RANDOM INTERLACEMENTS AND THE GAUSSIAN FREE FIELD

Alain-Sol Sznitman*

Abstract

We consider continuous time random interlacements on Z%, d > 3, and charac-
terize the distribution of the corresponding stationary random field of occupation
times. When d = 3, we relate this random field to the two-dimensional Gaussian
free field pinned at the origin, by looking at scaled differences of occupation times
of long rods by random interlacements at appropriately tuned levels. In the main
asymptotic regime, a scaling factor appears in the limit, which is independent of the
free field, and distributed as the time-marginal of a zero-dimensional Bessel process.
For arbitrary d > 3, we also relate the field of occupation times at a level tending
to infinity, to the d-dimensional Gaussian free field.
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0 Introduction

In this article we consider continuous time random interlacements on Z?, d > 3, where
each doubly infinite trajectory modulo time-shift in the interlacement is decorated by i.i.d.
exponential variables with parameter 1 which specify the time spent by the trajectory at
each step. We are interested in the random field of occupation times, i.e. the total time
spent at each site of Z? by the collection of trajectories with label at most u in the
interlacement point process.

When d = 3, we relate this stationary random field to the two-dimensional Gaussian
free field pinned at the origin, by looking at the properly scaled field of differences of
occupation times of long rods of size N, when the level u is either proportional to log N/N
or much larger than log N/N. The choice of u proportional to log N/N corresponds to
a non-degenerate probability that the interlacement at level u meets a given rod. In
the asymptotic regime it brings into play an independent proportionality factor of the
Gaussian free field, which is distributed as a certain time-marginal of a zero-dimensional
Bessel process. This random factor disappears from the description of the limiting random
field, when instead uN/log N tends to infinity .

For arbitrary d > 3, we also relate the properly scaled field of differences of occupation
times of sites by the interlacement at a level u tending to infinity, with the Gaussian free
field on Z4.

Rather than discussing our results any further, we ﬁrst present the model and refer to
Section 1 for additional details. We consider the spaces W+ and W of infinite and doubly
infinite Z¢ x (0, oo)-valued sequences, with d > 3, such that the Z-valued components
form an infinite, respectively doubly infinite, nearest neighbor trajectory spending finite
time in any finite subset of Z?, and such that the (0, 0o)-valued components have an infinite
sum in the case of /I/IZL, and infinite “forward” and “backward” sums, when restricted to
positive and negative indices, in the case of w.

We write X,,,0,, with n > 0, or n € Z, for the respective Z¢- and (0, oo)-valued

canonical coordinates on /V[Zr and W. We denote by P,, v € Z4, the law on /V[Zr endowed
with the canonical o-algebra, under which X,,, n > 0, are distributed as simple random
walk starting at z, and o,, n > 0, are i.i.d. exponential variables with parameter 1,

independent from the X,, n > 0. We write W* for the space W modulo time-shift,
fe. W* = W/ ~, where for @, @' in W, @ ~ @' means that w(-) = W' (- + k) for some
k € Z. We denote by 7*: W — W* the canonical map, and endow W* with the o-algebra
consisting of sets with inverse image under 7* belonging to the canonical o-algebra of w.

The continuous time interlacement point process on Z?, d > 3, is a Poisson point
process on W x R, . Its intensity measure has the form 7(dw*)du, where v is the o-finite
measure on W* such that for any finite subset K of Z?, the restriction of 7 to the subset
of W* made of @* for which the Z%-valued trajectory modulo time-shift enters K, is equal



to ™ o @ K, the image of @ x under 7*, where @ K 1s the finite measure specified by:

1) Qx(Xo = z) = ex(x), with e the equilibrium measure of K, see (1.4),
(0.1)
ii) when ex(x) > 0, conditionally on Xy = z, (X,)n>0, (X_n)n>0, (On)nez are
independent, respectively distributed as simple random walk starting at x,
as simple random walk starting at x conditioned never to return to K,
and as a doubly infinite sequence of independent exponential variables with
parameter 1.

The existence and uniqueness of such a measure v can be shown just as in Section 1
of [19]. The canonical continuous time interlacement point process is then constructed
on a space (€2, A, P), similar to (1.16) of [19], with w = > .- d(ar ., denoting a generic
element of the set Q. We also refer to Remark 2.4 4) which explains how Z%, d > 3, can
be replaced with a transient weighted graph, and continuous time random interlacements
on a transient weighted graph are constructed.

In the present work our main interest focuses on the collection of (continuous) occu-
pation times:

Lew(w)=>" > on(;) X, (0;) = 2, u; < u}, for x€Z%u>0,

' where w = > (@ vy € 2, and 7(w;) = Wy, for each i > 0.
i>0

We compute the Laplace functional of this random field, and show in Theorem 2.3 that
when V is a non-negative function on Z? with finite support one has the identity:

Z¢7H Cr erlv(x)} uw>0
Yo 9reeVix) )7 77

(0.3) E[exp{ — > V(x)Ly } = exp {—u

xCZ4

where in the above formula I runs over the collection of subsets of the support of V', g;
denotes the determinant of the Green function g(-,-) restricted to I x I, see (1.1), and ¢;
the sum of the coefficients of the matrix of cofactors of the above matrix. Both quantities
are positive and, see (2.13), their ratio ¢;/g; coincides with the capacity of I, i.e. the
total mass of the equilibrium measure e; of I. We refer to (2.26) for the extension of this
formula to the case where Z¢ is replaced by a transient weighted graph. One can also
consider the discrete occupation times, where o, is replaced by 1 in (0.2), however this
random field turns out to be somewhat less convenient to handle than (L, ,),eze for the
kind of questions we investigate here, see Remark 2.4 5).

The continuous time interlacement point process is related to the Poisson point process
of Markov loops initiated in [18], which later found various incarnations, see for instance
Theorem 2.1 of [3], Section 4 and 3 of [5], [9], Chapter 9 of [8], and was extensively
analyzed in [10], [11]. Heuristically random interlacements correspond to a “restriction
to loops going through infinity” of this Poisson point process, see [11], p. 85. It has been
shown in Theorem 13 of [10], see also [11], p. 61, that the field of occupation times of
the Poisson point process of Markov loops on a finite weighted graph with non-degenerate
killing, at a suitable choice of the level is distributed as half the square of the Gaussian free



field on the finite graph. No such identity holds in our context when considering a fixed
level u, see Remark 2.4. However, and this is the main object of this article, we present
limiting procedures which relate the field of occupation times of random interlacements
to the Gaussian free field.

The link with the two-dimensional Gaussian free field comes as follows. We look at the
occupation times of long vertical rods in Z3, by random interlacements at properly tuned
levels. Let us incidentally mention that the consideration of long rods in the context
of random interlacements has been helpful in several instances, e.g. Section 3 of [15],
or Section 5 of [20]. They typically have been used as a tool in the detection of long
x-crossings in planes, left by the trajectories of the random interlacements at level u, and
have enabled to quantify the rarity of such crossings when u is small. Here the rods in
question are the subsets of Z3:

(0.4) J,={r=(y,k) €Z* 1 <k <N}, fory € Z?, and N > 1,
and the corresponding Z2-stationary field of occupation times is given by

(0.5) Lyw= 3 Law, y €72, u>0,

TEJy
We choose the levels (ux)ns1 and (u)y)n=1, so that

log N

log N
, witha >0, i) Ofv = o).

(0.6) i) uy =«
The choice in (0.6) i) corresponds to a non-degenerate limiting probability exp{—% a}

that the interlacement at level uy does not meet any given rod J,, see (4.74), whereas
the choice in (0.6) ii) induces a vanishing limit for the corresponding probability.

If we now introduce the Gaussian free field pinned at the origin, or more precisely, see
(1.29), a centered Gaussian field (¢ ),ez2, with covariance 3(a(y)+a(y')—a(y'—y)), v,y €
Z?, where a(+) is the potential kernel of the two-dimensional simple random walk, see (1.6),
and R an independent non-negative random variable, having the law BES°(y/a, %) of a

zero-dimensional Bessel process at time % starting in /o at time 0, see (1.30), we show
in Theorems 4.2 and 4.9 that when N tends to infinity,

Ly R :
(0.7) (M> converges in distribution to the flat field with value R?,
log N/ yez2

and that

(0.8) (ﬁy,uN — Louy

Viog N

In the case (0.6) ii) we instead find that when N goes to infinity,

) , converges in distribution to the random field (Riy)yezz.
YEL

L.
(0.9) ( ]\;/ X ) converges in distribution to the flat field with value 1,
and that
£y7ulN - LO’U,N . . . .
(0.10) (W>9622 converges in distribution to (v ),ezz.
N



There is an important connection between random interlacements and the structure left
locally by random walk on a large torus, see [23], [22]. In this light one may wonder
whether some of the above results have counterparts in the case of simple random walk
on a large two-dimensional torus. We refer to Remark 4.10 1) for more on this issue.
Some consequences of the above limit results for discrete occupation times of long rods
can also be found in Remark 4.10 2).

In this article, we yet provide a further link between random interlacements and the
Gaussian free field, by considering the occupation times of random interlacements at a
level u tending to infinity. If (7,),ez¢ stands for the Gaussian free field on Z<¢, d > 3, i.e.
the centered Gaussian field with covariance function E[y,v.] = g(z, o), ,2' € Z%, we
show in Theorem 5.1 that when u tends to infinity,

(0.11) (% L, u) _ converges in distribution towards the flat field with value 1,
TEL

)

and that
LJ: U LJ: 0 . . . .
(0.12) < \/2_ ’ ) , converges in distribution towards (Ve — Y0)zezd-
u TEZ

We refer to Remark 5.2 for the extension of these results to the case of random interlace-
ments on a transient weighted graph, and to discrete occupation times.

Let us say a few words concerning proofs. We provide in Theorem 2.1 an expression
for the characteristic function of ) ;4 V(2) Ly, with V finitely supported, which shows
that close to the origin it can be expressed as the exponential of an analytic function. This
identity on the one hand leads to (0.3), see Theorem 2.3. On the other hand, this identity
underlies the general line of attack, which we employ when proving the limit theorems
corresponding to (0.7) - (0.10), and (0.11) - (0.12). Namely we investigate the asymptotic
behavior of the power series representing the above mentioned analytic functions. The
proof of (0.8) is by far the most delicate. We analyze the large N asymptotics of the
power series expressing the logarithm of the characteristic function of Zyezg W(y)Lyuy
close to the origin, with W finitely supported on Z?, and such that >, Wi(y) =0. This
asymptotic analysis relies on certain cancellations, which take place and enable to control
the coefficients of the power series. In the crucial Theorem 4.1 we bound these coefficients,
show the asymptotic vanishing of odd coefficients, and compute the (non-vanishing) limit
of even coefficients. This theorem contains enough information to yield both (0.8) and
(0.10), see Theorem 4.2. Once (0.8), (0.10) are proved, (0.7), (0.8) follow in a simpler
fashion and in essence only require the consideration of one single rod, say Jy. The proof
of (0.11), (0.12) in Theorem 5.1 follows a similar pattern, but is substantially simpler.

Let us now describe how this article is organized.

In Section 1 we provide additional notation and collect some results concerning po-
tential theory, the two-dimensional free field, and zero-dimensional Bessel processes.

Section 2 contains the identity for the characteristic functional of the field of occupation
times in Theorem 2.1 and the proof of formula (0.3) for the Laplace functional in Theorem
2.3. The extension of these results to the set-up of weighted graphs can be found in Remark
2.4 4).

In Section 3 we collect estimates as preparation for the study in the next section of
occupation times of long rods in Z3.



Section 4 presents the limiting results (0.7) - (0.10) , see Theorems 4.2 and 4.9, relating
random interlacements in Z3 to the two-dimensional free field. The heart of the matter
lies in Theorem 4.1, where controls over the relevant power series are derived.

In Section 5 we prove (0.11), (0.12) in Theorem 5.1 and provide in Remark 5.2 the ex-
tension of these results to the case of transient weighted graphs, and to discrete occupation
times.

Finally let us explain our convention concerning constants. We denote with ¢, ¢, ¢, ¢
positive constants changing from place to place. Numbered constants refer to the value
corresponding to their first appearance in the text. In Sections 1, 2 and 5 constants only
depend on d. In Section 3, where d = 3, they depend on A in (3.1), and in Section 3, where
d = 3 as well, on A and W, see (4.3). Otherwise dependence of constants on additional
parameters appears in the notation.

1 Notation and some useful facts

In this section we provide some additional notation and recall various useful facts con-
cerning random walks, discrete potential theory, the two-dimensional free field, and zero-
dimensional Bessel processes.

We let N = {0, 1,...} denote the set of natural numbers. When u is a non-negative
real number we let [u] stand for the integer part of u. Given a finite set A, we denote by
|A] its cardinality. We write | - | for the Euclidean norm on R?, d > 1. For A, A’ C Z¢,
we denote by d(A, A") = inf{|z — 2'|; x € A, 2/ € A’} the mutual distance of A and A’.
When A = {z}, we write d(z, A’) in place of d(A, A’) for simplicity. We write U CC Z¢,
to indicate that U is a finite subset of Z¢. Given f, g square summable functions on Z¢
we write (f,9) = > ,cza [(2)g(x) for their scalar product. When U C Z%, and f is a
function on U, we routinely identify f with the function on Z¢, which vanishes outside U
and coincides with f on U. We denote the sup-norm of such a function with || f||zw),
and sometimes with || f]|«, when there is no ambiguity.

Given U C Z%, we write Hy = inf{n > 0;X,, € U}, Hy = inf{n > 1; X,, € U}, and
Ty = inf{n > 0; X,, ¢ U} for the entrance time of U, the hitting time of U, and the exit
time from U. When p is a measure on Z?, we denote by P, the measure Y wezd P(T) Py,
and by E, the corresponding expectation. So far P,, x € Z%, has only been defined when
d > 3, see above (0.1). When d = 1 or 2, this notation simply stands for the canonical
law of simple random walk starting at =, and X,,, n > 0, for the canonical process.

When d > 3, we denote by g(-, ) the Green function

(1.1) g(z,2") = > P[X, =2], for z,2" in Z<.

n>0

It is a symmetric function, and due to translation invariance one has
(1.2) glx,2') = g(a’ — x) = g(x — 2'), where g() = g(-,0).
Classically one knows that g(-) < ¢(0), and that, see [7], p. 31,

(1.3) AV z))"4D < g(x) < c(1V |z]))"9D), for z € Z4.



When K CC Z<, the equilibrium measure of K and the capacity of K, i.e. the total mass
of ek, are denoted by

(14)  ex(x) = P[Hyx = 00] 1x(z), for z € Z%, and cap(K) = 3. P,[Hx = 0],

xCZ4

One can express the probability to enter K via the formula

(1.5) P [Hk < ool = 3 g(x,2')ex(z'), for z € Z.

r'eK
We will also consider the two-dimensional potential kernel, see (1.40), p. 37 of [7], or

p. 121, 122, 148 of [17]:

(16) (l(y): lim ZPQ[X]:O]—PQ[X]:y], fOI"yEZ2.
j=0

It is a non-negative function on Z?, which is symmetric and satisfies, cf. P2, p. 123 of [17]:

(1.7) lim a(y +%') —a(y’) =0, for any y € Z>.

y' =00

In Sections 3 and 4, see also (0.4), we consider long vertical rods, which are the subsets
of Z? defined for y € Z* and N > 1, by

(1.8) J, ={y} x J CZ* where J ={1,...N}.

The next lemma collects limit statements concerning the potentials of long rods, and in
particular relates the difference of such potentials to the two-dimensional potential kernel.

Lemma 1.1. (d=3,N > 1,y € Z?)

. 1 . 3 . 3
(1.9) h}fn Tog NV ‘Z%Ng(((),z)) =5 (with z € Z and (0, z) € Z°).

For x = (0,2) in Jo and y € Z?, one has

(1.10) >, gl 2) = > gl ") =

z’'€Jy x''edy

a(y) — bn(y,2),

N W

where by is a non-negative function on Z? x J such that

(1.11) bn(y, 2) < o, (d(z, J9)), where lim v, (r) = 0, for each y € Z2.

r—00

Proof. The claim (1.9) is an immediate consequence of the fact that SV = ~log N, as N
goes to infinity and, cf. Theorem 1.5.4, p. 31 of [7]:

(1.12) g(x) ~ % lz| ™!, asz — 0.

We now turn to the proof of (1.10), (1.11). We denote by Y. and Z. independent con-
tinuous time random walks on Z? and Z with respective jump rates 2 and 1, starting at



the respective origins of Z? and Z. So (17, Z) is a continuous time random walk on Z3,
starting at the origin, with jump rate equal to 3, and the left-hand side of (1.10) equals:

independence

3E[/ 1{}73:0,Zs+zej}ds—/ Y, =y, Z,+z€ J}ds
(1.13) ol N 0
3/ (P[Y, = 0] = P[Y, = y]) P[Z,+ z € J]ds = 3(I, — L),
0

where we have set

L= [ PIT =0 - P = s
(1.14) .
L= [ (PF.=0)~ PIT.=y) PIZ.+ 2 ¢ J)ds,

and note that the integrand in /; is non-negative as a direct application of the Chapman-
Kolmogorov equation at time 5 and the Cauchy-Schwarz inequality. If we let Y3,k > 0,
and T, k > 0, (with T = 0), stand for the discrete skeleton of Y. and its successive jump
times, we see that for 1" > 0,

T
0 k>0
independence

(1.15) E[(Tisr AT — T AT)1{Y; = y}]

Observe that T} — T} is an exponential variable with parameter 2, which is independent
from T}, so that for £ > 0

(1.16) Qg1 def ETya NT =T, ANT] = E[Tk <T, 2/ sA(T —Tp) e*QSds]
0

decreases to zero as k tends to infinity and increases to % as T' tends to co. We set
sk = D _o<jerx PIY; = 0] = P[Y; = y], for k > 0, so that by (1.6), limy s = a(y). After

summation by parts in the last member of (1.15), we find that:
T
(117) / P[Y; = O] — P[Y; = y] ds = E (akj — ak+17T)sk .
0 k>0

Using the observations below (1.16) we see that the left-hand side of (1.17) tends to 3a(y)
as T goes to infinity, so that

(1.18) I = % aly) .

As for Iy, which is non-negative due to the remark below (1.14), we see that 31, <
Py (d(z, J°)), where we have set

(1.19) Py (r) = 3/OOO(P[YS = 0] — P[Y, = y]) P[|Z] > r]ds, for r > 0.

If is plain that 9, is a non-increasing function, which tends to zero at infinity by dominated
convergence. This concludes the proof of Lemma 1.1. O

7



We now turn to the discussion of the two-dimensional massless Gaussian free field
pinned at the origin. For this purpose we begin by the consideration of the more traditional
two-dimensional massless Gaussian free field with Dirichlet boundary conditions outside
the square U, = [—L, L]?, with L > 1, see for instance [2]. It is a centered Gaussian field
Yy.L, Y € Z*, with covariance function

(1.20) Elpy.roy.L) = 9u(y,y), for y,y' € 72,

where gr(-,-) stands for the Green function of the two-dimensional random walk killed
when exiting Up:

(1.21) 9.9, ) = E, [kz HXe =y k < Tir }|, fory,y' € 22
>0

Writing Hy in place of Hygy, see above (1.1), it follows from the strong Markov property
and (1.20), (1.21), that for any y € Z?,

y.r. — Py[Ho < Ty, ] o, is orthogonal to ¢ r.
Hence defining for any v € R,

(1.22) O, 1(7) = @yr — Py[Ho < Tv, | o + Py[Ho < Ty, v, y € Z°,

the law of the above random field is a regular conditional probability for the law of
(y.) given its value at the origin o = 7. The next lemma will provide two possible
interpretations for the centered Gaussian field we consider in the sequel, in terms of the
two-dimensional massless Gaussian free field.

Lemma 1.2. Fory,y' in Z*, one has

a(y) +aly') —aly’ —y) = lim El(py 1 —@or)(py.L = ¢or)]
= lim E[(I)%L(O) (I)y’,L<O>] .

L—oo

(1.23)

Proof. By (1.20) we see that

E[(Sf?y,L - SOO,L)(%/,L — o)l = 9.y, y) +92(0,0) = g(0,y) — g2(0,¥) =

(1.24)
9r(y,y) — 9.(0,y) + 92(0,0) — g(0,9") — (92(y,y) — 9.(y, ¥'))-

From Proposition 1.6.3, p. 39 of [7], one knows that for yi,y in Uy:

(1.25) gr(yiye) = > By [XTUL =y'la(y’ —y2) — alyr — v2),
y’eaUL

so that by (1.7) and a(0) = 0, we find that

(1.26) LIEI;OQL(%,%) —9r(y1,¥2) = a(y1 — y2), for yr1, 40 € 7.

Coming back to (1.24) and keeping in mind the symmetry of gz (-,-), the first equality of
(1.23) follows. As for the second equality, we note that

(1.27) ®,2(0) = @y — oL + Py[Ho > Ty, ] oL

8



By the strong Markov property and the symmetry of g (+,-) one has

P,[Hy > Tu,) = (92(0,0) — 92(0,9))/90(0,0) = e(y)/92(0,0),

and by (1.20) one finds that
(1.28) Elp 1) = 92(0,0).

Since limy, ¢1,(0,0) = oo, it follows that the last term of (1.27) converges to 0 in L? as L
tends to infinity, and the second equality of (1.23) now follows. O

We thus introduce on some auxiliary probability space

¥y, y € Z*, a centered Gaussian field with covariance function

(129) E[’(/)y’ll)y/] _ 3(a(y) + a(y/) _ a(y/ _ y)), yay’ & ZQ.

Up to an inessential multiplicative factor v/3, we can thus interpret Yy, y € Z?, as the
field of “increments at the origin” of the two-dimensional massless free field, or as the
two-dimensional massless free field pinned at the origin.

The last topic of this section concerns zero-dimensional Bessel processes. We denote
by BES®(a,7) the law at time 7 > 0 of a zero-dimensional Bessel process starting from
a > 0. If R is a random variable with distribution BES®(a,T), the Laplace transform of
R? is given by the formula, see [14], p. 411, or [6], p. 239:

\a?
1427\

We also denote by BESQ°(a? 7) the law of R?; this is the distribution of a zero-
dimensional square Bessel process at time 7, starting from a? at time 0.

(1.30) Ele M = exp{ - }, for A > 0.

2 Laplace functional of occupation times

In this section we obtain a formula for the Laplace functional of the occupation times
L, ., which proves (0.3), see Theorem 2.3. As a by-product we note the absence for fixed
u of a global factorization for the field L, , — Lo, * € Z%, similar to that of the limit law
in (0.8), even through each individual variable L, , — Lo, is distributed as the product
of a time-marginal of a zero-dimensional Bessel process with an independent centered
Gaussian variable, see Remark 2.4 2). The preparatory Theorem 2.1 will be repeatedly
used in the sequel, and shows in particular that the characteristic function of a finite
linear combination of the variables L, ., z € Z% is analytic in the neighborhood of the
origin. This will play an important role in Section 4.

We denote by G the linear operator
(2.1) Gfx) = % glo,') f(@'), 2 € 22,

x'ezd

which is well defined when ) , g(x,2")|f(2")| < oo, and in particular when f vanishes
outside a finite set. When V is a function on Z¢ vanishing outside a finite set, we write
GV for the composition of G with the multiplication operator by V', so that GV naturally
operates on L>(Z%), (we recall that || - ||, denotes the corresponding sup-norm, see the
beginning of Section 1).



Theorem 2.1. If V has support in K CC Z¢, then for ||V s < c(K),

(22) ||GV||Loo_>Loo <1,

and for any u > 0,

(2.3) E[exp{ S V()L ] = exp{u(V, (I — GV)'1)}.
xE€Z4

Proof. The claim (2.2) is immediate. As for (2.3), we note that defining for x € Z¢, u > 0,

—

the function on W*, (see above (0.1) for notation):

Yo (W) = 3 0, (W) I{ X, (0) = 2}, for any w € W with (W) = w*,
nez

we have the identity
(2.4) Lew(w) =3 Ye(@]) H{u; < u}, forw =73 0@ru) €Q €2 u>0.

The interlacement point process w is Poisson with intensity measure v(dw*)du under P,
and hence when V is supported in K CC Z% and ||V ||« < ¢(K), we have

E[exp{ > V(z)Ly ]

xE€7Z4

_ E[exp { /A > Vi(@)y(w") Ho < u} dw(@*’”)}]

W*xRy zezd

S V@) R
(2.5) = exp {u /A (ewezd —-1) du(w*)}
W*
> V(x) 3 o Xy =}
@D exp {u B, [ewezt  *=2° -1}

— exp {u E,, [exp { /000 V(X,) ds} — 1} }7

where for s > 0, w € W, we have set

X, () = X3(®@), when o¢(@) + -+ + 01 (W) < 5 < 0g(D) + - - - + o4 (D),

(by convention the term bounding s from below vanishes when k = 0), i.e. X, is the

natural continuous time random walk on Z? with jump parameter 1 defined on /I/IZF. Thus
for ||V||s < ¢(K) we find by a classical calculation that

PV O] = B, [ £ ([ vXoas)] -

=0 n!
(2.6) EOEQK[/O V(Ysl)...V(st)dsl...dsn] -
cap(K)+ Y 3 ex(@)[(GV)" 1])(x)

n>1 xeK

using Fubini’s theorem and the Markov property in the last step. Since V' vanishes outside
K, it also follows from (1.5) that for n > 1, one has:

(2.7) 2ex(@GV) 1)) = 2, V(@) [(GV)" () = (V, (GV)"1).

10



As a result we see that when ||V o < ¢(K),

(2.8) By [l VEIE 1] = S (V(GV)™11) = (V, (I = GV) 7).

n>1
Inserting this identity in the last line of (2.5) concludes the proof of Theorem 2.1. O

Remark 2.2. As a staightforward consequence of Theorem 2.1 see that for any finitely
supported real valued function V on Z* and u > 0, the random variable > ;. V ()L,
has a characteristic function which coincides in the neighborhood of the origin with the
exponential of an analytic function. So this characteristic function is analytic in the sense
of Chapter 7 of [12]. In particular with Theorem 7.1.1, p. 193 of [12], one has the identity

(2.9) E[exp {z zx: V(z) Ly ] = dy,(2), z€ S,

where in the above formula S stands for the maximal vertical strip in C to which the
function z — exp{u_ -, 2"(V,(GV)" 1)} can be an analytically extended, and ®v,,, for
this extension, (that is, for z € S, exp{z >, V(x)L,,} is integrable, and the equality(2.9)
holds). This fact will be very helpful and repeatedly used in the sequel. O

We now derive an alternative expression for the right-hand side of (2.3), and need
some additional notation for this purpose.

For I CC Z* non-empty, we denote by G the matrix g(z,2’), x,2' € I. Tt is well-
known to be positive definite, see for instance Lemma 3.3.6 of [13], and we introduce

(2.10) g1 = det(Gy) > 0,

where the right-hand side does not depend on the identification of I with {1,...,|I|} we
use. We also set by convention g; = 1, when I = ¢. Further we introduce

(2.11) cr = the sum of all coefficients of the matrix of cofactors of G,

and note that ¢; does not depend on the identification of I with {1,... ||} we employ;

for instance c;/g; coincides with the sum of all coefficients of the inverse matrix of G;.
The above also shows that

(2.12) cr >0, when I CC Z is non-empty.

We extend the notation to the case I = ¢ with the convention ¢, = 0. It is known, see
[17], p. 301, that

(2.13) cap(I) = ¢;/gy, for all I CC Z<.

We are now ready for the main result of this section.

Theorem 2.3. When V has support in K CC Z2, then for |V < c(K), u >0,

Ech cr'Vi }

ZICK g1 Vi
def

where Vi = eV (x), (VI =1, by convention when I = ¢).

In addition (2.14) holds whenever V is non-negative and vanishes outside K.

(2.14) E[exp{ — %: V(z) Ly ] = exp { —u

11



Proof. By Theorem 2.1 we know that for ||V, < ¢(K), the left-hand side of (2.14)
equals exp{—u(V, (I +GV)~'1)}. With no loss of generality we assume that |K| > 2. We
identify K with {1,...,n}, where n = |K|, via an enumeration x1,...,z, of K. Writing
ve = V(x(), we see that

(2.15) V,I+GV) )= > Crrve/det(I +GV),
k=1
where G stands for the n x n matrix g(zg, x¢), 1 < k,¢ < n, V for the diagonal matrix

with coefficients vy, 1 < £ < n, on the diagonal, I for the identity matrix, and C for the
matrix of cofactors of I + GV. Observe that for 1 < k, ¢ < n, one has

(2.16) Cho = det((I + GV )™,

where (I + GV )** stands for the n x n matrix, where the k-th line and the /-th column
of I + GV have been replaced by 0, except for the coefficient at their intersection, which
is replaced by 1.

Given an n x n matrix A = (ax,), we develop the determinant of A according to the
classical formula

(2.17) det A=) sign(o) [] arow),
o k=1
where ¢ runs over the permutations of {1,...,n} and sign(¢) denotes the signature of o.
We now develop the determinant det(I + GV'). For each subset J C {1,...,n} we
collect the terms corresponding to permutations o of {1,...,n} such that o(k) = k, for

k € J, the choice of 1 in each term (1 + g(0)vg), k € J, and for any k ¢ J such that
o(k) = k, the choice of g(0)vy, instead. Thus for each such J, setting J = {1,...,n}\J,
the sum of these terms equals det(G, 7, 7) [[,c7ve. Thus summing over all subsets J of
{1,...,n} we find:

(2.18) det(I +GV) = 3 g/V;.

ICK

We now turn to the numerator of the right-hand side of (2.15). We use the convention
{k, 0} = {k} = {{}, when k = {. As above we develop the determinant det((I + GV )**),
see (2.16), (2.17). We can assume that the permutations o of {1,...,n} entering the
development satisfy o(k) = ¢. For each J C {1,...,n}\{k, ¢}, we collect the terms
corresponding to permutations o such that o(m) = m, for m € J, the choice of 1 in each
term (1 + g(0)vy,), for m € J, and for any m ¢ J U {k, (¢} with o(m) = m, the choice of
9(0)v,, instead. Setting J = {1,...,n}\J, we sce that the sum of these terms for a fixed
given J as above equals II, 7 (,Um det(G’?’ﬁ 5), where G’I}ﬁ 5 stands for the matrix where
the k-th line and the {-th column of the matrix G, 5, 7, (i.e. G restricted to J % J), are
replaced by zero except for the coefficient at their intersection, which is replaced by 1.
Thus summing over all possible J C {1,...,n}\{k, ¢} and all k, ¢ in {1,...,n}, we obtain

n

S Creve=Y > Il vmdet(Gyp)

(2.19) mi=t KE=1 HO{ke) meH »
= 2 I v 3 det(@,) 2 S viey,
¢p#£HC{1,...n} meH kAcH %

(using the convention ¢, = 0 in the last equality).

12



Combining (2.15), (2.16), (2.18) we obtain (2.14). Finally in the case of a non-negative
V' with support in K, we note that Elexp{—2z)__ V(z)L,,}] is analytic in the strip
Rez > 0, and coincides for small positive 2z with the function exp{—u ) eVl

> ek 91V 211}, which is analytic in the neighborhood of the positive half-line. Both
functions thus coincide for z = 1, and our last claim follows. O

Remark 2.4.

1) Choosing V = Mg, with A > 0 and K CcC Z¢, we deduce from (2.14) by letting A
tend to infinity that

P[L,., =0, foral z € K] = exp{ —u;—K}, for u > 0.
K

Introducing the interlacement at level wu:

T"(w) = {x € Z% for some i > 0 such that u; < u, @} enters x}, if w =" 0@ u,),
i>0

and taking (2.13) into account, we recover the well-known formula, see (2.16) of [19]:

(2.20) P[Z“N K = ¢] = exp{—ucap (K)}, foru >0, K cC Z*.

2) Choosing V' = Al(,3, with A > 0 and = € Z¢, Theorem 2.3 now yields that

A
%}, for A > 0,

(2.21) Bloxp{=ALsu}] = oxp { = 177

and in view of (1.30) we find that
(2.22) L. is BESQ" (u, @) distributed.

If z, 2’ € Z% are distinct, choosing V' = z(1{;) — 1{py) in (2.14) with z small and real and
extending the identity to z = it, ¢t € R, with the help of (2.9), we find that

(2.23)  Elexp{it(Ly 4 — L)} = exp { — 2u1 +<?;(22)); gf;; f)a):;?)ﬁ }, for t € R.

In view of (1.30) we thus find that

L., — L, , has the law of R, where R and ¢ are
(2.24) independent respectively BES®(y/u, g(ngfmm/)) and centered
Gaussian with variance 4(g(0) — g(z — 2’)) distributed.

Let us however point out that in the case of three distinct points x,2’, 2" in Z¢, the
law of the random vector (L, — Ly, Ly y — Ly o) does not coincide with that of the
scalar multiplication of a two-dimensional Gaussian vector by an independent BES®(a, 7)-
variable, when u > 0. Indeed one has

]P)[La:’,u - Lar,u > 0, La:”,u - Lar,u = 0] Z ]P)[Iu = :L,/’Iu N {ZL‘,I‘”} = gb] > 07

as a consequence of (2.20) and the fact that cap({x,2’,2"}) > cap({z,2"}). But for the
above mentioned distribution both components necessarily vanish simultaneously on a
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set of full measure, and the above probability would equal zero if such an identity in law
was to hold. We will however see in Section 5 how L., z € Z¢, can be related to the
d-dimensional Gaussian free field, by letting u tend to infinity, instead of keeping w fixed.

3) Random interlacements can be related to the Poissonian gas of Markov loops, see
[10], [11]. Heuristically they correspond to “loops passing through infinity”, see [11],
p. 85. The identity for Markov loops corresponding to (2.3) of Theorem 2.1 above can
be found in Corollary 1 of Chapter 4 §1 and Proposition 7 of Chapter 2 §4 of [11]. The
presence of a logarithm and a trace in the expressions leading to Proposition 7 of [11]
is emblematic of the Markov loop measure, and can be contrasted with the expression
in (2.8) for random interlacements, (which is then inserted in the last line of (2.5)). In
the case of a Poissonian gas of Markov loops on a finite weighted graph with a suitable
killing, it is shown in Theorem 13 of [10] that the occupation field of the gas of loops
at level %, (playing the role of u in the context of [10]), is distributed as half the square
of a centered Gaussian free field with covariance the corresponding Green density. For
similar reasons as in 2) above, no such identity holds for random interlacements at any
fixed level u. We will however present in the next two sections limiting procedures that
relate random interlacements to the Gaussian free field.

4) As we now explain, the results of this section can be extended to the case of continuous
time random interlacements on a transient weighted graph. One considers a countable
connected graph F which is locally finite and endowed with non-negative symmetric
weights p, .+ = pa ., Which are positive exactly when {z, 2’} belongs to the edge set £ of E.
One assumes that the induced random walk with transition probability p, . = pr./p(2),
where p(z) = Y cp Poq is transient. Random interlacements can be constructed on
such a transient weighted graph, see [19], Remark 1.4 and [21]. Continuous time random
interlacements can also be constructed, in essence by the same procedure described in the
Introduction, endowing the discrete doubly infinite paths with i.i.d. exponential variables
of parameter 1. The corresponding expression for the measure @ i, for K finite subset of
E, remains the same as in (0.1), simply the expression for ex() the equilibrium measure
of K, which appears in (1.4), now has to be multiplied by the factor p(z) in the present
context.

The occupation time variables L, ,, x € E, u > 0, are defined by a similar formula as
in (0.2), but the expression on the right-hand side of (0.2) is now divided by p(z). The
linear operator G corresponding to (2.1) operates say on functions f on E with finite
support, via the formula:

Gf(x) = > gz, 2)f(2')p(z'), = € E,
ek
where g(+, -) now stands for the Green density, which is obtained by dividing the expression
corresponding to the right-hand side of (1.1) by p(2/).

The proof of Theorem 2.1 can be adapted to this context to show that when K
is a finite subset of E, and V' has support in K, then for ||V~ ) sufficiently small,
|GV || oo ()= Loo(ry < 1, and for any u > 0,

(2.25) E|exp { X V(@) Leap(@)}| = expfu(V, (1 - GV) 1)},

zeFE

where now (f, g) stands for ) __p f(x)g(z)p(z), (whenever this sum is absolutely conver-
gent). Likewise the proof of Theorem 2.3 is easily adapted and one finds that for V' as
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above, u > 0,

ZIQK crllzerV () }

(2.26) E[exp{ = > V(@) Lo ] = eXp{ S ML V(@)

zeFE

with gr and ¢; defined as in (2.10), (2.11), (with g(-,-) now denoting the Green density).

5) One can define the stationary field of discrete occupation times ¢, ,, z € Z%, u > 0,
analogously to L, ,, simply replacing o, by 1 in (0.2). When V is a function on Z¢ with
support contained in K CC Z¢, it follows that 1 —e~" is a function supported in K with
values in (—o0, 1), and one has the identity

(2.27) E[exp { ; V(a:)ému}] = E[exp { ;(1 — e VENL,, } ,u >0,

as can be seen by integrating out the exponential variables in the right member of (2.27),
(of course both members of the above equality may be infinite). As a result Theorem 2.1
and Theorem 2.3 also yield identities concerning the Laplace functional of (¢, ,)ecz4-

0

3 Preparation for the study of long rods

In this section we introduce notation specific to Z* and provide estimates in Lemmas
3.1 and 3.2, which will be recurrently used in the next section, when we investigate the
occupation times spent by interlacements at a suitably scaled level in long rods. These
controls will play an important role in the asymptotic analysis of the power series entering
the characteristic functions of these occupation times. Throughout this section we assume
that d = 3, and constants depend on the finite subset A of Z? introduced in (3.1) below.
The notation || - ||« refers to the supremum norm || - ||L(p), where B appears in (3.1).

We consider A CC Z? containing 0 and N > 1. We also define
(3.1) B = A xJ, where J ={1,...,N}.

We write 72 and 7z for the respective Z2- and Z-projections on Z?3 identified with Z? x Z.
Given a function F' on B, we write (F) for the function obtained by averaging F' on
horizontal layers and (F), for the average of F' on the layer A x {z}, so that

(3.2) (F)(z) =(F), = ﬁ > F((y,z2)), for x € B with mz(z) = =.

yeA

We also introduce the function
(3.3) [Flo(x) = F((0, 2)), for x in B with mz(x) = 2.

It is plain that for any function F' on B,

(3.4) (F—(F)) =0,
and that
(3.5) F = (F), when F only depends on the Z-component.

15



We consider non-empty sub-intervals of J:

(we refer to the beginning of Section 1 for notation). We write

(37) CQZAXI()QCl:AX]lgB.

We recall the convention concerning constants and the notation || - || stated at the
beginning of this section. The estimates in the next lemma reflect the decay at infinity
of the Green function, see (1.12), and the fact that the discrete gradient of g(-) has an
improved decay at infinity, see (3.15) below.

Lemma 3.1. For any function F on B, one has:

L w

13

(3.8) IGFlls < clog N |,
N+1

(3.9) l1c,G1me, Fllo < clog (S52) [ Fllee

(3.10) |IGF|ls < c||F|loo, when (F) =0,

(3.11) 110Gl Fllse < £ Ly Fllo, when (F) =0,

(3.12) IGF = [GFlllx < ¢l

(3.13)

||1CO(G]‘B\CIF - [GIB\ClF]O)HOO < % ||]‘B\CIF||OO'

Proof. We begin with (3.9) and note that for z € Cj,

(Glpe, F)(@)| = | > gla,2) F(2)

:B'EB\Cl

(1.3)
<o 3 )Pl < clog ()1l

L<k<N

whence (3.9). The bound (3.8) is proved in the same fashion.

We then turn to the proof of (3.11), and note that when (F') = 0, for z € C one has
with the notation 2’ = (v/,2'), T = (¥, Z') (so that mz(2') = 7z(T) = 2):

(Glpe F)(x) = > gz, a)F(e') = >3 > gl 2 )F(2)

:B’GB\Cl Z/GJ\Il y'EA

(3.14) <F>::Oﬁ > Y gz 2)(F() - F(T))

Z,EJ\II y/7§€A

=@-z > (gl 2') — 9o, B)F().

ZIEJ\II y/@EA

From Theorem 1.5.5, p. 32 of [7], one knows that

¢|al

(3.15) gt +a) = g(0)] < T

for z € Z3, |a| < diam(A),

where diam(A) stands for the diameter of A. As a result we see that

(3.16) (Glp\o, F)(2)| < clllpve, Flloo E HlB\chHom

1+k2_L
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whence (3.11). One proves (3.10) analogously.

As for (3.13) we note that with the notation xy = (0, z) when = = (y, z), we have for
S Coi

(Glpe, F = [Glpe, Flo) (@) = | >0 (9(x,2") — g(xo, 2")) F(2)
I/GB\C1
(3.17)
> Ll Flle < S lime F
> CLZZ:k 11 k2 B\ Flloe < f” B\C1 F oo
whence (3.13). The bound (3.12) is proved analogously. O

We conclude this section with the following lemma.

Lemma 3.2. For F, H functions on B, one has

(3.18) IKE(GH))loo < ¢[|Flloc | Hoo, when (F) =0 or (H) = 0.

Proof. The case (H) = 0 is immediate thanks to (3.10). In the case where (F) = 0, we
write for z € J, with the notation x = (y, 2), T = (7, 2),

(F(GH)), = ﬁ S F(@) Y gle.o!) Hz)

yeEA z'€B

(3.19) ”Uﬁ S (F(o) — F@) Y gla,o!) H()

7@61\ z’eB
1

AP ygeiien

(9(z,2") — g(7,2")) F(x) H(2').

By (3.15) we thus find that with the notation 7z (') = 2/,

c 1
(3.20) (F(GH). <% > 5 IFll<lHllo < cl[Flloo [[H]loo,

AP ygerwen 1412 =2

and (3.18) follows. O

4 Occupation times of long rods in Z3

In this section we relate the field of occupation times of long rods in Z? by random
interlacements at a suitably scaled level, see (4.1) below, with the two-dimensional free
field pinned at the origin introduced in (1.29). The main results are stated in Theorems
4.2 and 4.9. The approach is roughly the following. By Theorem 2.1 we can express
the characteristic functionals of the scaled fields of occupation times of the long rods as
exponentials of certain power series. The main task is to control the asymptotic behavior
of these power series. This analysis is carried out in the central Theorem 4.1 as well as in
the simpler Theorem 4.8. Throughout this section we assume that d = 3. The constants
depend on the finite subset A of Z2, cf. (3.1) and above (4.3), as well as on the function
W with support in A that appears in (4.3). As in Section 3 we denote by || - || the
supremum norm || - || (), with B as in (3.1).
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We consider o > 0, and a positive sequence vy tending to infinity. We will analyze
the random fields of occupation times of the long rods J,, y € Z?*, with J, = {y} x J =
{y} x {1,..., N} C Z3, by random interlacements at the scaled levels

log N log N

(4.1) un = @ and vy = v ——, with N > 1.

The corresponding occupation times of the rods J,, y € Z?, are

(4'2) LQ,N = Z Lm,uz\m E;,N = Z L:L“,Uﬁv'

x€Jy z€Jy

Let us point out that sequences of levels converging faster to zero than uy are not inter-
esting in the present context, see Remark 4.3 below.

As in Section 3, we consider some A CC Z? containing 0. Further we introduce a
function W on Z? such that

(4.3) i) W(y) = 0 outside A, i) Y W(y)=0.

Y

We define the functions on Z3,

1 , B 1 . -
(4.4) Vn(z) = Toa W(y)1,(z), Vy(x)= ﬁ Vn(z), with z = (y, 2),
so that
(4.5) Ly S W) =22 = 5 V(@) Loy,

yEZ2 Vieg N s

and similarly

/
4.6 o, W(y) —2_ — Vi) Ly .
(49 VT W) A - 8 Vi) L

It follows from Theorem 2.1 and Remark 2.2 that

(4.7) Elexp{z Ly }]| = exp{ > an(n) z"}, for |z] < ry in C,

n>1
with ry > 0 and

(4.8) an(n) = un(Vy, (GVy)" 1) for n > 1.
As a result of the centering condition (4.3) ii) we have

(4.9) an(1) = 0.

In a similar fashion we have

(4.10) Elexp{z Ly}] = exp{ > dly(n) z"}, for |z] < rjy in C,

n>1
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with 7 > 0 and

) a1l 1=
(4.11) () = uy (Vie, (GVR) 1) MY =0 50y (), for > 1,
(6%

The heart of the matter for the proof of Theorem 4.2 lies in the analysis of the large N
behavior of the coefficients ay(n), n > 1. There is a dichotomy between the case of odd
n, with an asymptotic vanishing of ay(n), and even n, with a positive limit of ay(n), as
N goes to infinity. The crucial controls are contained in the next theorem. We recall the
convention concerning constants stated at the beginning of this section.

Theorem 4.1.
(4.12) lay(n)| < acg, foralln>1,N > 1,
(4.13) for any k >0, lij{fn any(2k+1) =0,

. o 3 k=1
(4.14) for any k > 1, 11]511 an(2k) = 5 5(W)<% E(W)) :
where we have set, see (1.6) for notation,
(4.15) EW) = =32 W) W(y)aly —y).

Y5y’

Note that due to (4.3) ii) we can express £(W) in terms of the two-dimensional Gaussian
free field v, y € Z?, introduced in (1.29), via the formula:

(4.16) sw) = = waw,)]

yEZ?

Before turning to the proof of Theorem 4.1, we first explain how this theorem enables us
to derive the convergence in law of the appropriately scaled fields £, vy — Lo, y € Z?,
and L) v — Lf v, y € Z*. We tacitly endow R% with the product topology, so that the
convergence stated in Theorem 4.2 actually corresponds to the convergence in distribution
of all finite dimensional marginals of the relevant random fields. The main result of this
section is the next theorem, which proves (0.8) and (0.10).

Theorem 4.2.
(4.17) As N goes to infinity, (%)yezﬂ converges in

distribution to the random field (Riy)yezz,

where R and (Yy),ez2 are independent and

(4.18) R is BES‘)(\/E, ;) distributed,

T
(4.19) (ty)yez2 is the centered Gaussian field introduced in (1.29).
Moreover,

1l
‘cy,N ‘CO,N

as N goes to infinity, ( —
Un

(4.20) )yeZ2 converges in

distribution to (Vy)yezz.
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Proof of Theorem 4.2 (assuming Theorem 4.1). We begin with the proof of (4.17). We
consider W as in (4.3) and Ly as in (4.5). By (4.7), (4.12) and Remark 2.2, we see that
exp{zLy} is integrable for any z with ¢y|Re z| < 1, and that

(4.21) Elexp{zLn}] = exp{ > aN(n)z"}, for any |z| < ¢;* in C.

n>1

In particular (4.12) implies that

(4.22) sup E[cosh(rLy)] < 0o, when r < ¢!
N

As a result the laws of the variables Ly are tight, and the variables exp{zLy}, N >
with |Rez| < r < ¢;', are uniformly integrable. If along some subsequence Nj, k > 1,
the variables Ly, converge in distribution to £, it follows from Theorem 5.4, p. 32 in [1],
that for |z| < ¢,

L,
1

Elexp{zL}] = lilin Elexp{zLn, }]

(4.23) = liin exp{ > an, (n)z”}

—exp {9 5(14_/) 2/(1- 2= e |

using Theorem 4.1 in the last equality. This determines the characteristic function of the
law of £, and by (1.30) shows that S has same distribution as Ry where R, are inde-
pendent variables with R BES?(y/«, %)—distributed, and 1) a centered Gaussian variable
with zero mean and variance £(W). This proves that for any W as in (4.3), Ly converges
in distribution to Ry as above, when N tends to infinity. In view of (4.16), this completes
the proof of (4.17).

The proof of (4.20) is analogous. Due to (4.11), we know that ajy(n) = = yjlv_%aN(n),
and in particular aly(2) = L ay(2) converges to 3 £(W), whereas for n # 2, ajy(n) con-
verges to zero as N goes to infinity. We can use the same arguments as above, and

find that L, converges in distribution to a variable £’ such that for small |z| in C,
Elexp{zL'}] = exp{3 £(W)z?}. The claim (4.20) then follows immediately. O

Remark 4.3. For the kind of limit theorems discussed here, sequences of levels converging
to zero faster than uy lead to trivial results, as we now explain. In a standard way, see

for instance Remark 3.1 3) in [16], one has the bound cap(J,) < ¢ %, for all y € Z2. 1f

we pick uy so that v, = o(longN), then (2.20) implies that for all y € Z?, with probability

tending to 1 as N goes to infinity, the interlacement at level v/, does not intersect .J,.
In particular, if we define L] y in analogy to £, y in (4.2) with u} in place of uy, the
random field (L] y)yezz converges in distribution to the constant field equal to zero, as
N goes to infinity. OJ

Proof of Theorem 4.1. We recall the convention concerning constants and the notation
| - || stated at the beginning of this section. The linear operators under consideration
throughout the proof will be restricted to the space of functions vanishing outside B. The
centering condition (4.3) ii) and the ensuing identity (V) = 0 play a crucial role. We will
first prove (4.12), (4.13). Our first step is to control the norm of the operators (GVy)?.
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Lemma 4.4.
(4.24) GV )| Lo () 1o0(B) < €1 -
Proof. Given a function F on B, we write in the notation of (3.2), (3.3):
(GVN)*F = Ay + Ay + Az, where
A =GV G(VN F — (VN F))
Ay = GV [G(VN F))o
Az = GVn(G(VN F) — [G{VN F)]o).
With the help of Lemma 3.1 we see that:

(4.25)

(3.8),(4.4) (3.10),(4.4)
(4.26) [Ailo < eVIgN|[GVNEF = (VN F))llee < c¢|[Fe-

Since (Vy[G(Vn F)]o) = 0, we also find that

y (3.10),(4.4) c Ve F (3.8),(4.4) -
4.27 o < o =< oo -

Finally we have

(3.8),(4.4) (3.12),(4.4)
(428) Al S e BN IGVRE — GVl 2 | Fll-
Collecting (4.25) - (4.28), the claim (4.24) now follows. O

Before proving (4.12), (4.13) we still need the following lemma, which shows that the
kernel of the linear operator F' — (Vi F), is almost invariant under (GVy)?. We will later
see, cf.(4.61), that the function F' = 15, which belongs to this kernel, is in an appropriate
sense, close to being an eigenvector of (GVy)?2.

Lemma 4.5. When F is a function on B, one has

(4.29) VN (GVA)? ) [loo < cal (VI F) oo + ——

7 [Fllee-
(log V)2

Proof. We use (4.25) and write

(4.30) (VN(GVN)PF) = (VN Ay) + (Vv Ag) + (Vv As).

With the help of Lemma 3.2 we find that

(318 ¢ 310 ¢

(4.31) [(VNAD [ < Jos N [VNG(VNE — (VN EF))[[o < W [1F oo
(318) ¢ (3.8)

(4.32) [{(VNA2) oo < NI IVNIGVNE)ollo < ¢ l{VNE) |,

and that
(318) ¢

(4.33) [(ViAs) o < Jos N VN (G{VNE) — [G{VNE)]o) |
<

(log V)2
Collecting (4.30) - (4.33), we obtain (4.29). O
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We now prove (4.12), (4.13). As a result of (4.24), (4.29) we see that for k > 1 and F’
a function on B, one has

(4.29),(4.24) c3

(4.34) WGV Pl =l (V(GVA) SV F) o + 7 [ Flleo

(log N)
and by induction

C3

(log N)?

Ck

(log N)

< IV F) oo + (@@ Fed ™+ i) [ Flle

< (Vv F) e + oo

(MY

Keeping in mind that (V) = 0, we thus see that for k > 1,

(4.35)
lan(2k + 1)] (4.1),(4.8) alog N

|(Viv, (GVi)* )] < alog NIA| (Vi (GViv)* 1)l

(4.34) ozck|A|
<

Together with (4.9), this proves (4.13) as well as (4.12) for odd n. When n = 2k, with
k > 1, we note that

alog N

Jax (24)] = 25

|(Viv, (GVa)(GVi)* 1)

log N
(4.36) _ (])\% GV, Vi (GVy)2ED1)|  (by symmetry of G),

(3.10),(4.24)
< alog NA| |GV s VA (GVA)* D1 < ac.
The proof of (4.12) is now complete.

There remains to prove (4.14), i.e. to analyze the large N behavior of the even coeffi-
cients ay(2k). To motivate the next lemma we recall that

(4.8) alog N
N

2) alog N
(Vy, GVy) &2 ]5 Al S (Viy GVi)..
zeJ

(4.37) an(2)

Lemma 4.6. There exists a function I'(-) on N tending to 0 at infinity such that

@ + fn(2), for z € J,

1

with | fn(2)| < T'(d(z, J9)).

Moreover if one defines

(439) ™

1 3
= that i = — by (1.
Tog I, (02, s0 that g = - by (19),
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one has the identity on B

(440) (GVN)213 —TNg(W) lB = loglN G(fNOﬂ'Z)+k’N,
where for x = (y,z) € B,
(4.41) kn|(x) < ——— log(N/d(z, J°)).

log N

Proof. We begin with the proof of (4.38). We note that for z € J, z = (y,2) in B and
' = (y,2') in B, one has

log NAGVA). = o0 5 W) glana) W(w)
G L S W) (gl ) — gl (5, £) W)

|A| y,y' €N Z'ET

(4.42) = ﬁ ZéAW(y) W(y') ZEIJ (9(z' — ) — g((0,2' — 2)))
WS W) e - p.2) - 5ol =)
) % % In(2),

where we have set

In(z) = ﬁ ST W) W) on(y —y, 2), for z € J.

y'eA

The estimate in the second line of (4.38) is now an immediate consequence of (1.11). This
completes the proof of (4.38).

We then turn to the proof of (4.40), (4.41). We write

(443) (GVN)2 13 = G<VN GVN> + G(VN GVN — <VN GVN>) d:ef aq + a9.

We know that
(3.10) (3.10)
(4.44) lazllee < ¢V GVilloe < ¢/log N,

and by (4.38) we find that

=3 A log N * log N Gy omz)
(4.45) 1
=vEW)1p+ Tog N G(fyomz) +rn,

where for = = (y,2) € B we have set

L L DR (!

4.4 =z _Z
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We thus see that, (recall J, = {y} x J):

C ]-B
< £ _
(@) < oo 16 (75— 1)

C
i 190 — Ol

log N
(4.47)
o S g0 S sV, )
g((0,2/ — z < og z, :
IOgN |2/ —2|<N,z'¢J IOgN
Collecting (4.43) - (4.47) we have completed the proof of (4.40), (4.41). O

As a result of (4.37), (4.38) we see that

(4.48) an(2) = W) + M 5 fin(e) — T Ew).

zeJ

This proves (4.14) in the case k = 1. To handle the case k > 1, we will need to control
the propagation of boundary effects corresponding to terms with Z-component close to
the complement of J, when proving the convergence of ay(2k) = a2 (Viy, (GVy)*~11)
for N — oo. The next lemma will be useful for this purpose. We first introduce some
notation.

We consider non-empty sub-intervals of .J

(4.49) LChLChL

and define

(4.50) Lo =d(lo, J\I) > 1, Ly =d(I1,J\I2) > 1,
as well as

(4.51) Co=AxI[,CCi=AxI1=0Cy,=Ax1,CB.

We have the following variation on Lemma 4.4.

Lemma 4.7. For F' a function on B, one has

11 1 (N +1)2
452) e (GVA)2F |l < calllen Flla (—— - 1 (---)) Fllo.
(452) 16OV Flle < il Pl + oo + 1+ o g (S0 ) i

Proof. By Lemma 4.4 we can assume that F' vanishes on C5. We use the decomposition

(4.25) of (GVx)*F. We find that

Mo Arlloe = [ GV G(VNE = (VN E))|oo

< |1eyGVN 1, G(VNEF — (VN E))|loo + (1, GVN 1\, G(VN E — (VN E)) |00

(3.8),(3.9)
< cvlIogN [[1¢,G(VNF — (VN EF))|| oo

(4.53) Nl
C
1(-& G(VNF — (Ve F)) o
+m0g I |G(VNE — (VN F))||
(3.11),(3.10) N+1

C C
£ gy o (N Yy
< P+ o (T 1)
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using the fact that F' vanishes on C5 in the last step. In a similar fashion we find that

(3.10),(3.11)
11csA2]lo0 = 110, GV [G{VNF)]olloo

C

1o, |G(VNF

\/m || Cl[ <N >]
& 1o <N+1
log N 8\L

(3.9),(3.8)

c 1
454 e —
( ) OH + \/m LO || B\C,

C
) IFlloe + £ 1Flle,

where once again we have used that F' vanishes on (5 in the last step. Finally we have

(3.8),(3.9)
11cyAslle0 = [1c, GV (G(VNE) = [G(VNE)o)lloo <

cv/log N |16, (G{VNF) — [G(VNEF)]o)o0

(4.55) c (N“) Loy (GVNF) — [G(Vy F
t e 08 () s (GO E) = (GO E)h)
(3.13),(3.12) . c N1
P+ —2 <_) Pl
N Ly 171 +logN 6\ "L 1l

using that F' vanishes on (5 in the last step.
Collecting (4.53) - (4.55), we obtain (4.52). O

We now introduce the following sequence of possibly empty sub-intervals of J:

(4.56) Jp={i > 1;1 +4k[Ne V'8N] <§ < N — 4k[Ne V'8 N]} for k > 0.

There is some freedom in the above definition. The proof below would work with minor
changes if one replaces Ne V!¢ N by N1=¢N with ey — 0, and ey log N — oo.

Setting By = A X Ji, we find that for any £ > 1, when N > ¢(k),
0# By C B & C B € B,
and that with the notation (4.39)

115, (GVN)*1p — (Tn EWV))*15) ||l <

(4.57) jg) 115, ((GVN)? ) (ry E(W)) D15 — (GVi )P (v E(W))* 1) |0 <

kf (v EW)E D15, (GV)*™(GVi)*Lp — v E(W)1p)l|o-

m=0

We set Fy = (GVn)?1p — 75 E(W)1p, and now want to bound |15, ., (GVN)*" Fx|s
with the help of (4.52), when 0 < m < k. To this end we introduce J,, with a similar
definition as in (4.56), simply replacing 4k by 2m + 2, so that J,,, 11 C Ton C T play the
role of Iy € I C I, in (4.49). We note that d(Jys1, J\Jp) and d(Jp,, J\J,n) are bigger
than ¢ Ne V6N As a result the expression inside the parenthesis after cs in (4.52) is
smaller than

2
cN-1eViesN | —1 log <7(N +1) 62‘/@) < ¢

log N N2 Viog N
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It thus follows that for 0 < m < k:

m—1
(458) I1p. . (GVA) ™ Fylle 2™ s (GVA)2 ) Pyl + I | Fy |
. m+1 o0 — m o0 \/W e}

and by induction

Ce

Viog N

(Pt ead 2+ + Y Fn

<c'1B, Fnlloo +

< ', Filloo +

Cm
Ve N | FN || oo-

Coming back to the last line of (4.57), we see that for & > 1, N > ¢(k), each term
under the sum, thanks to the above bound and (4.39), is smaller than c¢(k) (|15, Fn||co +

_\/IO{WHFNHOO) Hence we see that for £ > 1 and N > ¢(k),
1
2k k
. - < VIog N
(4.59) 115 ((GVa)* 15 = (7 EV))¥15) e < (k) (1115, Fi e + =% =),

where we have used the bound ||Fy |l < ¢, which follows from (4.24) and (4.39). Note
that the form of the correction term (log N)~2 in (4.59) mainly reflects our choice for the
intervals Jj in (4.56). In view of Lemma 4.6, we also find that

(4.40)

G
(460) s Fale < |1, ST

log N

] 411, ke — 0, as N — oo,

where we have used the bounds in the second line of (4.38) and (4.41) to conclude in the
last step. Since Ty converges to 5=, see (4.39), we can infer from (4.59), (4.60) that

3

k
def ’1Bk ((GVN)%lB - (g 5(W)> 13) HOO —+ 0, for each k > 1.

(4.61) Apy &

We can now use this estimate to study the asymptotic behavior of an(2(k+1)) as N goes
to infinity. Indeed one has

an(2(k+ 1) — (2 £07)) an()] =
(4.62) log N 2 ; .
« N ’(VN, GVN((GVN)leB — (% 5(W)> 13)) ’ = ]1 + IQ,

where in the last step, using the symmetry of G, we have set:

L=a lova (Vi Vi L, (GV)* 15 = (o E(W))le» ,
IL=a 10;ng ](GVN, Vi 1p\5, ((GVN)%lg - (% 8(W))k13)> ]

We then observe that

(4.61)

(3.10)
I < calog N [|[GVx|loo [[Villoc Aky < dalpny =0,
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and that

(4.24) B\B
L < alog N |[|GVilleo Vi lls % c(k) x | }V’“‘
(3.10) |J\Jk| (a.56)
< /
S
We have thus shown that
k
(4.63) li]{[n an(2(k+1)) — (% 5(W)> aN(Q)) =0, for any k£ > 1.

Combined with (4.48) this completes the proof of (4.14) and hence of Theorem 4.1. [

Our next objective is to study the convergence in distribution of the random fields

c P :
(ig—’%)yezz and (Ny—@;/]]:;)y6227 as N goes to infinity, where we recall the notation from (4.1),

(4.2). The task is simplified by the fact that we have already proved Theorem 4.2: we only
need to investigate the convergence in distribution of these random fields at the origin.
We now focus on the case where A = {0}, and .J plays the role of B. We further define

~ 1 ~ 1 ~
4.64 V; =——1 Vi = —V f 73
( ) N<x) logN J0<x>7 N(x) N N(x)v or r )
and set

~ 1 a1 1 /
(4.65) Ly = log—N Lon, Ly = m 0N -

Just as in (4.7), (4.10), we know by Theorem 2.1 that

(4.66) Elexp{zLy}] = exp{ > an(n)z"}, for |z| <y in C,
n>1

with ry > 0 and where we have set

(4.67) an(n) = un(Viy, (GVy)" 1), for n > 1,

and that

(4.68) Elexp{zL)}] = exp{ > ak(n)z"}, for |z| <7k in C,
n>1

with 7y > 0 and

(4.69) ah(n) =uy(Vi, (GVL) 1) = é A an(n), forn > 1.

The heart of the matter for the proof of Theorem 4.9 below lies in the control of the large
N behavior of the sequence ay(n), n > 1.

Theorem 4.8.

(4.70) 0<ay(n) <ack, forn>1,N > 1,
n—1

(4.71) foranyn > 1, li]{[n ay(n) =« (%) .
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We first explain how Theorems 4.2 and 4.8 enable us to infer the convergence in law
of the appropriately scaled fields £, v, y € Z*, and LynYE 72

Theorem 4.9.

(4.72)  As N goes to infinity, (1ogN)y622 converges in distribution to a flat random

eld with constant valued distributed as wit as i (4.18).
field h lued d buted R? h R 4.18

(4.73)  As N goes to infinity, (]%’T’,N)yezz converges in distribution to a flat random
N

field with value 1.

Proof of Theorem 4.9 (assuming Theorem 4.8): A repetition of the arguments used in the
proof of Theorem 4.2 shows that £y converges in distribution to a non-negative random
variable £ with Laplace transform

a

: AL} = - >
(4.74) Elexp{—\L}] exp{ 1+%>\}, for A >0,

so that by (1.30), £ is BESQ"(a, & )-distributed, i.e. has same distribution as V? in the
notation of (4.18).

Moreover we know from Theorem 4.2 that for any y € Z2, when N goes to infinity,

@(ﬁ% ~ — Lon) converges to zero in distribution, and (4.72) follows.

In the case of (4.73) we note instead that the arguments used in the proof of Theorem

4.2 now show that £/ converges in distribution to a non-negative random Variable with
Laplace transform e, A > 0, i.e. to the constant 1. Since by Theorem 4.2, N ~ (E; N —

L y) converges in distribution to zero for any y € Z*, we obtain (4.73).

Proof of Theorem 4.8: We now write || - ||o for the supremum norm on B = Jy and the

linear operators we consider are restricted to functions that vanish outside B. The fact
that ay(n) is non-negative is plain, see (4.64), (4.67). Moreover the right-hand inequality
in (4.70) is a direct consequence of (3.8). This proves (4.70).

We now turn to the proof of (4.71). For k > 1, we introduce B, = {0} x Jg, with Jj
as in (4.56), so that for any k > 1, and N > ¢(k), 0 # By C By1 C---C B C B. Ina
much simpler fashion than (4.59) we now find that, (see (4.39) for notatlon),

(4.75) 115, ((G@Va)"15 = @) 15) e < e(R) (|15, Fivll + ﬁ>

where we have set
FN—(GVN) 27’N —GVN—2TN1~

It already follows from the definitions of Viy and 7y in (4.64), (4.39) that

(4.76) lim |15, Fyllso = 0.
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We thus see that for £ > 1,

L~ . log N ~ ~ ) B 3\ k-1
(477)  lim ay(k) = lim a &L (W, (GVy)F11) — a(2lim7y)" 12&(;) :
and this proves (4.71). O
Remark 4.10.

1) There is an important connection between random interlacements at level u and the
structure left by random walk on a large torus (Z/NZ)? (here d = 3), at a microscopic
scale of order 1, see [23], or even at a mesoscopic scale of order N'=¢ with 0 < & < 1,
see [22], when the walk runs for times of order u/N?. This naturally raises the question
whether the above limiting results might also be relevant for the field of occupation times
left close to the origin, by continuous time simple random walk with uniform starting
point on a large two-dimensional torus (Z/NZ)?, at times of order aN?log N (= uy N?3),
or at much larger times uy N3. Let us incidentally point out that the time scale « N2 log N
is much smaller than the cover time of the torus which has order 2 N?(log N)?, see [4].

2) We can consider the discrete occupation times £, ,, z € Z¢, u > 0, see Remark 2.4 5),
and define £, y and £, y, for y € Z*, N > 1, as in (4.2), simply replacing Ly, by Cy...
Theorems 4.2 and 4.9 enable us to show that (EWVN;S?’N)%ZQ converges in distribution
Un
to a centered Gaussian field which vanishes at the origin. However this limiting field is
different from (v, ),ez2 in (4.20).

The heart of the matter lies in the fact that for any W(-) as in (4.3), when N tends
to infinity,

£/
ny . . . . . .
ZyeZQ W(y) VoS converges in distribution to a Gaussian variable

with variance (W) — EyEZQ W(y)?,

(4.78)

(in the case of £ y the limiting variance instead equals £(W)).

Indeed it follows from (2.27) that for real z and N > 1,

W(y)

(4.79) E[exp {zy§2 \;V]\E—ZL SZ’NH = E[exp { y§2 (1- e_Z\/W) EQ/’NH’

and for |z| < r and N > ¢, we can use Taylor’s expansion and write

. W(y) 2
T Ny o, W) 1 2 W)
1—e z 7Nu§v 5 7 Nl (14+¢e4(2,N)),

where |e,(z, N)| < 1 and lij{fn gy(2,N) =0, for each y € 72, |z| < r.

Inserting the above identity in (4.79) shows that for |z| < r and N > ¢, the left-hand
side of (4.79) equals

(4.80) E[exp {z Zz \I//VAEL? L - % 22 ZZ VK](U?//) (1 +€y(z,N))£;’N}].
yEZ? Un yEZ? N



By the end of the proof of Theorem 4.2 we know that for |z| < ¢,

lim E[exp {zyéZ \I//V]\ELu)QV E;N}] = exp{%2 S(W)}

A straightforward uniform integrability argument combined with (4.73) and (4.80) shows
that for real z with |z] < ¢,

(4.81) lij{fn E[exp {zyGZZQ \I//V% £;7N}} = exp {? EW) — ? ygg W(y)Q}-

Similar arguments as in the proof of Theorem 4.2 now yield (4.78).

Note incidentally that Theorems 4.2 and 4.9 are not quite sufficient to study the limit
in law of (%ﬁ)yezz. As shown by the above proof, see in particular (4.80), to handle
this case we would in essence need a limiting result for the joint law of the two random
fields that appear in (4.17) and (4.72).

O

5 Occupation times at high level u

In this section we relate occupation times at a high level u of the random interlacements
with the d-dimensional Gaussian free field. The limit ©u — oo bypasses the obstructions
present when one considers a fixed level u, see Remarks 2.4 2). Our main result appears in
Theorem 5.1. It has a similar flavor to (4.20) of Theorem 4.2 and (4.73) of Theorem 4.9.
Moreover it can rather straightforwardly be extended to the case of random interlacements
on transient weighted graphs, see Remark 5.2. However we keep the set-up of Z¢, d > 3
for the main body of this section, not to overburden notation.

We consider on an auxiliary probability space

0z, € Z2, a centered Gaussian field with covariance function

(5-1) Elpapw] = 9(&’ — ) + g(0) — gl(z) — g(x'), for z,2' € Z1.

This field has the same distribution as the field (7, — 70)zeze of increments at the origin
of the d-dimensional Gaussian free field, (7;),ez4, i.e. the centered Gaussian field with
covariance function E[y,7v.] = g(z,2'), for z, 2’ € Z%.

We can now state the main result of this section.

Theorem 5.1. As u — o0,

(5.2) <70> converges in distribution to the Gaussian
V22U z€Z?
random field (¢g)zeza in (5.1),
and
(5.3) (% Lx7u)xEZd converges in distribution to the constant field equal to 1.
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Proof. We follow the same strategy as in the previous section, the problem is however
much simpler now. It clearly suffices to prove (5.2) and (5.3) with u replaced by a sequence
uy such that

(5.4) uy > 1, for N > 1, and li]{fn uy = 00.

We thus consider a function V on Z% such that

(5.5) V' is finitely supported and Y V(z) = 0.

xEeZd

We define

1
5.6 Ly =
>0 V=L Vo

It follows from Theorem 2.1 and Remark 2.2 that for some fixed r > 0,

(5.7) Elexp{zLn}]| = exp{ > en(n)z"}, for |z| < rin C,

n>1

V(2) Lyuy, for N > 1.

where we have set for n, N > 1,

n
2

(5.8) enln) =27% uy 2(V, (GV)"11).

In view of (5.5) we have

(5.9) en(1) =0.
By (5.4), (5.8) it is also plain that for n > 2,

(5.10) len ()] < (V)"

with ¢(V) a positive constant depending on V' and d, by our convention. Moreover we
find that

(5.11) lijgn cy(n) =0, for n > 2, and

)1

(5.12) CN():%(VGV) = 5 [(EV() )2}

The same arguments as in the proof of Theorem 4.2 show that

Ly converges in distribution to a centered Gaussian variable with variance
(5.13) 2
El(SV@e.) ]

Since V' in (5.5) and uy in (5.4) are arbitrary, the claim (5.2) follows. We then turn to
the proof of (5.3). It follows by (2.21) that for A > 0,

A A -
ST PO S W\ P SRS, S SIS SV
(5.14) exp o Lo exp 1+g(0)ﬁ e ", as 00

This shows that —— LO uy converges in distribution to the constant 1 as N goes to infinity.

Since due to (5. 2) for any x € Z¢, uiv (Lyuy — Louy) tends to zero in distribution, as N
goes to infinity, our claim follows. O
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Remark 5.2.

1) The results of the present section can straightforwardly be extended to the set-up
of continuous time random interlacements on a transient weighted graph F, as we now
explain. We keep the same notation and assumptions as in Remark 2.4 4). We introduce
a base point xy € E. In place of (5.1) we consider

(5.15) v, r € E, a centered Gaussian field with covariance function
. E[SOISOI/] = g(l’, SL’/) + g(.To, .I‘o) - g(.ﬁlfo, SL’) - g(.ﬁlf(], SL”), z, r' e E7

where ¢g(-, -) now stands for the Green density.

This field has the same distribution as the field of increments (v, — 7Yu,)zer, of the
Gaussian free field (v;).cr attached to the transient weighted graph, i.e. the centered
Gaussian field with covariance function E[vy,v.] = g(z,2), x,2' € E.

With the help of (2.25), (2.26), the arguments employed in the proof of Theorem 5.1
now show that as u — oo,

(’7’0> converges in distribution to the Gaussian
(5.16) V2u z€E
random field (¢;)zcr,
and that
(5.17) (% L‘w)xe  converges in distribution to the constant field equal to 1.

2) In the case of the discrete occupation times £, ,, z € Z% u > 0, the same arguments
used in Remark 4.10 2) show that when u — oo,

(&,u - 53;,0

(5.18) Ner

converges in distribution to (v d
a T )xELY
TEZ

where (V)74 is the centered Gaussian field vanishing at the origin such that for any V'
as in (5.5), one has in the notation of (5.1):

(5.19) E(T V@)w)'|+5 £ VErP=E[( T V@)e)].

x€Z4 xcZ4 xCZ4

Moreover looking at the Laplace functional, one sees with the help of (2.27) and (5.3)
that for u — oo,

(5.20) (% gmv“)xezd converges in distribution to the constant field equal to 1.
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