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Abstract

We study the asymptotic behavior for large N of the disconnection time Ty
of simple random walk on the discrete cylinder (Z/NZ)¢ x 7, when d > 2. We
explore its connection with the model of random interlacements on Zt! recently
introduced in [12], and specifically with the percolative properties of the vacant set
left by random interlacements. As an application we show that in the large N limit
the tail of Ty/N?? is dominated by the tail of the first time when the supremum
over the space variable of the Brownian local times reaches a certain critical value.
As a by-product we prove the tightness of the laws of Ty /N??, when d > 2.
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0 Introduction

The present article derives an upper bound on the disconnection time Ty of a discrete
cylinder with base a d-dimensional torus of large side-length N. It explores some of
the connections of this question with the percolative properties of the model of random
interlacements recently introduced in [12]. A variety of results concerning the disconnec-
tion time by simple random walk of discrete cylinders with various large bases has been
obtained, cf. [3], [4], [11]. In particular it appears that with broad generality the discon-
nection time has a rough order of magnitude comparable to the square of the number of
points in the base. In all the above quoted references upper bounds on the disconnection
time hinge on the fact that once the walk has covered the “zero level” of the cylinder,
disconnection has occurred. This causes the appearance in the resulting upper bounds
of spurious factors involving some power of the logarithm of the cardinality of the base.
The present work departs from this approach and builds on the results of [12] concerning
percolation for the vacant set left by random interlacements. Notably we show here that
when d > 2, the laws of Tyy/N?¢ are tight. Together with the results of [4] this implies
that when d is sufficiently large, i.e. d > 17, T “lives in scale N?¢”. Moreover this work
leads to a natural guess concerning the convergence and characterization of the limit of
the distributions of Ty /N?? in term of Brownian local times.

Before discussing these matters any further let us first present the model more pre-
cisely. For d > 2 and N > 1 we consider the discrete cylinder

(0.1) E =T x Z, where T = (Z/NZ)*.

A finite subset S C F is said to disconnect F if for large M, T x [M, co) and T x (—o0, —M]|
are contained in distinct connected components of F\S. For z in E we denote with P,
the canonical law on EY of simple random walk on E starting at z, and write E, for the
corresponding expectation. We let X = (Y., Z.) stand for the canonical process with Y,
and Z_ its respective T- and Z-components. A key object of interest in this article is the
disconnection time

(0.2) Tn = inf{n > 0; Xjo, disconnects E} .

We write pi, k > 0, for the times of successive displacements of the “vertical” component
Z. of X, ie po=0and p, =inf{n > px_1; Z, # Zpx_1}, for k > 1, as well as Z, for
the time changed process

(0.3) Zp=12

PE>

k>0,

which is distributed as a one-dimensional simple random walk. The local time of 7 is

defined as

(0.4) Li=Y 1Z,=z2}, withk>0,2€Z.

0<m<k

We also consider v;, the first time when the number of distinct visits of the walk X to
T x {z}, the “level 2” in the cylinder, reaches an amount v:

(0.5) vi = inf{pg; k > 0 and ZZ > v}, witho >0,z € Z.



A further ingredient is the so-called random interlacement at level v > 0, introduced in
[12]. Tt is the trace left on Z!, (here d + 1, with d > 2, plays the role of d > 3 in [12]),
by a cloud of paths constituting a Poisson point process in the space of doubly infinite
trajectories modulo time-shift, tending to infinity at positive and negative infinite times.
We refer to Section 1 for precise definitions. The non-negative parameter w is in essence a
multiplicative factor of the intensity measure of this point process. In a standard fashion
one constructs on the same space (2, A,P), see (1.25) and below (1.26), the family 7",
u > 0, of random interlacements at level u, see (1.32). They are the traces on Z4*! of the
cloud of trajectories modulo time-shift, “up to level u”. The random subsets Z" increase
with v and for u > 0, they are infinite random connected subsets of Z4*!, ergodic under
space translations, cf. Theorem 2.1, and Corollary 2.3 of [12]. The complement of Z*
denoted by V¥, is the so-called vacant set at level u, see (1.34). An important role is
played here by the critical parameter

Use = inf{u >0, a(u) > 0}, with

0.6
(0.6) a(u) = sup{a > O,Llim L*P[B(0, L) AN S(O 2L)] = 0}, for u >0,

where the supremum is by convention 0 if the set in the second line of (0.6) is empty,

and {B(0, L) 28 (0,2L)} denotes the event where there is a nearest neighbor path in
V* starting in B(0, L), the closed ball of radius L and center 0 for the ¢*°-distance, and
ending in S(0,2L) the ¢*-sphere with radius 2L and center 0. We show in Lemma 1.4
that for all d > 2,

(0.7) Us < U < 00,

where u, is the critical parameter introduced in [12], such that P-a.s., V* has an infinite
connected component, i.e. percolates, when u < wu,, and only finite components when
u > u,. Among the key results of [12] are the facts that when d > 2, u, < oo, cf. Theorem
3.5 of [12] and wu, > 0, at least when d > 6, cf. Theorem 4.3 of [12], (we recall that here
d + 1 plays the role of d in [12]). This has later been extended to all d > 2 in Theorem
3.4 of [10]. Tt is a natural question whether actually u, = Uys.

The main results of this article relate T to u... Specifically we show in Theorem 4.1,
that when d > 2,

(0.8) hm P, [TN > mf ¥ } =0, when u > u,, .

@
Loosely speaking, this says that given u > w,,, when N is large, once the number of
distinct visits of the walk to some level T x {z} of the cylinder exceeds @ H)u then
typically disconnection must have occurred. This result has some similar ﬂavor to [13],
where the trace left by random walk in the neighborhood of points of the cylinder by
times of order N?? is compared to random interlacements. As a consequence of the key

property (0.8) we show in Corollary 4.6 that

- T FolTy 2 sN) < W[ e ) 2 ]
(0.9) I%HPO[TN_SN]_WC\/(H—l > 5|, forall s >0,
where W stands for the Wiener measure and
(0.10) ((u) =inf{t > 0; sup L(v,t) > u}, foru >0,
vER



with L(v,t) a jointly continuous version of the local time of the canonical Brownian
motion. In particular this shows that the laws of Ty /N?? under P, are tight. With the
results of [4], it also proves that when d is large, i.e. d > 17,

(0.11) the laws on (0, 00) of Ty /N?? under Py, with N > 2, are tight,

i.e. “Ty lives in scale N2¥. It is natural to wonder whether more than (0.9) holds and

Tn/N?* actually converges in distribution towards ¢ (\/“m) law ﬁ*l ¢(1), see Remark 4.7,

(and a related question whether u, = u,.). Let us also mention that thanks to the works
[1] and [5], the Laplace transform of {(u) is known and can be expressed as:

(0.12) EW[e*%(“)] S— L

ENNCER , for 0, u >0,

oY Y
v P|o[ 3
N N

with I, the modified Bessel function of index v.

We will now briefly sketch the strategy of the proof of the main Theorem 4.1. The
rough idea we use in order to show (0.8) is that once sufficiently many distinct visits of a
given level z of the cylinder have taken place, i.e. more than % (s + 9) distinet visits,
then the trace left by the walk in a box with center at level z and side-length N'~¢, where
e can be chosen arbitrarily small, dominates the trace left by random interlacements at
level u,, + ¢’ in such a box, where 0 < §'(= g) < 0. With a straightforward covering
argument and the definition of the critical exponent w,,, cf. (0.6), one finds by adjusting
parameters that the probability of existence of a nearest neighbor path in the cylinder
between levels z — N'~¢ and z + N'~¢, avoiding the trajectory of the walk, tends to 0 as
N goes to infinity. In order to take care of the infimum over z which appears in (0.8),
the above rough scheme is combined with an argument relying on the spatial regularity
of the local time of the simple random walk Z. It enables to simply consider a large but

finite number of levels, regularly spaced at heights which differ by a small multiple of N¢.

The above mentioned scheme crucially involves a stochastic domination argument,
see in particular Proposition 4.2 and its proof. Its implementation goes through several
steps. It begins with the extraction of excursions of the walk, which roughly correspond
to successive returns to the box B(z) = T x [z — N, z + N] and departures from the box
B(z) = Tx (z—hy, 2+hy), where the height hy = [N (log N)?] is large enough so that the
T-component of the walk has time to homogenize between various excursions of the walk.
There is however a special recipe in the precise specification of the excursions, cf. (2.2), and
it plays an important role. With the coupling techniques developed in Proposition 2.2 we
are able to replace the true excursions of the walk with a collection of i.i.d. excursions for
which the starting point is uniformly distributed on the union of the two levels T x {z+ N}
and T x {z — N}, and the path otherwise evolves as simple random walk on F stopped
when exiting B (z). The specific choice of this starting distribution leads to a key identity
for the entrance law of the excursion in a subset A of T X (z — N,z + N) C B(z), see
Lemma 1.1.

Via a Poissonization argument, the above mentioned identity induces a very handy
comparison of the trace left by a Poisson number of i.i.d. excursions in a box of F with
center in T x {z} and size N'7¢, and the trace left in a box of same size by trajectories
of a random interlacement at a suitably calibrated level u, when the trajectories entering

the box are stopped once they leave a concentric box of side-length %, see (4.22). To



handle the truncation involved in stopping trajectories, we use Theorem 3.1, which shows
that in essence the trace of the truncated trajectories in the box of size N!=¢ dominates
the untruncated trace in the same box of a random interlacement at a slightly lower
level «/, (which in the application in Section 4 can be chosen equal to .. + g). The
important Theorem 3.1 solely pertains to the model of random interlacements. Its proofs
uses a “sprinkling technique” with a similar flavor to some of the arguments employed in
Section 3 of [12], when showing that u, < co. These are some of the main ingredients
entering the proof of Theorem 4.1.

Let us now describe how the article is organized.

In Section 1 we introduce further notation and recall various useful facts concerning
random walks and random interlacements. The key identity of the entrance law in sets
interior to B(z) of the specially tailored excursions appears in Lemma 1.1. The finiteness
of u,, is shown in Lemma 1.4.

In Section 2 we develop the coupling technique, which enables to work with i.i.d. ex-
cursions in the sequel. The main result appears in Proposition 2.2.

In Section 3 we develop the sprinkling technique which shows that the trace left in
a box of size of order N'~=¢ by trajectories of an interlacement at level v stopped when
exiting a concentric box of side-length %, in essence dominates the trace left in the box
of size of order N17¢ by an interlacement at a slightly lower level u/. The main result is
Theorem 3.1.

In Section 4 we prove the key statement (0.8) in Theorem 4.1, and its consequence (0.9)
in Corollary 4.6. The proof of Theorem 4.1 is split into Proposition 4.2, where the key
domination argument shows that once at a given level z in the cylinder, sufficiently many
distinct visits have occurred, then with high probability disconnection of the cylinder has
taken place, and into Proposition 4.3, where the spatial regularity of the local time of Z
is used to replace the infimum over all levels z, which appears in (0.8), with an infimum
over a large but finite number of levels.

Finally the convention concerning constants we use in the text is the following. Through-
out ¢ or ¢’ denote positive constants, which solely depend on d, with values changing from
place to place. The numbered constants cg, ¢1, ... are fixed and refer to the value at their
first appearance in the text. Dependance of constants on additional parameters appears
in the notation, for instance ¢(¢) denotes a positive constant depending on d and e.

1 Notation and some useful properties

In this section we introduce additional notation and present some useful results concerning
random walks and random interlacements. In particular the key identity for the hitting
distribution of the excursions of the walk on the cylinder appears in Lemma 1.1, and the
proof of the finiteness of the critical value wu,, of (0.6) is presented in Lemma 1.4.

We write N = {0,1,2,...} for the set of natural numbers. Given a non-negative real
number a, we write [a] for the integer part of a. We let |- | and | - |, respectively stand
for the Euclidean and ¢>°-distances on Z4*! or for the corresponding distances induced
on E. Throughout the article we assume d > 2. We say that two points of Z4! or E are
neighbors if their | - |-distance equals 1. With B(z,r) and S(x,r) we denote the closed



| - |so-ball and | - |-sphere with radius r > 0 and center z in Z%*! or E. For A, B subsets
of Z1 or E we write A + B for the set of elements x + v with 2 in A and y in B, and
d(A,B) = inf{|z — y|o; * € A,y € B} for the mutual ¢>*-distance of A and B; when
A = {z} is a singleton we write d(x, B) for simplicity. We also write U cC Z*! or
U CC FE to indicate that U is a finite subset of Z%*! or E. Given U subset of Z*! or
E we denote with |U| the cardinality of U, with OU the boundary of U and 0,,,U the
interior boundary of U:

(1.1) U ={xeU% ' eU,|zv—2|=1}, O0uU ={x € U; I’ €U, |z —2'| =1}.

The canonical shift on EV is denoted with (6,),>0, i.e. 6, stands for the map from EN
into BN such that (6,w)(-) = w(-+n) for w € EY, and we write (F,,),>o for the canonical
filtration. Given a subset U of E we denote with Hy, ETU and Ty, the entrance time, the
hitting time of U, and the exit time from U:

Hy =inf{n > 0: X, € U}, Hy =inf{n>1,X, € U},
Ty =inf{n >0; X, ¢ U}.

(1.2)

In the case of a singleton U = {x}, we simply write H, or H,. We denote with szd“ the
canonical law of simple random walk on Z4*! starting at x and with Efd+1 the correspond-
ing expectation. We otherwise keep the same notation as for the walk on E concerning
the canonical process, the canonical shift and other natural objects such as in (1.2).

Given K CC Z%*! and U D K, the equilibrium measure and capacity of K relative to
U are defined by:

P Hy > Tyl, for v € K,
(1.3) exulz) =4 ° Hic > T
0, for x ¢ K, and
(1.4) capy (K) = Y. exu(x), (note that capy (K) < |K]).

zeK

The Green function of the walk killed outside U is defined as

(1.5) gu(z,2') = EX" | S 1{X,, = 2/,n < Ty}|, for z,2' € 74+,

n>0

When U = Z*! we drop U from the notation in (1.3) - (1.5). The Green function is
symmetric in its two variables and the probability to enter K before exiting U can be
expressed as:

(1.6) P Hg <Tyl= Y gu(z,2)exu(d), for x € Z4H .

m/€Z¢i+1

One also has the bounds:

> gulza)/sup S gu(y.a’) < PET [Hi < Ty] <

(1 7) r'eK yeK z'eK
> gu(z,2)/inf > gu(y,a’).
' eK yeK ek



These inequalities for instance follow from the L' (PZ"")-convergence of the bounded mar-
tingale M, = > e 9u(Xnnmgny '), n >0, towards WHyx < Ty} > cp 9u(Xp, 2').

In the case of the discrete cylinder E, when U C F is a strict subset of E, we define
the corresponding objects just as in (1.3) - (1.5) with P, and E, in place of PZ""" and
EZ"" We then have a similar identity and bounds as in (1.6), (1.7).

We will sometimes find it useful to consider the continuous time random walks X _,
Y., and Z, on E, T and Z with respective jump rates equal to 2(d + 1),2d, and 2. We
denote (with some abuse of notation) by P, PyT , and PZ the corresponding canonical
laws starting at x € E, y € T, and z € Z. We otherwise use notation such as (gt)tEOa
(?t)tzo or Hy to refer to the natural continuous time objects. The continuous time walks
are convenient because on the one hand the discrete skeleton of X . is distributed as the

discrete time walk X, and on the other hand for z = (y, 2) € E,
(1.8) under Pl x PZ, (Y, Z.) has the canonical law P, governing X . .

One should however note that the discrete time processes Y and Z, respective T- and
Z-projections of X, cf. above (0.2), are not distributed as the discrete skeletons of Y and
Z; indeed they need not jump at each integer time.

As mentioned in the introduction we will consider certain concentric boxes in the
cylinder E and certain excursions of the walk related to these boxes. More precisely we
introduce the height scales:

(1.9) rnv =N < hy = [N(2 + (log N)?)],
as well as the boxes in E centered at level z € Z:
B(z) =T x (2+1) C B(z) =T x (2 4 I), where

(1.10) ~
I = [—TN,'T’N] and [ = (—hN,hN) .

When 2z = 0, we simply write B and B. We also introduce the probability ¢ which is the
equidistribution on the union of levels ry, and —ry in F:

1
(11) ¢ 2N4 xETX{Z;"N,T‘N} -
We now come to an identity which will be applied to the entrance distribution in subsets
of B\OwB prior to exit from B for the walk in £ with starting distribution ¢. This
identity plays a crucial role in comparing the trace left by the walk in the neighborhood
of points of B away from 0, B, with random interlacements. For the sake of clarity we
state the result in a slightly more general form than needed. We consider

- =~ . a+b __a+b
(1.12) a>a>b>bin Z with T

2h:5—g, 2r=a—>b,

so h+r and h —r are integers, but h and r are possibly half-integers. We then define the
probability

1
1.1 = — .

2€Tx{a,b}

For a measure ;1 on E we write P, in place of > u(z) P,. We can now state
reE



Lemma 1.1. (N > 3)

IfU =T x (b,a), one then has

(1.14) %@ Gap(z') gu(2', ) = (d + 1) (h];dr)

, for allx € T x [b, a].
Moreover for K C T x (b,a) one also has

h—r
(115) PQa,b[XHK = IL‘,HK < TU] = (d+ 1) <]V7d) 6K7U(ZL‘), fO’f’i’ e K.

Proof. We begin with the proof of (1.14). With the help of the continuous time process
X . and the symmetry of gy (+,-) we can write for x = (y,2) € T x [b, a]:

Z Q(z,b(x/) gU(xlv {L‘) = Z Q(z,b(x/) gU(xv {L‘/) =

el z'eE
(g (1.8),(1.13)
S aule)2d+ ) E] [ 1T =a'yat] L
r'eE 0
d+1 o -
%T (;d)ngEf[L 1{Yt:y,}]_{Zt:a, T('I;7a)>t}dt+
Y

(1.16) o . -
/ 1{Yt = y/} 1{Zt = b, T(’E,a) > t} dt] =
0

(dj;lf—dl) <E§[/OT(E,5) Z, =a} dt] + B~ [/OT@,a) 1(Z, = b} dtD _

(d+1) (PZZ[Ha <Tsz) N PI[Hy < T(E,aﬂ)

y = =
2NT APHH, > T BlHy > T,

using again the link between the continuous time and discrete walk, as well as a classical
identity for the Green function of the discrete walk in the last step. Using symmetry

around “T“’ = %, we see that
= 3 1 _ 1 _
(1.17) PPlH, > Tl = PY[Hy > Tgal =5 (h=1)""+ 5 (h+7) 7"

Moreover we also have

2—b da—2z 2h

:h+r+h+7“—h+r'

(1.18) PI[H, < Toal + PZ[H, < Tha)

Inserting these identities in the last line of (1.16) we find that

(d+1) 11 -1, 1 )t 2k
! 'x) = —(h — —(h
T al@)oula ) = G [f-n g 0] S
(d+1)
=~ (h—r).

This proves (1.14).



We now turn to the proof of (1.15). For 2 € K(C T x (b,a)) we have

PQa,b[XHK =, Hg < TU] = Z an,b[Xn =T, n= TU\K] =
n>1
(1.19) 3 Pu[Toye > n—1,X 000 =] Markov
; 1
ST )
PEB o al-1 ' 2(d+1)

Note that for 2/, 2" in E, the application of the strong Markov property at time Hp in
the formula corresponding to (1.5) yields that

(120) gU(.T”, .T/) = gU\K<.§L’”, .T/) + E:v” [HK < TU; 9U(XHK7 .I‘/)] .
Coming back to the last line of (1.19), using the symmetry of the Green functions as well
as (1.14) we see that for 2" € T x [b, a]:

(h—r)

Z qa,b($,)gU\K(x,7x,/) — (d + 1) Nd (1 — Px//[HK < TU])
(1.21) w'Ek

(h—r)

=(d+1) i

PJCN[HK > TU] .

Inserting this identity in the last line of (1.19) we find after the application of the Markov
property at time 1 that

(h—r)

(1.22) Ppo Xy = 2, Hie < Ty] = (d + 1) == P,[Hg > Ty), for z € K,
and this proves (1.15). O

Remark 1.2. In what follows the above lemma will be applied to the special case a = hy,
b= —hy,a=ryN, b= —ry, see (1.9), so that ¢, = ¢ in (1.11), and U =T x (b,a) = B,
see below (1.10). If one considers the time of the last visit to K C B of the walk prior to

the exit from B: B
LY =sup{n >0,X, € K,n < Tz},

where the supremum is by convention equal to —1, when the set in parenthesis is empty,
an application of the simple Markov property classically yields that for x € K:

P[X,5 = 0. Hi <T) = T q(a!) g5(a’.) Pullx > T
el

(1.23)
= > (@) g5(a', ) e ().
z'el
When K C B\O\wB = T x (—rn,ry), Lemma 1.1 shows that this expression remains
the same when L is replaced with Hg. In fact for any nearest neighbor B-valued path
7(n), 0 < n < N,, having its starting point z; = 7(0) and its endpoint x, = 7(V,) in the
support of ey 5(-), one has with the help of (1.15) and the strong Markov property:

Py[Hrx < Tz, (Xye+ )

1.24 o
2 (@4 1) o)

0<<LB—Hyg — T] =

ek 5(%s) Pu,[Xn = 7(n),0 < n < NoJey plae)

8



This identity has a strong flavor of (1.29) below and underlies the link between excursions
with entrance distribution ¢ on the cylinder £ and random interlacements on Z%*'. This
will play a crucial role in Section 4. O

We now recall some notation and results from [12] concerning random interlacements.
We denote with W the space of doubly infinite nearest neighbor Z+!-valued trajectories
which tend to infinity at positive and negative infinite times, and with W* the space of
equivalence classes of trajectories in W modulo time-shift. The canonical projection from
W onto W* is denoted by 7*. We endow W with its canonical o-algebra W and denote
by X,,n € Z, the canonical coordinates.

We endow W* with W* = {A C W*; (7*)7}(A) € W}, the largest o-algebra on W*
for which =* : (W,W) — (W*, W*) is measurable. We also consider W, the space of
nearest neighbor Z!-valued trajectories defined for non-negative times and tending to
infinity. We denote with W, and X,,,n > 0, the canonical o-algebra and the canonical
process. Since d > 2, simple random walk (on Z4t1) is transient and W, has full measure
for any PdeH, r € Z%! see above (1.3), and we view whenever convenient the law of
simple random walk on Z*! starting from z as a probability on (W, , W, ). We consider
the space of point measures on W* x R

0= {w =Y Sy With (wf,u;) € W* x Ry, i >0, and
(1.25) 120
w(W x [0,u]) < oo, for any K CC ZH u > 0} ,

where for K CC Z4 W; C W* is the subset of trajectories modulo time-shift which
enter K:

(1.26) Wi = m*(Wk), and Wy = {w € W, for some n € Z, X,,(w) € K}.

We endow 2 with the o-algebra A generated by the evaluation maps w — w(D), where
D runs over the product o-algebra W* x B(R,). We denote with P the probability on
(Q,.A) which is the Poisson point measure with intensity v(dw*)du, giving finite mass to
the sets W x [0,u], for K CC Z%*! u > 0, where v is the unique o-finite measure on
(W*, W*) such that for any K CC Z4*!, cf. Theorem 1.1 of [12]:

(127) 1WI*(V:7T*OQK7

with Qg the finite measure on W, the subset of Wi of trajectories which enter K for
the first time at time 0, such that for A, B in W,, x € Z+1:

QK[(X—n)nZO € Aa XO =, (Xn)NZO S B] =

1.28 ~
2 PF A H = ool ex(a) PF(B],
where we recall ek () stands for the equilibrium measure of K, cf. (1.3) and below (1.5).

Remark 1.3. Tt is also shown in Theorem 1.1 of [12] that for A, B € W, , L (w) the time
of the last visit of K by the trajectory w € W, and 7(n), 0 < n < N,, a finite nearest



neighbor trajectory on Z4! with starting point x, = 7(0) and endpoint z, = 7(N,) both
in the support of ex(C 0 K)

Qr[(Xon)nzo € A, (X )o<<rx =T, (Xnsrx)nz0 € B] =
(1.29) PZ"MA| Hie = oo e (z5) P2 (X, = 7,0 < n < N

T

ex(Te) PxZedH[B | Hi = oo .

In the case A = B = W, the above formula has a very similar flavor to (1.24). It is also
shown in Theorem 1.1 of [12] that v is invariant under time reversal of trajectories in W*
and under translation of trajectories by a constant vector. 0

Given K CC Z**! u > 0 one further defines on (2, .A) the random point process with
state space the set of finite point measures on (Wi, W, ):

(1.30) (W) = Y2 Sy H{w) € Wi uy < uf, for w =" 0w uy),

i>0 i>0

where (w*)® 7 stands for the trajectory in W, which follows step by step w* € W} from
the time it first enters K. One then has the fact that, cf. Proposition 1.3 of [12], for
K ccZ4, u>0,

(1.31)  pk, is a Poisson point process on (W, W, ) with intensity measure u PGZ;H,

where the notation is similar to below (1.13).
Given w € €, the interlacement at level u > 0, is the subset of Z+!:
(1.32) T w) = U range (w}), ifw =>" O ui)
u;<u >0
where for w* € W*, range(w*) = w(Z), for any w € W with 7*(w) = w*. One readily
sees that

(1.33) W) = | U ).

KCCZ4+! weSupp puk,u(w)

The vacant set at level u is then defined as:

(1.34) Vi(w) = Z7N\T*(w), forw € Q,u>0.
One has
(1.35) PV* D K] = exp{—ucap(K)}, for all K cc Z**",

and this property leads to a characterization of the law @, on {0, 1}Zlerl of the random

subset V", see Remark 2.2 2) of [12]. As recalled in the introduction @, is ergodic under
spatial translations, cf. Theorem 2.1 of [12] and for v > 0, 7%(w) is P-a.s. an infinite
connected subset of Z4*1, cf. Corollary 2.3 of [12]. To measure the percolative properties
of V" one introduces the non-increasing function on R, :

(1.36) n(u) = P[0 belongs to an infinite connected component of V¥],
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and the critical value
(1.37) uy = inf{u > 0;n(u) = 0} € [0, 0] .

The main results of [12] show in Theorem 3.5 that V* does not percolate for large u and
in Theorem 4.3 that for d > 6, (recall we work here on Z¥*!), V* percolates for small u,
ie.

(1.38) u, < 0o, and ford > 6,u, > 0.

We will now deduce from the controls derived in [12] the finiteness of the critical parameter
Uy, introduced in (0.6).

Lemma 1.4.

(1.39) U < Uy < 00,

(it is a natural question whether u, = U, see Remark 1.5 below).

Proof. The left-hand inequality is straightforward. Indeed with similar notation as in
(0.6) if u > w4, then for L > 1

(1.40) n(u) < P[B(0, L) <5 5(0,2L)]

and the right-hand side tends to 0 with L from the definition of u.., in (0.6). Hence u > w,,
and the left-hand inequality of (1.39) follows by letting u tend to u... We will now prove
that u,. is finite. Define for Ly > 1 and a = (100(d + 1)), the sequence of length scales

(1.41) L1 = 0,L,, where £, = 100[L%], n > 0.
If we now introduce for n > 0

(1.42) Cc™ =0, L,) " Nz and O™ = J(i L, + C™),

K2

where the union is over indexes 7 in Z4+! such that d(C™, i L,,+C™) < 1, in the notation
from the beginning of this section, then with (3.16), (3.67), (3.68) of [12], one can choose
Ly and uw > 0 such that

(1.43) P[A%"] < ¢ L1, for all n > 0, where A»" = {0 X g, ¢

When L is large we can find a unique n > 0 such that L, < L < L, 1, and we can cover
B(0, L) by at most ¢ /¢%*! possibly overlapping translates of C™ contained in B(0, L),
with the corresponding translate of C™ included in B (0,2L). As a result of translation
invariance of @),, we see that for large L

w (1.41)
(1.44) P[B(0,L) < B(0,2L)] < c &V PA»"] < c iV L1 <

(1.41) _(-a(d+1)) (1-a(d+1))
—(1—a(d+1 T 1ta
CLn( a(d+1)) < CLnJrl T+a <cL T+a

This shows that in the notation of (0.6), a(u) > % > 0, and hence u,, < oo. This

completes the proof of (1.39). O
Remark 1.5. In the case of Bernoulli percolation it is well-known that in the sub-critical
phase, the probability that the origin is connected by an open path to S(0, L) decays
exponentially with L, cf. Theorem 5.4, p. 88 of [6]. So far no quantitative estimate for
percolation in the vacant set of random interlacements showing for instance that o(u) > 0
for u > u, is known. It is a natural question whether in fact u, = u,.. O
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2 The coupling Construction

In this section we introduce in (2.2) excursions of the walk in the cylinder F which take
place sometimes during the return to B(z) and the departure from B(z), cf. (1.10). Due to
translation invariance we will only need to focus on the case z = 0 in the sequel. With the
choice of hy in (1.9), the T-component of the walk has enough time to homogenize between
one excursion and the next. At the beginning of the next excursion the distribution of
the location of the starting point of the path is close to ¢ in (1.11), cf. Lemma 2.1. This
enables to construct in Proposition 2.2 a coupling of the excursions of the path with a
sequence of i.i.d. excursions with starting distribution g. Although simpler this coupling
has a similar flavor to what was needed in Section 3 of [13]. It will be very handy when
comparing the percolative properties of the vacant set left by the walk on F with that of
the vacant set of random interlacements on Z*! in Section 4.

We begin with some notation. Given z € Z, we consider the stopping time ¢* which
is the first time when the walk visits one of the two levels z 4+ ry after reaching level z:

(2'1) 0" = HTX(Z+{_7’N77’N}) © 8H’]1‘><{z} + HTX{Z} )
as well as the successive times

oy =0", 175 =Tg, 00,- +0°, and for k > 0
(2.2) 0 0 B(2)

z _ z z z — ~ z
Opp1 =0 00 + 75 T = Ty 0007, + 0pia s

so that FPy-a.s., 0 <o <15 < - <o <7 <+ <00.

When z = 0 we drop the superscript z for simplicity. We begin with

Lemma 2.1. (N > 1)

Forall 2’ ¢ B and x € T x {—ry, 5} one has
(2.3) |Py[X, = 2] — q(z)] < c N4,

Proof. The argument has a similar flavor to what appears in the proof of Lemma 3.1 of
[13]. With (1.8) and the fact that the discrete skeleton of X, is distributed as X, we
see that the distribution of X, under P/, for 2’ = (¢/, 2’), coincides with the distribution

of (Y, Z5) under P;; x PZ_if 7 is the first time Z_ reaches {—ry, 7y} after reaching 0.

z

Thus using reflection of the path after Hr, oy, we see that for z = (y,ry)
L pT VASve
P$/[Y0':y]:§Py/XPz/[YE:y]

(2.4) ,
7l ()],

S|

where for ¢ > 0 we have set zY (-) = PIY, =]

Since & > Hy, and |2'| > hy > N(log N)?, standard estimates on the displacement of
simple random walk in continuous time on Z, see for instance (2.22) of [11] show that

(2.5) PZ[g < N*(log N)?] < e N~*.
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We thus see coming back to (2.4) and (1.11) that

(2.6) |Pu[X, = 2] — q(x)] < 5 BL[|ul (y) — N7, @ > N*(log N)?| + ¢ N~

N =

Let Ap stand for the spectral gap of the walk Y, on T, cf. (1.8) of [11], Lemma 1.1 in [11]
states that for ¢ > tp & Az log(2|T|), one has:

/ 1
(2.7) | (y) N¢ — 1] < 5 exp{—(t — tr) A\r}, for t > tr.

One can see that Ay > ¢ N~2, for N > 2, and hence tr < ¢ N?log(2N?), see for instance
the end of the proof of Lemma 3.1 of [13]. Coming back to (2.6) we see that for N > ¢, the
right-hand side is smaller than ¢ N4, The case of x = (y, —ry) is treated analogously
and adjusting constants, this completes the proof of Lemma 2.1. O

We now come to the coupling construction which is the main object of this section.

Proposition 2.2. (N > 1)

One can construct on an auzxiliary probability space (@, .Z, ﬁ) two sequences X* k > 1,
and X* k > 1, of E-valued processes such that

(2.8) XK k>1, under P has same distribution as Xop+ nmes k> 1, under B,
(2.9) )?k, k> 1, under P are independent and each distributed as X. nr; under Py,

(2.10) P[X*£XN <N fork>1.

Proof. The distributions of X, under P/, with 2’ € E, and under P, are concentrated

on T x {—ry,ry}. It follows from Lemma 2.1 that when 2’/ belongs to B° their total
variation distance is smaller than ¢ N¥%¢ = ¢ N=3¢. With Theorem 5.2, p. 19 of [8], we

can construct for any z’ in B¢ a probability p, (dz,dZ) on E? such that under p,:

(2.11) the first component has same distribution as X, under P,/,
(2.12) the second component has distribution ¢, and
(2.13) po({z #7}) < c N3,

Let us denote with 75 the countable set of F-valued trajectories which reach Be after a
finite time and are constant from then on, and are nearest neighbor prior to that time. The
auxﬂlary space we consider is Q= (T x Tp)!v*) endowed with the canonical o- algebra
A. We denote with Xk X Xk , k > 1, the canonical coordinates on Q. The probability P
on (Q, A) is constructed as follows. We introduce the kernel R, from B to T x Tz such
that for 2/ in B¢, and w, @ in Tp

Ry ((w, @) = /{ ol ) PAX s, = ) = ) +

(2.14) o

[ podn,d®) PAX sy = wl)] PoAX.r, = ),
{277}
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In other words under R,  the ordered pair of starting points of the two trajectories has
distribution p,s and conditionally on these starting points, when both points coincide the
two trajectories coincide as well and evolve as the walk on E stopped when exiting B,
and when the starting points differ the two trajectories evolve as independent copies of
the walk stopped when exiting B. We then construct P as the law of the Markov chain
on (7z x Tg)™>° such that

(2.15) (X1, X1) has distribution > veie PolXn = ') Ry, and

'cBe

(2.16) Ry is the conditional law of (XFHL XK given XV XK 1<k <k.
B

With (2.13), (2.14), it is immediate that (2.10) holds. With (2.12) and (2.14) under any
Ry, x' € EC, the second component is distributed as X. r. under F,;, and (2.9) follows.
On the other hand under R, the first component is distributed as X (5,4 )rr under P
and (2.8) is a consequence of the strong Markov property for the walk on E and (2.2). O

With the help of Proposition 2.2 we will be able to replace the excursions X (g, 1 )ar,
k > 1, under F, by the collection of i.i.d excursions X k k> 1, under P which have same
law as X. 7. under P. Together with Lemma 1.1 this will facilitate the task of comparing
the trace left by the excursions of the walk X, in a sub-box A of B\0 B with center
at level 0 and side-length of order N'~=¢ with the trace left by a well calibrated random
interlacement on A (suitably identified to a subset of Z4*1).

3 Truncation, sprinkling and random interlacements

The object of this section is to develop a stochastic domination result showing that when
A and C are boxes in Z%*! centered at the origin with respective side-length of order
N'=¢and N, then for large N one can in essence dominate the trace on A of the random
interlacement at level u’ by the trace on A left by all trajectories in the support of pa,
stopped at the exit time of 5, if u is slightly bigger than «. We refer to (1.30) for
the notation. Thus sprinkling, i.e. choosing u slightly bigger than «/, compensates the
truncation of trajectories. Our main result Theorem 3.1 directly pertains to random
interlacements and will play an important role in the next section when relating the
critical parameter wu,, of (0.6) to the disconnection of the discrete cylinder by simple
random walk. We begin with some notation.

We consider 0 < € < 1 and denote with A C C the boxes in Z4+!:

1—¢ ~
(3.1) AzB(O,Q[NS DngB<O, g])
Given u > 0, we introduce for w € ), cf. (1.25), the truncated interlacement
(32) Ttw)= U w(0Tg),

weESupppa,u(w)

where the notation appears in (1.30). We will now compare when ' is “sufficient smaller”
than u the trace on A of Z% (w), the random interlacement at level u’, cf. (1.32), to the
trace on A of Z%(w). Our main result is:

14



Theorem 3.1. (d>2,u>u'>0,0<e<1)

For N > c(e), whenever
(3.3) u > exp{%o e_vlogN},

then there exist T*, T random subsets of A such that

(3.4) TYNA=T"UT,

(3.5) T*.T are independent under P,

(3.6) PZ#0)<u N7,

(3.7) I* is stochastically dominated by T N A.

Proof. We now define the integer M and the subbox C' of C via

(3.8) M = [exp {log N} +1, ¢ = B(0, | 13| )
so that for N > ¢(e),

(3.9) A C B(0,100[N"9]) C C C B(o, 100 [&D cC.

Throughout the proof we will write for simplicity P, and E, in place of PZ"" and EZ""",
with z in Z4*!, to denote the law on (W, , W, ) of simple random walk starting from x
and its corresponding expectation. We introduce the sequence of successive returns to A
and departures from C of the walk, i.e. with similar notation as in (1.2)

RleA, D1:T00931+R1 andforkZl,

(3.10)
Rpy1 = Ri00p, + Dy, Dpyy = Dyobp, + Dy,

sothat 0 < Ry < D; <--- < R, < Dp<---<o00, and P,-a.s. these inequalities, except
maybe for the first one, are strict if the left-hand side is finite. Note that for w € ,
see (1.25), the finitely many trajectories of W, in the support of 4 . (w) have a starting
point in d;,yA C A, and Dy is finite for such trajectories. We can thus consider the index
of the last finite exit from C for the various trajectories in the support of 14, and write

HAw = > ty + i, where r = [§] + 1 and
(3.11) 1<e<r €

M2 = 1{D€ <00 = Rf-H}MA,uH H= I{DT-H < OO} KA -
Similarly in the case of p14, considering the last return to A before exiting C' we can write

(3.12) Paw = Y fe, where py=1{D; <Ts < Rpy1} pran -
>1

As a direct consequence of (1.31) and the above decompositions we see that under P

wy, 1 <0 <r, i are independent Poisson point processes on (W, W, ) with
(3.13)  respective intensity measures (; = u' 1{D; < 0o = Ry;1} P.,, 1 <{ <r, and
(=u1{D,41 < x}P.,,
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and that

(3.14) e, £ > 1, are independent Poisson point processes on (W, W, ) with
' respective intensity measures ¢, = u 1{Dy < Tz < Ryy1} P,

. /
Moreover we can express the respective traces of Z* and Zg on A as follows

I¥NA=7T"UZ, where
(3.15) T=U( U wmna), T= | wn4,
€5u

1<é<r "we&Supp wESUpp &

and

(3.16) IgmAzu( U w([o,Té])mA>.

£>1 "wESupp e

Note that the successive application of the Markov property at times D,, D,_q,...D;
yields for N > ¢(¢)

W) = o Py [Res < o] S (sup Po[Ha < o0])” x cap(A) <

(3.17) Ne reoc

u'{c <M>(d1)}r % ¢ NO=9)(d=1) < o7 or+l N-deld=1)r+(d-1) <u N~

where we have used the inequality in the right-hand side of (1.7) combined with standard
bounds on the Green function, cf. [7], p. 31, to estimate sup,cyc Pr[Ha < o0}, a standard
upper bound on the capacity of A, cf. (2.16), p. 53 of [7], the fact that M grows slower
than Ni, see (3.8), and the definition of r in (3.11).

We now introduce the measurable maps ¢}, for £ > 1, from {D,; < co = Ry1}(C W)
into foz , where W} stands for the countable set of finite nearest neighbor trajectories on
Z* as well as the measurable maps ¢, ¢ > 1, from {D;, < T5 < Ryy1} into fog defined
through:

gb;(w) = ((w(Rk + ')Of'SDk_Rk)lgkgz’ for w € {Dg < 00 = Rg_H} ,

3.18
( ) (bg(w) = ((w(Rk + '>0§'§Dk7Rk)1§k§£’ for w € {Dg < Té < Rprl}.

In other words ¢,(w), resp. ¢,(w), keep track of the ¢ portions of the trajectory w cor-
responding to times between the successive returns to A up to the next departure from
C. With (3.11), (3.12), we can view pj and gy, for £ > 1, as Poisson point processes on
{Dy < 00 = Ry1} and {D; < Tz < Ryy1} respectively. We denote with pj, and p, their
respective images under the maps ¢y, and ¢,. Hence p, and p, are Poisson point processes
on fog , and we write &, and &, for their respective intensity. Note that as direct result
of (3.13) and (3.14) we have:

(3.19) Py, 1 <€ <r, and 7 are independent Poisson point processes,

(3.20) pe, £ > 1, are independent Poisson point processes,
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and moreover for £ > 1,

gé(dwla SRR dwﬁ) =

u' P,,[Dy < Reyr = 00, (Xp,+ Jo<.<pp—ry € dwy, 1 <k < (],
(3.21)

§Z<dw17 SR dU)g) =

uPeA [Dg < Té < Rngl, (XRkJr-)OS'SDk*Rk € dwk, 1<k< 6} .

The next lemma will be useful in comparing &, to &.
Lemma 3.2. (d>2,0<e<1)
For N > c(¢), one has for x € 0C and y € O A

c
(3.22) P,[Ts < Ry < 00, Xp, =y] < MTl_l PRy < Tz, Xp, =y
Proof. We implicitly assume (3.9). Note that for y € 0, A one has

sup Pz[Té <Ry <00,Xpg =y| < sup E, [PXTa Ry < 00, Xg, = y]] <

z€e0C zeoC
9 sup P.[Hypc < o] sup P,[R; < 00, Xg, =y| <
(3.23) eol 2€dC
c

= 56118% PRy < 00, Xg, =1,

where in the last step we have used the rightmost inequality in (1.7) combined with
standard bounds on the Green function just as in (3.17). Then observe that the function
z — P,[Ry < 00,Xg, =y] = P.[Hs < 00, Xy, = y] is positive harmonic on A¢. With
Harnack inequality, cf. [7], p. 42, and a standard covering argument we find that

(3.24) sup P.[R; < 00, Xp, =y] < ¢ inf P[R; < 00, Xp, =y].
zeoC z€eolC

Therefore coming back to (3.23) we see that

C .
sup P.[Ts < Ry < 00, Xp, = y] < ——— lancf P.[Ry < 00,Xp, =y <

2€8C -
(3.25) ;

W lancf(PZ[Té < R; < OO,XVR1 = y] + PZ[Rl < Ta,XRl = y])

Assume that N > c(e) is such that 7= < %, with ¢ the constant appearing in the last

member of (3.25), then one finds that for x € 9C and y € 0, A

2c
Po[Ts < Ry <00, Xp, =y] < M1 PRy < Tz, Xp, =],

and this completes the proof of Lemma 3.2. O

Our next step in the proof of Theorem 3.1 is
Lemma 3.3. (d>2,0<e<1)
For N > ¢(e), one has

/ -1
(3.26) ¢ < £ (1 + C—l_> &, for 0> 1.
u



Proof. With (3.21) we see that for £ > 1, wy,...,w, € Wy, writing w® and w® for the
respective starting point and endpoint of w € Wy, one has:

Q((wl, . ,U}g)) =
u' P, [Dy < 00 = Ryy1, (Xpt Jo<<pp—r, = Wi(+), 1 <k </f] =

3.27
( ) Z UIPEA [Dg < Té < Rg_,_l = 00, (XRk+')0§'§Dk—Rk = ’wk(), 1 S k S E,

T 00p, + Dy < Ry, exactly when k€ B, for 1 <k </ — 1] )

Note that the above expression vanishes unless w; € 0t A, wj, € 0C, and wy, takes values
in C except for its endpoint wy, for each 1 < k < £. If these conditions are fulfilled we
can use the strong Markov property repeatedly at times Dy, Ry, Dy_1,..., Dy, and find
that the last member of (3.27) equals

> WP, [(X )oc<p, = wi()] Bue [1{1 ¢ B} {T5 > R} +

BC{1,. . -1}
1{1 - B} l{Té < Rl}, R1 < OO,)(R1 = w;}ng[(X_)OS.SDI = wg()] ..

Eye [{t—1¢ BY1{Ts> R} +1{{—1€ B} {Tz < R},
(3.22)
(3.28) Ry < 00, X, = 0] Pus[(X.)oc.<p, = we(+)] Pue[Ts < Ry = 00] <

)B“, P, [(X)o<.<py = wi(+)]

(&1
> (5
Be(l, -1y NM

Pug[Ry < T, X, = w3] Pug[(X)o<.<p, = wa2(")] . ..
Pwl‘? [Rl < TéaXR1 = wj]ng[(X_)OS.SDI = ’wg()] szz[Té < Ry = OO] .

-1
Using the strong Markov property we see that the above expression equals

-1
ul<1+ﬁ) PeA[TéoQDk+Dk>Rk+1, forl1<k</?(-1,

(XRk+')0§'§Dk—Rk = wk(), 1 S k‘ S E, Dg < Ta (6] 0[)4 + Dg < Rz+1 = OO] S

3.29 c -1
(3:29) u'<1 + —1) Pey[De < T < Rer, (XpytJoso<pp—re = wi(), 1 <k < (]

!
3.21) U e \¢1
= E <1+Mdl*1> fg((ﬂ)l,...,wg)),
and this concludes the proof of Lemma 3.3. O

We now assume that

8 -1
(3.30)  u>u exp {— %} ( > u'<1 + %) ,forall 1 < <r,see (3.11)) ,
5

and find as a consequence of Lemma 3.3 that
(3.31) § <&, for1 <0<r.
In view of (3.13) and (3.15) we see that

(3.32) T* and 7 are independent under P,
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and that with notation above (3.19)

(3.33) = U U range wy U - - - U range wy .

1<t<r (wi,...,wg)ESupp pj,

We also see that with (3.16)

(3.34) EnAD U range wy U - - - U range wy .

1<l<r  (wi,...,we) ESupp pe

In view of the independence stated in (3.19), (3.20), and of the domination stated in
(3.31), we see that under P

(3.35) I% N A stochastically dominates 7+ .

Together with the fact that

_ _ @
(3.36) PZ #0] <{(W,) < o' N7%,

and recalling (3.15), (3.32), Theorem 3.1 now follows by choosing ¢y = 8¢y, see (3.30),
(3.8). 0

Remark 3.4. It is clear from the proof of Theorem 3.1 that the specific choice of the
factor e~ V18N inside the exponential in the right-hand side of (3.3) is not essential. One
could just as well use a factor 1/¢(N), where 9(-) is a positive function on [1, 00) tending
to infinity such that ¢(¢) = o(¢?) for all v > 0, and assuming N > ¢(e, ) in the statement
of Theorem 3.1. The present choice will be sufficient for our purpose.

4 Upper bound on the disconnection time

We now come to the main object of the present article, namely the derivation of the upper
bound (0.8) on the disconnection time Ty of the discrete cylinder E, cf. Theorem 4.1, and
its Corollary 4.6 relating the asymptotic behavior of Ty to the Brownian stopping time

C(\/“ﬁ), see (0.9), (0.10). The strategy employed to show Theorem 4.1 roughly goes as

follows. We will show that once for some z € Z the local time at z of Z_, sce (O 3), exceeds
(ﬁl) ug with ug > ., then typically all excursions X[O.z ] with k& < (d+1)h u1, have
already occurred, where ., < u; < up. In addition an argument based on the spatial
regularity of the local time will allow to only consider a large but finite number of levels

Z's in the cylinder as N goes to infinity, see Proposition 4.3. With the couphng technique
of Section 2 we will be able to replace the excursions X,z =), 1 < k < d+1) uy, by a
collection of i.i.d. excursions with starting distribution, the Vertlcal translation to level
z of ¢ in (1.11). With a Poissonization argument it will suffice to consider a Poisson
number of such i.i.d. excursions with parameter ﬁ ug where ., < ug < uy. The
special character of these excursions, see Lemma 1.1 and Remark 1.2, and the domination
results for the trace of random interlacements of Section 3 will allow to compare the
trace left by this Poisson number of excursions in a box of the cylinder with side-length
N'7¢ and center at level z, to the trace left by a random interlacement at level us, with
Uy < Uz < Us, in a box of ZI*! of same side-length, where ¢ will be chosen as a function
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of a(us), in the notation of (0.6). It will follow that disconnection of the cylinder typically
must have occurred, see Proposition 4.2. Combining Propositions 4.2 and 4.3 will yield
Theorem 4.1.

We recall the notation (0.5). Our main result is

Theorem 4.1. (d > 2)
For any 6 > 0 one has

<4.1) h]{fn P [TN - lrelg fy(ﬁdl)(u**-i-é)]
Proof. We begin with a reduction step which shows that (4.1) is the consequence of two

claims that will be subsequently proved in Propositions 4.2 and 4.3 below. Indeed we can
write for L, N > 1, in the notation of (2.2):

P [T N > inf ~7 < BTy > inf T ] +
(42) z€Z ((ﬁdl)(u*wré)] [ 2=L N4 |¢|<L? [ﬁ(u*ﬂr%)}
PO[ inf T* > inf ~* .
cm N <12 [aimy et )] T 262 | i (unt)

As a result we see that (4.1) will follow from the two propositions:

Proposition 4.2. (d > 2,6 > 0)

(4.3) for all z € Z, li]{[n Py|[Ty > 17

Nd 5
[arnay (wet2)l

|=0.

Proposition 4.3. (d > 2,6 > 0)

(4.4) liin @ Py[  inf T? > inf 7,4 ]=0

Nd 3
e=gNd <12 @Ry (et2)] - 2eZ g (e +9)

We start with the

Proof of Proposition 4.2: The application of the strong Markov property at the entrance
time of the walk in T x {z}, together with translation invariance shows that it suffices to
consider the case z = 0 when proving (4.3). With (2.10) of Proposition 2.2, bringing the
i.i.d. excursions X* k > 1, into play we see that (4.3) will follow once we show that

— — — d
(4.5) lij{fn Plrange(X!) U+ U range (X.[(dﬁ)hN (u**+%)]) does not disconnect E] = 0.

If we now introduce an independent Poisson random variable K, with intensity

N¢ s
(4.6) A= m (U** + Z) )

then with a slight abuse of notation we have

lim P K > [ufm (et 5)]] =0,

and hence the claim (4.3) follows from

(4.7) lij{fn P[range(X1) U--- U range(X%*) does not disconnect E] = 0.
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We now choose, see (0.6) for the notation,
1 ) 1
(4.8) €= <a <u + §> A 1) e (0, Z] .

We can cover T x {0} by ¢ N°? closed | - |s-balls of radius R = [N;E] with center in
T x {0}. Hence using translation invariance, (4.7) follows from

(4.9) hm Nee P[there is a nearest neighbor path from B(0, R) to S(0,2R)
not intersecting range(X') U - - - U range(X53)] = 0.

We will write

(4.10) A = B(0,2R) gé:B(O, [g]) CE,

and for sufficiently large IV, we will tacitly identify C'UAC with a subset of Z4+!, so that
the notation agrees With (3.1). Given X* k > 1, entering A, we can define the nearest-
neighbor trajectory X , which starts When X * enters A, follows X" X* and is stopped when
X’l‘C exits C. Then

(4.11) = 3 1{X* cnters A} Ok

1<k<K\

is a point process on the space of nearest neighbor C U 0C-valued trajectories which are
constant after a finite time. The key observation in view of (1.15) of Lemma 1.1 when
U = B, (2.9) of Proposition 2.2, (and the main interest in introducing the independent
Poisson variable K) is that

ft is a Poisson point process with intensity measure

(4.12)  A@d+1) 5 .
Nd (hN_TN)PeA’EI:X./\Tée']:(u**+1)(1_%>P€AB

[X. AT €.
We will now use the next

Lemma 4.4. (d > 2,0 > 0)
For N > ¢(6), one has

(4.13) for all x € O A, e, 5(x) > ea(x) (1 T N)? ) |

(d 1)e
(see below (1.5) for the notation and recall A C C are viewed as subsets of both E and
ZdJrl)‘
Proof. 1t is plain from (1.3) that for N > ¢,
(4.14) e a(®) > ea(z), for x € G A.
It is therefore sufficient to prove (4.13) with e, 5(z) in place of e4(x). On the other hand

with the analogue of (1.3) for the walk on E, we see that

strong Markov

eac(@) —eyp() = Pl > Ha >Tp| =

E, [ﬁA > T, PXT& T > HA]] < eA’é(a:) sup P[Hy < Tg], for z € O A.
z€dC

(4.15)

21



Note that 9C' C S(0, [21+1) S and the claim (4.13) will follow once we show that

(log N)?

(4.16) sup Po[Ha < Tg] < ¢ 5o

z€S

for N > ¢(0).

To this end consider the probability that the walk starting in S reaches B(0, [3[4]]) before
hitting S, and then enters A before entering S. We see with standard estimates on the

one-dimensional simple random walk and the right-hand inequality of (1.7) combined with
standard estimates on the Green function, cf. [7], p. 31, that for N > ¢(9),

(4.17) sup P,[Ha < Hg A Tzl <cNteN-dbe — ¢ No1m(d=De
zeS

On the other hand using estimates on the one-dimensional simple random walk to bound
from below the probability to move at distance [55] of C U S = B(0, [{] + 1) without
hitting S, the invariance principle to bound from below the probability to reach level
[%] + N in E without entering S, and once again estimates on the one-dimensional simple
random walk to bound from below the probability to reach level hy before level [%] +1,
we see that for N > ¢(J):

N-1 @9

(4.18) inf P[T5 < HGAHsl > S xex ——— > ¢N ' (logN)2.
N hv = [3] -1

zeS
We can then introduce the successive hitting times of S
(4.19) Vo =0, Vigr = Hgo by, + Vi, k >0,

which are P,-a.s. finite for all z in S (and in F). Considering the pairwise disjoint events
where 0, ({HaATgz < Hg}), m > 0, first occurs when m = k, with k& > 0, the application
of the strong Markov property at time V; shows that for N > ¢(§), for all x € S:

sup Py[Ha < Hg A Tg]

(4.20) Sup Po[Ha < Hg NTg] + int Po[Tp < Hg A Hal
(4.17),(4.18)

< c(log N)2 N—(d=e
This shows (4.16) and concludes the proof of Lemma 4.4. O

We now proceed with the proof of (4.9). Note that with (4.11) one has

(4.21) (range()N(_l) U---u range()sz)) NAD |J (range(w))NA,

weESupp &

and in view of (4.12) and (4.13), for N > ¢(9),

under P, (range()zl) U---u range()?_fﬁ)) N A stochastically dominates

" . B ) TN (log N)?
I@ N A under P, with u = (u** + Z) (1 — H) (1 —C m) 5

(4.22)
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where we have used the fact stemming from (3.2) and (1.31) that

Tiw)NnA= |J (range w) N A, where

weSupp 1

fu (w) = . 3 » dw(-AT) 1s a Poisson point process with intensity
wedsu u(w
PR measure uPeZAdH[X.,\Ta € .

Hence returning to the expression in (4.9), we see that its lim sup over N is smaller than,
(see (0.6) for notation):

(4.23) % N*’P[a nearest neighbor path in (Zg N A)¢ joins B(0, R) with S(0, 2R)].
If we now define
(4.24) u’:uexp{—%oe’”og]v} Zu**+g, for N > ¢(0),

it follows from (3.7) that the above expression with a similar notation as in (0.6) is smaller
than

. “ye (34) o
lim N“'P[B(0, ) E55(0,2R)] < lim N<(P[B(0, F) Y70 5(0,2R)] +
_ (3.6),(4.24) ___ et d (0.6),(4.8)
(125)  PZ#9]) < T N(P[BO,R) " S(0,2R)] +uw' N <
Tim Ne@ Nfa(u**Jr%)Jre (4:8) 0.
N
This concludes the proof of (4.9) and hence of Proposition 4.2. O

We now turn to the

Proof of Proposition 4.3: Our first step is
Lemma 4.5. (d > 2,§ > 0)

Z fyZNd
] @D

=0, forallz € Z.

(4.26) lim Py (77

(d+1)hN( (”**+%5)]

Proof. Denote with HZ, k > 1, the successive times of entrance of X at level z after
departure from B(z), i.e.

(427) Hg = HTX{Z}a and H]jJrl = HTX{Z} @) eTE(z) o QHE + Té(z) o HH]? -+ H]j, for k Z 0.
It follows from (2.2) that 77 coincides with the exit time of B(z) after H7:
(4.28) e =Tp,) 0 0u; + Hy, fork > 0.

Notice also that under P,, for x € T x {z}, the number of visits of Z, >0, cf. (0.3), to
z before exiting 2 + I = 2 + (—hw, hy), Le. 320 1{Ze = 2, po < T,)} is distributed as
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a geometric variable with success probability h;,l. The application of the strong Markov
property at the successive times H?, 0 < m < k, and (4.28) then shows that

under Py, 55 I{Z =z, p¢ < 77} is distributed as the sum of k + 1

4.29 . . . . _
( ) independent geometric variables with success parameter h Nl.

Thus choosing k = [(dﬁvﬁ (U +2)] and @ = (éVle) (ws +2 8), we see that the probability
which appears in (4.26) is equal to:

P Z 1{2 } > < ,%a eMhy 1 k+1
0 ¢ =z,p0 < Tf _Oz]_e N ( ) ’
(4.30) >0 F hn 1= (1= L)
it A >0, andek/hN(l_i) <1,
hn

where we have used (4.29) and the exponential Chebyshev inequality. If A < 1 is small
and fixed, for large N the logarithm of the right member of (4.30) is equivalent to

A N 3 N4 6 1
Chy (d+1) <u* t3 5) + (d+ 1)hy (u* + 5) log <1—)\> ’
and this expression tends to —oo. This concludes the proof of (4.26). O

With Lemma 4.5 we see that for given L > 1, the limsup over N of the probability
in (4.4) is bounded above by the limsup over N of the corresponding probability where

z ¥4

(S 5., 1s replaced by 7% .. , .. Hence the claim (4.4) will follow once we
show that

4.31 lim lim P, inf z > inf ~* =0.

( ) llr,n ll{fn O[z:% ]b%,\ZKL? fy(dN—fl)(u**Jr%é) gglz fy(év%(u*ﬂr&)]

If we now introduce an integer K > 1, and write lim in place of limg lim; limy, we see
that the above expression is smaller than

lim Pylpgnea > inf VZ a > inf % , +
zz%Nd,mgLQ (dN—_H)(u**—I—%é) 2€7Z (tﬁl)(u**-i-a)}

> prye)| <

lim Py[+° .,
[ (arn) (w5 8)

_ o )
(4.32) lm Py| sup sup inf |Li-IF| > Do g4
k<KN2d z€Z z'€{LN%(<L2} (d+1) 8
T 70 Nd
g A B < gy eet0)]

With (1.20) of [2] one can construct on an auxiliary probability space (©, A, P) a coupling
of the local time L of Z with a jointly continuous version L(-,-) of the Brownian local
time so that

(4.33) P-a.s., sup ILi = Liz k)|

; < oo, foralln>0.
2€Z,k>1 katn
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As a result we see that the last member of (4.32) is smaller than

im P - NY 3§

hmP[ sup  su inf L(z,t) — L(Z,t)] > —]+
thE?d zeg z’e{%Nd;\Z|§L2}| (2:1) ( )= (d+1) 16

Tom Iim P[L(0, KN*) < 5] L

III(H 1]511 [ ( ? ) — (d+ 1) (u** + ) ~

hmhmP[su su inf L(v,s) — L(v',s)| > ]+
K L SSIB UE[E v/e{%,|é\§L2}| (v,5) (v';5)] 2 16(d + 1)

Usse + 6
d+1 ]°

lim P[L(O, K) <

Since lim,_ o, L(0,s) = 0o, P-a.s., the last term vanishes, and since P-a.s. the restriction
to R x [0, K] of L(v, s) is continuous and compactly supported, the lim sup over L of the
probability in the previous line equals 0. Combining our estimates we see that we have
shown (4.31) and hence Proposition 4.3. O

As mentioned above (4.3), with Proposition 4.2 and 4.3, coming back to (4.2), we see
that we have proved (4.1). This completes the proof of Theorem 4.1. O

As an application of Theorem 4.1 we will now derive an upper bound on Ty, which
will in particular show that the variables Ty /N?? are tight. We recall from (0.10) the
notation

((u) =inf{t > 0; sup L(v,t) > u}, for u >0,
veR

with L(+,-) a jointly continuous version of the local time of the canonical Brownian motion.
Denoting with W the Wiener measure, one has the scaling property:

(4.34) for u > 0, ¢(u) and u? (1) have same law under W .

With [1] or [5], cf. Proposition 5, p. 89, as recalled in (0.12) one knows that for 6, u > 0

4. EW _gg(u) _ Ou Il(
(4.35) e ) (sinh(&))*  Io(

oY Y
SINNN
N N

9

with I, the modified Bessel function of order v, cf. [9], p. 60.

Corollary 4.6. (d > 2)

. T > 2d < Usex >
(4.36) fory >0, lim By[Ty >y N ]_W[C(m)_’y],

and in particular the laws of T /N** are tight.

Proof. Consider 0 < +' <+, and § > 0. With Theorem 4.1 we see that

. 2d T . z 2d
(4.37) h}fn PO[TN > yN*| < h]{[n Po[irelg v%(uww) >N } )

When N > 3, the sequence pi, k > 0, cf. below (0.2), has the same distribution under F
as the partial sums of independent geometric variables with success probability ﬁ, (this
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distribution is independent of N). It follows from the strong law of large numbers that
Fy-a.s., limy, & = d + 1, and hence the right-hand side of (4.37) is smaller than

hm Po[lnf 7 5 (0t) > p[%NQd}} <
Tm P lsup T N4 5] 42
[ - <

lj{fn O—Szlellz) [d+1 ] d+1 <u + )]

lim W -Su L(Z |:7_N2d]) < Nd (u " 25)] scahng
(4.38) o i zEIZ) S g (s

Tim [ 2d 2d Usn + 25i| continuity

hj{[nWilelIZ) L(Nd’[dJrlN }/N ) = <

/
W [sup L(v, i ) < L +25] .
el d+1 d+1

Letting 7' tend to v and § tend to 0, the above expression tends to

5 < U s :|sc£ng |: I < Usex ]
Wl (o) < ] W e 2 < ]

One also knows, cf. [5], p. 89 above Proposition 5, that for u > 0,

(4.39) W-a.s., ((u) = inf{t > 0; sup L(v,t) > u},

veER

and therefore the above expression equals W[(( \/T) > 7], and this is an upper bound

on the left-hand side of (4.37). This concludes the proof of Corollary 4.6. O

Remark 4.7.

1) Combined with the results of [4], Corollary 4.6 implies that when d is large enough,
i.e., d > 17, the laws of Ty /N?? under Py with N > 2, are tight on (0, 00), see also (0.11).

2) A natural question stemming from the present work is whether in fact

(4.40) Ty /N*® converges in distribution to ((2=), as N — co.

+1

This question should be complemented by the further question whether it also holds that
(4.41) Uy = Uy

(one knows that 0 < u, < oo for d 4+ 1 > 3, cf. [12], [10], and that u, < u.. < oo, for
d+1 > 3, as shown in Lemma 1.4). These are just a few examples of natural questions
pertaining to the interplay between disconnection by random walk of discrete cylinders
and percolation for the vacant set of random interlacements. ([l
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