EXCESS DEVIATIONS FOR POINTS DISCONNECTED
BY RANDOM INTERLACEMENTS

Alain-Sol Sznitman

Abstract

We consider random interlacements on Z%, d > 3, when their vacant set is in a strongly
percolative regime. Given a large box centered at the origin, we establish an asymptotic upper
bound on the exponential rate of decay of the probability that the box contains an excessive
fraction v of points that are disconnected by random interlacements from the boundary of
a concentric box of double size. As an application, we show that when v is not too large
this asymptotic upper bound matches the asymptotic lower bound derived in [26], and the
exponential rate of decay is governed by the variational problem in the continuum involving
the percolation function of the vacant set of random interlacements that was studied in [27].
This is a further confirmation of the pertinence of this variational problem.
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0 Introduction

In this article we consider random interlacements on Z% d > 3, when their vacant set is in
a strongly percolative regime. In this regime, several kinds of disconnection events of a large
deviation nature and their resulting effect on the random interlacements have recently been inves-
tigated in [5], [17], [25], [24]. Random interlacements are also closely connected to the Gaussian
free field, see for instance [9], and similar largely deviant disconnection events have likewise been
investigated in the context of the level-set percolation of the Gaussian free field, see [6], [16],
[25], [23]. In the present work, given a large box centered at the origin of side-length of order N,
we study the asymptotic exponential rate of decay for the probability that the box contains an
excessive fraction v of points that are disconnected by random interlacements from the boundary
of a concentric box of double size. We establish a general asymptotic upper bound. In particular,
we show that when v is not too large, this asymptotic upper bound matches in principal order the
asymptotic lower bound of [26], and confirms the pertinence of the variational problem studied
in [27]. Importantly, in contrast to [25], no thickening is involved in the definition of the excess
event that we consider, and the resulting effect is markedly different. It remains open whether
the assumption on the size of v can be removed, and whether in the case of a large enough v
macroscopic secluded droplets are present and contribute to the excess volume of disconnected
points. Such a behaviour would share some flavor with the phase separation and the emergence
of a macroscopic Wulff shape for the Bernoulli percolation or for the Ising model, see [3], [2].
However, it should be pointed out that in the present context, and in the case of the Gaussian free
field as well, Dirichlet energy and capacity replaces total variation and perimeter, and the rough
order of the exponential decay of the probability of the large deviations is N2 and not N1

We will now describe the results of this article in more details. We denote by Z* the random
interlacements at level v > 0 in Z?¢ and by V* = ZN\Z" the corresponding vacant set. We are
interested in the strongly percolative regime for the vacant set, that is, we assume that

(0.1) 0<u<u(<uy),

where the precise definition of @ from (2.3) of [24] is recalled in (1.26) below, and u. denotes
the critical level for the percolation of the vacant set of random interlacements. Thanks to the
results in [11], it is known that w is positive, and it is plausible, and presently the object of active
research, that uw = u,. In the context of the closely related model of the level-set percolation of
the Gaussian free field, the corresponding equality has been established in the recent work [12].

We denote by g the percolation function:
(0.2) Bo(a) = P[0 &> 00],a > 0,

where {0 )—//:oo} stands for the event that 0 does not belong to an infinite component of V¢, see
Figure 1. The function 6y is non-decreasing, left-continuous, identically equal to 1 on (u., o),
with a possible (but not expected) jump at u., see [28]. One also knows from [27] that 6 is C!
and has positive derivative on [0,%), where the definition of @ (as the supremum of values v in
[0,u.) such that the no large finite cluster property holds on [0,v]) is recalled in (1.31) below.
One knows from [11] that @ > 0, and the equality @ = . is also plausible but presently open.
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Fig. 1: A heuristic sketch of the functions 6y (with a possible but not expected jump
at u,) and 6* in (0.11). The constant ¢y stems from Theorem 3.1.
We consider N > 1 and the discrete box centered at the origin
(0.3) Dy =[-N,N]%nz.
We view Dy as the discrete blow-up (ND)nZ% of the continuous model shape
(0.4) D=[-1,1]%

Further, for integer r > 0, we write S, = {x € Z%, |z]|e = r} for the set of points in Z¢ with
sup-norm equal to r and define

(0.5) C} = the connected component of S, in V*uU S, (so S, €C! by convention).

We single out the set of points in Dy that get disconnected by Z" from Sopn, that is Dn\Cyy,
and its subset Dy \Cjy of points in the interior of Dy that get disconnected by Z" from Sy. We
are interested in their “excessive presence” in Dy. More precisely, we consider

(0.6) ve[bp(u),1),
and the excess events (where for U finite subset of Z4, |U| denotes the number of points in U)
(0.7) Ay = {|Dn\Cix| 2 v|Dn[} 2 A = {|Dn\Ci| 2 v D]}

An asymptotic lower bound on P[A% ] was derived in (6.32) of [26]. Combined with Theorem 2
of [27] it shows that

1 _
(0.8) limNinf ~Naz? log PLA%X] > =7, where

(0.9) Juw = mim{L / |Ve|Pdz; ¢ > 0, € DY(RY), ][ Oo((Vu+p)?)de> 1/}
’ 2d Rd D

an _0 stands for the right-continuous modification of 6, ... for the normalized integra
d o ds for th h difi f 0o, fp... for th lized 1
‘—11)‘ [p -y with [D] = 24 the Lebesgue measure of D, and D'(R?) for the space of locally in-

tegrable functions f on R? with finite Dirichlet energy that decay at infinity, i.e. such that
{If] > a} has finite Lebesgue measure for all a > 0, see Chapter 8 of [14].

The lower bound (0.8) is derived via the change of probability method and for ¢ in (0.9),
(V/u+ ¢)*(5) can heuristically be interpreted as the slowly varying local levels of the tilted
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interlacements that enter the derivation of the lower bound (see Section 4 and Remark 6.6 2)
of [26]). It is an open question whether for large enough v the minimizers ¢ in (0.9) reach the
value \/u, —/u. The region where they reach the value \/u, — /u could reflect the occurrence
of droplets secluded by the interlacements that might share the burden of producing an excess
volume of disconnected points, somewhat in the spirit of the Wulff droplet in the case of the
Bernoulli percolation or for the Ising model, see Theorem 2.12 of [3], and [2].

Our main interest here lies with the derivation of an asymptotic upper bound on P[Ay]
(> P[A%]) that possibly matches (0.8). In the main Theorem 4.3 of this article we show that
there is a dimension dependent constant ¢y € (0,1), constructed in Theorem 3.1, so that when
0 < u < 7, setting #* to be the function on R, such that 6*(v) = 6y(v) for v < (v/u+co(Va—+/u))?,
and 6*(v) =1 otherwise, see Figure 1, one has for all v € [6p(u),1)

(0.10) lim sup logP[AN] < ~J;,,,, where
N

1
Nd-2
(0.11) Jy ., = min{% / |VolPdz; o > 0,0 € DYRY), ][ 0* ((Vu+ <p)2) dz > y}.

’ R4 D

As an application of Theorem 4.3, i.e. (0.10) and (0.11), we are able to show that in the “small
excess” regime the asymptotic upper bound (0.10) matches the asymptotic lower bound (0.8).
More precisely, we show in Corollary 4.5 that

when 0 < u <A@, there exists vy > 0p(u) such that for all v € [0y(u), )

0.12 1 . ~
(0.12) lim —7 log PLAN] = lim — log PLAX] = T

It is a natural question whether the asymptotics in (0.12) actually holds for all v in [fp(u),1).
Incidentally, this issue is also related to the question whether ¢y mentioned above (0.10) and that
appears in Theorem 3.1 can be chosen arbitrarily close to 1, see Remarks 4.4 and 4.6 2). As an
aside, if @ = u, holds, formally setting ¢y = 1 one finds that 6* coincides with 6y and Jyy,, with
7%,,. Another natural problem is whether the set of disconnected points can be replaced by the
set of points outside the infinite cluster C% of V¥, and (0.12) actually holds with Ay replaced

by the bigger event {|Dy\C%| > v|Dy|}, when 0 < u < u, and 0y(u) < v < 1, see Remark 4.6 3).

A question of a similar nature to that of the asymptotic behavior of IF’[A?V] was investigated
in [25]. There, C}, was replaced by C~}([, a certain thickening of C} (obtained by adding to Cj;
points at a suitable sub-macroscopic distance Lo(N) = o(N) of C%). It was in particular shown
in [25] that for v small enough so that the closed Euclidean ball B, with center 0 and volume
v|D|(= 2%) is contained in the interior of D, one has for 0 < u <,

1 1 1
5 1ogP[IDx\Chl > VD[] < = (V- Vi) capga(By),

lim su
N PN

(0.13)
1 ~ 1
limNinf N2 log P[|[DN\Cy| > v|Dn|] > —E(\/uM - Vu)?capga(B,),

with capga(B,) the Brownian capacity of B, (see for instance [19], p. 57, 58), and .. (> u.)
the critical level for the strongly non-percolative regime of the vacant set (here again u., = u is
expected, but currently open, so plausibly the right members in (0.13) are equal).

In the present work (unlike in [25]) there is no thickening of C}; or C3 entering the definitions
of A% and Ay (and both contain the event under the probability in (0.13)). The variational
quantity J,, , plays the role of é(\/ﬂ*—\/ﬂ)Q cappd(B,) in (0.13) (assuming the equalities @ = u, =



U« ). Informally, this last quantity corresponds to a choice of a test function ¢ = (\/u, —\/u) hp,
in (0.9), with hp, the equilibrium potential in R? of the ball B, and the replacement of 6y(v)
by the smaller function 1{v > u,}. We refer to Proposition 6.5 of [26] for further links between
these variational quantities.

Let us say a few words about the proof of the main asymptotic upper bound (0.10). The main
step is carried out in Proposition 4.1. A substantial challenge stems from the possible presence
of “bubbles” intersecting Dy that can occupy a macroscopic share of volume, on the surface of
which random interlacements have a local level above u,, thus creating “insulating fences” that
may block connections in V* between the interior of such bubbles and Son. Such “bubbles” are
non-local objects and accounting for the cost of their presence is a delicate matter. Importantly,
in the absence of a thickening of C5y;, the “bubbles” that we are faced with are irregular and lack
inner depth. This specific feature precludes the use of the coarse graining procedure developed
in Section 4 of [17] that played a crucial role in [5] and [25], as well as in [16], [5].

S

Fig. 2:  An informal illustration of the bubble set Bub from (1.47) in red.
The light blue region consists of Bj-boxes where the random
set U enters deeply enough in B (see (1.46)).

In the first main step corresponding to Theorem 2.1 we perform local averaging in the Bi-boxes
(of scale Lj) contained in Dy that lie outside the bubble set Bub. After this step the task of
bounding the probability of Ay is replaced by that of bounding the probability of A’y see (2.11),
that roughly corresponds to the event

(0.14) |Bubl+ > O(up,)|Bi| >V |Dnl,
BlgDN\Bub

where 1/ is slightly smaller than v, up, denotes the local level of the interlacements in the box
By (see (1.45)), and the function # equals 6y up to a level close to @ and then equals 1. As in
[26] the scale Ly of the Bj-boxes is roughly N, see (1.8), so that (N/L;)¢ roughly equals N972.
This choice corresponds to the following constraints. The scale Li should not be too large, so
that with overwhelming probability most B; boxes behave well with respect to local averaging,
and the scale L; should not be too small, so that coarse graining for the local levels up, of all
Bi-boxes in Dy can be performed with exp(o(N92)) complexity. The bubble set Bub is defined
in (1.47). It consists of the Byi-boxes in Dy where a certain random set U; does not get “deep”
inside B;. The random set U, see (1.40), as in [17], is defined via exploration starting outside a



larger box concentric to Dy (namely [-3N,3N]%) with By-boxes of size Ly comparable to N7
(much smaller than Ly, see (1.7), (1.8)) that have a good local behavior (so-called (a, 8,7)-good
bozxes, see (1.38)), and such that the local level of random interlacements in these boxes remains
strictly below @ (namely at most (3, see (1.40)). The random set U; brings along a profusion of
highways in the vacant set V* that permit to exit [-2N, 2N]d, and thus reach Son when starting
in Dy. The choice of the scale Ly corresponds to the following constraints. The scale Ly (as

reflected in the choice N ﬁ) should not be too large so that Dy contain at least N2 columns
of Lp-boxes and the («,3,7)-bad boxes do not spoil projection arguments. It should also be
not too small, see (2.73), (2.81), so that the communication between the local levels in Bj-boxes
and the local levels in the Byp-boxes, which they contain, functions harmoniously. The choice
Lo = [NdTll] in (1.7) fits these requirements.

The bubble set Bub that appears in (0.14) thus consists of Bj-boxes in Dy that are not met
“deep inside” by U;. No thickening is performed in the original question we handle and Bub is
quite irregular. In particular, it lacks sufficient inner depth (roughly corresponding to the “nearly
macroscopic” scale Lo in (4.19) of [17]) and the coarse graining procedure of Section 4 of [17] does
not apply. In Section 3 we devise a new coarse graining approach, using a “bird’s-eye view” to
address this central issue. In the crucial Theorem 3.1 we construct a random set C,, that can take
at most exp(o(N92)) shapes, which has small volume, which is made of well-spaced By-boxes
that are (v, f,7)-good with local level above 3, and which is such that the (discrete) equilibrium
potential of C,, is at least ¢y on the bubble set Bub apart from a set of small volume. This is
where the important constant ¢y entering the definition of the function 6* above (0.10) appears.
The random set C,, is extracted from the By-boundary of U; (see below (1.41)), and the coarse
graining procedure that we employ uses some ideas from the method of enlargement of obstacles
(see for instance Chapter 4 in [21]). In Section 4 we complete the proof of Proposition 4.1 (which
is the main step towards (0.10), (0.11)). An important aspect is to find an adequate formulation
implementing the constraint (0.14) that behaves well under scaling limit. This corresponds to
(4.26) - (4.29), where the event A’y gets coarse grained and certain non-negative super-harmonic
functions solving an obstacle problem accounting for the random set C,, from Theorem 3.1 and
the local levels up, away from C|, enter the new formulation. After that the proof proceeds along
the same lines as in Section 5 of [26].

We will now describe the organization of this article. Section 1 collects some notation and
recalls various facts about simple random walk, potential theory, and random interlacements.
Lemma 1.2 due to [1] and Lemma 1.1 are related to capacity and their application enters the
coarse graining procedure for the construction of the random set C,, in Theorem 3.1. The
important random set ; and the bubble set Bub are respectively defined in (1.40) and (1.47).
Section 2 is devoted to the proof of Theorem 2.1 where local averaging is performed, and the
event A\, (in essence corresponding to (0.14)) is introduced. An extensive use is made of the
important soft local time technique of [18] in the version developed by [7]. When looking at well-
separated boxes of a given size it provides access in each box to an “undertow” (corresponding
to the local level of random interlacements in the box) and a “wavelet part” (corresponding to
a collection of excursions) with good independence properties for the wavelet parts. Section 3
is devoted to the construction of the random set C,, in Theorem 3.1. This is where the pivotal
constant ¢y appears. Finally, Section 4 contains Theorem 4.3 that proves the crucial upper bound
(0.10), (0.11). However, the main work is carried out in Proposition 4.1. The application to the
small excess regime is presented in Corollary 4.5 where (0.12) is proved. Remark 4.6 lists several
open questions.

To conclude, let us state our convention about constants. Throughout the article we denote
by ¢,C,c positive constants changing from place to place that simply depend on the dimension



d. Numbered constants cg, ¢, co,. .. refer to the value corresponding to their first appearance in
the text. Dependence on additional parameters appears in the notation.

1 Notation, some useful results and random sets

In this section we introduce some further notation. We recall and collect some facts concern-
ing random walks, potential theory, and random interlacements. We also introduce important
random sets such as Uy, see (1.40), and the “bubble set” Bub, see (1.47).

First some notation: for (a,)n>1 and (b, )n>1 positive sequences, a, > by, or b, = o(ay,)
means that b,/a, —> 0. We write || and |-|o for the Euclidean and the supremum norms on R¢.
n

Throughout we assume that d > 3. Given z € Z¢ and r > 0, we let B(xz,7) = {y € Z% |y - 2|00 <7}
stand for the closed ball of radius  around z for the supremum distance (note that Dy in (0.3)
coincides with B(0, N)). Given L > 1 integer, we say that a subset B of Z% is an L-box when it is
a translate of Z¢n [0, L)?. We sometimes write [0, L)? in place of Z¢n [0, L)¢ when no confusion
arises. Given A, A’ subsets of Z¢, we denote by doo(A, A") = inf{|z — 2'|c; z € A,z" € A’} the
mutual supremum distance between A and A’, and write do, (2, A") for simplicity when A = {z}.
We let diam(A) = sup{|x — 2'|e; 2, ' € A} stand for the sup-norm diameter of A, and |A| for
the cardinality of A. We write A cc Z? to state that A is a finite subset of Z%. We denote by
0A={yeZNA;Jx e A, ly-z| =1} and 9;A = {z € A; Fy € ZN\A, |y—2z| = 1} the boundary and the
internal boundary of A. When f, g are functions on Z%, we write (f,g) = ¥ cz¢ f(2) g(z) when
the sum is absolutely convergent. We also use the notation (p, f) for the integral of a function f
(on an arbitrary space) with respect to a measure p, when this quantity is meaningful.

Concerning connectivity properties, we say that z,y in Z? are neighbors when ly— x| =1 and
call w: {0,...,n} = Z% a path, when 7(i) and 7(i — 1) are neighbors for 1 <i <n. For A, B,U

. . U .
subsets of Z¢, we say that A and B are connected in U and write A «<— B when there exists a
path with values in U which starts in A and ends in B. When no such path exists we say A and

. . U
B are not connected in U and write A </~>B .

We turn to the notation concerning continuous time simple random walk on Z?. For U ¢ Z¢,
we write I'(U) for the set of right-continuous, piecewise constant functions from [0, c0) to UudU
with finitely many jumps on any finite interval that remain constant after their first visit to OU.
For U cc Z¢ the space I'(U) conveniently carries the law of certain excursions contained in the
trajectories of the random interlacements. We also view the law P, of the continuous time simple
random walk on Z? with unit jump rate, starting in z € Z¢, as a measure on I'(Z%). We write
E, for the corresponding expectation. Given U ¢ Z%, we denote by Hy = inf{t >0; X; e U} and
Ty =inf{t > 0; X; ¢ U} the respective entrance time in U and exit time from U.

We denote by g(-,-) the Green function of the simple random walk:

(L) o) = B[ [ 10X =y ds]. for gzt
0

and when f is a function on Z? such that Yyezd 9(7,y) [ f(y)| < oo for all x in 7%, we write

(1.2) Gf(x)= Y g(z,y) f(y), for xeZ?,

yeZd

The Green function is symmetric and translation invariant. Further, one knows that g(z,y)(=
g(z-y,0)) ~ g I’(%l - 1)7rfg|y — x>, as |y — x| - oo (see Theorem 1.5.4, p. 31 of [13]), and we



denote by ¢, a positive constant such that
(1.3) g(z,y) <exly -2, for z,y € 29

Given A cc Z%, we write e4 for the equilibrium measure of A and cap(A) for its total mass, the
capacity of A. The equilibrium measure e 4 is supported by the internal boundary of A and one
knows that

(1.4) Gey = ha where ha(x) = P[Ha < 0], € Z%, is the equilibrium potential of A.

When A # ¢, we also write €4 = e4/cap(A) for the normalized equilibrium measure of A. In the
special case of boxes, one knows (for instance by [13], p. 31) that with B = [0, L)¢,

(1.5) cl?<Glp(x) < L? forxe Band L>1,
as well as (see (2.16), p. 53 of [13])
(1.6) cL¥ 2 <cap(B) < L¥2 for L> 1.

Apart from the macroscopic scale N (governing the size of the box Dy in (0.3)) two length scales
will play an important role for us:

1

(1.7) Lo=[Na1], and
(1.8) Ly = kn Lo, where kp is the integer such that ky Lo < N%(log N)% < (kn +1) Ly.
so that ky — oo and L1/Lg — oo, with Lg ~ NTT and Ly~ N%(logN)i as

2
d
< dL so that (L1/Lg)? = o(L1) as N — oo, and we will use this feature in the
(2.73) and (2.81).

Note that <
N - oo. Also l
next section, see

We will call By-box or Lg-box any box of the form
(1.9) B = 2+ [0, Lo)%, where z ¢ Ly ' L, Z%.

Often we will simply write By to refer to a generic box By ., z € Ly and call z the base point of
By. Likewise, we will call Bi-box or Li-box any box of the form

(1.10) By, =2+[0,L1)% where z € L, % 1, Z4(c Lo by (1.8), (1.7)),

and write By for a generic box By .,z € Lq.

At this stage it is perhaps helpful to provide some comments on the role of these boxes and
their size. In essence, following [26], the Bj-boxes will be used to perform local averages, see
for instance (2.19). The fact that (N/L;)? is comparable to N9°2 (up to a logarithmic factor)
ensures on the one hand that with overwhelming probability the local averaging involving the
local level of random interlacements in the box is applicable to most of the Bi-boxes that we
consider, and on the other hand that there are not too many boxes, so that we can perform coarse
graining, see below (4.29). As for the By-boxes, following [17], they will be used to construct the
random set U that provides “highways in V% to get beyond [-2N,2N]%, see below (1.41). The
bubble set (1.47) will morally correspond to the Bj-boxes contained in Dy \U;. Here, having Lo
comparable to N® with % S<as d_117 ensures that the number of columns of By-boxes in Dy is at
least of order N%2 so that we can use projection arguments and cope with the occurrence of bad
By-boxes, see for instance (3.24) - (3.27), but also ensures that the By-boxes sitting in a Bj-box

are large enough and typically receive a sufficient number of excursions, see (2.71) - (2.75).



The next two lemmas will be applied in the proof of Theorem 3.1 in Section 3 as part of
the construction of the crucial random set C,, (made of By-boxes) that will help us keep track
of the cost of the bubble set (1.47), see below (3.15) and below (3.57). In the statement below,
coordinate projection refers to any one of the d canonical projections on the respective hyperplanes
of points with vanishing i-th coordinate, for 1 <i <d.

Lemma 1.1. Given K > 100d, a € (0,1), then for large N, for any L-box B with L > Ly, and
any set A union of By-boxes contained in B such that for a coordinate projection m one has

(1.11) [m(A)| 2 alB|T,

one can find a subset A of A, which is a union of Bo-bozes having base points with respective
m-projections at mutual supremum distance at least K Ly (with K = 2K +3), and such that

(1.12) cap(A) > ¢(a) |B|'T and |x(A)] > K@Dz (A)].

Proof. We first trim A and pick one By-box in A in each column in the 7-direction that intersects
A. The columns of By-boxes in the m-direction can be split into K ! collections of K Lg-spaced
columns. Then, we restrict this trimmed set to one of the K %1 collections so as to obtain

(1.13) A subset of A that contains at most one By-box per column, in columns that
' are K Lo-spaced, with m-projection 7(A) such that |7(A4)| > K ~(¢D|z(A)|.

We then introduce the probability measure p supported by A (see below (1.4) for notation):

1B

IBol)% (by (1.11), (1.13)).

1 i
(114) w== Z EBoa with 77 = u > (ZK_(d_l)(
n B()QAV |B0|

One has the variational identity cap(z) = sup{(p ® p,g)~!; p probability measure supported by
A} (where ® denotes the product of measures and g the Green function as in (1.1)). Hence,
cap(A) > (n® 1, g)~", and our aim is now to bound (® p, g) from above in order to prove (1.12).
We first write with hopefully obvious notation

1 _
(p®p,g)<sup — ¥ (e, ®eps.9)
BocA ™ BjcA
(1.15) )
< sup = ({ep, ®€ny,9) + P (€n, ®EB679))-
BocA B}cA,B)#Bo

We note that by (1.4)

(1.16) (€3, ® By, 9) = cap(Bo) ',

and for the second term in the last line of (1.15), setting x¢ as the unique point in Lo n By, see
(1.9), yo = m(x0), and likewise z{, as the unique point in the Lo n By, y; = 7(z(), we see that for
any By < A by (1.3)

— — & _(d—2) def
(1.17) Y (et <= X yp-ul P E g,

BlcA,B})#By BlcA,B})#By

SN

where it should be observed that due to (1.13), yf —yo € K Lo Z% ! in the last sum (and we have
tacitly identified 7(Z?) with Z%1). We then consider

B the Euclidean ball in K Lo Z%! with center 0 and smallest radius R

1.18 po
( ) such that B contains 7 points.



Note that due to the lower bound on 7 in (1.14), for large N, one has

R \d-1
(1.19) cii > (%) > 7.
0

Looking whether yj - yo lies in B or outside B in the sum defining Sp, in (1.17) we thus find
that for any By ¢ A

c cd — i
Spy < = > D <= (KLp)™™® ¥ 1
(1.20) " odye Br(K Lo Z4-1) n 1<0<crt/(d-1)

<" (RLo) @5 W 2,

Thus, coming back to (1.15), we find with (1.16), (1.17) and the above bound that

N L e = Kb, et (et

This shows that for large N,

(1.22) cap(A) > (p@ p,g) ' > e R©72(1+ ¢ KT Ly /R) L.

We also know by (1.19) that for large N

(1.23) B> cRLont 5 cart L3 KO1L,,

and we find that

(1.24) cap(A) > T2 5V c(a) L - e(a) B

Together with (1.13), this completes the proof of (1.12) and hence of Lemma 1.1. O

The next lemma is due to [1], and it will also be used in the construction of the random set
C,, in Theorem 3.1 of Section 3.

Lemma 1.2. (K = 2K +3)

For K,N > c1, when A is a union of Bo-bozes with base points that are at mutual |- |e-distance
at least K Ly, then there exists a union of By-boxes A’ ¢ A such that

A cap(A)
1.25 cap(A’) > ccap(A) and | <c .
(1.25) p(A’) p(A) Bol < cap(Bo)

Proof. The claim is a straightforward consequence of Theorem 1.4 of [1]. O

We will now introduce some notation and collect several facts concerning random interlace-
ments. We also refer to the end of Section 1 of [24] and the references therein for more details.
The random interlacements Z%, u > 0, and the corresponding vacant sets V" = Zd\I“,u >0, are
defined on a certain probability space denoted by (£2,.A4,P). In essence, Z" corresponds to the
trace left on Z% by a certain Poisson point process of doubly infinite trajectories modulo time-
shift that tend to infinity at positive and negative infinite times, with intensity proportional to
u. As u grows, V* becomes thinner and there is a critical value u, € (0, 00) such that for u < u.,



P-a.s., V" has an infinite component, and for u > u, all components of V* are finite, see [22],
[20], as well as the monographs [4], [10].

In this work we are mainly interested in the strong percolative regime of V* that will corre-
spond to u < w, where following (2.3) of [24] we set

(1.26) u = sup{s > 0, such that for all v <u in (0,s), (1.27) and (1.28) hold},

where writing B = [0, L)%, the condition (1.27) is

. . L
(1.27) hin log P[V* n B has no component of diameter at least 75] = —oo,

log L

and the condition (1.28) is that for all B’ = Le + B with |e| = 1, with D = [-3L,4L)? (a subset
of Z% not to be confused with (0.4)):

(1.28) 1i£n log P [there exist Connected components of BN V* and B’ n V" of

1
08 diameter at least 2

15> Which are not connected in D n V'] = —o0.

One knows that w > 0 (by [11]) and that @ < u,, see (2.4), (2.6) of [24]. Also as explained in
Remark 2.1 1) of [24],

(1.29) for u > v in (0,7),

hin L log P [there exist two Connected components of BnV* of

1
ogL diameter at least & 15, which are not connected in D n V"] = —co.

Remark 1.3. Let us also mention that with B = [-L,2L)? and D as above

(1.30) for v>w in (0,u),

hm @ log P [there exist two Connected components of BNV of
O,

diameter at least 15> Which are not connected in D nV*] = —oc0.

Indeed, to prove (1.30), one considers the scales L” = [L/103] < L' = [L/10%] < L. Given v > w in
(0,7), except on a set of super-polynomially decaying probability in L, for all boxes z + [0, L"),
z € Z¢, intersecting [-2L,3L)%, and with v, 5% in place of u,v all the events corresponding to
the complement of what appears in (1.27), (1.28) are satisfied, as well as for all boxes z+[0, L"),
z € 79, intersecting [-2L,3L)%, with 5%, w in place of u,v, the events corresponding to the
complement of (1.29) are satisfied. Then, for large L on the intersection of the above events,

given Ay, Ay connected components of B n VY with diameter at least

10, one can construct a
path of non-intersecting nearest neighbor L"-boxes in [-2L, 3L)¢, such that the restriction of A;

to the first box contains a connected component of diameter at least % and the last box meets

As. Then, one can construct a path in VEinD starting in A; with an end point at supremum
distance at most L” from Ay belonging to the last box of the path of L”-boxes. One can then
consider an L'-box with center (in R?) within supremum distance 1 from the center of last box
in the path of L”-boxes, and link Ay in V¥ n D with the path in V*2° n D that linked A; to a
point of the last box of the path of L"”-boxes. This provides a path in V* n D between A; and
Ay. The claim (1.30) now follows. o

The equality u = u, is expected but presently open. In the closely related model of the
level-set percolation for the Gaussian free field a corresponding equality can be proved as shown
in the recent work [12].
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An additional critical level @ € (0, u, ] has been helpful in the study of the C'*-property of the
percolation function g in (0.2), see Theorem 1 of [27]. In the present work, it will show up in
the context of Corollary 4.5, see (0.12), when we identify the exponential rate of decay of P[.Ax]
(or P[AY]) for v > p(u) close to Op(u) when 0 <u<uAT. It is defined as (see (3) of [27]):

(1.31) w=sup{u € [0,u,); NLF(0,u) holds}
where for 0 < v < u,, NLF(0,v), i.e. the no large finite cluster property on [0,v], is defined as

there exists L(v) > 1, ¢(v) >0, v(v) € (0,1] such that (with S(0,L) = 9;B(0, L)),

1.32 w w .
(132) o anL> L(v) and 0 <w < v, P[0 <% S(0,L), 0 <f> 00] < e=e@L™,

One knows by Corollary 1.2 of [11] that 7 > 0, and by Theorem 1 of [27] that
(1.33) 0o is C! and has positive derivative on [0, 7).
It is plausible but presently open that the equalities w = ¥ = u, hold.

We now introduce further boxes related to the length scale Ly, which take part in the defi-
nition of the important random set U defined in (1.40) below and in the proof of Theorem 2.1
in the next section. Throughout the integer K implicitly satisfies

(1.34) K > 100.
In the spirit of (2.9), (2.10) of [24], we consider the boxes

B07z =zZ+ [O,Lo)d c EO,Z =z+ [—LQ,QLQ)d c D07z =Zz+ [—3L0,4L0)d

(1.35) e )
c U(),Z =z+ [—KLQ +1,KLy- 1) , with z E]LQ(: LoZ )

Given a box By as above and the corresponding Dy, we denote by ZZD v £ > 1, the successive
excursions in the interlacements that go from Dy to Uy, see (1.41) of [24]. We then denote by
(see also (2.14) and (1.42) of [24]):
(1.36) N, (Dg) = the number of excursions from Dy to dUj in the interlacement

' trajectories with level at most v, for v > 0.
The notion of («, 3,7)-good boxes that we now recall is an important ingredient in the definition
of the random set U, see (1.40) below. We consider

(1.37) a>f>~vin (0,u)
(eventually we will choose them close to w, see (4.8) in Section 4).

Given an Lg-box By and the corresponding Dy (and likewise D|) corresponding to B{) below),
see (1.35), we say that By is an (a, 3,7)-good box (see (2.11) - (2.13) of [24]) if:

i) Bp\(range Zf)o U---Urange ngap(Do)) contains a connected set with

diameter at least % (and the set in parenthesis is empty if avcap(Dyp) < 1),

ii) for any neighboring Lo-box B|, = Lo e + By with |e| = 1, any two connected

sets with diameter at least £2 in By\(range Zf)o U---urange ngap(Do)) and

(1.38) , .
' B{\(range ZlD0 U--u ngap(Dé)) are connected in
Dy (range ZlD0 U---u Z[li)coap(Do)) (with a similar convention as in i))
Ty
iii) > / ’ EDO(ZEDO(S)) ds > v (with Ty, the exit time of Up),
1<l<Bcap(Dg) J0O
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and otherwise we say that By is (a, 8,7)-bad.

We now fix a level w as in (0.1), that is
(1.39) O<u<u
and following (4.27) of [17] (or (3.8) of [25]), we introduce the random set U as

Uy = the union of Lo-boxes By that are either contained in ([-3N,3N]%)¢ or linked
to an Lo-box contained in ([-3N,3N]%)¢ by a path of Lg-boxes By .,, 0 <i < n,
which are all except maybe for the last one («, 3,7)-good and such that
Ny(Dy,z,) < Becap(Do,z,)-

In addition, as shown in Lemma 6.1 of [24], one has the following connectivity property:

(1.40)

if By ., 0<i<n,is asequence of neighboring Lg-boxes which are
(a, B,7)-good, and N, (D .,) < Bcap(Doz, ) for 0<i< n then, for

. Do, - .
(1.41) any connected set in By ,\(range Z; " u--- Urange Zacap(DO )) with
diameter at least £ I5, there is a path starting in this set, contalned in

U D07zi) NnV", and ending in By ., .

0<i<n

Thus, in view of (1.40) and (1.41), the random set U; provides paths in V* going from any By-box
in U; N Dy to ([-3N + Lo, 3N - Lg]%)¢ (and such paths go through Soy).

We will use the notation dp,U; to refer to the (random) collection of By-boxes that are not
contained in U; but are neighbor of a Bp-box in Uj.

We will also need a statement quantifying the rarity of (a, ,v)-bad Bp-boxes.

Lemma 1.4. Given K > co(«, 3,7), there exists a non-negative function p(L) depending on
o, 3,7, K, satisfying limyp, p(L) =0, such that

1
liN Ni2 log P[Byn] = —co, where By stands for the event

By = {there are more than p(Lo)N®? (o, 8,7)-bad By-bozes
intersecting [-3N,3N]?}.

(1.42)

Proof. The constant ca(a, 3,7) corresponds to cg(a, 3,7v) above (5.5) of [24]. We only sketch
the proof, which is similar to that of Theorem 5.1 in the same reference, see also Proposition 3.1
of [26]. It revolves around a stochastic domination argument: for finite collections of Ly-boxes
with base points at mutual distance at least K Lo, the indicator functions of the events that
the boxes are (a, 3,7)-bad are stochastically dominated by i.i.d. Bernoulli Variables with success
probability n(Lg), for a function (L) depending on «, 3,7, K such that limy, 1 +logn(L) =~

One sets p(L) = 4 /%, and considers for fixed 7 € {0,.. -1} the Lo-boxes By, with
z € LoT + KLy that intersect [-3N,3N]%. Setting m = (=- 8N_yd (an upper bound on the number

of such boxes when N is large) and 7 = p(Lg) N~ 2/(K m) one has log £ ~log as N — oo,

see for instance (3.16) of [26], so that (writing 1 for n(Lg) and p for p(LO))

n(L )’

o B =P\ o 1 wdygo, 1
m{plogn+(1 ﬁ)log(—l_n)} mplog;—pK N log;

=4 /logLolog% fide_z >> Nd_z, as N — oo.
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The claim (1.42) then follows from the usual exponential bounds on sums of i.i.d. Bernoulli
variables. O

We now turn to the length scale Ly, see (1.8). In addition to the boxes By .,z €Ly in (1.10),
we consider the boxes (with the same K as in (1.34))

(1.43) Up,=2+[-KL +1, KL -1)4(2 By, = 2 +[0,L1)?) for z € Ly = L, Z%.

Similarly to above (1.36), given a box By and the corresponding Uy, we denote by Zfl,f > 1, the
successive excursions in the interlacements that go from B; to OU;, and also use the notation

(1.44) Ny(B7) = the number of excursions from Bj to OU; in the interlacement

trajectories with level at most v, for v > 0.
The quantity
(1.45) up, = Ny(B1)/cap(B1)
plays the role of the local level (or the “undertow”) of the interlacements (at the level u chosen

in (1.39)) in the box Bj.

In essence, we will perform local averaging operations in Bi-boxes that will only retain the
information contained in up,, see (2.8) and Theorem 2.1.

We then proceed with the definition of the bubble set. First, given a box Bj, we denote by
Deep B; the set

(1.46) DeepBi= |J  Bo.
ZGLQ,D072931

obtained in essence by “peeling off” a shell of depth 3L¢ from the surface of Bj, thus only keeping
the Bg-boxes such that the corresponding Dy is contained in By. One then defines the bubble set

(1.47) Bub = U B
Bi1cDy,UinDeep B1=¢

that is the union of the Bji-boxes contained in Dy such that U; does not reach Deep By, see
Figure 2.

We will perform local averaging in boxes B; outside the bubble set in the next section. But
an important challenge will then be to ascribe a cost to a bubble set of non-negligible volume.
The coarse grained random set C,, constructed in Theorem 3.1 will provide the required tool.

As a last piece of notation, we write
(1.48) LY, x € Z% for the field of occupation times at level v >0

that records the total time spent at sites of Z? by trajectories with level at most v in the
interlacements. It will come up in Sections 2 and 4.
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2 Local averaging: departing from the microscopic picture

The main object of this section is the proof of Theorem 2.1. It shows that we can replace the
excess event Ax = {|Dn\C5y| > v|Dnl} of (0.7) with an event Ay, in our quest for an upper
bound on the exponential rate of decay of P[Ay]. This event A is solely expressed in terms of
the volume of the bubble set and of the local levels up, of the Bi-boxes that lie in the complement
of the bubble set in Dy.

As in (0.1), see also (0.6), we assume that

(2.1) 0<wu<u, and
(2.2) Op(u) <v<l1.

(2.3) a>f>~ in (u,u), and
(2.4) K >100.

The parameters «, 8,v,u, K (and N) enter the definition of the random sets ¢; in (1.40), which
is a union of By-boxes, and of the bubble set Bub in (1.47), which is a union of Bj-boxes.

We introduce an additional parameter € in (0,1) such that
(2.5) v>10% + 0 (u).

We also choose a finite grid of values for the local levels up, (see (1.45)), namely, we consider a
set X0(v,u,¢) determined by d,~,u,e such that

(2.6) 3% ¢ (0,~] is finite, contains u and v, and is such that between consecutive points
' of {0} UX? the functions 6y(-) and /- vary at most by 1073¢

(with 60(-) as in (0.2)).

In the course of the proof of Theorem 2.1 below, we will add further points to this grid. For
the time being we record some notation. We write

(2.7) v € X9 for the largest element of X0 smaller than -,
and given an L;-box By with local level up,, we write

2.8) AB, = the largest element of {0} UX" smaller or equal to up,,
' Ap, = the smallest element of »0 bigger than up,, if up, <+, and v otherwise.

Thus, when up, <7, we have Ap < wup, < Ap and (A ,Ap )N 0 = . We will use Ap, as a
discretization of the local level up, of the box By. Further, we denote by Cy and C; the respective
subsets of Lo and Ly, see (1.9), (1.10):

(2.9) COZ{ZE]Lo;BO’Z c Dy}, Cq :{ZE]Ll;BLZEDN},

and routinely write By € Cyp to mean By, with z € Cy and By € C; to mean B, with z € C;.

Here is the main object of this section. We recall (0.2), (0.7), (1.47) for notation.
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Theorem 2.1. Given u,v as in (2.1), (2.2), a> B>~ asin (2.3), and € as in (2.5), there exists
es(a, B,7,u,€) such that for K > cs

. 1 . 1
(2.10) hmj\?up N2 log P[An] Shm]\?up N2 log P[ AN ],

where A\ stands for the event

(2.11) Ay ={|Bubl+ ¥ bg(Abl)lBllz(V—Gﬁ)lDNIL

BlgDN\Bu
with 6(v) = Oy (v) 1{v <7~} + 1{v >~ }, for v> 0.

One should note that in contrast to the original excess event Ay of (0.7) that involves the
microscopic information stating for each x in Dy whether x can be linked by a path in V" to
Son or not, the event A’y is expressed in terms of the volume of the bubble set (which relies on
U;) and the discretizations )\231 of the local levels up, for B; € C; outside the bubble set. In the
proof of Theorem 2.1 the heart of the matter will correspond to the treatment of the boxes By
outside the bubble set and such that up, <~-.

Proof of Theorem 2.1: Recall that Ay stands for the event {|Dn\Cyy| > v|Dnl|}, see (0.7). On
the other hand, the left member of the inequality in the definition of A’y is

(212)  [Bubl+ ¥ OBl = ) |Bul + X 00 (A, )|B1l
BicDy\Bub up, 27~ or B1cBub up, <7- and BinBub=¢

where the sum runs over By in Cy, see (2.9), in the last two sums.

The first step of the proof of Theorem 2.1 will in essence bound |Dn\Cjy| from above by
three terms, see (2.17) - (2.18) below. The first and the second term will eventually lead, up to
corrections, to the first and second sum in the right member of (2.12), and the third term will
be negligible.

As a preparation, we first introduce an additional length scale. The function 6y(-) from (0.2) is

continuous on [0,7], and as L tends to infinity the continuous functions 8 1,(v) = P[0 </>S(0, L)],
v e [0,v] (with S(0,L) as in (1.32)), are non-decreasing in L, and converge uniformly to 6y(-) on
[0,7] (by Dini’s lemma). We can thus find R(v,u,e) such that

(2.13) 12%% sup P[0 <> S(0,R) and 0 «/>o00] <1077 &2,
ve[0,7]

We also need to refine the finite grid 3°(c (0,7]): between any two consecutive points of X% we
introduce 8 equally spaced points. We denote by 3 the enlarged grid. It is determined by X°
and hence by d,v,u,e. In addition, we have || < 9|%°. We will also routinely use the following
notation: when B is such that up, <~v-, so that Az <up, <Ap <7-, see (2.8), we will write

\% \ — o~ ~ —
+ + ++ ++ o+ ++ e+ e+ e+
(214) (ABl) < >\B1 < B1 < B1 < B1 < B1 < B1 < B1 < B1 (< ’7)

for the 8 inserted values right above )\}’31.

Sometimes we will also consider some generic element of "N (0,~_], denoted by A* and write

\% \%2 — ~ ~ —

AT AT < AT < AT < AT < AT < AT < AT for the 8 inserted points of X right above AT.
These inserted values will be used to perform several sprinkling operations, and to define the
basic splitting in (2.17), (2.18) below.
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One last preliminary remark is that setting for each Li-box Bj
(215) BLR:{I'EBl;B(.%',R)EBl},
for large N the boxes B r, with By € C; carry the “principal volume” of Dy in the sense that

(2.16) DNQUBlguBLR and‘UBlleﬂDNlTl'
C1 C1 Ci

Our first main step corresponds to the splitting stated below. By (2.16) and the definition
An = {|Dn\Cyx| > v|Dn|} of the excess event, we see that

(2.17) for large N on Ay, (v-¢)|Dn|< ¥ Y Ha¢Cyy}<I+I1r+IR
Blecl xEBl,R

where we have set (with a similar convention as below (2.12)):

i) I= ) |B1l,

up, 2y~ or BicBub

i) IIg= ¥ > Uz < S(z,R): B AG

upy <v- and BinBub=¢ xeB1 R
where the indicator function refers to the event stating that x is not

1 Bl ... Bl
connected to S(z, R) in By\(range Z;"' U---Urange Z e Cap(Bl))

(2.18)

iii) g = 5 > Iz <> S(2,R): By, A" andz < San}

up, <7- and BinBub=¢ xeB1 R

with a similar notation as in ii)

(we recall that for z € By p € Dy, x ¢ C¥y coincides with z <—1?—>52N).

The term I in i) above coincides with the first sum in the right member of (2.12). To prove
Theorem 2.1 we will show that

(2.19) for K > ¢(v,u,¢),
1
lim —— log P[II > > Oo(A3, ) |B1| +2¢|Dn|] = —o0,
N Nd2 8 [T up, <y~ and BinBub=¢ 0151 D]
and that
. 1
(2.20) for K > e(o, 8,7, u,¢€), llj{fn N2 log P[IIIg > 3¢ |Dy|] = —oo.

In view of (2.12) and (2.17), the claim (2.10) of Theorem 2.1 will then follow. In essence, the
second sum in the right member of (2.12) mainly dominates IIr and IIIg is a negligible quantity.

The proof of (2.19) will mostly be an application of the results of Section 3 of [26] to the
example (2.6) of that same reference, combined with a comparison between 6y g, see above (2.13),
and 6 to control the variation of 6y g.

The proof of (2.20) will be more delicate and will revolve around the intuitive idea that for
most Bj-boxes in Cy, if their local level up, lies below - and Deep By meets U (i.e. By is not
in the bubble set, see (1.47)), then most points of B; that make it to distance R avoiding the
first A\p'"cap(B) excursions Z, f L £>1, are actually connected to Son in V*.
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Thus, there remains to prove (2.19) and (2.20). We begin by the proof of (2.19). We first
compare the variation of §y p between two points of [0,~] with that of §y. By (43) of [27], one
knows that for 0 < v <o’

(2.21) o(v") - 8o (v) = 0o 5 (") - Bo.r(v) + P[0 <> (0, R),0 <00] — P[0 <2 S(0, R),0 <J>00]
and by (2.13) (and |2°| > 2) we have

(2.22) [6o(v") = Oo(v) = (Bo,r(v") = Oo,r(v))| < 1075, for any v < v’ in [0,7].

We can now apply the results of Section 3 of [26] where we choose the local function F' as in (2.6)
of [26] (i.e. for any £ € [0,00)BR)  F(¢) = 1{any path from 0 to S(0,R) in B(0, R) meets a y
with £, >0} and the corresponding 6(v) def E[F((L))ylw<r)] = 00,r(v), see (1.48) for notation).
We select /(7y,u,e) and p(e) so that with ¥ the refinement of X9 introduced below (2.13)

(2.23) (1+r)A<(1-k)N, forall A< X in ¥, with 0 < s < ¢, and p = 1073¢.

The so-called (X, k, i1)-good bozes of (2.76) of [26] allow to perform local-averaging. In particular,
when Bj is a (3, k, )-good box, then for any A € ¥, one has

Y Uz «~S(x,R): Bi, A} < (0o,r((1+K)N) + 1) |Bi

$€BLR

where the indicator function in the left member refers to the event stating that x is not connected

to S(z,R) in B;\(range ZP' U--- Urange chlap(Bl))' Thus, when By is a (X, k, 1)-good box, for

any consecutive A\~ <A™ < X in {0} uX?, one has (see below (2.14) for notation)

Y Wz «S(@,R): Bi, A} < (0o, r((L+K)NT) + 1) | By

$€BLR
2.23
(and since (1 +k)ATT < ) ( < : (6o,r(\") + 1073¢) | By|
(2.24) = (60,r(\7) +60,r(N) = bo,r (A7) + 107°)| By
(2.22) , 5
< (607}{()\7) + 60()\ ) - 60()\7) +210° €)|B1|

2.6
( < . (90(}\_) + 410_36)|Bl|.
90,R<€

=bo

On the other hand, by Proposition 3.1 and (4.9) of [26], when K is large enough, most Bi-boxes
in Dy are (3, k, u)-good, in the sense that

1 .
(2.25) for K > ¢(v,u,¢), N2 logIP’[BIXE:C1 |B1|1{B is (2, k,p)-bad} > e|Dy|] = —oo.

Hence, on the complement of the event under the above probability, using (2.24) for (X, k, u)-
good boxes, we find that

(2.18) i) -
< > Oo(Ap,) +2¢|Dnl,

(2.26) I <
(2.24) uBl <7v- and Bl ﬁBub:¢

and this completes the proof of (2.19).

We now turn to the proof of (2.20). The implementation of the rough strategy outlined below
(2.20) to prove that statement relies on the notion of IIIg-good boxes that corresponds to four
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“local properties” satisfied by such boxes, see (2.27) - (2.30) below. We will show that when K is
sufficiently large, with overwhelming probability for large N, the IIIr-bad boxes in Dy occupy
a negligible fraction of volume, see Lemma 2.3, and that the contribution of II1z-good Bi-boxes
in Dy to IIIR is small, see Lemma 2.2 and (2.35), (2.36).

Given a box Bj here are the four conditions:
(2.27) all By € Deep B; are (a, 3,7)-good (see (1.46), (1.38) for notation),

for all By € Deep B; and X < X' in X, the excursions Zfl, 1<l< Aecap(By)
contain in total strictly less than \ cap(Dy) excursions from Dgy to Uy,

(2.28) {

for all By € Deep B1 and X <\ in X, the excursions Zfl, 1<l<Nceap(By)
contain in total more than Acap(Dy) excursions from Dy to Uy,

(2.29) {

and with the notation (1.35) and below (2.14)

for all By € Deep By and all A** of the grid X, if two connected sets in

(2.30) B\ (range Z{Bl U---Urange Zfiﬂ Cap(Bl)) have diameter at least 1%,
then they are connected in Dp\(range ZlB1 U---urange Zﬁlcap(Bl)).
We then say that
(2.31) a box By is III -good if (2.27)-(2.30) are satisfied, and IIIr-bad otherwise.

With the help of the above notion we can bound IIlg in (2.18) iii) as follows:
IR < IIILR + IIIQ’R, where

I g =
Bq:1llg-good,up, <v- and BinBub=¢

(2'32) > 1{x > S(x,R) : Bl,)\glﬁ' and z <—u/—>SQN}

:BGBLR

IIIQ,R = Z |B1| 1{B1 is HIR—bad}

B1eC1

The last term will be handled in Lemma 2.3 below. For the time being we focus on III1 . Our
next goal is to show that

1
(2.33) for K > ¢(v,u,¢), li]{[n N3 log P[III; r > 2¢|Dy|] = —o0.

With this goal in mind, we observe that when Bj is IIIr-good and up, < - (such boxes enter the
sum defining IIT;  in (2.32)), then by (2.28) for each By € Deep By, one has N,,(Dy) < B cap(Dy)
(because the excursions at level at most u from Dy to QU are part of the N, (B1) = up, cap(Bi)
first excursions at level at most u from B; to dU;). Moreover, by (2.27) all By € Deep By are
(o, B,7)-good. Thus, in view of the definition of U; in (1.40), we see that

(2.34) when By € Cy is IIIg-good, up, <~-, and U; N Deep B; # ¢, then U; 2 Deep B;.
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Since |B1\Deep Bi| < ¢ Lo LY, we see that

IIILR < C(LQ/Ll) |DN| + THLR + fﬁLR, where
-
Bi:1llg-good,up, <vy-,BinBub=¢ BocDeep By

L
(2.35) T oSG B): BXG and e < 8(,[5) B

Mg =
Bi:lIIgr-good,up, <v-,BinBub=¢ Bo<Deep B1

3 1{30 > S(w, [%]) : Bl,)\};; and z <—u/—>SgN}.

:BGBO
Our next step towards the proof of (2.33) is to show that
(2.36) I, g = 0.

For this purpose, we observe that by (2.34), for any Bj entering the sum defining .TI\ILR, all
By ¢ Deep By are contained in Ui, so that by (1.38) i) and (1.40), (1.41) there is a component

(and actually all such components) in Bp\(range ZID ®y-.-Urange Zggap( Do)) with diameter at
least %, which is linked to Son in V“.

Due to (2.28) and up, < -, such a component in Bo\(range Z° U--- U range ngap(Do)) is

a connected set in By\(range Zfl U---Urange Zﬁﬂ Cap(Bl))' By (2.30) any z € By that is linked

By
to S(«x, [%]) in B;\(range ZP' U - U range Zfél Cap(Bl)) (and hence in Bp\(range Z' U --- U
range Z ﬁi cap Bl)) can be linked to the above mentioned connected set in By (range Z20 u---u
B
D . - B B - +
range Za((:)ap(Do)) via a path in Bp\(range Z,”' U --- U range Z)\gl Cap(Bl))' Since up, < Ap,, the

above connected set in By (range Z° U---Urange Z2° as we already know) and the path

acap(Do)) (
from z to this connected set are contained in V¥, so that x € C¥y. This proves (2.36).

To complete the proof of (2.33) there remains to bound ﬁjl,R in (2.35). This is the objective
of the next

Lemma 2.2.

1 —
(2.37) For K > c¢(y,u,€), one has li]{fn N2 log P11l R > Z e|Dy|] = —o0.

Proof. As a first reduction we will bound IIT 1,r by a sum of identically distributed variables Yp,,
see (2.39) below, where By ranges over Cy, see (2.9), and each Yp, solely involves the excursions
ZZDO, ¢>1. Then we will use the soft local time technique of [18] in the version of [7]| to bring
into play stochastic domination by independent variables.

We first note that by (2.28), (2.29) (recall from (2.14) that A} < X\5' < X5* < A5 when
up, <7Y-):

I g < > > > x> S(x,R): Do, A5
Bq:1llg-good,up, <v-,BinBub=¢ BocDeep B1 zeBy

(2.38) andx<—/—>5(x,[%]) :Do,’)\\y1

(the notation is similar as in (2.18) iii) with Dy in place of By).
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Then for any box By, using the notation below (2.14) for the eight inserted values above a generic
point A* of X% 1 (0,7_], we set

(2.39) Yg,= X 1{3: < S(z,R) : Do, \*** and z +S(z [ ]) DO,)\++}
At<yoin 30 :BGBo

and find that (with K = 2K + 3)

(240) I, p< Y Yg, = ¥ Y Yg,, where
BoeCy TG{O,...,?fl}d BoeCo,r
(2.41) Cor =Con {LoT + KLLg} for each 7 € {0,..., K - 1}¢ (and Lg = Ly Z¢, see (1.9)).
We will now stochastically dominate each sum Y p ¢, , YB,, for 7 € {0,... ,K - 1Y% For this

purpose we now recall some facts concerning the soft local time technique of [18], [7], and also
refer to Section 4 of [24], and Section 2 of [26] for further details.

Given any 7€ {0,..., K —1}%, the soft local time technique provides a coupling Qp of the
excursions Z, Do >, Bo € Cp~ of the random interlacements with independent excursions Z o
£>1, Bye Co,r, respectlvely distributed as X ATy, under Ps Do and independent right- Contlnuous
Poisson counting functions with unit intensity, vanlshlng at 0 (npy(0,t))t=0, Bo € Co r:

under Qj, as By varies over Cor, the ((np,(0,t))so0, ZKDO, ¢ > 1) are independent
collections of independent processes with (np,(0,t))s0-distributed as a Poisson
counting process of intensity 1, and 4 f 0 ¢>1, as iid. I'(Uy)-valued variables
(see notation above (1.1)) with same law as X \r, under P,

(2.42)

The coupling Q) has an important property. For z ¢ Z% denote by QY the joint law of two
independent walks X! and X2 respectively starting from x and from the equilibrium measure of
UBqeco - Do, and let Y? be the random variable equal to the location where X! enters U BoeCo.» Do

if the corresponding entrance time is finite and XZ otherwise. The important property of Qf
is the following (see Lemma 2.1 of [7]): if for some 6 € (0,1) and all By € Cor, y € Dy and
z € O(Uzec, , Un,z)

é
(2.43) (1-3) 2no (1) < QUY" =y Y e Dy] < (1+5) 20y (v),
then, for any By € Cpr and mg > 1, on the event
(2.44) TP ={npe(m, (1 +8)m) < 26m, (1 - §)m < np,(0,m) < (1+8)m, for all m >mq},

one has for all m >my the following inclusion among subsets of I'(Up):

D ~D D D
(2.45) (ZPo,. 2Dy yelzPo. .zl 3
(2.46) (zPe).. ZD°5) YeAZD 2 )

where ZP0 and ZPo respectively stand for Z[lz ﬁ’ and Z[IZ i) when v > 1 and the sets in the left

members of (2.45) and (2.46) are empty when (1 -0)m < 1. Importantly, the favorable event
Up° is defined solely in terms of (n.p,(0,%))0.

We then set
(2.47) mo = [(log Lo)?] +1
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Then, as in (4.11) of [24] (see also below (4.16) of the same reference), we can make sure that

when K > ¢(v,u,¢), (2.43) holds with a d(v,u,c) € (0,1) such that

(2.48) 1449 K
5 <1+— ndm -3, with k as in (2.23).

As a result, see (2.33), (2.34) of [26], for large N so that for all A € ¥, m = [1 5 cap(DO)] +1
satisfies m > mg as well as (1+30)m < =2 ”45 =% Acap(Dyp), and m’ [1+35cap(D0)] satisfies m’ > myg
9 Xcap(Dy), one has on the event U Dy, for all Ae X

as well as (1-9)m' >

= 1+46
D D D ~D,
(2.49) {Z; 07---72)\Coap([)0)} {4, Z(1(3'45))\cap(Do)} and
~D0 7~ Do Do Do
(250) {Zl Z( 1+46)>\C&p(D0)} S {Zl ZAcap(Do)}'

We then introduce for By € Co » (with A < \" elements of ¥ in the sum below, and we recall that
the largest element of ¥ is v, see (2.6), and above (2.14))

(2.51) Vo= ¥ ¥ o< S(@,R): Do, N and o «f> §(z, [ 22 1)+ Do, A}
A<\ zeBo
where “~” above the arrows means that there is a connection between x and S(z,R) in

Do\ (range ZlDO U---urange ZQ%ap(DO)) and an absence of connection between x and S(«x, [%]) in
Do\ (range ZP0u---urange ngapwo)). By (2.23) we have (1-£) A™™* > X" and (1+£) A*" < A**
for each term in the sum defining Yp, in (2.39). Thus, making use of (2.48) - (2.50), we see that
for large IV,

(2.52) for any By € Cy,-, on (77500, one has Yp, < Yp,.
In addition, by (2.42), (2.44),

(2.53) the ((77500, Yg,), for By € Cy.r are i.i.d. under Q.
We then introduce the i.i.d. Bernoulli variables

(254) XB() = 1((7;”8)CU{?BOZ€|BO‘}’ for BQ € C(),T.

Then, by (2.52), for large N, we have

(255) % Ve < % (Vn(1-Xp)+[SPIBolXn) < T (e|Bol+[ZP|Bol Xy).

B()GC()’T B()EC()’T B()EC()’T
We will now prove that

for large N, and any 7 € {0,..., K - 1}%, under Q} the i.i.d. Bernoulli

2. =
(2:56) variables X, have success probability at most £/(2|%[?).

Once (2.56) is proved, it will follow from usual large deviation bounds on sums of i.i.d. Bernoulli
variables that for large N and each 7€ {0,..., K —1}%, Y BoeCo.» I¥|? X, < % £|Co -] except on a
set of Qf-probability at most exp{-c(v,u,¢€)|Co.r|}.

Observing that [Co,| > c¢(K)(N/Lo)? > N%2 as N - oo, see (1.7), we will conclude by
(2.55) that for each 7, limy ﬁ log P[¥Byecy., YBo 2 T €|By||Co,r|] = —c0. Summing over 7 and
using (2.40) the proof of Lemma 2.2 will be completed.
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There remains to prove (2.56). By classical exponential Chebyshev bounds on the Poisson
distribution, with Up? as in (2.44), one knows that Qj[(U})?)¢] decays exponentially with my,
see (4.20) of [24]. Hence, (2.56) will follow by Chebyshev inequality once we show that

(2.57) for K > ¢(7,u,¢), for large N and any 7 € {0,...,K - 1}¢, and
. T <> 2

By € COJ—,EQO [YDO] < 4‘6T|2 |BO|

Writing v = )‘*TX for any A < A" in ¥, we denote by N2 an independent Poisson variable with
parameter vcap(Dg). Then we have, see (2.51),

E%[Yp,]< T (QGIN ¢ (Acap(Do), X' cap(Do))]

(2.58) + QNP € (Acap(Dy), N cap(Dy)), x <5 S(z,R) : Dy, X and
e o (o [2]): Do, ]

Using large deviation bounds on the Poisson distribution and comparing the effect on B(z, [%])
of Né) 0 independent excursions distributed as X ATy, under P Do to the effect of sz) 0 independent
excursions distributed as X, under Fe, (and hence of random interlacement at level v), we find

that for large N, any 7€ {0,..., K —1}% and By € Co,r:

E%[Vg,] < [SP|B| e 1 4

> ¥ (P[m < S(xz,R) and z <—1,)‘—>S(3:, [%])] +P[a trajectory in the

A< :BGBO

(2.59) interlacement at level < v enters Dy and after exiting Uy touches B(x, R)])
- _ d-2 - Rd72

< |E|2|BO|(€ C(W’U’E)LO + Supwsﬂ/]P’[O & S(O, R) and 0 <—Z/U—>OO] +cy Lg 2 W)

(2.13),|8|<10|%° 1
< BB

d-2
e2+|ZP ey R )-

| _ d-2
| Bo|(|Z[Peetrue)Eo™ 4 s

Since 3 and R are determined by v,u,e (and d) the claim (2.57) holds. This proves (2.56) and
as explained below (2.56) this completes the proof of Lemma 2.2. O

We have now established (2.33) (thanks to (2.36) and Lemma 2.2). There remains to show
that with overwhelming probability the term III5 g in (2.32) is small. This is the object of

Lemma 2.3.

(2.60) For K > ¢(a, B,7,u,e) one has li]{fn ﬁ logP[III; g > €|Dy|] = —o0.

Proof. Recall that IIls g = Y. g cc, |B1|1{B1 is IlIg-bad} and the event {B; is IIIr-bad} entails
that one of the conditions (2.27) - (2.30) does not hold. We will first show that
for K > c(a, 8,7), limy Niﬂ log P[IV > % |Dn|} = —oc0, where we have set

IV = % |By| 1{B; does not satisfy (2.27)}.

BleCI

(2.61)

The claim is a variation on (1.42) (it is not an immediate consequence of (1.42) because as N — oo,
by (1.7), (1.8), |C1| ~ «(N/L1)? ~ ¢ N%2/log N which might be small compared to p(Lg) N4 2
in (1.42)). Keeping the same notation as in the proof of Lemma 1.4, and with K > co(«, 3,7)
(that corresponds to cg(a,3,7) above (5.5) of [24]), one finds that for any 7 € {0,..., K - 1}¢,
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the indicator functions of the events By is an («, 3,7)-bad box, for By € Cy -, are stochastically
dominated by i.i.d. Bernoulli variables with success probability n(Lg).

It follows that the indicator functions of the events By contains an (¢, 3,7)-bad box By € Cy -,
as Bj varies over C; are stochastically dominated by i.i.d. Bernoulli variables with success
probability 71 = 1 A {(i—é)dn(Lo)}. Hence, from the super-polynomial decay of 1, we find that
lim k)g;Ll logn; = —oo. Then, as in Proposition 3.1 and (4.9) of |26, we can conclude that for
each 7€ {0,..., K —1}%,

(2.62) li]{[n % log P[there are at least 3—% |C1| boxes in C; that contain an

(a, B,7v)-bad box of Cp ;| = —oo.

Summing over 7 and noting that |Dy| > |Cy||Bi1]| the claim (2.61) follows.
Our next step is to show that

for K > c(y,u,¢), limy # log P

V>
V= ¥ |Bi| 1{B1 does not satisfy (2.2

Blecl

|Dn|] = —oo, where we have set

) or (2.29)}.

CoOw | m

(2.63)

In analogy with (2.41), for each 7 ¢ {0,..., K — 1} we define
(2.64) Cir=Cin{Li7+ KL} (where L = L Z4, see (1.10)).

Replacing in (2.42) - (2.46) Do by By and Uy by Uy, one can construct for each 7 € {0,..., K -1}¢
a coupling Q] between the excursions ZgB ', £ >1, By € Cy, of the random interlacements with
independent excursions zB ', 4 >1, By € C, respectively distributed as X.amy, under FPep |
and independent right-continuous Poisson counting functions with unit intensity, vanishing at
0, (nB,(0,t))t>0, B1 € C1 7, so that the corresponding statement to (2.42), with By in place of
Dy and U; in place of Uy holds. Then with QL and Y analogously defined as above (2.43),
the coupling has the following property: if for some ¢ € (0,1) and all By in C;,, y € By and

r € 9(Uzec, , U1,2) one has

0\ = 0\ =
265) (1= D) en () <@ =ylV e B (1+ D) En ),
then for By € 1~ on the event
(2.66) Ug' ={np,(m,(1+35)m)<26m,(1-8)m <ng,(0,m) < (L+3)m, for allm >my},

one has for all m >m; the inclusions among subsets of I'(U;):

(2.67) {ZlBl,...,Zg{(S)m}Q{ZFI,...,ZgI+35)m}7
B B —~B 7B
(268) {Zl 17...72(11*5)771,} E {Zl 17-..7 (111»35)7’)1}7

(with similar conventions as stated below (2.46)).
We then set

(2.69) my = [(log L1)?] + 1.

We now choose 6(,u,e) € (0,1) such that with x as in (2.23)

(2.70) i)

1 10 (1 +46)?
P10 (LA40) K i) (1- =
1-x/10 (1-25)2 4 10
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Then for K > c(7,u,e) we can make sure that (2.65) holds (as explained above (2.48)), and
ensure that for By € C1, on UR"' the statements (2.67), (2.68) hold for all m > m;.

We further introduce for By € C; » the good event

5 5 B g cap(Dy)
G, =UMn ZBl,...,ZB1 contain at least (1 - — ) ———= m and
bl BogDmeepBl{ ! " ( 10) cap(B1)
D
(2.711) at most (1 + — ) cap( 0) m excursions from Dy to 0Ujy
10/ cap(B1)

for all m > m'l},

where we set

(2.72) m} = [(—Cap(Bl)

cap(Dy) )2(log L1)2] 1

An important feature of m] is that when N goes to infinity

cap(Do) \?

2.73 > ! > (log L1)? and m/ = B
( ) ml_ml’ml(cap(Bl)) > (log L1)” and m] o(cap( 1))

(the last property stems from the fact that (L1 )2 = 0(L1) as N — oo, see below (1.8)).
Note that under Q]
(2.74) the events 631, By €Cy 7 are iid..

In addition, when K is large, they are typical in the sense that

1 ~
for K > ¢(v,u,¢), ligfn g L, logQI[(GB, )] = —o0

(the above probability does not depend on 7 nor on Bj € Cy 7).

(2.75)

The proof of this fact is very similar to the proof of (4.15) of [24]. In that proof, Lemma 4.2 of
[24] is now replaced by the estimate for By € Deep Bj:

cap(D ) cap(Do) ¢
o g S

(the first inequality follows from a straightforward sweeping argument, and the second inequality
comes from writing

PEBI [HDO < TUl] = PEBI [HDO < OO] _PEBI [TU1 < HDO < OO]

cap(Do)
>————= —sup P,|Hp, <oo| >
cap(B1) oau, 2 [Hp, ] cap(B1)

cap(Dy) (1 _ KZ*Q) )

The proof of (2.75) follows the same steps, see (4.27) and (4.30) of [24], as the proof of (4.15)

. . . ,@ cap(D n cap(D
of [24], with minor adjustments. With p > (1 - £ cagEBg and p=(1-+% cagEBO)) the lower

bound on the rate function in (4.26) of [24] is now replaced by c(p - p)? > c((l - 35 Ezgggf)) -

(1-14% Eig%gg’;f d Q(Ezgggog)% so that now (4.27) of [24] is replaced by the fact that
Zmmel exp{-c' K (zzggg(;; )2m} decays super-polynomially in N since (Ezgggfg Y2m] > (log L1)?,

\
see (2.73). The bound (4.29) of [24] is in our context essentially unchanged (with D replaced by

By and & by {5) and at the end we note that Cap%g“; m} > (log L1)?.
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The interest of the above event Gp, in (2.71) comes from the fact that similarly to (4.12),
(4.13) of [24], with ¢ chosen as in (2.70), as we explain below, it ensures for each By € Deep B;

a good comparison of the successive excursions ZlD oL ,le 9. ... between Dy and 90Uy in the
sequence ZIBI, ... ,Zfl, ... with the successive excursions ZIDO, ... ZZDO, ... in the random inter-
lacements.

More precisely, first observe that for large N, for any By € Cy 7, on G B, one has

_ _ (2.67) (2.68) _
(2.77) {Zfl,...,zgaé)m} c {ZlBla---7Zgl+35)m} c {Z,.... 20, m}, for all m > my.
1-6
Next, for By € Deep By denote by Zf)o, . ,Zf“, ... the successive excursions from Dy to Uy
inscribed in the Z[', ... ,Zfl, ... . We then argue as below (4.17) of [24]. When (1 -4§)m >m]
the set of excursions on the left-hand side of (2.77) contains at least (1-{5)[(1-J)m] % >
t=(1-7)(1- 26)mizggg?g excursions from Dy to dUy, and the set on the right-hand side

2 (2.701)
ﬁxg) zzggg(l’g < (1+ %)t excursions from Dg to OUp.

: 1
contains at most (1 + 1—”6) (

Hence, looking at the first ¢ excursions Zf © 1 < ¢ <t (which are inscribed in the set of
excursions on the leftmost member of (2.77)) and the first Z€D 0, 1<£<(1+%)t (which exhaust
all excursions from Dy to 0V} inscribed in the set of excursions in the middle of (2.77)), we see
that

%D %D D D
(2.78) {27,270 {2 Z s )
Moreover, looking at the first ¢ excursions from Dg to dUy contained in the set of excursions in
the middle of (2.77), and at the first (1 + §)t excursions ZZDO, 1 << (1+ %)t (which exhaust
all excursions from Dy to AUy inscribed within the set of excursions in the rightmost member of
(2.77)), we see that

D D 7D 7D
(2.79) {Z00 2Py ez, 200 )

Note that [t] covers all integers bigger or equal to (1 - {5)(1 —20) m] Ezgggg as m runs over

the set of integers bigger or equals to mj, in particular all integers bigger or equal to tx =
cap(Bi1)

cap (Do) (log L1)?. So we have for large N, for any B € Ci,r, on GBI:

i) {Z7°,....Zp c{zD,....Z70 .}, forall £>ty,
(1+%)

(2.80)

i) {z0°,...,zP°yc{zZP,. .., A(I{g%)z}, for all £ > ty.

Note that Ly ~ N® as N — oo, with a = dfll > é, and in the same spirit as the observation below
(2.73), we now find that

(2.81) ty =o(cap(Dy)), as N — oo.
As we now explain,

for large N, for any 7€ {0,... VK - 1}d and any By € Cy -, on éBl

(2:82) both (2.28) and (2.29) hold.

We begin with the case of (2.28). Recall from (2.73) that m; < m] = o(cap(B1)), as N — oo.
Thus, for large N with 7 and Bj as above, on G, for any A < X" in ¥ and By € Deep By, the first
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Acap(B1) excursions {ZlBl, .. Zﬁjlap(Bl)} are contained by (2.77) in {ZlBlv e 721(91145)2 )\cap(B )
1

_ 70 )
which contain by definition of Gp, in (2.71) at most (1 + & )(1+46) )\cap(Do) ' (1+

T)Acap(Dg) excursions from Dy to dUp. So the excursions from Dy to 90Uy contalned in

B B 7D ZD D Do
{z7, .. Z)\Clap(Bl)} are among {2, °, Z(li“))\cap(Do)} {z7°, Z(H,ﬁ)2 Aeap(Do )} by (2.80)

i). Since (1+%)*A <X when A<\ in ¥ by (2.23), this shows that (2.28) holds.

In the case of (2.29), we observe that for large NV, with 7 and B; as above, on éBl for A<\

in 32 and By ¢ Deep By, the first N'cap(Bj) excursions Z[', ... Zﬁcap(B ) contain by (2.77) the
excursions Zf L, 7B and by definition of G B, this last collection contains the

(1-8)[ 1255 cap(B1)]’
N'cap(Dy), which by (2.80) ii) contain the excursions Z, Do

/ _ (1-8) (2 70)”) 1-k/4 ,
1<l<aX cap(Dy) Wherea—lm/2 1-3%) o 2 1%/221 K, so that a A" > A by (2.23).

This proves that (2.29) holds. We have thus shown (2.82).

. —7Do
excursions Z,°, 1 <£< (1~ 10)1+45

Making use of (2.74), (2.75), a similar calculation as in Proposition 3.1 of [26] (see also (4.9)
of [26]) completes the proof of (2.63).

There remains to handle the case of (2.30). To this effect we first observe that when (2.28)
and (2.29) hold the condition (2.83) below implies that (2.80) holds as well, where we have set
(with the notation below (2.14))

\%
for all By € Deep By and all A™* in the grid ¥, if two connected sets in

983 By\(range ZID0 U---Urange Z0 ) have diameter at least %87 then
( . ) Attcap(Do)

they are connected in Dy\(range ZID0 U---Urange Z20 .
Atcap(Do)

It is then convenient to say that for A < A" in (0,%) the box By is (A, \)-good if

.o D .
(2.84) any two connected sets in B\ (range Z;° u--- U range Z 20 ,Cap(D )) having
diameter at least 0 are connected in DO\(range Z1 ®yU---Urange Z )\C(;p( Do))’

and (A, \')- bad otherwise. Then, in view of (2.61) and (2.63) and the observation above (2.83),
the claim (2.60) will follow, and the proof of Lemma 2.3 will be completed, once we show

for K > ¢(vy,u,¢), for any 7€ {0,... F—I}d and A<\ in ¥,
1
(2.85) lij{fn N2 log P[there are at least —3— |C1| boxes Bj that contains

‘ |2

a (A, \)-bad box of COJ] = —o0.

The proof of (2.85) is similar, but substantially simpler than the proof of (2.62). We briefly sketch
the argument. One uses the soft local technique as in (2.42) - (2.46) (using a possibly smaller §
than in (2.48) and large enough K to ensure (2.43)), and for large N stochastically dominates
the events “By is (A, \")-bad”, for By € Cy ;, by the events (Ugoo )€U {there are two connected sets

in Bo\(range Z{° U --- Urange Z1° ) that are not connected in Dp\(range Z° u--- U

7 L (A+6X")cap(Do)

range Z 1 (6)\+)\’)cap(D0))}

In turn, the probability of such events (that are i.i.d.) is controlled by the probability of
(Upe)u{By is (%(5)&2)\'), %(2)\+5)\’))—bad}. Then, to show the super-polynomial decay in Lq of
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the probability of such events one brings into play (1.30) with w = %(4)\+3)\') <v= % (BA+4)\) as
well as the unlikely events {N,,(Dp) < %(5)\+2)\')cap(D0)} and {N,(Dy) > % (2A+5X")cap(Dy)}
(with K > ¢(A\, \'), see below (2.22) of [24]). Then one can argue as above (2.62) and conclude
that (2.85) holds. As explained above (2.85) the proof of Lemma 2.3 follows. O

With (2.33) and Lemma 2.3 we have thus completed the proof of (2.20). Together with (2.19)
this completes the proof of Theorem 2.1. O

3 On the cost of bubbles

From Theorem 2.1 in the previous section we know that we can replace the excess event Ay with
the event Ay from (2.11) in our quest for an asymptotic upper bound on P[Ay]. The constraint
expressed by Ay involves the volume of the bubble set. The main objective of this section is to
construct a coarse grained random object (namely, the equilibrium potential of a random set C,,
of “low complexity”) that will endow us with a tool to show that the bubble set induces a cost.
This feature will play a major role in the next section. The challenge stems from the fact that
the bubble set may be very irregular with little depth apart from its constitutive grains of size
L1. There is no additional thickening in the problem we study and this precludes the use of the
coarse graining procedures from Section 4 of [17] (see also [25] and [5]).

In this section we assume that

(3.1) O<u<m,
(3.2) a > [ >~ belong to (u,u),
(3.3) 0<e<1073

Further, with ¢; as in Lemma 1.2 and ¢3(«, 8,7) as in Lemma 1.4, we assume that

(3.4) K >cyves(a,B,7).

We also recall the asymptotically negligible bad event By defined in (1 iQ) and the bubble set
Bub from (1.47). Here is the main result of this section. We recall that K = 2K + 3.

Theorem 3.1. There exists a dimension dependent constant cq € (0,1) such that foru,a, B,7,e, K
as in (8.1) - (3.4), for large N on BS;, one can construct a random subset C,, of [-4N,4N1%,
which is a union of Bg-boxes and satisfies the following properties:

i) for all By < C,, By is (a,,7)-good and N,(Dgy) > Bcap(Dy),

ii) the By c C,, have base points at mutual sup-distance at least K Lo,
iii) the set Sy of possible values of C., is such that |Sx| = exp{o(N92)},
iv) the 2K Ly -neighborhood of C., has volume at most €|Dyl|,

v) if he, stands for the equilibrium potential of C,, (see (1.4)), one has
[{z € Bub; hc,,(z) < co} <e|Dnl.

(3.5)

Perhaps some comments on the above conditions are helpful at this stage. Condition iii) on
the “combinatorial complexity” of C,, is a coarse graining control. With the help of iii) when
deriving asymptotic bounds on P[.Ay] in the next section, we will be able to fix the value C,, = C
of the above random set and derive bounds uniformly on C' in Sy. Condition i) will ensure that
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with L* the field of occupation times as in (1.48), (ep,, L") > v for each By ¢ C, see (1.38),
and condition iv) that the 2K L;-thickening of C' has a negligible volume. This will be combined
with a coarse graining of the values of (€p,, L*) with the help of the grid X° in (2.6) for By € C;
at distance at least KL; from C. We will then use an exponential Chebyshev bound for this
coarse grained picture of the occupation time in the spirit of Proposition 5.6 of [26]. The crucial
condition v) will ensure that in the constraints defining A’y see (2.11), a due cost will be attached
to the volume of the bubble set, at least on the main part A\\By of the event A'y,.

We need some additional notation. We choose an integer M (> 4) solely dependent on the
dimension d such that

(3.6) M?/(3%+1) > 1 (for instance the smallest such integer).

We will use in the proof of Theorem 3.1 an “M-adic decomposition” in Z%, where L; (attached
to Bj-boxes) corresponds to the bottom (i.e. smallest) scale and the top (i.e. largest) scale
corresponds to M~ L, where

(3.7) MLy <N <ML,

We will “view things” from the point of view of the top scale, and 0 < £ < £y will label the “depth”
with respect to the top scale, setting for such £

Iy = the collection of M-adic boxes of depth /£, i.e. of boxes of the form

3.8
(3:8) (ML 24+ [0, ML) A 29, where z € Z°.

Thus, the collections Z;, 0 < ¢ < {, are naturally nested, Zy, corresponds to the collection of
Bi-boxes and Zj to boxes of approximate size V.

Given / as above and B € Iy, the “tower above B” stands for the collection of B’ € Ug<pr<p Zpr
such that B’ 2 B. We also denote by

Dy the union of boxes in Zy that intersect Dy, so that

(39) Dy =[-N,N]*c Dy c[-2N,2N]% and |Dy| < [Dn]| < 2¢| Dy

Further, given 0 < ¢ </, we set
(3.10) T, = the collection of boxes in Z; that are contained in Dy.

We will now give a brief description of the main steps of the proof of Theorem 3.1. The random
set C,, will be extracted from the By-boundary 0p,U; of the random set U in (1.40). We only
need to consider the case when the bubble set has volume at least €|Dy|. We then distinguish
between the (easy) case when for some Bj in the bubble set, the box of top size in the tower
above Bj has a non-degenerate fraction of its volume occupied by Uf, and the case when no such
B exists. In the first case, both U; and U] occupy a non-degenerate fraction of the volume of
[-4N,4N]%. Then, the isoperimetric controls of [8] together with Lemmas 1.1 and 1.2, and the
rarity of («,3,7)-bad boxes on the event B, ensure a rather straightforward construction of
Cy.

In the second case, which is more delicate, we cover the bubble set by a collection of pairwise
disjoint maximal M-adic boxes B]'», 1 < j <m, in which both U, and U] occupy a non-degenerate
fraction of volume. We discard the boxes where too many («,3,7v)-bad By-boxes are present
and may spoil the number of columns of By-boxes in the box that only contains («, 3,7)-good
boxes. The bad boxes B]'~ that we discard occupy a small fraction of the total volume of the
B}, 1 < j <m. However, the remaining B} may still have too high complexity for the type of
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coarse grained set we are aiming for. We thus use some elements of the method of enlargement
of obstacles, see Chapter 4 of [21]. We introduce a notion of rarefied boxes, where in each box
in the tower above the given box the presence of the good B]'» is sparse (i.e. little felt by simple
random walk). We show that rarefied boxes of depth bigger than k (where k solely depends on
the dimension and ¢) occupy a small volume. We are then reduced to boxes of depth at most &k
where somewhere in the (short) tower above them the good B]’~ are felt. Combined with Lemmas
1.1 and 1.2, this permits to construct the coarse grained set C,, satisfying (3.5).

Proof of Theorem 8.1: Without loss of generality, we assume that
(3.11) |Bub| > €|Dy]|

(on the complement in Bf; of this event we simply choose C,, = ¢, so that on the complement in
B¢, of this event (3.5) holds). We also assume that N is large enough so that (see (1.46))

(3.12) [Deep B1| > 3 |By].

Given Bj € Bub (that is By € Dy such that Deep By nU; = ¢, see (1.47)), we consider the boxes
B in the tower above Bj such that

(3.13) |Buf] > 5 |Bl,

and note that due to (3.12) and Deep By CUf, B; belongs to this collection. We thus denote by
(3.14) B(Bj) the maximal element in this collection.

Either we are on the event

(3.15) for some By € Bub, B(By) € Iy (intersected with BS n {|Bub| > ¢|Dyl}),

or we are on the complement of this event in B, n {|Bub| > ¢|Dy|}.

We first treat the easier case when (3.15) occurs. By definition of U, see (1.40), U; 2 ([-3N -
Lo,3N+Lg]%)¢, so that for large N on the event in (3.15) both ¢; and U{ occupy a non-degenerate
fraction of volume in [-4N,4N]%. By the isoperimetric controls (A.3) - (A.6), p. 480-481 of [8],
there is a projection 7 on one of the coordinate hyperplanes such that 7(olUy n [-4N,4N ]d) >
¢N% 1 and hence at least ¢ (Lﬂo)d_1 By-boxes in dg, Uy n[-4N,4N ] having distinct w-projection
(see below (1.41) for notation).

By definition of By in (1.42), for large N on the event (3.15), since (Lﬁo)d*1 ~ N2 >
p(Lo) N2 as N — oo, we can find [C'(Lﬂo)d_l] By-boxes with distinct 7-projections in [-4N, 4N ¢
that are all («, 8,7)-good and in dp, U;, and hence such that N, (Dy) > Bcap(Dy).

By the combination of Lemmas 1.1 and 1.2 we can extract a subcollection of these Byp-boxes
such that their m-projections are at mutual distance at least K Lg, the capacity of their union at
least ©N%2, and their number [E(Lﬂo)d’Q]. We denote by C,, the union of these By-boxes (we
use some deterministic ordering to select C,, if there are several such collections). Then, for large
N, we see that

(3.16) the 2K L;-neighborhood of C,, has volume at most cK L1 N© ! <e|Dyl,
and since cap(C,,) > @N%2 it also follows that

(3.17) he, (z) > on [-4N,4N]% 2 Bub.
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In addition, the number of possible shapes for the random set C,, constructed on the event in
(3.15) is at most

(518 {e(32)" )5 = exp felom (e02) (7)) = expo(V*2)).

This shows that for large N the above constructed C,, on the event in (3.15) satisfies all conditions
of (3.5).

We now turn to the more delicate task of constructing C,, on the complement in B, n{|Bub| >
e|Dn|} of the event in (3.15). We thus assume that none of the B(Bj), with By € Bub has
maximal size, that is, we consider the event

(3.19) for all By ¢ Bub, B(By) € 1<gg Z, (intersected with BS, n {|Bub| > |Dn|}).
U<l

Then, for each By € Bub, we define B'(B;) the box immediately above B(B;) in the tower above
By, so that on the event in (3.19)

(3.20) for all By ¢ Bub, By € B(B;) ¢ B'(By) with B'(B1)e U Z,.
0<l<lpn

Thus, by (3.13), (3.14), since B’(By) does not satisfy (3.13), we have (see (3.8))
1 1= = 1
S BB < L BB < [B(BY) ] < B'(By) ndf] < L 1B (B

Hence, on the event in (3.19) we find that

1
(3.21) for all By € Bub, - |B'(B)| <|B'(By) ntf| < S 1B'(BY).
By construction, any two sets B'(By), with By € Bub, are either pairwise disjoint, or one contains

the other. We then denote by
(3.22) Bj,...,B], the maximal elements for inclusion in the collection of B'(Bj), By € Bub

(both m and the labelling possibly depend on w in the event in (3.19)). Thus, on the event in
(3.19) we find that:

m —_
(3.23) the B]'», 1 < j <m, are pairwise disjoint and Bub<c U B]'» c Dy.
j=1
By (3.21) both Uy and Uf occupy a non-vanishing fraction of volume in each B, 1< j <m.
By the isoperimetric controls (A.3) - (A.6), p. 480-481 of [§8], for each Bj'», 1< j<m, we can
find a projection 7 on one of the coordinate hyperplanes so that (recall that M is a dimension

j
dependent constant)

d-1
B\ "a
(3.24) there are 04(%) ¢ columns in the W;-—direction inside B]’» that

contain a box of dp, U;.

Now for 1 < j <m, we say that

d-1
“j is bad” if B’ contains more than 2 ¢, 1B1]) «, B,7)-bad Byp-boxes and that
(3.25) J 2 [Bol

“j is good” otherwise.
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We write G = {1 <j <m; j is good} for the set of good j in {1,...,m}, and we set
’ m
(3:26) a; = |Bjl/ 3 |By, for 1<j<m.
k=1

On the event in (3.19) (which is contained in B, see (1.42) for its definition), we have

_ d-1 (3.23),(3.26) L (3.25)
l04 |Bub|% > oa < 104 > |BJ'-|dTl1 <
2 jbad 7 2 jbad
a-1
Y ¥ |Bol'® {Bois (a,3,7)-bad} < (since B} c [-2N, 2N 14, see (3.20))
jbad BocB!

. (1.42) . .
Lt ¥ {Bois (o, B,7)-bad} < LT p(Lo) N2
Boc[-2N,2N]d

As a result we see that on the event in (3.19)
Sal)? < Y adad<
(jbad i) jbad 7 ca

(1.7),(3.11) o N &
: ZP(LO)(5|DN|) 0

(3.27)

Our goal is to construct a coarse grained C,, of low complexity, see (3.5) iii), and from this
perspective the description of the B]’.7 j € G, may still involve too many small grains. We will now
aggregate the most part of the B]'», j € G, inside large (nearly macroscopic) boxes that will feel
the presence of the B, j € G, which they contain, and hence, see (3.24) - (3.25), the presence of
(o, B,7v)-good boxes By such that N,(Dg) > Bcap(Dp). This step will have some flavor of the
“method of enlargement of obstacles”, see Chapter 4 of [21], although in a simplified form.

We introduce the dimension dependent constant (recall ¢, from (1.3)):

cap([O,L)d)} S0,

_ dy-1 .
(3.28) n=(ce M)A {E;ﬁ T

We then say that an M-adic box B in Up<r<ry T, (see (3.10)) is sparse if

(3.29) cap(Bn (U BY)) <n|B|'T,
I

and otherwise non-sparse. Note that each B = B]'»,j € G satisfies cap(B]'») > n|B]'»|dT;2, so that

(3.30) Bj is non-sparse for each j € G.

Then, for each j € G, we consider the tower of M-adic boxes above BJ'- and set

(3.31) E(B]’.) = the largest non-sparse box in the tower above B’.

Again, by construction (see (3.8)), we find that

(3.32) the boxes B (B]'~), as j varies over G, are either pairwise disjoint or equal.

We then say that
an M-adic box Bin U Zy is rarefied if B and the boxes in the

(3.33) 0<t<ly
tower above B are sparse (see (3.29)).
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Note that as a consequence of (3.30)
(3.34) when B is rarefied and B} n B # ¢ for some j € G, then B} ¢ B.

Our goal in Lemma 3.2 below is to show that the volume of good boxes B]’A7 j € G, contained in
the union of rarefied boxes of depth k decreases geometrically in k. The proof has some flavor
(although in a somewhat simplified version) of the capacity and volume estimates in the method
of enlargement of obstacles (see Chapter 4 §3 of [21]). We recall the notation (3.10).

Lemma 3.2. For all 0 < k </{y,

M? )—k
3dy17

(3.35) ¥ [Bn(U B)|<e|Dnl(
BeTIy,rarefied Jjeg

Proof. We recall the Green operator G from (1.2). Note that when B is a box and A € B, then
Gly<Glp< c|B|§7 see (1.5), so that G14 < c|B|§hA on A. Integrating this last inequality, with
respect to e4, see above (1.4), we find that

A A
1 cap( )>% for all Ac B, with B a box in Z¢.

(336) 6 d-2 = )
Bl |B|

We will now bound the volume in the left member of (3.35) in terms of its capacity with the help
of the above inequality, see (3.37) below. The case k = 0 in (3.35) being immediate to handle
(the left member is at most |[Dy| < 24| Dy, see (3.9)), we assume that 1<k < £x. We note that
for each B €T}, we have |B| < M~*¥|Dy/|, and hence

|EN| /
sy |Bn(u B)<EM Bn( U BB .
Befk7rareﬁed| (jeg ])| Mk B €Ty, rarefied | (jeg .7)V| |

Thus, using (3.36) with A = Bn (Ujeg Bj), we find that for 1 <k < fy:

) A
(3.37) > |Bn(U B)|<c [Dn] cap(B n (Ujeg Bj))| .
Bey rarefied J€g ’ MFd BeT}, rarefied |B |dT_l2

We will now establish an induction over scales in order to control the sum in the right member
of (3.37). For this purpose we consider 0 < ¢ < {5 and some B € I, and the boxes B e Tiiq
contained in B. The bound in (3.38) below has a similar flavor (but is simpler, because we do
not need truncation due to the more restrictive notion of rarefied boxes that we use here) to
Lemma 3.2 on p. 170 in Chapter 4 §3 of [21]. Our aim is to show that

. @ B) a2 1 an(BnUsg B)
BT " 3941 MY 5.5 Boparse \B|*7

This inequality reflects a nearly additive regime of the capacity (up to the multiplicative factor
1/(3% + 1)) when dealing with sparse subboxes of a box of the next scale. We will then iterate
this basic control over scales corresponding to ¢ ranging from k-1 to 0, see (3.42) below. For the
time being we prove (3.38). To this end we introduce the measure (see below (1.3) for notation)

V= > €Bn( U By

EEE,B sparse jeg
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and note that for each z € Us BeB, Bsparse Bn (Ujeg B ) denoting by %1 and X5 the respective sums

over the sparse Bc B, with B containing x, or bemg a nelghbor of the box in Zy,1, containing
z for X1, and for ¥y the sum over the remaining sparse B € B, we have

Z 9@ y)vy) <1 X g(,y) epn,q 5 Y)
B yeB

+ E2 Z 9(z,y) eBm(U <o B! )(y)

yeB
(13) g
(3.39) <3743, ¥ - cap(Bn (U BY))
B yeB |B|T jeg

and since the B in the sum ¥ are sparse, see (3.29),
and there are at most M? such B

3.28
£3d+c*77Md( < )3d+1.
Noting that v is supported by the set S = UBcB, B sparse Bn (Ujeg Bj'»), we find that
(3.40) 34+ 1)1 Gr < hg,

and integrating this inequality with respect to eg, we find that

cap(Bn ( U B]')) > cap(S)
(3.41) geg

(d)——lA_Z Cap(Eﬁ(UB))

d
3 +1 Bc<B, B sparse jeg

Since [B| = M?|B|, dividing both members of (3.41) by |§|%2 the inequality (3.38) follows.
We will now apply (3.38) inductively to bound the right member of (3.37). We thus find that

|5N| cap(B n (UJGQB )) 3. 38)

dk — d-2
M BeZy rarefied |B| d

|DN| ( M2 )_1 cap(Bm(UjegB )) 1nduct10n

(3.42) 6 37a-D \3d5 1

BeTy,_q rarefied |B|

M? \-k ca M? \-k
@Dyl () x By ()
+1 BeTy,rarefied |B d +1

This inequality combined with (3.37) completes the proof of Lemma 3.2. ]

As an aside, the notion of rarefied box that we use here (where every box in the tower above
a given box is sparse) is more primitive than the notion used in Chapter 4 §3 of [21]. However,
this feature permits the use of (3.38) that does not require truncation in the right member, and
is simpler to iterate than the inequality in Lemma 3.2 on p. 170 of |21], see also Lemma 3.4 on
p. 173 and (3.38) on p. 175 of the same reference.

We now specify our choice of k(¢) (we recall that M is a dimension dependent constant, see
(3.6)) through

(3.43) cs (ﬂ)_k <

341 =

1
2
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Thus, when N is large enough so that ¢ > k, see (3.7), on the event in (3.19) we have by (3.35)
and (3.43)

(3.44) > |Bn(U Bj)|<: Dl
BeT}, rarefied Jjeg

We now introduce the set of very good j (recall the definition of G below (3.25)):

(3.45) VG={jeG; B(Bj)e U I},
0<l<k

in other words, j is very good if it is good and some box of depth at most k in the tower above
Bj is non-sparse.

As we now explain, the volume of the BJ'- that are good but not very good is small. Indeed,
when ¢ <k, G=VG by (3.30), and when ¢y > k, one has

, (3.44)
(3.46) > Bjl< ¥ [Bn(UBj)| < < |Dnl
JjeG\Vg BeTy, rarefied Jjeg
In addition, by (3.26), (3.27), we have
m , (3. 2
(3.47) > Bl < (X 1Bjl) < p(Lo)dT <Dyl p(Lo)7T.
J¢g J=1
As a result, for large N on the event in (3.19), we have
m
(3.48) U Bub, and
(3.49) 2 |Bj| < 5 |Dw] + < D] p(Lo) 7.
J¢

Note that (see (3.31) for notation) the E(B’) for j € VG belong to Ug<s<r Z¢, and are either
pairwise disjoint or equal _Using a total order on Ug<s<r Z¢ preserving depth we can label the
B(B ),j € VG, as By,..., By, so that for large N on the event in (3.19) we have

(3.50) B,... , B, are pairwise disjoint boxes in Up<e<k T, covering Ujevg B]’.7

and setting L; = |B |§, for 1<i<p,

(3.51) El 2 ZQ > L
(3.52)  for jeG and 1<i<p when B} N B; # ¢, then j € VG and B} ¢ B; (due to (3.45)),
(3.53)  cap(B;n( .UgBj)) > 77|B,~| 7 , for 1 <4 <p (due to (3.31)).

J€

In essence, the construction of the random set C,, on the event in (3.19) will proceed as follows.
From the above collection B;, 1 < i < p, we will retain a sizeable sub-collection of non-adjacent

boxes and in such boxes we will retain a sizeable sub-collection of good boxes BJ’-. Then, using

B d-
Lemma 1.1, each such box BJ'- for a suitable projection 715- will contain a number of order (I‘B_él) T
of (a, 8,7)-good boxes By with N, (Do) 2 Bcap(Do) with 7 projections at mutual distance at
least K Lo and union having a capacity comparable to that of B}. With Lemma 3.2 from each
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such retained B; we will select among these By-boxes a number of order (“ ") 4 of boxes with

union having a capacity comparable to B;. The set C,, will in essence correspond to the union
of these By-boxes.

More precisely, for large N, on the event (3.19), given the boxes Bi,... ,Ep with respective
sizes Ly > -+ > L we construct an attachment map @: {1,...,p} - {1 ..,p} as follows.
The set ®~'(1) consists of the labels i such that B; is contained in the L;-neighborhood for
the sup-distance of By, ®1(2) is empty if 2 € ®71(1), and otherwise consists of the labels
ie{l,...,p}\® (1) such that B; is contained in the Lo-neighborhood of By, ®1(3) is empty if
3edH1)ud- 1(2) and otherwise consists of the i € {1,...,p}\(®71(1) u®~1(2)) such that B;
is contained in the Ls-neighborhood of Bs, and so on until the process terminates.

In this fashion we can make sure that

(3.54) Dod =0,

and when i € range @, then for i’ € {1,...,p}\{7}

(3.55) { a) ®(i") =14 implies that Eir is contained in the fi—neighborhood of Ei,

b) 4’ erange® implies that de.(B;, Bir) > max{L;, Ly }.

Now for any i € range & we consider the B]’., j € G that are contained in B; (such j in fact belong
to VG, and the union of such Bj has a sizeable presence in B;, see (3.52), (3.53)). We apply a
similar procedure as above to the collection {j € G; B; € B;}, and produce an attachment map
Pl {je G;B; ¢ B;} — {j € G: B’ ¢ B;} so that

(3.56) ®'od = P

and for each j; € range ® and jo € {j € G; B" ¢ B;}\{j1}

(3.57) { a) @’(]2) j1 implies that B’ is contained in the |B |d -neighborhood of B h’

b) jo € range ® implies that de. (B 710 Bj,) 2 max{| j1|3,| j2|d}'

Now for each j € range ®° the box Bj is such that, see (3.24), (3.25), there is a coordinate projec-

tion 7} and at least 1 04(‘ Ve ‘) (a, B,7)-good boxes By in dp, Uy with distinct 7’-projections.

All such boxes are necessarlly such that N, (Do) > Bcap(Dy) (otherwise they Would belong to
Uy, see (1.40)).

Thus, for large N, we can apply Lemma 1.1 and for each j € range ®' (where i € range ®) find
a sub-collection of By-boxes with W}—projections which are K Ly-distant, all («, 3,v)-good with
Nu(Dy) > B cap(Dy), their union having capacity at least c|BJ'-|dT;2. By (3.53) and (3.57) a) the
simple random walk starting in B; reaches one of the BJ’-7 j e range ', with a probability uniformly
bounded from below, and hence reaches the above By-boxes within B]'~ that are («,,7)-good
with Ny, (Do) > Bcap(Do) and with mutually K Lo-distant 7’-projections, with a probability
uniformly bounded as well. This means that the union of such By-boxes as j ranges over range ®*
has a capacity at least E|§,~|d7_12 (and these boxes are mutually K Lo-distant). We can then
apply Lemma 1.2 and extract a sub-collection of these By-boxes of at most (| B/ |B0|)%2 boxes
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with union having capacity at least @ cap(B;). This sub-collection necessarily contains at least

[¢(|B; |/|B0|)d;l ] boxes, see (1.6), and we can thus find for each i € range® a sub-collection
of By-boxes in B; with union denoted by A;, mutually K Lo-distant, all (o, B,7)-good with
Nyu(Dg) > Bcap(Dy), and such that

(3.58) |Ail/|Bol = [e(IBil/|Bol) @ ] and cap(A;) > ¢'cap(B;).

Thus, for large N, on the event in (3.19) the union A = Ujerange » Ai has the property that when
starting in Uj<icp B; a simple random walk has a probability, which is at least ¢}, to reach A,

and by (3.48) - (3.50),
(3.59) ha > ¢ on Bub except maybe on a set of volume at most e |Dy/|.

Note that the 2K L;-neighborhood of A has volume at most

+=d |Aq] (3:58) |Bil\ 7 NG [Dnl\F
3.60) cK |B > < B +- 4 K B .
( ) | 1|ierange<1> |BO| | 1|{(|B |) (|BO|) } | 1|( |B |)
Now by (3.50) (recall k(e) has been chosen in (3.43))
(3.61) p < Tl < cM*,
so that the 2K Li-neighborhood of A has volume at most

D Nd 2 (1.7),(1.8)
(3.62) e MM B, (||BN||) <e MM Tr7 5 clDulforlarge N.
0

As for the set of possible shapes of A, we note that the Bj,.. E are pairwise disjoint and
belong to  Uo<rs<k Ig, and as already observed p < ¢ M*®. There are at most 9Tkl possible choices

for each By, .. Bp, so that the number of choices for p, By, .. B is at most
(363) D QP‘IIJ < c M*d 20M2kd < 26,M2kd.
p<c Mkd

The choice of By,... Ep determines the allocation map ® and hence the range of ®. For each

B;, i e range ®, there are [c(|§i|/|B0|)%Q] By-boxes constituting A;, see (3.58), so the number of
possibilities for A;, i € range ®, is at most

(3.64)
BICEDT (Bl Dyl By 7
() ™ b)) son{orm RGN - (307D
= e feara( 10 102 (1227

Thus, taking into account the number of possible choices for p, By, ... Ep, see (3.63), and for A
with given p, By,... By, we find that the number of possible shapes for A is at most:

o/ M2k ka( 1 DN\ (DT d-2

(3.65) 2 exp{cM (1 og Bol ) (H) }:exp{o(N )}, as N — oo.

Using a deterministic order on the set of possible shapes, we see that for large NV on the event
in (3.19) we can select a random set C,,, which for each given w coincides with one of the sets A
described in (3.58) - (3.59). Combined with the construction of C,, on the event in (3.15) (see
(3.16) - (3.18)), and on the complement of the union of By with the event in (3.11) (where we
set C, = ¢), we see that for large N the random set C,, is a union of By-boxes in [-4N,4N]?
that satisfies (3.5) (with ¢g = ¢{; A€). This concludes the proof of Theorem 3.1. O
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Remark 3.3. The constant ¢g € (0,1) that appears in Theorem 3.1 plays an important role in
the asymptotic upper bounds stated in Theorem 4.3 and Corollary 4.5 of the next section. One
may wonder whether it is possible to choose ¢y arbitrarily close to 1 in Theorem 3.1. We refer
to Remark 4.4 below for some of the consequences of a positive answer to this question. |

4 The asymptotic upper bound

In this section the key Theorem 4.3 states an asymptotic upper bound on the principal expo-
nential rate of decay of the probability of an excess of disconnected points corresponding to the
event Ay = {|Dn\C3y | 2 v|Dn|} from (0.7). In the case of a small excess, i.e. when v is close to
0o(u), with u € (0,% AT), we recover the value J,, from (0.9) and the asymptotic upper bound
that we derive matches the asymptotic lower bound from (6.32) of [26], see Corollary 4.5.

In this section we assume that (see (1.26))
(4.1) O<u<m,
and recall that

(4.2) co € (0,1) is the dimension dependent constant from Theorem 3.1.
We write 7n(-) for the function (see (0.2))

(4.3) n(b) = 6o (b*), b= 0.

We then consider an auxiliary function 77: R, - R, such that

i) 7 is non-decreasing, continuous and bounded,
(4.4) i) 7>n,
i) b Cinf{b>0; 5(b) > 1} < i + co(VT — Jai).

.._______________________
Y
>

1 @
VU Vaeo(Va - a) Vi,

Fig. 3 An example of auxiliary function 7.

The main step towards the key Theorem 4.3 of this section is
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Proposition 4.1. Consider u as in (4.1), 7 as in (4.4) and v € [6p(u),1). Then, one has

: 1 -
(4.5) hm;up N logP[AN] < —Ju,., where
(4.6) Ty = inf{i / IVe|?dz; ¢ > 0, € DY(R?), and ][ T(Vu+)dz > 1/}.
’ 2d R4 D

Remark 4.2. The above infimum is attained as can be shown by a similar compactness argument
as used in the last paragraph of the proof of Corollary 5.9 of [26], i.e. by extracting from a
minimizing sequence ¢, for (4.6) a subsequence converging a.e. and in L2 (R%) to a ¢ > 0 in

DY(R?) such that [pa |V|?dz < liminf, [ga|Ven|?dz = T, We thus have

—_

(4.7) Juy = min{i / |Vol?dz; o > 0,0 € DY(RY), and ][ T(Vu+)dz > 1/}.
’ 2d Rd D O

It may be useful at this stage to give a brief outline of the proof of Proposition 4.1. Thanks to
Theorem 2.1 we can in essence replace Ay by A,. We use a coarse graining procedure to bound
P[A’y]. Compared to Section 5 of [26] the main challenge here has to do with the presence in
definition of the event Ay of the bubble set, with its non-local as well as irregular nature. To
address this challenge we use the random set constructed in Theorem 3.1. Thanks to its coarse
grained nature we essentially fix the set C,,, and keep track of discretized versions of the averages
(ep,, L") of occupation times in Bj-boxes away from C,,. A key point is to produce a formulation
accounting for the constraints defining A’y that has a good behavior under scaling limit. For this
purpose we consider certain discrete non-negative superharmonic functions f, solving an obstacle
problem on Z¢, see (4.26) and (4.28) for the constraint they satisfy. Once this proper formulation
is achieved, the derivation of probabilistic bounds via exponential Chebyshev estimates expressed
in terms of Dirichlet energies of these superharmonic functions, and the control of the related
scaling limit behavior can be tackled along the same lines as in Section 5 of [26]. The Proposition
4.1 follows then.

Proof of Proposition 4.1: We consider u as in (4.1), 77 as in (4.4) and v € (0, (u),1) (when
v=0p(u), Ju, =0, as seen by choosing ¢ =0 in (4.6), and (4.5) is immediate). We then pick

(4.8) a> B>~ in (u,a) so that b < /u+co(\/7 - V),
where b is defined in (4.4) iii). We then select € € (0,1) such that
(4.9) v>103e +6p(u) and b+ € < Vu + co(V/7 - V),

as well as the finite grid ¥°(y,u,¢) from (2.6). By (4.9) and (2.6), we see that (see (2.7) for
notation)

(4.10) b<Vu+ca(Vr -Vu) (<V7).

We then assume that (see Lemma 1.2, Lemma 1.4 and Theorem 2.1 for notation):
(4.11) K >cyves(a,B,v) ves(a, B,7v,u,€),

so that Theorems 2.1 and 3.1 apply. In the notation of (2.11) and (1.42) we set

(4.12) AR = AN\Bn,
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and find that as a consequence of (2.10) of Theorem 2.1 and (1.42) of Lemma 1.4:

(4.13) hmsup logP[AN] < hmsup log P[ARX].

1
Nd-2 Nd2

Recall the random set C,, from Theorem 3.1. Then, for large N on AY; by (2.11)

(4.14) (v-62)[Dnl< ¥ O(Np,)|Bi|+|Bubl,
BicDy\Bub

and by (3.5) v), except maybe on a set of at most € | Dy | points, h¢e,, > ¢g on Bub, so that by (4.10),
Vu+ (/7 —/u) hg, > b on Bub except on a set of at most |Dy| points. Taking into account

(4.4) and D < V7_, as well as the definition of 6 below (2.11), we find that 1 A7 (y/a) > 8(a) for
a>0. We then see that for large N on A%:

(v—1Te)|Dy| < > 1a7(\/Ag) Bl

BlgDN\Bub

(4.15) Xy IAT(Vu+ (VA= V) hey(x)

BicBub zeB;

< ¥ ¥ 1Af(Ap, vIVe+r (VA - V) heo(2)})

Blecl xGBl
(with C; as in (2.9)).

Given C € Sy (i.e. the set of possible values of the random set C,, in Theorem 3.1) we define
(4.16) Cc the collection of boxes By in C; at |- |-distance at least (K +1) L, from C,
and for each 7 € {0,..., K —1}%, in the notation of (2.64)

(4.17)  Cor=CcnCis.

We will now use the grid X0 to discretize the square root of the average values (ep,, L") of the
occupation time in boxes By € C¢. Specifically, for C' in Sy and 7 in {0,..., K — 1}d we define

Fc = {70 = (fBy)Byece; fB, 20, f]_231 e{0}u Y0 for each By € CC}

(4.18) _
-7'—0,7' = {fC,T = (fBl)BIGCC,T; fBl >0, f%1 € {0} U EO for each Bj € CCvT}
as well as
Az = N {@Epe L) 2vpn N {(@s, L") 2 (1-¢) f3,}, for fo e Fe,
BocC BieCc
(4.19)

A, = ﬂ {epo, LY 2y} n (N {(es, LY) 2 (1-¢€) f3,}, for fe, € For.

B1eC C,r

As below (2.23), we can consider (X, , it)-good boxes, where we now choose the local function
F =0. By Lemma 2.4 of [26] one knows that

2.23
(4.20) (€, L") > (1 - k) Ap, ( > : (1-¢€)Ap,, when By is a (X, k, 1)-good box.

Then by Proposition 3.1 and (4.9) of [26], if we assume that

(4.21) K > c(v,u,¢e),
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it follows that

. 1 > e :
(4.22) hj{fn N3 logP[By] = o0, if By = {BECI |B1]1{ By is (¥, K, u)-bad} > 6|DN|}.

Thus, assuming (4.21) in addition to (4.11), we see that

4.23 li
( ) 1m]\§up N2

log P[AN] < limsup log IP’[.ZN], with Ay = AK]\B\N.
N

Nd-2

We now proceed with the coarse graining of the event Ay. Choosing f%l = Ap, when Bj is a
(2, k, p)-good box and setting f1291 =0 when By is a (3, k, u)-bad box, we see that for large N and
any C € Sy (recalling that all boxes By ¢ C,, are (a, 3,7)-good and satisfy N, (Dg) > Bcap(Dy)
so that by (1.38) iii) (ep,, L") > y), we have for large N (with the notation (4.19))

(4.24) Ayvn{C,=Cyc U Az, for each C'e Sy,
feeFo

where using (3.5) iv), the definition of By in (4.22), and (4.15), F¢ denotes the sub-collection
of Fo of fo =(fB,)B,ece. such that

(4.25) =99yl T % (s v (Vi+ (- VD) he(@)).

1€CC :BGBl
Now for any 7 € {0,..., K —1}¢ and TCJ in Fo - (see (4.18)) we define

ﬁ = the smallest non-negative superharmonic function on Z% such that
(4.26) fr > (fB, - )+ on each By € Co, and
]/”;Z\/’_y—\/ﬂon each Dg for By c C.

In particular, note that f, ++/u > /u+(,/7~+/w) hc. Then, for any f in the sub-collection F¢
(see above (4.25)), we can consider the ?C,T with 7 € {0,..., K — 1}¢ obtained as restrictions of

?C to Cc 7, and the corresponding non-negative superharmonic functions e {0,..., K -1}
It now follows from the above remark that for all f- in F¢ one has

(v-9)Dnl< X > T 7(Vu+fr(@),
TG{O,...,E*l}d Bi1eCo,r xeB
(4.27) (2.64) R _
< z > T a(Vu+fr(2)
r€{0,....K-1}9 B1eC1,r xeB1
so that for some 7 € {0,..., K —1}% one has
v -9 . -~
(4.28) ( — ) IDnl< % % a(Vu+ fr(2)).
K Blecl,.,— xreBy

We thus see that for large N,

(4.29) Ayvn{C,=C}c U_ ~ U,\ A?C’T, for each C € Sy,
TE{O,...,K—l}d fC,TE:FC,T

where Fc ., denotes the sub-collection of Fc ., in (4.18) where (4.28) holds. Note that C' varies
in Sy and by (3.5) iii) one has |Sy| = exp{o(N92)}, as N - co. In addition, for each C' and T,
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. 1.8 _
we have | Fo 1| < |Fo-| < (1+]5°))C ( < ) (1+ |EO|)CNd Mg N — oxp{o(N92)}, as N — oo. Thus,
by (4.23) and (4.29), we find that

1
4.30 lim sup logP[An] <limsup sup sup sup —— logP[ A+ |,
( ) e Nd-2 [ ] ~ P " Ze. Nd-2 [ fcﬁ]
where C varies in Sy and 7 in {0,...,K —1}¢ in the above supremum.

The proofs in Proposition 5.4 of [26] and the exponential Chebyshev bound in Proposition
5.6 of [26] can be repeated in the present context (due to the fact that the Bp-boxes in C' or
the corresponding Dg-boxes have mutual |- |e-distance at least K Lo by (3.5) ii), and are at
| |oo-distance at least K Ly from the Bj-boxes in Cc» by (4.16), (4.17), which themselves are at
mutual |- |e-distance at least K L). As a result, setting

1

(4.31) L =liminf inf inf %rclf ~az £ 1),

where for f: Z¢ >R, E(f, f) =1 Ylw—yl-1 5= (f(y)-f(z))*(< o0) stands for the discrete Dirichlet
form, one obtains (see (5.49) of [26]) that for a € (0,1) and K > c¢7(«, 8,7, u,€,a)

. 1
(4.32) hm;up N2 log P[AN] < —a(1-e(1+v/u)) I k + c/ue.
We then introduce for b>0 and r > 1

(4.33) Jgﬁ = inf{Q—ld /Rd |V[?dz; ¢ > 0 supported in Bga(0,400r),
o e H'(RY), £ (/i+)dz >},

with Bga(a,r) the closed ball with center a in R? and radius = for the supremum distance, and
H 1(JRd) the Sobolev space of measurable functions on R?, which are square integrable together
with their first partial derivatives (see Chapter 7 of [14]). The same proof as in Proposition 5.7
of |26] (actually simplified in the present context by the fact that the constraint (4.28) is directly
expressed in terms of f; and the statement corresponding to (5.68) of [26] easier to obtain) shows
that

(4.34) for K >100, ¢ as in (4.9), and integer r > 10, (1+ %) I k> Jj’ige,r'

Inserting this lower bound in the right member of (4.32) shows that for £ as in (4.9), r > 10
integer, a € (0,1), one has

1 -
(4.35) lim]\éup N log P[An] < —a(1+ TZ_Z) 1(1 —e(1++v/u)) Jjé—ﬁ)e,r N

Letting € — 0 (see below (5.73) of [26]), then letting r — oo, and then a — 1, we obtain that

. 1 . 1 2. 1/md
hm;up N logP[AN] < —1nf{ﬁ /Rd|v¢| dz;¢0 20,0 € D' (R?) and

(4.36) ]277‘(\/6 +i)dz > v}

(456) _:];1,,1/-
This concludes the proof of (4.5) and hence of Proposition 4.1. a
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We now come to the main result of this section. With u and ¢y and in (4.1), (4.2), we consider
the functions (see Figure 1 in the Introduction for a sketch of 6%):

(4.37) {%) = 0o(a) Ha < (Vi + co(Va-va)) '} + 1{a> (Vi + eo(Vi-va)*}, a0,
n*(b) = 0% (b*) = n(b) 1{b < Vu+co(Vu-Vu)} + 1{b>Vu+co(Va-/u)},b20.

Theorem 4.3. Consider u as in (4.1) and v € [0g(u),1), then

1
4.38 limsup —— logP[Ax] < -J,, ,, where
(439 sup i 108 LA < -
(4.39) Jr, = min{i / |Vl dz;¢ > 0,0 € DY(R?), and ][ n*(Vu+p)dz > V}.
) 2d Rd D

froof. The existence of a minimizer for (4.38) is shown by the same argument as in the case of
Ju, in (0.9), see Theorem 2 of [27]. To prove (4.39) we will apply Proposition 4.1 to a sequence
of auxiliary functions 7, n > 1, satisfying (4.4) and decreasing to n*.

More precisely, we consider two positive and increasing sequences a,, < b,, n > 1, tending to
Vu + co(V - \/u), and denote by 1, the continuous piecewise linear functions equal to 0 on
[0,an], to 1 on [b,, o), and linear on [ay,,by,]. We set 7, = max(n,¢y,), n > 1, with n as in (4.3).
We note that

7, satisfies (4.4) for each n > 1, moreover the sequence 7, n > 1, is non-increasing

4.4
(4.40) and converges pointwise to n*.

We denote by :]Z‘,V the variational quantity (4.7) corresponding to 7,, so that by (4.40)

(4.41) the sequence J*

wy» T2 1is non-decreasing and bounded by Jy ,,.

The claim (4.38) and hence Theorem 4.3 will follow from (4.5) in Proposition 4.1 once we show
that

(4.42) lim T, = J; .

n u,v -

To this end we consider for each n > 1 a minimizer y,, for :]Z}’V. Then, by Theorem 8.6, p. 208
and Corollary 8.7, p. 212 of [14], we can extract a subsequence ¢,,,, £ > 1, converging in L%OC(Rd)
and a.e. to ¢ > 0 belonging to D*(R?) such that

1 L 1 (441) .. =
(4.43) % /Rd|Vgo|2 dz Shmﬁlnf % /]Rd IVon,[>dz " = 1171;11 Jiw

Moreover, we have n*(y/u + ¢) > limsup 7,,(v/u + ¢n,) a.e., so that
¢

]g)n*(\/ﬂ+<p)d22]€)1imsup T, (VU + 0,) dz
¢

reverse Fatou

(4.44)
> limsup ][ i, (VU + 07,) dz > v.

Vi D
This shows that J;;,, < lim,, :]Zﬁy and with (4.41) we see that (4.42) holds (and in addition that
¢ above is a minimizer for J; , in (4.39)). This concludes the proof of Theorem 4.3. O

Remark 4.4. If ¢y in Theorem 3.1 can be chosen arbitrarily close to 1, then a similar argument
as above shows that one can replace ¢y by 1 in (4.37) and obtain the statements corresponding
to (4.38), (4.39) with this replacement. If in addition the plausible (but presently open) equality
u = u, holds, this shows that (4.38) holds with jw, in place of J;; ,, and this asymptotic upper
bound matches the asymptotic lower bound in (0.8). o
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The case of a small excess

We will now discuss an important consequence of Theorem 4.3 in the case of a small excess v. In
addition to (4.1), we will assume that u <@ (see (1.31) for the definition of @). As pointed out
in Section 1, both u and @ are positive and smaller or equal to u,. It is plausible but open at
the moment that w =4 = u.. We recall that -’49\/ c Ay stand for the respective excess events (see
(0.7)) A% = {IDN\C%| 2 v|Dn|} and Ay = {|DN\Cé| > v|Dn|}. By (6.32) of [26] and Theorem
2 of [27], one knows that when 0 < u < ux and 6g(u) <v <1,

. 1 . 1 -
(4.45) thlnf N2 logP[AN] > hII]lVlnf Nz log PLAX] > ~ T,
where
(4.46) Juw :mim{L |VolPdz; ¢ > 0, € DY(R?Y), and ][ 50((\/ﬂ+gp)2)dz2u}
’ 2d Rd D

(with 6g(-) the right-continuous modification of y(-)).

As we will now see, when 0 < u <u AT and v is close to 6y(u), 7%1, governs the exponential
rates of decay of P[LA%] and P[Ay].

Corollary 4.5. Assume that 0 < u <u AW. Then there exists vy € (6p(u),1) such that for any
ve[bp(u),n] one has

1 .1 _
(4.47) lim 7 log P[A% ] =lim 7 log PLAN] =~ T

Proof. In view of (4.45) and the inclusion A}, € Ax we only need to focus on the derivation of
an asymptotic upper bound for P[Ax]. We first pick ug € (u,u A @) such that (with ¢y from
Theorem 3.1):

(4.48) Vg < Vu+ co(VT - V).

Recall the notation 7(-) from (4.3) and n* from (4.37). Then, see (1.33), 6y is C! and 6], positive
on a neighborhood of [0,up]. One can thus choose a function 7 from R, into R, such that

(4.49) nt <,
7=non [0,/uy] and 77> n on [/uy, +o0),
(4.50) 77is C* and 7" bounded uniformly continuous on R,

77" is uniformly positive on each interval [a,+00), a > 0.

Thus, 77 satisfies the conditions of Lemma 3 of [27]. Then, as in Lemma 5 of [27], one can set for
v >6p(u)

(4.51) Juw = min{i / IVelPdz; o > 0,0 € DY(RY), and ][ (Vu+@)dz > V}.
’ 2d Rd D

Note that

(4.52) 0o(b%) <n*(b) <7(b), for b>0 (and Ty, > I, > Ty, for Op(u) <v<1).

One also knows, see above (98) of [27], that for a suitable cg(u, ) > 0, for all v € [6g(u), 6o (u)+cs],
any minimizer @ for J,, , in (4.51) is bounded by \/uy—/u so that 0 ((/u+@)?) = n* (Vu+P) =

7(v/u+ @) and this minimizer is also a minimizer for .J,, , and Ju.v» S0 that

(4.53) for v e [0o(u),00(u) +cs], Jup =T, = Jup-

)
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The application of Theorem 4.3 thus yields

: 1 . —=
(4.54) hm;up Nz logP[AN] < =J, ), = =Ju, for allv e [0o(u),00(u) + cs].
Combined with (4.45), the claim (4.47) now follows with vy = 0y(u) + cs. O

Remark 4.6. 1) In the small excess regime corresponding to 8y(u) < v < 0p(u)+cs(u,7) in (4.54)
above, one can actually show that all minimizers for .J,,, are minimizers for ju,l,, see below (99)
of [27]. These minimizers are C'**-regular for all 0 < o < 1 and their supremum norm is at most
Vg —/u (< /u, —/u). We refer to Theorem 3 of [27] for more properties of the minimizers of
7%,, in the small excess regime.

2) One can naturally wonder whether (4.47) extends beyond the small excess regime and whether
forall 0<u<uAT,

1 —
(4.55) lij{fn N2 logP[An] = —Jy, for all v e [0p(u),1)?

(This asymptotics then also holds for A% due to (4.45) and the inclusion A% ¢ Ay.)

We also refer to Remark 4.4 on the related issue of being able to choose ¢y arbitrarily close
to 1 in Theorem 3.1.

3) Letting CZ stand for the infinite cluster of V", when u < u., one can also wonder whether a
similar asymptotics holds for an excess of points in Dy outside the infinite cluster. Does one
have

. 1 -
(4.56) h]{fn N3 log P[|Dn\Co| > v |Dn|] = Jup, for 0 <u <wu, and Op(u) <v<17?

(The lower bound corresponding to (4.56) holds by (4.45) and the inclusions Dn\CR, € Dy \Cyy €
Dn\C%. And from a positive answer to (4.56) the statement (4.55) would follow as well.)

We refer to Theorem 2.12 on p. 21 of [3] for a result concerning a similar question in the
context of the Wulff droplet and Bernoulli percolation.

4) As mentioned in the Introduction it is open whether for large enough v the minimizers ¢ for
Ju in (4.46) reach the value \/u, —\/u on a set of positive Lebesgue measure. If the function
0o is discontinuous at u. (a not very plausible assumption) this is indeed the case, see Remark 2
1) of [27]. Having a better grasp of the of the behaviour of §y near u, would likely help making
progress on this issue. We refer to Figures 4 and 2 of [15] for the result of simulations in the
(closely) related model of the level-set percolation of the Gaussian free field when d = 3. ]
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