € {Dg < Té < R2+1} .

We can respectlvely view W and p, for ¢ > 1, as Poisson point processes on {Dg <T5

Rg+1} and {Dg <Tz < Rg+1} If p} and p,; denote their respective images under ¢ and
¢, we see that Wlth (5.15) - (5.18),

(5.31) Py, 1 <0 <r, and 1z are independent Poisson point processes,

(5.32) pe, 1 < [ are independent Poisson point processes,

and denoting by &, and &, the intensity measures on fog of pj and py, we have:
(533) fé(dwl, C ,d’wg) = )\/PGA,B[ﬁe < T'é < Eg.i_l, (XRkJr')OS'Sﬁk*Ek c dwk, 1< k < f]

(5.34) &(dwy, ... dwe) = NP., [Dy < Ta < Ry, (X

Rk‘F')OS'SEk*Ek € dwy,1 <k < E] .

The following lemma corresponds in the present context to Lemma 3.2 of [15]. It will be
used when comparing &, and &, see (5.37) below.

Lemma 5.3. (N > ¢(¢))
Forx € 0C and y € Oy A,

- log N
(5.35)  PTs< Ry <Ts Xz = (log N)*

l—y]SCQ Mdl P[R1< XR1:y]-

Proof. We implicitly assume (5.11). The same argument leading to (5.22), see (5.23),
(5.24), and see also (4.17), (4.18) and (4.20) of [15], now yields:

c(log N)?

(5.36) sup Pp[Hoo < T) < =35~

z€dC
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Now for y € 0i,y A we find that

sup P.[Tr < Ry < Ty, X, :m<sm)EU&FM'<TbX =y]] <
z€0C z€e0C

~ (5.36)
sup. Pz/[HaC < TE] sup Pz[Rl < TévXE _ y] < c(log N)?

2'€dC z€0C ! Md-1
sup P[R1<TB,X =yl.
ze0C

Observe that the function z — P.[R; < T3, Xz, =yl = P.[Ha < T, Xu, = y| is

harmonic and positive on é\A and hence on 5\A as well. Note that C U 8C can be
identified with a subset of Z4*t1. With the Harnack inequality, cf. [8], p. 42, and a standard
covering argument we find that:

sup PZ[EI < TE,Xél :y] S ¢ inf Pz[ﬁl < T§7X§ = y]’
zeoC z€0C 1

and therefore

2
E%Pﬂl<Ry<ﬂwX —mgd%%g-gfpua<rmx —y] =
(log N)? . =~ i~
’MHZgﬂmg<m<gjﬁ:m+m&<%xﬁzw.
Assuming N > ¢(¢) so that ¢/(log N)? M@= < 1 we find that for # € 9C and y € Oy A:
= log N
Am%<RﬁjE%fWK2(ﬁ” Ry < Tay Xp =y,
and this proves (5.35). O

We now continue the proof of Proposition 5.1 and will show that for N > ¢(a, v, €),

2\ /-1
(5.37) g <X @+7($ﬁf) & forl<i<r,

where we refer to (4.2), (5.4), (5.33) and (5.34) for the notation.

Given w € Wy, we write w® and w* for the respective starting point and endpoint of
w. When wy, ..., w, € Wy we have

(5.33)

fé((wl, . ,U}g)) =
N PeA,E[DZ <Tf < Reya, <Xﬁk+~)og-§ﬁk—ﬁzk =w(+),1 <k < (=

(5.38) BC{IEZ N NF, [55 < Tg < Ry, (X7, 4 )oc<h, 7o 1 <k < ¢ and

Ts00p, + Ek < §k+1, exactly for k € B when,
1<k<(-1].

The above expression vanishes unless w; € dA and wj € 9C and wy, takes values in C'
except for the final point wg, for 1 < k£ < £. If these conditions are satisfied, applying
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the strong Markov property repeatedly at times 53, Eg, 55,1, ég,l, e 51 we find that the
last member of (5.38) equals:

> )‘IPeA’g[(X-)og.gf)l = w; (-]

BC{1,...0—1} _ _ _

Eu[1{1 ¢ B} {Tz > Ri} + {1 € B} {Tz < R}, Ry < T, Xp, = wj]

ng[(X')OS'Sﬁl = ’wg()] NN

Eys [{—=1¢ BY{Tz> R} +1{{—-1€ B}y Tz < Ri}, Ry < T, Xp, = wj]

ow[(X-)og.gﬁl = wﬁ(')]Pw;?[TE < Ry

(5.35)
<

log N)2\ | Bl
(e CENNVEN P (X e, = wi0)]
BC{1, -1}

ow[Rl < Téu XEI = U};] Pw§[<X')0§'§l~)1 = ’w2<)] ..
Pus (B < T, X5 = w}) Pug(X.)oe <, = we()] PuglT5 < F]

e
-1

and using the strong Markov property this equals

V(1 (log N)? el N D
< + co i1 ) P [T5095k+Dk>Rk+17 for 1 <k</?-—1, <Xék+')0§'§ﬁk_ﬁk

€A,B

— wy(+), for 1 <k <l Dy < Ty < Req] <

\ (log N)*\ ! n D
(1 + Co ) P, [Dg < Té, < Rg_;,_l, (Xék‘f")og'gf)k_ﬁk = wk(-), for1 <k < f]

Md—1 AB
N log N2 -1
X (1+02 (](\)fd—l) ) &((wl,,wg)) .

This concludes the proof of (5.37).
We now assume that N > ¢(«, v, ¢), so that, cf. (4.2), (5.4), and (5.10):

(log N)?

16 (lOg N)2 (5.12)
Gelfr | S

-1
5.39 A> N expd— — > N(1+c cfor1<e<r.
( € Md-1
With (5.37) it thus follows that:
(5.40) § <&, for1<l<r.

As a result we find with (5.19), (5.21), and (5.30) that

I* = U U (rangewy U - - - Urangew,) N A
1<t<r (wz,...,wp)ESupp py,
and that
INAD U U (rangew; U - - - Urangew,) N A.

1<€<r (wi,...,we)ESUpPp pg

It then follows from (5.31), (5.32), and (5.40) that
(5.41) 7 N A under )y stochastically dominates Z* under )3 .

Combining (5.20), (5.29), and (5.41) we have proved Proposition 5.1. O
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We are now ready to construct the coupling of X , X* k > 1,7 under Q3 with p and
7 under )y as announced at the beginning of this section.

Proposition 5.4. (¢« >0,v> (d+1)a,0<e < 1)

For N > c¢(a,v,e) and zy € I, one can construct on an auziliary space (S, Ay) a
coupling Q4 of X, X"*, k > 1, T' under Q3 with u, T under Qq so that
(5.42) Qu[Xpop g NACT] >1—cN,

Proof. With N > ¢(«, v,¢) as in Proposition 5.1, we chose €y = Q3 x g, Ay = A3 ® Ay,
and consider the conditional probabilities for B*, B C A:

Qs3] | Z* = B”], understood as Q3 when Q3[Z* = B*] =0,

Qol-|Z N A = B], understood as Qg when Qy[ZNA = B]=0.
Letting P(A) stand for the collection of subsets of A, we can construct with (5.9) and
Theorem 2.4, p. 72 of [9], a probability p on P(A)? coupling the distribution of Z* under
Q)3 and that of Z N A under @, such that p-a.s., the first coordinate on P(A)?, (which is

distributed as Z* under Q)3), is a subset of the second coordinate, (which is distributed as
Z N A under Q). We then define on €y = Q3 x € the probability

(5.43) Qull= Y p(B"B)Qs[-|T" = B|®Qol- | TN A= B].

B* BCA

This probability yields a coupling of X, X’*, k > 1, 7' under Q3 with x, Z under Qo.
Moreover in view of (5.8) and (5.6) we find that

pn 59 . = (5.43) . =
(5.44) QUINADT] > QUINADTI, IT=¢] = QuI=¢
' (5.9)
> 1—cN73,
Together with (4.4) this yields (5.42). O

6 Comparison with random interlacements

In this section we complete the proof of Theorem 1.1, (cf. step f) of the outline following
Theorem 1.1). We can view C UAC as a subset of Z% and the main ingredient is to
stochastically dominate Z N A, which is the trace on A of the ranges of trajectories in the
support of the Poisson point measure p on 75 with intensity measure s, cf. (5.4), with
the trace on A of random interlacements at level v. In view of (1.18), (1.19) it suffices
for this purpose to dominate the equilibrium measure e, 5 which appears in (5.4), with a

multiple slightly bigger than 1 of the equilibrium measure e4 of A relative to Z4t!. This
is carried out in Proposition 6.1.

Proposition 6.1. (o« > 0,v > (d+ 1)a,0 < e < 1)
For N > ¢(a,v,¢) and 2y € 1,

(6.1) I N A under Q4 is stochastically dominated by Z° N A under PP.
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Proof. The random set Z N A is the trace on A of the ranges of trajectories in the support
of the Poisson point measure p on 75 with intensity measure, cf. (5.4),

Ai(dw) = (1 +3 5) a(d + 1)(1 - %) P, [Xar. € dul.

€A,B

On the other hand Z¥ N A is the trace on A of the ranges of trajectories in the support of
the Poisson point measure 14, on W, with intensity measure, cf. (1.19):

vP,,[X. € duw].
The claim (6.1) will thus follow as soon as we show that for N > ¢(«, v, €),
4 r
(6.2) <1—|—55> a(d+1)<1—%) e p S ves.
To this end we note with similar arguments as above (5.26), that one has for z € 0y, A:

CCB (1.3)

eA,§<x> —ea(x) < eA,é(x) —ealx) < szdH[Té < f-jA < 0]
(6.3) t
strong Markov
< GA,G(x) sup P§d+1 [HA < OO] < 6A5($) c N—&ld=1) ’
z'edC ’

using the right-hand inequality of (1.7) and standard bounds on the Green function, cf. [8],
p. 31. We thus find that for N > ¢(e),

ey () <eyalr) <ea(z)(l— ¢ N—eld=1)-1 <

6.4
(64) ealz)(1 4+ N~ for all x € O A

This is more than enough to show that (6.2) holds and this concludes the proof of Propo-
sition 6.1. U

We now turn to the

Proof of Theorem 1.1: We assume N > c(a,v,e) and 2y € [ as in Proposition 6.1.
We consider the space ' = 4 x Q, cf. (1.14), endowed with the product o-algebra
A = Ay ® A, We endow (2, A") with a probability @' as follows. Using a similar
construction as in (5.43) we consider a probability p’ on P(A)? coupling the law of Z N A
under Q4 with the law of Z¥ N A under P, such that p’-a.s. the first coordinate is a subset
of the second coordinate. We then define the probability @' on (€', Q') via

(65) QI[] = N ;CAP,(AI’ AQ) Q4[ |Im A= Al] X P[ |_’Z’v NA= AQ] y

where we use a similar convention as below (5.42) to define the conditional probabilities
appearing in (6.4) when either Q4[Z N A = A;] or P[Z" N A = Aj] vanishes. As a result of
(5.42) we thus find that:

(6.6) Q' XopgNACI'NA>1—cN 3.

The coupling @)’ satisfies the estimate (2.1) and enables with Proposition 2.1 to complete
the proof of Theorem 1.1. O
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7 Lower bound on the disconnection time

In this section we apply Theorem 1.1 together with the controls of [11] recalled in (1.23)
to prove a lower bound on the disconnection time Ty of the discrete cylinder, see (7.1) for
the definition of Ty. We derive in Theorem 7.3 a lower bound on T}, which in particular
shows that under P the laws of N2 /Ty, N > 2, are tight when d > 2. This had previously
only been proved when d > 17, cf. [3]. Together with Corollary 4.6 of [15] this shows that
for all d > 2, “Ty lives in scale N?¥”. An additional interest of Theorem 1.1 stems from
the fact that better controls on the percolative properties of the vacant set of random
interlacements V" when u < wu,, should lead to an improvement of the lower bound on
Tn we derive here, cf. Remark 7.5 2).

We begin with some terminology and notation. A finite subset S of E, cf. (0.1), is said
to disconnect E when for large M, E x (—oo, —M] and E x [M,o0) belong to distinct
connected components of £\S. The disconnection time of £ by the simple random walk
X, is then defined as

7.1 Ty = inf{n > 0; X, disconnects E'} .
(0,7]

It is convenient to introduce the sequence p,,, m > 0 of successive displacements of the
vertical component Z, of X :

(7.2) po = 0, and by induction py,+1 = inf{k > pn,; Zx # Z,,,}, form >0,
as well as the time changed process and its local time:

(7.3) Ty = Zp,,m >0, and Li=Y WYZ,=z2}, forz€Z,k>0.

0<m<k
Note that under P, (see below (0.1) for the notation), Z. is distributed as a simple random
walk on Z starting at the origin. We further introduce the random times:

(7.4) vi = inf{pg; k >0, E; >u}, foru>0,z€Z.

We recall the notation for K below (1.24), and for D in (1.10). In the next proposition
we will show that inf.cz D% happens at least in scale N2?. More is true, see Remark 7.2,
but the controls in Proposition 7.1 will be sufficient for our purpose. We let W stand for
the canonical Wiener measure and consider, cf. (0.4)

(7.5) ((u) = inf{t > 0; sup L(a,t) > u}, foru>0,
acR

with L(v,t) a jointly continuous version of the local time of the canonical Brownian
motion. The Laplace transform of {(u) is known thanks to the works [1], and [5], p. 89.
One has the identity, see also (0.12) of [15]:

Ou I 1(%

02 )
(7.6) EWle 7 W] = — ” —, for 0,u > 0.
[sinh(5)]2 To(%')

Proposition 7.1. (d > 2,a > 0)

(7.7) lij{fn N2 sup PDj <vina =0, for0<a <a.
z€E
(7.8) lim P () {Di>vN*}] > W[C(Vd+1a)>1], fory>0.
|Z|SN2d+1
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Proof. We begin with the proof of (7.7) which constitutes an intermediary step in the
proof of (7.8). Consider z € Z, and observe that under any P,, when 7z(x) = z, the
number of visits of Z. to z before exiting z + I, see (1.9) for the definition of I, almost
surely equals )~ I{Z\m = 2,pm < Tg(z)}, and is distributed as a geometric random
variable with success probability hy'. Applying the strong Markov property at the times
R;,, 1 <k <k, we see that

under P, > -, 1{Z,, = 2, pm < D3} stochastically dominates the sum of
K independent variables distributed as UV, where U is a Bernoulli variable
with success probability hNh%, and V' an independent geometric variable of
parameter hy', (in fact when |z| > ry there is an equality of distribution).

(7.9)

It then follows that for a > 0 and z € Z, with Chebishev’s inequality:
P[Dj <7y =P X W Zpn = 2, pm < D3} < o/ N <

m>0
(7.10) exp{hi o/Nd}E[e h(;vUV} —
N
thTN 6_ﬁ 1
hn hn lfe_ﬁ(lfﬁ)

exp{% o’ N¢ + K log (% +

For large N the second term inside the exponential in the last member of (7.10) is equiv-
alent to a £ log(Ha) and since o < a, the claim (7.7) follows from (7.10) by choosing
a>0 small enough

We now turn to the proof of (7.8). With (2.20) of [2], we know that we can construct
an auxiliary space (Q, 4, P) coupling L z € Z, k > 0, under P with L(a,t), a € R,
t > 0, under W so that

_ Li — L(z,k
(7.11) P-a.s., sup M < 00, for any n > 0.
2€Z,k>1 katn

Note that when N > 3, the sequence p,,, m > 0, under P has a distribution independent
of N, namely the law of the successive partial sums of independent geometric variables
with success probability (d+1)~1. Thus for 7/ >~ > 0 and a > o’ > o” > 0, we see with
(7.7) and the law of large number, that

(7.7)
im P[ N {Di >N > lmP[ N {7 >N >

N |2|<N2d+1 N 2] < N2d+1
h—mp[ ﬂ {7 /Nd>p"/ N2d]}:| 7:
N |z| <N2d+1
(7 11)
in P () AT, <N 2

(7.12) N jepenzen |

hmﬁ[ ﬂ {L(z’ |:d+/1 N2d}> < O//Nd}] Scagng

| 2| < N2d+1

imw[ 0, {2 7 v)e) <] =

/

=
=

Y " " ’71 scaling v
e 10, 7~) <] = W[cta) > 2] =iy > ]
e \Mar1) = ) > T ) > T
Letting 7' decrease to 7, a” increase to «, as well as scaling we find (7.8). O
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Remark 7.2. Let us mention that one can show in a very similar fashion that

lijgn N?*"Y sup P[Di > 72 na] =0, for o’ > o,
2€7Z

(one simply uses the fact that the sum in the fist line of (7.9) is stochastically dominated
by the sum of k independent variables distributed as V', and a very similar exponential
Chebishev inequality as in (7.10)).

More importantly one can also show with similar manipulations as in (7.12) that

m P[ () {Dik >y N*} <WI(Vd+1a)>7], fory>0,

ol N2

we also refer to (4.38) of [15] for a similar calculation.

Combined with (7.8), this shows that

(7.13) under P, inf D% /N?? converges in law to ¢ (v/d + 1a).

|z| <N2d+1

Note also that with scaling one has the identity

C(WVAd+1a)® (d+1)¢(a) = inf {t > 0; sup(d+ 1) L(a, ﬁ) > (d + 1)a} .

a€eR

This last expression has a strong intuitive content in terms of random interlacements
attached to random walk on the cylinder E. Indeed in view of Theorem 0.1 of [15],
(d+1) L(a, #) corresponds, loosely speaking, to the level of the random interlacement
governing for large N the local picture at times of order ¢t N?¢ left by the random walk
in the neighborhood of a point with vertical projection of order aN?. On the other hand
(d+ 1) « is the level of the random interlacement which naturally shows up in describing
the local picture left by the walk near some point x at height z by time D7.. Incidentally
in the same vein as (7.13) one can show that for a in R and zy ~ a N¢, DY /N?* under

P converges in distribution to inf{s > 0, L(a, 337) > a}. O

We now come to the main result of this section.

Theorem 7.3. (d > 2)

For small v > 0,

(7.14) for+y >0, lim P[Ty > N*| zw[g(w“?) >7},

and in particular the laws of N?¢/Tx, N > 2 are tight.

(We refer to Remark 7.5 for the explanation of why we write \/;? for the parameter
entering () in (7.14) ).

Proof. We denote with vy the value u(p = 6d) which appears in (1.23) and choose a > 0,
so that

(7.15) vo > (d+1)a.
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Then for v > 0, we can write

. 2d . . P 2d T . z 2d
hTmP[TN>7N ]ZhTmP[|Z|§1]r\}£dHDK>7N i|_h]{[nP|:|z|§1]r\}'£d+lDK>7N > Ty]

(7.8) .
> WC(WVd+1a)>7—Tm [ inf D% >~N*>Ty]

N bz
Once we show that for v > 0 and « as in (7.15)

(7.16) lim P[ inf Dj >yN*>Ty] =0,

2| N2+

the claim (7.14) will follow for any v < vy, (and in fact even for v = vy, using a similar
argument as below (7.12)). To prove (7.16) we will rely on

Lemma 7.4. (N > ¢(7))

P-a.s. on {Tn <N} there exists v, = 2, eqr1, with |z < N1 and a *-path in
U N Xporystarting at x, and ending in S(x., [V N]), where U is the planar strip

(7.17) U=[-2[VN], 2[VN]] e1 + Zeg1,
(viewed both as a subset of Z** and E ).

Proof. For N > ¢(v), P-a.s. on {Ty < YN} T x (—oo, —N?¥*1] and T x [N+ —
1,00) are in distinct connected components of E\Xor,). Consequently the connected
component O in U of U\ Xy 1] containing U N (T x [N?**! c0)) does not meet U N (T x
(—o0, —N2H1]). Consider x = zey;; the point of minimal height on Zeg,; belonging to
O, so that |z| < N?*! and set z, eqy1 with 2, = z — 1. With Proposition 2.1, p. 29 of
7], we can find a *-loop surrounding the connected set O’ = ON (T x [-N2+1 N24+1]) D
[—2[V/N], 2[V/N]] e1 + N?¥*+ley, 1, contained in 9O’ N (Zey + Zegy) and passing through
z,. However points of 90’ in B(x,, v/ N) N U necessarily belong to Xjo,ry]- We can thus
extract from the *-loop a *-path from x, to S(x., [V'N]) contained in U N X{g 7. O

With the above lemma, the expression in (7.16) is smaller than

lim P[for some |z,| < N** there is a -path from z, = 2z, €441
N
Theorem 1.1, (7.15)

to S(z.,[VN]) in U N X[O,D;*]]

7.18 _
(7.18) lim ¢ N?*1 (P [there is a *-path from O to S(0, [V/N])
in I% N (Zey + Zegyr)] + N73%) =0,
in view of (1.23) and our choice of vy .
This proves (7.16) and concludes the proof of Theorem 7.3. U
Remark 7.5.

1) As already mentioned in the Introduction, cf. (0.4), it follows from Theorem 7.3 above
and Corollary 4.6 of [15] that for d > 2, “Ty lives in scale N??"  i.e. more precisely
under P

(7.19) Tyx/N?* and N** /Ty, N > 2, are tight .
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One can also argue in a direct fashion with the help of the invariance principle that (7.19)
holds as well when d = 1.

2) It is an open problem, cf. Remark 4.7 2) of [15], whether for d > 2, under P

(7.20) Tn/N?? converges in law towards C(\/%» as N — o0,

with u, the non-degenerate critical value for the percolation of the vacant set of random
interlacements, see below (1.22).

It has been shown in Corollary 4.6 of [15] that when d > 2,

(7.21) for v > 0, @P[TN27N2‘1] gW[C(\/%) 27} ’

with w.. € [u., 00) a certain critical value introduced in (0.6) of [15], above which there
is a power decay in L of finding a path in V* from B(0, L) to S(0,2L).

Showing that u, = u., and that one can choose v = u, in (7.14) would yield a proof
of (7.20). One interest of Theorem 1.1 is that this last statement will follow if one can
derive some suitable quantitative estimates on the presence of the infinite cluster in VY,
when u < u,, see also [18]. In a similar fashion the identity u, = ., will follow if one can
prove quantitative controls on the rarity of large finite clusters in V* when u > u,. U
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