COUPLING AND AN APPLICATION TO LEVEL-SET
PERCOLATION OF THE GAUSSIAN FREE FIELD

Alain-Sol Sznitman

Abstract

In the present article we consider a general enough set-up and obtain a refinement
of the coupling between the Gaussian free field and random interlacements recently
constructed by Titus Lupu in [9]. We apply our results to level-set percolation of
the Gaussian free field on a (d 4 1)-regular tree, when d > 2, and derive bounds on
the critical value h,. In particular, we show that 0 < h, < \/2u,, where u, denotes
the critical level for the percolation of the vacant set of random interlacements on
a (d+ 1)-regular tree.
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0 Introduction

Cable processes constitute a potent tool in conjunction with Dynkin-type isomorphism
theorems as shown in the recent articles [9], [10], [12], [21]. In the present work, in a
general enough set-up, we obtain a refinement of the coupling between the Gaussian free
field and random interlacements recently constructed in [9]. We apply our results to level-
set percolation of the Gaussian free field on the (d+ 1)-regular tree (d > 2) endowed with
unit weights. We characterize the critical value h, for level-set percolation in terms of a
certain variational problem and establish upper and lower bounds on h,. In particular,
we show that for all d > 2, 0 < h, < /2u,, where u, stands for the critical value for
the percolation of the vacant set of random interlacements on the (d + 1)-regular tree, an
explicit quantity by the results of [19].

We now describe our results in more detail. We consider a locally finite, connected,
transient weighted graph, with vertex set F/, and symmetric weights ¢, , = ¢, , > 0, which
are positive exactly when x ~ y, that is, when = and y are neighbors. We consider the
discrete time simple random walk on this weighted graph. When in « € E, the walk
jumps to a neighbor y of x with probability ¢, , /A, where

(0.1) Ao = Y Cpur, for z € E.

z/~x

We write P, for the law of the walk starting at x, F, for the corresponding expectation,
and (Zk)r>o0, for the walk. The Green function is symmetric and equals

(0.2) 9(,y) = + Be| X Uz =y}|, for e,y € B.
Y k=0

We denote by P¢ the canonical law on R” of the Gaussian free field on E, and by (¢.)zer
the canonical field, so that under P

(0.3) (pz)zer 18 a centered Gaussian field with covariance g(-, -).

We also consider u > 0, and on some auxiliary probability spaces governed by the proba-
bility P! (see for instance [18]), the non-negative field

(0.4) (lyu)zer Of occupation-times of random interlacements at level u on E,
as well as
(0.5) T ={z € B; l,, >0} and V* = {z € E;{,, = 0},

the respective interlacement set and vacant set at level u. A Dynkin-type isomorphism
theorem is known to hold in this context (see Theorem 0.1 of [18], see also [5], [11], [17])

(% goi + Ex,u)xe 5 under the product measure P¢ @ P! has same law as
(0.6)

1

(5 (e — \/%)2)366]5 under P,

One can attach a cable system to the above weighted graph, see Section 1. It has vertex set
E D E such that all edges {z,y} in F are linked by a compact segment of length (2¢, ).
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One defines on the cable system a continuous diffusion behaving as standard Brownian
motion in the interior of each such segment. It has a continuous symmetric Green function
g9(z,2"), 2,7 € E, with respect to the Lebesgue measure on E, which extends the Green
function g( ,-) in (0.2) of the discrete time walk. One can then consider the Gaussian
free field on E, which is a continuous centered Gaussian field (©2),cp With covariance

g(-,+). Under the assumption that the sign clusters of the Gaussian free field on E are a.s.
bounded, it was shown in Theorem 3 of [9] that one can construct a coupling of (1,).cp,
a Gaussian free field on E, and V* in (0.5) such that

(0.7) VD {n > V2u} (¥ {z € B; n, > V2u}), as

The assumption on the sign clusters of the Gaussian free field on E holds for instance in
the case of Z¢, d > 3, endowed with unit weights, as shown in [9] (we will see in Section
4 that it holds as well for the (d + 1)-regular tree, d > 2, endowed with unit weights).

In the present work we refine the construction of [9], and under the (mild) additional
assumption that sup,.pg(z,z) < oo (see also (1.42) or (1.43) for a weakening of this
assumption), we construct a coupling of (1,).cr, (¢z)zcr Gaussian free fields on E, and
V¥ as in (0.5), such that

i) ¢ and V" are independent,

0.8
(08) ii) a.s., for any A C (0,00),V N {p € A} D {n€ V2u+ A}

(thus, choosing A = (0, 00), ii) above clearly refines (0.7)).

We prove (0.8) in Corollary 2.5 (see also Remark 2.6). It is a direct consequence of
a coupling between the Gaussian free field on the cable system and the random inter-
lacements at level u on the cable system that we construct in Section 2. It refines the
coupling in [9], in essence, through the use of the strong Markov property of the Gaussian
free field on the cable system. Our main statement appears in Theorem 2.4.

We then consider in Sections 3 and 4 an application to level-set percolation of the
Gaussian free field on the (d + 1)-regular tree 7' endowed with unit weights (with d > 2).
We are interested by the percolative property of {¢ > h}, for h in R, with (¢.)zer the
Gaussian free field on T. We introduce the quantity (see (3.17) for its spectral interpre-
tation)

09) =sup { s [7 [" et ) 1) vtda) s [ Pyt =1},

where v is the centered Gaussian law

_ a2 . def d
e 202 da, with 02 =

1
V2ro d?—1
We show in Proposition 3.1 that

(0.10) v(da) =

(0.11) h — A, is a continuous decreasing bijection between R and (0, d),
and identify in Proposition 3.3 the critical value h, for level-set percolation of ¢:

(0.12) h. is the unique value such that A\,, =1
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(so {¢ > h} only has finite components when h > h,, and has an infinite component
when h < h,).

Level-set percolation of (¢, ).er can be recast in terms of the study of a branching
Markov chain with a barrier, where the Markov chain under consideration corresponds
to a suitable Ornstein-Uhlenbeck transition operator, see Section 3. This is very much in
the spirit of some of the models discussed in [2], and indeed, we employ methods of the
theory of branching processes in Section 3, which in turn require gaining information on
various spectral objects underlying A, from (0.9).

Unlike percolation for the vacant set V* of random interlacements, where the critical

2
value wu, is explicit in the sense that dexp{—u*% } =1, see [19], there does not seem
to be a closed formula for h,, or for A\;. Our main results in Section 4 provide bounds on
A, and h,. We show in Theorem 4.3 that

d—1)

(0.13) A > dB (b —

),forhER,with@(a):\/%_/ e T dt
Q a

(so Ao > ), and that
2 _1\2
(0.14) A < N e~ 3 , for h > 0.

The upper bound (0.14) comes as an application of the coupling (0.8) (and we do not
know of a direct proof). As a result of (0.12) - (0.14) we bound h, in Corollary 4.5:

0 < ha < hy < hp < 2u,, with

(0.15) o (d-1)
@B (ha

nf(d-1)? (d-1)

) =1, dge " 2@ =1, andde ™ ‘

= 1.

In particular, we prove that 0 < h, < v/2u,. One can naturally wonder how general this
inequality is, see also Remark 4.6.

We now explain how this article is organized. In Section 1, we collect useful information
on the cable system, on the strong Markov property of the Gaussian free field on the cable
system, and on the coupling from [9]. In Section 2, we construct our main coupling in
Theorem 2.4. The application (0.8) is shown in Corollary 2.5, see also Remark 2.6. Section
3 brings into place the set-up for the case of regular trees. The claims (0.11) and (0.12)
respectively appear in Proposition 3.1 and 3.3. In Section 4, we derive the main bounds
(0.13), (0.14) on A, in Theorem 4.3, and the resulting bounds on h, in Corollary 4.5.

Acknowledgments: We wish to thank Titus Lupu for useful discussions.

1 Cable systems: some preliminaries

In this section we collect some facts concerning various objects attached to the cable
system. In particular, we discuss the strong Markov property of the Gaussian free field on
the cable system, as well as some features of random interlacements and the isomorphism
theorem on the cable system.



We keep the notation from the introduction. Given our basic locally finite, connected,
transient weighted graph with vertex set F, the cable system (or metric graph) is obtained
by attaching to each edge e = {z,y} of the above graph a compact interval with length
(2¢,,)~" with endpoints respectively identified to x and y. We denote by E D E the
resulting set obtained by glueing the above intervals so that E\E is the disjoint union
of the sets I, so that for each edge e, I, is homeomorphic to the interior of the interval
attached to e. We denote by m the Lebesgue measure on E. For further details, we also
refer to Section 2 of [9], Section 2 of [6], and Section 1 of [20], as well as to Section 3 of
[21], which discusses a discrete space approximation to the cable system.

We also denote by d(-, -) the (geodesic) distance on E for which we attach length 1 to
each I, (instead of (2¢,,)!, with e = {z,y}), so that the restriction of d(-,-) to E x E
coincides with the graph distance on E. For x € E, N > 1, we set

By(z) ={z € E; d(z,2) < N}, B (z) = {z € E; d(z,z) < N}, and

(1.1) ~
Sn(z)={z € E; d(z,2) = N} ={y € E; d(z,y) = N}.

On E one can define a continuous diffusion, via probabilities P,z € E, governing X
the canonical process with possibly finite life on F, so that on each I., X behaves as
a standard Brownian motion. This diffusion has continuous space-time local times with
respect to the Lebesgue measure m on E, and when in x € F, reaches a neighboring site
in F after a local time at x, which is exponential with parameter A, see (0.1), and equal
to y ~ 2 (among all neighbors of x) with probability ¢, ,/A;, see Section 2 of [9].

Given U open subset of E and B closed subset of E, we denote by Ty = inf{s >
0; Xy ¢ U} and Hg = inf{s > 0; X, € B} the respective exit time from U and entrance
time in B of X. We will also occasionally consider the case when B is open (for instance
in Lemma 1.4). Given U C E open, we denote by gy (+,-) the Green function with respect
to the measure m of the diffusion on the cable killed when exiting U, so that

(1.2) gu(z, 2') is continuous, symmetric, and vanishes if z or 2’ is not in U,

and for all z € E, §y(z,-) (= gu(-, 2)) is harmonic on U\{z}. When U = E, one recovers
the Green function g(-,-) mentioned in the introduction. It has the property (see (0.2)
for notation)

(1.3) 9(z,y) = g(z,y), for x,y € E.
The killed Green function also has the monotone convergence property: when U, 1 U,
(1.4) Gu(z,2) =lim 1 gy, (2, 2), for 2,2 € E

(for instance this follows from monotone convergence for resolvents combined with the
continuity and harmonicity of gy, (z,-) and gy(z,-)).

We now turn to the Gaussian free field on the cable system E. On the canonical
space (2 of continuous real-valued functions on E endowed with the canonical o-algebra



A generated by the canonical coordinates @, (we also sometimes write 3(z)), z € E, we
consider the probability P“ such that

(1.5) Ender EDG, (©2),cp 15 a cente}:ed Gaussiail process with covariance
EY[3.0.] = g(2,2') (where E¢ denotes P“-expectation).
By (0.3) and (1.5), we see that

(1.6) the law of (3, )zcr under PC is equal to PC.

We first state the Markov property of ¢. We consider K C E a compact subset with
finitely many connected components (note that 0K is finite). For U = E\K and z € E,
we set (with Ty the exit time of X from U)

(1.7) ho(2) = EL[3( X)), Ty < 00|, z € E.

This function is continuous, coincides with ¢ on K, and tends to 0 at infinity. It is also
harmonic on U. Then ¢, — hy(z), z € E, is a continuous function, which vanishes on K
and the Markov property states that

(18) (@z — hU(z))zeE is a centered Gaussian field with covariance gy (-, -)
' independent of Aj., where A} is the o-algebra
(1.9) Al =) o(@..2 € K7)
e>0

with K¢ the open e-neighborhood of K in the d(-, -)-distance, see above (1.1). Incidentally,
for FF C E, we will write Ap = 0(¢.,2 € F) (CA=Ap).

We now turn to the strong Markov property. We say that K is a compatible random
compact subset of E (or as a shorthand that K is compatible, see chapter 2 §3 of [16] for
the terminology), if for each w € Q, K(w) C Eisa compact subset with finitely many
components, which is the closure of its interior, and such that for any open subset O C E

def

(1.10)  {K C OHE {w e Q2 K(w) C 0}) € Ao (see below (1.9) for the notation).

We attach to I the o-algebra, see Theorem 2, p. 89 of [16]

(1.11) Af={Ae A, An{K C K} € A}, for all K C E, which is
compact and the closure of its interior}.

The lemma below and the subsequent remark collect some useful properties of Aj-.

Lemma 1.1. Let K be compatible and define the o-algebra Gx = o({K C O}; O open
subset of E). Then, one has

1) gIC g AE?
(1.12) ii) foreachze E, {z€K}eGe(C Af),
iii) for each z € E, &. 1{z € K} is Af-measurable .

Proof. To prove i), we note that for any K asin (1.11) and O open in E,

(1.13) fKcorn{kcky=N{kconky & af,

e>0

whence {K C O} € A} and i) follows. To prove ii) we choose O = {z}¢ and apply i).

b}



As for iii), consider z € E, and K as in (1.11). Then, . 1{z € K,K C K} vanishes
identically on Qif z ¢ K, and if z € K, both ¢, and 1{z € K, K C K} are Aj.-measurable
by ii) and (1.13). The claim iii) follows. O

Remark 1.2.
1) If K and £ are compatible random compact subsets such that IC C £, then

(1.14) Ax C AL
(indeed, for A € A and K asin (1.11), AN{L C K} = An{K C K}N{L C K} € AL}).

2) As described in Chapter 2 §4 of [16], one can approximate a compatible compact
subset K from above as follows. One chops (in a dyadic procedure) each compact segment
attached to an edge of E into 2" closed segments of equal length, and defines K™ as the
union of the finitely many such segments intersecting the interior of K. In this fashion
K™ takes values in a countable set (of possible “shapes”), and

i) K"K,
(1.15) ii) K" is compatible for each n,
i) A, | AL

(in the case of iii) simply note that for A € (), Af. and K as in (1.11), one has for

e>0, AN{K C K} =, AN {K" C K} which belongs to Ag- as a straightforward

consequence of ii), so that AN{K C K} =5, AN{K C KY™} € Ak, and iii) follows).

Actually, one also has Gin T G, see [16], p. 87, but we will not need this fact.

3) If K is a compatible random compact subset of E , and K" defined as above, we set
U= E\IC and YU" = E\IC", so that U™ T U.

Then, for each n > 0, 2,2’ € E, by (1.15) ii) (and using also (1.12) iii) for hyn(z))

(1.16) hyn(2) and Gyn(z, 2') are Af,-measurable,

(actually, gyn(z,2') is even Gin-measurable).

Moreover, by dominated convergence, cf. (1.7), and the monotone convergence prop-
erty (1.4)

(1.17) hy(z) = lim hyn(2) and Gy (2, 2") = lim 1 gyn (2, 2'),
and by (1.15) iii) we see that

(1.18) hy(z) and gy(z, 2') are Aj-measurable

(and respectively continuous in z, and z, 2’). O



We can now state the strong Markov property of ¢, see in particular Theorem 4, p. 92
of [16]. When K is a compatible random compact subset of E,

(1.19) under PY, conditionally on Al (8:),cp is a Gaussian field

with mean (hu(z))zeﬁ and covariance gy(-, -).

We now turn to the discussion of random interlacements on E. For C finite subset of E ,
we denote by cap(C') the capacity of C' and by e the equilibrium measure of C' so that

cap(C') = sup{E(u, u)~*; p probability supported by C'}, where
1
(1.20) Bl =5 5 px)gley) ply).

RS
and one knows that when C' is not empty, the normalized equilibrium measure eq /cap(C)
is the unique maximizer in (1.20).

We consider a given level
(1.21) u >0

and on some suitable probability space (W, B, P! ) a continuous non-negative random field
(¢-w),cp describing the field of local times with respect to the Lebesgue measure m on

E of random interlacements at level u on E, see Section 6 of [9]. If z € E, and By(z) is

defined as in (1.1), then (£, ,).cBy(x) is distributed as the restriction to By(z) of the local
time of a Poisson cloud of trajectories on E with intensity u P,., where C' = By(z) N E,

and P, = >y ec(y)lgy. Moreover (after discarding a negligible set), we can assume
that

(1.22) 1" ={z € E; (., > 0} is an open set which has only unbounded

connected components,

(1.23) 0T NE = ¢,

where for A C E , OA denotes the boundary of A.

It also readily follows that the restriction of Z « to E is distributed as the field of
occupation times of random interlacements at level w on E, cf. (0.4):

(1.24) (ly)zep under P! has same law as (€1)zer under PL.
In particular, cf. (0.5),

(1.25) 7" N E under P! has the same law as 7% under P/,
so that for any finite subset C' of

(1.26) PII“NC = ¢] =PII*NC = ¢] = e 4@,



As in Proposition 6.3 and Theorem 3 of [9], one can construct some extension (3, F, Q) of
the product space (€% W, A®B,PC @P! ) endowed with the continuous fields 7 = (7).,

¢ = (92),cp and the non-negative continuous field (= (C, ) ,ep such that

(1.27) (#,0) under Q has the same law as under P¢ @ P’
(1.28) both (1.22) and (1.23) hold

(1.29) 7 has the same law as ¢

(1.30) Q-a.s., for all z € E, % (7. — V2u)? = %@z + Zzu

This coupling due to [9] sharpens (0.6) and by (1.30)
(1.31) Q-a.s., ¥ — v2u does not vanish on Z" (= {z € E; Zzu > 0}).
From now on, we will make the following assumption on the Gaussian free field on E:

(1.32) fDG—a.s., {z € E; ©, > 0} only has bounded connected components.

Remark 1.3. As shown in Section 5 of [9], (1.32) holds in particular in the case of Z%,
d > 3, endowed with unit weights. We will also see in Proposition 4.1 below that (1.32)
holds as well when E is the (d + 1)-regular tree endowed with unit weights, and d > 2. [

Observe that Iv only has unbounded connected components and that 7 — +/2u does
not vanish on Z% On the other hand, due to (1.32), (1.29), a.s. {§ > v2u} only has
bounded components. As a result, we see that

(1.33) Q-as., I C {7 < V2u} (= {z € E;7. < V2u}).
It will also be technically convenient to make the (mild) assumption that
(1.34) sup g(z,x) = gop < 0.

el

This assumption will be used in the proof of the next lemma, as well as in the proofs of
Proposition 2.1 and Theorem 2.4 in the next section. A useful but slightly more technical
generalization of (1.34) appears in (1.42) (or equivalently (1.43)) of Remark 1.5 below.
We recall that Hp stands for the entrance time of X in B, see above (1.2).

Lemma 1.4.
(1.35) Pl-a.s., for all z € E, P,[Hz, < c0] = 1.

Proof. 1t clearly suffices to treat the case of z € E. Since for x € E, the successive visits
of X to distinct sites of F under P, are distributed as the discrete time walk (Z)i>0
under P, (see below (0.1) for notation), and Z% N E is distributed as Z*, our claim will
follow once we show that

(1.36) Plas., for all x € E, P,[Hzu < 00] =1,
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where for B C E, Hg = inf{k > 0; Z;, € B} is the entrance time of Z in B. To this end,
we will show that for all z € F|

(137) Px‘a-s-7 Cap({ZO7Zh'"7Zk}) T) 0.

The claim (1.36) will readily follow since for all £ > 0,

P! @ Po[Hru = 0] = E,[P*[T" N {Zp, ..., Zp, ...} = ¢]]
(1.26) (1.37)
< Eilexp{-ucap({Z, ...z} “ 0.

We thus prove (1.37), and for this purpose first observe that for y,y € F
(1.38) Py-as., g(Zk,y) — 0.

Indeed, for any ko > 1 and k > ko, Py-a.s.,

9(Zy,y)
9(y,v)

(1.39) < P, after time ko, Z visits y|o(Zo, . .., Zy)]

= Py, [Hyyy < 0] = Py [after time k, Z visits y|o(Zo, . .., Zy)]

— 1{after time ko, Z visits y} (by martingale convergence).

k—o0

By transience, Py-a.s. for large ko, the indicator function on the last line of (1.39)
vanishes, and (1.38) follows.

We will now deduce (1.37). We construct by induction an increasing sequence of a.s.
finite stopping times, via Sy = 0 and

(1.40) Ser1 =inf {k > S;; > 9(Zk, Zs,) 90} for £ > 0, with go as in (1.34).

1<5<¢
We now set p1 = %Ele 0zs,- We know by (1.20) that

cap({Zo, . . - Zsl}) > E(p, p)~t, where

(1.34)
(1.41) E(p, p) = g E 9(Zs;s Zs,) < —+— > 9(Zs;, Zs;)
i,j=1 7<i
(120) @.
- !

This bound once inserted in (1.41) shows that the capacity in the left member of (1.41)
is at least ¢/(2¢go) and (1.37) follows. This completes the proof of Lemma 1.4. O

Remark 1.5. Let us point out a slightly more technical but useful generalization of
(1.34). Namely, this condition is the existence of an increasing sequence of bounded
open connected subsets D3 of E , increasing to E , containing a base point xy of F, with
boundaries Ay = 0D}, contained in E, so that D%, is the connected component of zj in

E\Ax, D3, 2 Dy = D% U Ay for each N, and

(1.42) sup sup g(z,x) < gy < 00.
N>1 zeAy



The proof of Lemma 1.4 can be easily adapted to show that (1.35) remains true if one
replaces (1.34) by (1.42). Indeed, one simply modifies the above definition of the stopping
times Sy, £ > 0, in (1.40) so that setting A = (Jy-; An, So = inf{k > 0; Z, € A} and

for £ >0, Sppy =inf{k > Sp; Z), € A and 3, 9(Zk, Zs;) < %} Noting that the walk
Z visits A infinitely often P,-a.s., for any = € E, the proof proceeds as below (1.40).

Let us mention that the condition (1.42) is also equivalent to
(1.43) {z € E;g(x,x) > go} has no unbounded component

(clearly (1.42) implies (1.43) and conversely, one defines by induction finite connected sets
Cy in E containing o, with outer boundary Ay, via C consists of g and the points
linked to zp by a path where g(-,-) > go prior to reaching xy, and Cy,; is the union of
Cy, Ay, and the points linked to Ay by a path where g(-,-) > go prior to reaching Ay.
Then D3, is defined as the connected component of 7o in E\Ay, and (1.42) holds).

O

The above Lemma 1.4 will be very helpful in the next section, see for instance Lemma
2.2, and also below (2.41) in Theorem 2.4.

2 The coupling

In this section we construct a coupling between the Gaussian free field on E and random
interlacements at level v on F, which refines (1.27) - (1.30). The main result appears in
Theorem 2.4 and in essence follows from the application of the strong Markov property of
the Gaussian free field. As a direct consequence of this main result we obtain a coupling
of the Gaussian free field and random interlacements at level u on F, which fulfills (0.8),
see Corollary 2.5, and thus refines (0.7) which was proven in [9]. This corollary will play
an important role for the derivation of the upper bound (4.16) in Theorem 4.3, when F
is a (d + 1)-regular tree with unit weights.

We keep the notation from the previous section and tacitly assume that (1.32) holds
(i.e. P%a.s., {¢ > 0} only has bounded components), and (1.34) holds (i.e. g(z,z) is
uniformly bounded for z € E, see however Remark 2.3 2) and Remark 2.6 for a weakening
of this assumption). We consider a given u > 0, cf. (1.21), and define for w € Q

Coo(w) = the closure of the union of unbounded components of {@ < v/2u}
(2.1) (a closed subset of E),

Uso(w) = E\Coo(w) (an open subset of E).
Since ¢ is continuous, for all w € ﬁ,
(2.2) @, = V2u for z € OCs(w) (the boundary of Coo(w)).

The next proposition contains the first step in the proof of Theorem 2.4, and mainly relies
on a suitable application of the strong Markov property to certain compatible compact
subsets of E approximating C,,. We refer to Remark 2.3 for further comments about the
interpretation of Proposition 2.1.
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Proposition 2.1. For z,2 € E andw € (2, define

(2.3) hoo(z,w) = V2u 1{z € U (w)} + §. 1{z € Cou(w)},
(2.4) Joo(2, 7', w) = Guo(w)(2, 2') (with the notation above (1.2)).
Then, heo(z, ) and goo(z,2',-) are measurable functions on Q and for all zy,...,zy € E
and ay,...,ay € R, one has
M M M
(25) e [ei J; ajéo?zj] _ IEG[ei J; ajhoo(2))—3 MZ:lajaegoo(ZwZz)

(of course the left-hand side of (2.5) coincides with ez Zﬁ:l"j“@(zf’zf)).

Proof. We consider some base point xy € F, and in the notation of (1.1) introduce
(2.6) By = By(x0), By = By (o), Sy = Sn(zo).

For 1 < N < L integers, we define for w € Q,

(2.7) Cnr = (B\By)U U (the closure of the connected component
TEIN of © < v/2u in By that contains ),

where the last set in parenthesis is understood as empty, when @, > v/2u,

(2.8) Cv= U Cyz=(E\B%)U U (the closure of the connected component

b= TESN of © < v/2u in By that contains x).

We also define
(29) uN,L == E\CNJ, and UN == E\CN

Note that Cy 1, is a compact subset of E , with a finite number of connected components,
that it is the closure of its interior, and that (see above (1.10))

(2.10) Cn,1, is compatible.

Indeed, as we briefly explain {Cn C O} € Ap, when O C E is open. We can assume
that O D B\ B (otherwise {Cy  C O} is empty), and consider (with hopefully obvious
notation) the finitely many “polygonal paths” that start in Sy and then remain in B NO
except for their final point that belongs to JONBS,. Then, {Cn, C O} is realized exactly
when for all such paths @, > v/2u for some z on the path strictly before the final point
of the path. Hence, {Cy  C O} is 0(¢,, 2 € O) = Ap-measurable, and (2.10) follows.

We further note that while Cy 1, increases to C, when L > N goes to oo,

(2.11) Cy is a decreasing sequence and (| Cny = Cwo.
N>1

Indeed, by direct inspection, Cy is a decreasing sequence that contains C.,. Conversely,
when z belongs to () Cn, then for any N one can find a “polygonal path” from z to Sy
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on which ¢ < v/2u, except maybe at its starting point where ¢, < v/2u. By the drawer
(or pigeonhole) principle one thus finds that z € Cy, and (2.11) follows.

We now turn to the measurability statement below (2.4). By (1.12) ii) applied to Cn,z,
together with (2.11) and the fact that Cy j increases to Cy as L — oo, we see that for
any z € E, hoo(z,-) is A-measurable. Moreover, since Cy 1, is compatible, by (1.18), for

any z,z € E, Guy (2, 2") is A-measurable. Further, when z, 2’ € By, then the connected
components of z (resp. of 2’) in Uy 1, and Uy coincide so that

(2.12) Gun (2, 2") = Guy(2,2'), when z,2" € B}, 1 < N < L.
By (2.11) and the monotone convergence (1.4), we see that for z, 2’ € BY,
(2.13) 9oo(2,2) = qu.(2,2) = lij{fn T Gun (2,27,
and in particular g.(z, 2/, -) is A-measurable.
We will now prove (2.5). We assume N so large that z1, ..., 2y € By. The observation
above (2.12) now yields that for any z € BY,,
(2.14) huy 1 (2) = E:[p(Xny,, )] = B [0(Xay )] = huay (2)-
The strong Markov property (1.19) applied to Cy 1, then implies that
) M . . M 1 M _
Ol 577 _ (e et 2 e (52

(2.15) - N
~ U0 il ()5 D50 Guy (25,2
:EG[e ng 3N (25) 2% 30 Gun (2552¢)

using (2.12), (2.14) in the last step.

)

We already know that gy, (2, z¢) increases to goo(2;, z¢), for N — co. We also show
(2.16) lim hugy (25) = hoo(2;) in PC-probability, for 1 < j < M.

Letting N tend to infinity in the last line of (2.15) will yield (2.5), and conclude the proof
of Proposition 2.1. We now prove (2.16).

We first observe that 7y, is a jointly measurable function of w and X. Indeed, it
vanishes if Xy ¢ BY, and if Xy € By, then Ty, = Ty, is the non-decreasing limit
of the Ty . where Uy, = E\C]’(,,L in the notation of (1.15), and the Ty~ are jointly
measurable. With this observation, we will then be able to apply Fubini’s theorem in the
calculations below. The same observation applies to Ty, = lim,, T T, cf. (2.11).

For z € By, we write

hz,[N (Z) = Al + AQ, where A1 = EZ[QE(XTMN), TZ/{N < TB]OV] and

Ay = Ez[@(XTB ), Tuy = Tps,]-

o
N

(2.17)
We first consider A;. Note that when z € B3\Cy, then P-a.s. on {Ty, < T}, Xmy,, €
dCy N By, and hence p(Xt, ) = v2u, see (2.8). As a result, for z € By

(2.18) Ay = 3. 1{z € Cy} + V2u 1{z ¢ Cy} P.[He, < Tps -

We also have

12



Lemma 2.2.
(2.19) PC-a.s., for all z € E, P,[He < oo] = 1.

Proof. Note that He = Ty, is jointly measurable in w and X, see above (2.17), and the
probability in (2.19) is a measurable function of w, which is continuous in z (all points of
Co are regular for X). By (1.33) we have 7" C {7 < v2u} where 7 is distributed as @
under ]PG, and 7" = {z € E; Ew > 0} only has unbounded components and ¢ has same
law as under P/. The claim (2.19) now follows from (1.35). O

By (2.19) we know that on a set of full P®-measure

~ (2.11) ~ (2 19)
(220) PZ[TZ/{N < TB?V] > PZ[TUOO < TB?V] = P [Hcoo < TBO] 1.
Thus, by (2.11) and (2.18), we find that
(2.21) PC-as., A — @: 1z € Cu} + V2u 1{z ¢ Coc} = hoc(2).
We now turn to Ay. By Cauchy-Schwarz’s inequality we have

(| As) < BOE.[3* (X1, )]2 PO® P.[Tyy, = Ting )2
(2.22) (1.34) 1 (2.20)
< \/%]P) ®P[TZ/{N —TBO]2 —> 0.

Combining (2.21), (2.22), we have proved (2.16) and Proposition 2.1 follows. O

Remark 2.3.

1) As we now explain, a certain strong Markov property, see (2.23) below, underlies
Proposition 2.1. Observe that Cy , is non-decreasing in L, see (2.8), and hence, by (1.14),
the Af ., are non-decreasing in L > N. We set Hy = U(UL>N.A . ). Then, for z € BY,

it follows from (2.14) and the martingale convergence theorem that

hUN (Z) - hUN,L (Z)

(1.19)
E°3.] AL, ] — E°[3.[Hn],

and the equality hy, (2) = E¢[@.|Hy] extends to all z € E, since both members coincide
with @,, when z ¢ By, (see (1.12) iii).

On the other hand, for fixed L, Cy is non-increasing in N(< L), see (2.7), and
therefore, by (1.14), the o-algebras AZ  decrease in N(< L). It then follows that Hy

decreases with N so that by the martingale convergence theorem for reverse martingales,

for any z € E, hy,(2) (—>) EC[3.|Hs, where Hoo = = (y Hn. We have used the

assumptions (1.32) and (1. 34) in the proof of (2.16) to identify EC[3,|Hoo] with fso(z)
from (2.3). Moreover, by (2.13) and the argument above (2.13), one sees that g..(z, 2') is
H-measurable. In this light the proof of Proposition 2.1 can be modified to show that
(compare with (1.19))

(2.23) under P¢, conditionally on He, (©2),c5 is a Gaussian field with

mean (hoo(2)),.5 and covariance goo(-, ).
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We will actually not need (2.23) in what follows, but this statement provides an additional
interpretation to what Proposition 2.1 does.

2) Note that Proposition 2.1 holds as well if one replaces (1.34) with the weaker condition
(1.42) (or equivalently (1.43)). In essence, one simply replaces in the proof B}, by DS,
By by Dy and Sy by Ay. One knows that Lemma 1.4 holds (see Remark 1.5), and
(2.22) works as well in this new set-up. O

We will now construct the coupling announced at the beginning of this section. We
consider the product space 2 x W endowed with the product o-algebra A ® B, and the
product-measure P¢ @ P/. On this space we have the independent Gaussian free field

(©2),c5 and the field of local times (¢ ), 5 of random interlacements at level u, such
that (1.22), (1.23) hold. By (1.22) and the local finiteness of E,

(2.24) OT" is a locally finite subset of E (see (1.22) for notation).
We introduce the open subset of E

(2.25) J= the union of Z* and all connected components of {|@| > 0} intersecting 9"

— the union of the connected components of {20, , + @* > 0} intersecting Z".
By a similar argument as in (2.24)

(2.26) 8.7 is a locally finite subset of E,

and we define the closed set

(2.27) C.=JUdJ.

Note that by the second line of (2.25),

(2.28) (.., =0and ¢, =0, for all z € 0J.
We then define the random field

(2:29) 7= (V2u — 2+ 82) 1{z € CL} + (0. + V2u) 1{z ¢ C.}

and note that by (2.28) the expression above remains unchanged if C/_ is replaced by J.

The main result of this section, i.e. Theorem 2.4 below, states that 7 is a Gaussian
free field on E. Unlike 7 in (1.27) - (1.30), 77 is solely defined in terms of ¢ , and @.
Actually, by (1.30) and (1.33), 77 amounts to a suitable resampling of the signs of ¥ —v/2u
outside C/_, = JUAJJ, which a.s. coincides with the closure of the union of the unbounded
components of {§ < v/2u}, see (2.47), (2.48) below. The proof of Theorem 2.4 will mainly
rely on the application of the strong Markov property of ¢ and Proposition 2.1. We recall
(1.3) for notation.

Theorem 2.4.
(2.30) Z = 11, is a continuous function on E (which equals v/2u on 0.7 ).
(2.31) The law of 7 on the canonical space §) is PC.
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Proof. Let us prove (2.30). We only need to check the continuity of 77 at all z € 7, which
is locally finite (see (2.26)), and that 77 = v/2u. But the expressions between parenthesis
in the right-hand side of (2.29) are continuous and take value v/2u on 7. The claim
(2.30) follows. We then turn to (2.31). It suffices to show that for zy,..., 2y € E

(2.32) (Mzys - -+ M2y, ) 18 & centered Gaussian vector with covariance
' matrix g(z;, 2;),1 <i,5 < M.

For this purpose we will derive a formula for 77 similar to (2.5) with €, and U, = E\C’,
in place of Co, and Uy, cf. (2.45). We first approximate C_. For 1 < N < L integers, we
define (see (2.6) for notation)

(2.33) Cyp = (BL\By) U (BN (Z4UT")) U U.cofunms

(the closure of the connected component of {|@¢| > 0} N B} containing z)
and the last set in parenthesis is understood as empty if ¢, = 0, as well as

(2.34) Cy = (E\BY)U(Z"NIZ") UU, 0z

(the closure of the connected component of {|@| > 0} containing z).

Observe that the Cjy ; are compact and non-decreasing in L. In fact, in (2.33) one can

replace in the last union (over z € 8%“032) all the terms where the set in parenthesis is not
contained in By by a union of the closures of the connected components of {|@| > 0} N B}
containing z, for all + € Sy such that the connected component of {|p| > 0} N B}
containing z meets Z* N By. One can also make a similar replacement for (2.34) and
replace in the last union all the terms where the set in parenthesis is not contained in By
by a union of the closures of the connected components of {|p| > 0} containing = € Sy
such that the connected component of {|g| > 0} containing # meets OZ*. From this
observation one sees that

(2.35) Cy., N By = Cy N By, for large L, and
(2.36) Cl,p, increases with L > N and .y Cy = Cy-
Moreover, the C) are closed (for instance by (2.35)), decrease with N and

(2.37) N cy=c.

N>1
(simply note that J C (|, Cy € JUIT =C.).

An important additional observation is that for w € w (i.e. “freezing” the interlace-
ment and in particular Z"), as a function of w € €,

(2.38) Cl.1, 1s a compatible compact subset of E

(note that when w is fixed, oL N B; is a finite deterministic set, and we can use a similar

argument as below (2.10)). One also has the fact that for z,2/ € E, 1{z € C.} and
qur_(2,2") (with U, as in (2.39)) are jointly measurable in w and w.
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We will apply the strong Markov property under PG and define the open sets
(2.39) Uy = E\Cyp, Uy = E\Cy, and U, = E\CL,
and for any J C {1,..., M} the events
(2.40) Al ={z €Uy, when £ € J, and 2z ¢ Uy, when £ ¢ J}

as well as Ay, and AZ, with Uy and U, respectively in place of Uy ;, in (2.40).
Note that A% € 'AELEVL by (1.12), and by the strong Markov property (1.19), for all
JCA{l,...,M} and al,..’.,aM € R one has

~ (> aj (m‘f"ﬂz )+ Z a; (V2u— 2zz u+<Pz )
EG[e et 7A]‘<7,L] =
(2.41)

(Y aj (Vv 2u+hu/ (z] i (V2u—, /262 u+apz 7% ajagg, (z5,2¢)
EG[G jE€J G AET N,L 7A]<IL]'

If N is so large that z1,...,2zy € BY, then by (2.35), letting L tend to oo, we can
replace in (2.41) A%, with A%, huy, | (25) with hy (25), and gug, | (25, 2¢) with Guy (25, ).
Moreover, with similar arguments as for the proof of (2.16), with now (1.35) in place of
(2.19), we find that for Pl-a.e. w € W, and 1 < j, 0 < M

PG prob

(2.43) uy, (255 2e) —= Gur (25, 20)  (by (1.4) and (2.37)).

Letting N tend to infinity, we find with (2.37) that for J C {1,..., M} and Pl-a.e. w,

Z(Z aj(m‘f"%’z )+Z a](m_ 2zz u+<Pz )
EG[e et Al] =

? [e.e]

(2.44)

_ N-1 ajapg, (24,2
IEG[(;(J;]aJ\/ﬁJrZ(\/ﬁ V26, wt @2 )3 Z 3Gy (25,20) Ago]

Summing over .J, with the definition of 77 in (2.29), we find that for Pl-a.s. w € W,

M M
i Z a;iz; ~ o 02 ashio(z) =5 X ajacGyr (25,20
J Jt=1

(2.45) ECle =1 7] = EGe /=

where for z € E we have set
R (z2)=vV2ul{zel }+1n. 1{z€C.}
=V2ul{z el }+ (V2u— /2., +32) 1{z €C_}.

On the probability space (3, F, @), see above (1.27), extension of the product space Ox W,
and endowed with the Gaussian free field 7, cf. (1.27) - (1.30), we set

(2.46)

CJ. = the closure of the union of unbounded connected components

(2.47) of {7 < V3
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As we now explain

(2.48) Q-as., C_ =CL.

First note that a.s. C., C CJ. Indeed, a.s. J C CL because each component of J

contains a component of Z% by (2.25), which is unbounded by (1.22), and hence by
(1.30), (1.33), a.s., C'. = J UOJ C CL. For the converse inclusion, note that any
component of {3 < v2u} not intersecting ¢’ = J U 8J lies in E\Z* and hence by
(1.30) is a.s. contained in a connected component of {|@| > 0}. By (1.32) (applied to &
and —), a.s. all such components are bounded. Thus, a.s. all unbounded components of
{5 < v2u} intersect C’_ and hence J, so that by (1.30), (2.25), a.s. C2, C C’.. The claim
(2.48) follows.

By (1.30), (1.33), we see that @-a.s, for z € C!_, 5. = V2u— /20, + 32, so with (2.46)
and (2.48) we find that for z, 2’ € E, Q-a.s. (setting U), = E\C1.)

ho(2) = V2ul{z € UL} +7, 1{z € CL} and Gy_(2,7) = 95 (2,2").

We can thus apply (2.5) of Proposition 2.1 to 7, and after integration of (2.45) with
respect to P! conclude that the Fourier transforms of (7,,,...,7.,,) and (., ..,%.,,)
coincide. This shows (2.32) and concludes the proof of Theorem 2.4. O

By considering restrictions of ¢, 7w (or ‘. ), 11 to B, we can for instance obtain the
reinforcement (0.8) of (0.7). Namely, one has

Corollary 2.5. One can couple independent copies (p)rer and Z" of the Gaussian free
field on E' and random interlacements at level w on E, with (n;).cp a Gaussian free field
on E, so that with V* = E\Z" the vacant set at level u

(2.49) for all A C (0,00), {x € E;n, € V2u+ A} C{z € E;p, € A} N VY

Proof. We denote by ¢, £, the restrictions to E of ¢, ¢, ,,, 7 (defined on the product space

Q x W as in Theorem 2.4), and set 7% = 7N E. By (2.29), 7. < v2u for all z € €/, D I*,
so that

(2.50) e e > V2u} = (¢, + V2u) 1{g, > 0,2 € V'\C, }, forall z € E.

This readily implies (2.49). O

Remark 2.6. Here again, with the observation made in Remark 2.3 2) both Theorem
2.4 and Corollary 2.5 remain true when one replaces assumption (1.34) by the weaker but
more technical assumption (1.42) (or equivalently by (1.43)). O
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3 The regular tree case: some preparation

We will apply the result of the previous section to the study of level-set percolation of
the Gaussian free field on a regular tree. This section contains some preparation. In
particular, we introduce an important spectral quantity Aj, study some of its properties
in Proposition 3.1, and characterize the critical value h, for the level-set percolation of the
Gaussian free field as the unique h, such that A\, = 1 in Proposition 3.3. In essence, we
investigate here a specific branching Markov chain on R (involving an Ornstein-Uhlenbeck
kernel) with a barrier.

We keep similar notation as in the previous sections. We consider d > 2 and denote by
T the (d + 1)-regular tree endowed with unit weights, so that 7" plays the role of E. The
canonical Gaussian free field (¢,).er is a centered Gaussian field on 7" with covariance

02 1 o _
(31) g(ff,y) - (dJrl) Em[kz::ol{zk —y}]a for z,y €T7

with (Zg)k>o the canonical walk on 7', which starts at € T" under P,.

For x ~ y in T, letting H, stand for the entrance time of Z in y, one has

1 d \7' 1
(3:2) P, <ol = 5 (757) =4
and hence for all x € T
31 1 41 AN d et
(3.3) g(z,x) = CESY P.[Z) # x for all k > 1] —m<1 E) =51 0 -

Given z ~ 2/ in T, we write

T;f .~ = the set consisting of z and its “forward descendants”
={yeT; 2" ¢ [2,y]},

where [z, y] stands for the unique finite geodesic path on T" between x and y. We also set

(3.4)

(3.5) T, ., =T\T,, .

By the Markov property of the field (¢,).er, one knows that

(py — Py[Hy < OO]QO$/)yeTI+I, is a centered Gaussian field independent

(3.6)

of o(py,y' € Tx_,x,), with covariance gT:z,(" ),

where for U C T, gy(-,-) stands for the killed Green function outside U (defined as in
(3.1), but now with a summation over k > 0 smaller than the exit time of Z from U). In
particular, choosing y = x, we have

(3.7) Oz = % @ur + & ar, Where &, o is independent of o (v, y' € T, )
. 1\ 5 (33) 1
and has variance (1 — ﬁ)a = <
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We then fix a base point o € T" and x_; ~ x(, and simply write

(3.8) T =T e T =T 0 s €= Eupn s

To,T—1"

For n > 0, we also have the set of n-th generation descendants of o in 7"

(3.9) T,m ={y € T; d(x,y) = n}.

We denote by v the centered Gaussian law on R with variance o2, and by @Q;, t > 0, the
Ornstein-Uhlenbeck semigroup with variance o2, so that for g bounded measurable on R

(3.10) Qi g(a) = E¥[glae™ + V1 — e 2Y)], for a € R,t >0,

where Y is v-distributed and EY stands for the expectation with respect to Y, see also
7], p. 356. Actually, Q; extends as a self-adjoint contraction on L?*(v) and admits the
following expansion in an orthonormal basis of eigenfunctions (see [7], p. 354-356):

(3.11) Qig(a) = > e*"thn,a(a)<hn,a,g>y, fora e R, g € L*(v),
n>0

where (-, -), stands for the L?(v)-scalar product and

(3.12) hno(a) =Vl H, (%),

a
g

with H,(-) the n-th Hermite polynomial (so that [, H, (b) H,,(b) e j% = L 8o, for
n,m >0, and Hy(z) =z, Hs(x) = % (22 — 1), Hy(x) = % — %)

In particular, (3.7), (3.10) yield that for all z ~ a’

(3.13) for all g € L*(v), E%g(¢.) | o(py.y € T, )] = (Qug)(vw),

with t; = log d (so e = é)
One also has hypercontradictivity estimates for the semigroup (Q;):>0, see [7], p. 367:
(3.14) 1Q¢ gl 29y < lgllzew), wheng—1= (p—1)e* and 1 < p < cc.

We can then introduce the operators with e™™ = 1/d as in (3.13) and h € R:

(3.15) L = dQy,, m, = multiplication by 1 o), Ly = m, Ly,

(where d @y, denotes the multiplication of @)y, by the scalar d).

By (3.11) we know that L is a self-adjoint, non-negative Hilbert-Schmidt operator on
L*(v), and by Theorem 6.22 or 6.23, p. 210 of [15] that:

(3.16) Ly, is a self-adjoint, non-negative, Hilbert-Schmidt operator on L?(v).
We can then define the crucial quantity
(3.17) A = 1 Lall 20y =220y = sup {{9, Lng) ; lgllr2w) =1}, h € R,

where || - || 20y 12(,) denotes the operator norm and (3.17) coincides with (0.9) via the
explicit calculation of (g, Lng) with (3.10).

The next proposition will be very helpful.
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Proposition 3.1. For allh € R, )\, is a simple eigenvalue of Ly, and there exists a unique
Xn > 0, with unit L?(v)-norm, continuous, positive on [h,+00), vanishing on (—oo, h),
such that

(3.18) Ly X0 = An X -

In addition, for all k > 0, one has

(3.19) IxXnl pax ) < (d/An)F, where g, = 1+ d**.

(3.20) The map h — Ay, s a decreasing homeomorphism of R onto (0,d).

Proof. We start with the first part of the proposition. We consider h € R. By (3.16)
we can find g with [|g||z2,) = 1, such that L,g = Ang. If g changes sign (i.e. both g*

and g~ are not a.e. 0), then by (3.10) (see also the expression in (0.9)), (|gl, Lx|g|), >

<g,th>V = A, with |g| unit in L?(v), a contradiction. Hence, g does not change sign
and without loss of generality we can assume that it is non-negative.

As we now explain, ), is a simple eigenvalue. Indeed, if f € L?(v) is an eigenfunction
of L, attached to A, we can choose a € R, so that <f — ag, 1>V = 0. Then f — ag is
an eigenfunction attached to L, and by the above paragraph, it does not change sign.
It follows that f —ag = 0 in L?(v) and ), is a simple eigenvalue. Thus, g is uniquely
determined in L?(v) and we call it x. Note that

3.10),(3.15 d 0 _dp_ay2
O R RV I L O
h

(3.21) e~ 2+, (b) du(b), when a > h, and

2 >
V21 /h
=0, when a < h.

By the second and third line (and dominated convergence) we see that we can choose x,
to be continuous and positive on [h,+00) and equal to zero on (—oo, h). We now prove
(3.19). Note that g = 1 + e*1¥. We then use hypercontractivity, cf. (3.14), and the fact
that m, contracts L4(v)-norms to find that for & > 1,

il (3.14) _
(3.22) /) IxnllLanwy = (An/d)" IHE Lixul gy < On/d) Hixallzo-1e),

and we obtain (3.19) by induction (since it holds when k = 0).

We now turn to the proof of (3.20). By (3.17) it is immediate that h — )\, is a
non-increasing [0, d]-valued function. As we now explain

(3.23) h — Ay, is decreasing.

Indeed, for h > R/, one has A\, = <Xh>Lh Xh>y = <Xh7Lh’Xh>V7 but y; is not a multi-
ple of xu (since s, does not vanish on [h', h)), and the last expression is smaller than
<Xh’7 Lh/ Xh/>l/ = )\h/, whence (323) Next, we show that

(3.24) h — Ay, is continuous.
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By (3.17) this function is a supremum of continuous functions on R, hence it is lower
semi-continuous, and by (3.23) it is right-continuous. Let us now prove that it is left-
continuous. Given h € R, since L is a compact operator, we can find h, T h such that
pn = L7, Xn, = Lxn, — pin L?(v). We set p = m, p. Then,

(3.25) Th P — P = Th,(Pn — p) + (7, — ) p — 0in L?(v), so that
(3.26) Ay Xhy, = Th, LTh, Xn, = Th, Pn Li> p, where p =0 on (—oo, h).

In particular, looking at norms, one finds ||p||z2¢y = limA,, = A, > Ay (with A, the
left-limit at h of A,). Moreover, one has

th = 7ThL7Th P = 7Tth (326) lim WhL)\hnth (3.18)£hn<h lim )\hnﬂ-h)\hnxhn (326) )\]:Whp = )\}:p

Since p vanishes on (—oo, h), this shows that A\, < X,. The left-continuity of A, and
(3.24) follow. It is now a simple fact that
(3.27) lim A\, =d.

h——o0
Indeed, N\, < d and <1,Lh1>y — <1,L1>V =d, as h — —oo and ||1{|z2(,) = 1. Finally,
(3.28) lim A, = 0.

h—+o00

Indeed, by compactness of L, for some h, 1 oo, ¥, = Ly, xn, — ¢ in L?(v). Then,

Ah, Xh, (3.15) T n = T, 0 + 7, (¥ — ) — 0 in L?(v). Looking at L?*(v)-norms, the

claim (3.28) follow. This completes the proof of Proposition 3.1. U

Remark 3.2. It is not hard to infer from (3.21) that yj, is C°° when restricted to [h, +00).
However, the above proposition leaves open questions concerning the monotonicity or the
boundedness of yy, see also Remarks 3.4 and 4.4. O

We now want to characterize the critical level for level-set percolation of ¢ on 7.
Level-set percolation of ¢ on T, see (3.8) for notation, amounts to the study of a specific
branching Markov chain on R with a barrier, where each individual has a level a > h, and
independently gives rise in the next generation to d individuals with levels distributed as
independent N (%, é)—variables, and these individuals are killed if the level falls below h.
We refer to [2] and the references therein for related models. With this in mind, for h € R
and n > 0 (see (3.9) and below (3.4) for notation), we define

(3.29) Zh={reT/; ¢, > hforally € [zg,1]},

so that Z" denotes the intersection of T} with the cluster of xy in the level-set {p > h}.
We also introduce the filtration

(3.30) Fn=0(ps;x €T d(zg,2) <n),n>0,
as well as the (F,)-adapted process
(3.31) My = X" 32 Xn(pa); n 20

z€Zh
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Proposition 3.3. Define h, € R as the unique value (cf. (3.20)) such that

(3.32) M. = 1.
(3.33) For h < h,, P%-a.s., {© > h} has an infinite component.
(3.34) For h > h,, P%a.s., {© > h} only has finite components.

Proof. We first prove (3.33). Note that classically, see Theorem 1, p. 247 in Chapter 6 §4
[1], one knows (with the help of (3.13)) that

(3.35) (M,,)n>0 is a non-negative (F,)-martingale under P¢.

We will show that when h < h,, M, converges a.s. to a non-identically vanishing limit.
We could base the proof on (2.1) of Theorem 2.1 in [2], but it is actually slightly more
precise and essentially as quick to observe that under Q = x4(a,)/{xn) P¢ (where (f)

stands for [ f(dv)), (M,)>0 is an (F,)-martingale (note that leQG is Fo-measurable) and

(3.36) sup E¢[M?] < oo.

n>0
Indeed, for n > 1, by the orthogonality of the increments
EC[M?] = EC[M3] + 5. E9[(M), — My_1)?%, and
k=1

d

—(k—1 _ 1

My, — My_y = 3,7V ) 21 (A xn (@) — p Xn(2)),
z€Z) | I=

(3.37)

where (x,1),..., (x,d) denote the descendants of x € T.

Note that (3.19) ensures the finiteness of the above expectations. By (3.7), (3.13)
(applied at neighboring sites in 7} and 7}" ;) the summands under parenthesis in the

second line of (3.37), conditionally on F,_;, are centered and independent under P or
. We thus find that for & > 1,

EQ[(My = Myo)?] = ;% 9| > z E9l(xn(0w0) = 2 xnl20)) 1P|

(3.38)
:A};%EQ[ > d(Quxi — 2><h)(s%)],

z€Zp

using the conditional centering, (3.13) and (3.18) in the last step. Note that for z € T," |

ECx € 20, f(r)] = E[xn(pao), py > D for all y € [wo, 2], f(pa)]/(xn),

= ()‘T:)k_lEG[Xh(cpx) f(@a)l/{xn),, for f >0 measurable on R,

(3.39)

where we have made iterated use of the Markov property and (3.18). Since y;, € L*(v)
2
by (3.19), we can replace f by Qs X7 — 2—3 X2 in the above, and sum over z € T} | to find

EQ[(My — My_1)*] = d*1d 22 ()" 1<xh,@t1 (03— 22 33, /o),

_ A —k o A
= 2, ), = N R (1= )

(3.40)
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Coming back to (3.37) we find that
(3.41) EME) = (1+ >Nk~ ) (), /xn),

and (3.36) follows. In particular, M,, — M, Q-a. s and hence P%a.s., where My, > 0
and EC[M,] = E®[My) <Xh> /<Xh> = <Xh> > 0. This implies that with P%-

positive measure Z" is non-empty for all n > 0, and the connected component of zy in

{¢ > h}NTT is infinite. The claim (3.33) can for instance be deduced from the weak law
of large numbers in Corollary 10 of [13].

We will now prove (3.34). We consider the function in L*>(v)
(3.42) qn(a) = PY[|2" = 0, for large n|p,, = a], a € R,

where we make use of the Markov property (3.6) (with 2’ chosen as z() to define the
conditional expectation in (3.42), and |A| stands for the cardinality of A when A C T.
We will show that

(3.43) when h > h,, v-a.s., ¢, = 1,

and quickly deduce (3.34). We first introduce for general h e R, n >0, 1 <1i < d,
Zhi) ={xz € T}, |; x is a descendant of (z¢,7) and ¢, > h, for all y € [(xo, ), z]}.

The Markov property (3.6) implies that P%-a.s.

d d
(344)  PYNA{IZL0] =0, for large n}|ow, Claa)s - Pleoa] = 1T (Prana)

and hence P%-a.s.
@ (z0) = 1 ooy (Pa0) + E[ay > b, N v {|2}(i)| = 0, for large n}|¢y, ]

(3.44)

1( ooh)(‘Pﬂm) +E° [30960 > h, H Qh( P(zo i))|90aro}
(3.13)
- 1(—00,h)(90x0) + Qtl (Qh) (90960) 1[h700)(90x0)7 so that

d
(3.45) ah = L(—oon) + Linoo) (Qu (q1))", v-as..

Thus, setting r, = 1 — ¢, we find that v-a.s.,
r, = 0on (—oo, h)

= Qulan) = Qu () Zzzo Qu (an) < dQu, (ra) = Ln(ra) on [h, o0).

This shows that v-a.s.,
(3.47) 0<ry,<Lprp,

and if r, is not a.s. 0, then by (3.17), A, > 1. But h > h, implies \;, < 1, whence
(3.43). As a result, P%-a.s., the cluster of zo in T+ N {p > h} is finite, and (3.34) easily
follows. O

Remark 3.4. In proving (3.34) one might try to use iii) of Theorem 2.1. of [2] to argue
that P%a.s., M,, = 0, when h > h,, but our lack of understanding of the asymptotic
behavior of x; (see Remark 3.2) does not seem to then lead to a quick conclusion that
a.s. |Z" = 0 for large n. For this reason we used the above argument. 0J

(3.46)
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4 Bounds on )\, and h.

In this section we derive upper and lower bounds on the critical value h, for the level-
set percolation of the Gaussian free field ¢ on the (d + 1)-regular tree T, with d > 2.
These results appear in Corollary 4.5 and are direct consequences of the lower and upper
bounds on A, from Theorem 4.3. The upper bound comes as an application of the
coupling between the Gaussian free field and random interlacements from Corollary 2.5
in Section 2.

We keep the notation of the previous sections. We let T stand for the metric graph
attached to the (d + 1)-regular tree endowed with unit weights. As in Sections 1 and 2,
(¢-),c7 stands for the canonical Gaussian free field on 7" and is governed by the probability

PY. In the present context assumption (1.34) is automatic, see (3.3), and we will now
prove that (1.32) holds as well.

Proposition 4.1.

(4.1) PC-a.s., {& > 0} only has bounded components on T.

Proof. Given x,y € T, we write [z,y] C T for the geodesic segment in 7' between z and v.

For convenience we write @, in place of @, when z € T'(C T) in the proof of Proposition
4.1. With % and 7, as in (3.8), (3.9), we introduce for n > 0,

(4.2) Z,={xeT} &> 0o0nliz]}
We will show that (with similar notation as below (3.42))
(4.3) PC-as., |Z,| =0 for large n,

and (4.1) will quickly follow. By Lemma 3.1 of [9] and Lemma 10.12, p. 145 of [8] or
Proposition 5.2 of [9], one knows that for any x € T.F,

PS[§ does not vanish on [zg, 2] = E%[sign(is,) sign(e,)] =
g(xo,ac)> (3.1)—(3.3) 2 (i)
9(xo, ) - 5.

Z arcsin
o2 T

(4.4) 2 s
— arcsin
™

In particular, we see that

dn

(4.5) EC(|Z,[] < 2 d arcsin ( ! ) for n > 0.

We will use the following

Lemma 4.2.
M, =Y @z, n>0, is a non-negative (JF,)-martingale, where
megn

(4.6)

Fn:a((ﬁz,ze U ([azo,x])).

zeT,
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Proof. Note that Mn is clearly non-negative, j-:n—adapted, integrable. Moreover, for n > 0,

(47) B | Bl = & 3 B g &> 0on [, (0] | Bl

megn Jj=1

We will now compute the conditional expectation in the right-hand side. Consider fixed
x e T/, afixed j €{1,...,d}, and define with hopefuly obvious notation

(4.8) H = ( U [20,y]) U (the closure of the connected component of
+ ~ .
{&> 010 [, (2.5)).

Then, H is a compatible random compact subset of T', see above (1.10) (actually, as a
minor point, when n = 0, we replace zg by z_; in (4.8) to ensure that # is the closure of
its interior). Since H contains (J,cp+[70, ], it follows from (1.12) iii) that Fn C Aj. By
the strong Markov property (1.19), we have

(49)  E%pws | AR = Ewp@(Xm,), Hu < oo] = 0 on {(x, ) ¢ H,x € Z,},

since when = € Z, and (z,j) ¢ H, ﬁ(m)-.a.s., ©(Xp,,) =0on {Hy < oco}. So PC-as.,

- ~ ~ ~ o~ ~ ~ . (4.9),(1.12) i)
EC @) | Fall{z € Z,} = ES[E[pwy [ ARl | Fol Hz € 2,1 7=

(4.10) EC[p@, {(z,5) € H} | Fal 1{z € Z,} =

EC[p.i), @ > 0 on [z, (x, )] | Fu 1{z € Z,}.

The last expression is precisely the summand in the right-hand side of (4.7). On the other
hand, by the Markov property for @, see (1.8), we have

~ ~. 1
Inserting this equality in the left-hand side of (4.10) and coming back to (4.7), yields that
EC[ M1 | Fo] = > 1e5, d X 5 9o = M, This proves (4.6). O

By the martingale convergence theorem, we find that

(4.12) PC-a.s., M, — My > 0, where E¢[M,.] < co.
As we now explain
(4.13) PC-as., | Z,| = 0 for large n.

Indeed, set for M > 1 and n > 1, Ay = {D ez (0o + 1) < M} as well as Ay =
lim sup,, Ay . By the Markov property of ¢, see (1.8), on Ay, we have

PC[| Zp4| = 0| Fp] > @G[cp(m) <0, forallz € Z,,j=1,...,d| F)
= H~ Qh(l(foo,o))d(wm)

TEZ,
def

> Qi (L—oo0)™ (M) = c(d, M), by definition of Apy,,.
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It now follows from Borell-Cantelli’s lemma that

(4.14) PC-a.s., on Ay, | Z,| = 0 for large n.

By (4.5) and Fatou’s lemma EC[liminf |Z,|] < 2. Combined with (4.12), we see that

s

]?DG[UM21 Ay] =1 and (4.13) follows. Hence, PC-a.s., the connected component of zq in
{# > 0} N (U,er+ [0, 2]) is bounded and (4.1) readily follows. O

We now come to the main estimates on the quantity A, from (3.17). We recall the

notation ® (a) = \/%? f:oo =% ds from (0.13). The upper bound will crucially rely on
Corollary 2.5.

Theorem 4.3. (d > 2)

(4.15) For all h € R, \, > d® (hL\/El)) (in particular Ao > 2).
204192 20412
(4.16) Forallh >0, A< Xpe 2 (<de 2

(We recall that \/% (a+2)7t % < P(a) < 2 e‘é, fora>0).

— V2ma

Proof. We begin by the proof of (4.15). For h € R and a > h, one has, cf. (3.15),

Ly 1 o0y (a) = d P* [% +£> h} with £ a N(O, %)-distributed variable

(4.17) e e
> dP [§>hT}:d(I>(h 7 ).

As a result, we find that v-a.s. on [h, 00),

= d—1
(4.18) Lilpoe > d® (n! = ),

and (4.15) readily follows from the variational formula (3.17).

We now turn to the proof of (4.16). For h < b’ we define m, » as the multiplication
operator by 1p, 1 in L?(v), and set

(419) Lhﬁ/ = Th,n Lﬂ-h,h’a with L as in (315)

Then, Ly is a self-adjoint, non-negative, Hilbert-Schmidt operator on L*(v), and we
introduce the maximum eigenvalue

(420) )\h,h’ = ”Lhﬂh/”LQ(V)*)LQ(V) S )\h (see (317))

The same proof as in Proposition 3.1 shows that A,/ is a simple eigenvalue of L, and
we have a uniquely defined function

X DOn-negative, vanishing outside [k, A'], continuous and strictly positive

(4.21) on [k, /'], with unit L?(v)-norm, eigenfunction of Ly for the eigenvalue \j, .
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It is also immediate that A, is non-decreasing in A'(> h) and since A\, > App >
(Lnw Xn> Xn) — An, as b/ — oo, one has

(422) lim )\h,h’ = )\h.

h 00
In analogy with (3.29) we introduce
(4.23) ZM = {x e T o, € [h, W] for all y € [z, 2]},
and note that for all = € T, by iterated application of (3.13)
EC Do (r0), @ € 207 = (s (5 Liw)™1)
(4.21)

= O /)" (X,

where (-), stands for v-expectation (as below (3.35)). In particular, summing over x in
T, one obtains

v

(4.24)

(4.25) My (X ), = Exnn (0a0) | 207 ], for n >0, h < K.
We now assume 0 < h < &/, and note that by (2.49) of Corollary 2.5, one has for x € T,F
(4.26) Pz € ZM) < PCx € Z0M M P! [0, x] € VY], with b = 2u.

By (5.9) - (5.9) of [19] (note that d in [19] corresponds to d + 1 here), one knows that

P! [[ro, 2] € V"] = exp { — u(cap{ao}) — nu'=10

d
(3.3) (d—1)? 1 (d—1)° !

(4.27) y
= eXpQ T o —nu— ):exp{—u(d—a)—nu y

Summing over x € T, in (4.26) we thus find that for n > 0,0 < h < &/,

(4.28) EGHZ:LL,h/H < EGHZS,thH exp { _ u(d — é) — nu(d —dl)2 }

By (4.25), the left-hand side of (4.28) is at least

A X)X ll oo

and the expection in the right-hand side of (4.28) is at most

Nogw—n {Xonw—n),/ [O,ihr’lfh] Xo.h—h-

Taking n-th roots and letting n go to infinity, we find that

u(d—1)2

(429) )\h,h’ < )‘O,h’—h e d for 0 < h < h.

Letting A’ 1 oo yields (4.16) (recall that h = v2u). O
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Remark 4.4. We do not know of a derivation of the upper bound (4.16) directly from
the variational formula (3.17) (or (0.9)). Incidentally, the above proof makes use below
(4.28) of quantities such as ||xpn|loo and (infio s Xn,p) "' We have no bounds on such
quantities when xj, replaces xp /, see Remark 3.2. The approximations Ay, 5 of A;, in the
above proof enable us to bypass this lack of controls. O

With the help of Proposition 3.3, the above Theorem 4.3 yields bounds on h,.
Corollary 4.5. (d > 2)

(4.30) 0 < ha < hy < hg < V2u,,
where ha, ho are defined by

(d—-1)

(4.31) d® (ha 7

) =1, Ne @ =1,

(d-1)2

and u, is the critical level for the percolation of V* onT (by (5.5) of [19], de™" 7 =1).

Proof. This is a direct consequence of (4.15), (4.16) and A, = 1 from Proposition 3.3, as
well as of (5.5) of [19]. O

Remark 4.6. We thus have 0 < h, < /2u, for all d > 2. In the case of level-set
percolation of the Gaussian free field on Z¢, d > 3, h, > 0, is known since [3], but h, > 0
is presently only known for large d, see [4], [14], however expected for all d > 3. The
inequality h, < v/2u, was proved in [9]. The coupling of Section 2 that we used here, may
perhaps be helpful in the case of Z4, d > 3, to show that in fact h, < \/2u, holds as well.

]
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