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Rubik’s cube day



Rubik’s cube



You can make nice patterns out of it



Or just scramble it



Some people can also solve it quickly



How to solve the Cube?
Step 1: Bring the cublet 1 to the place of 
cublet 2 without disrupting the top layer
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Step 2: Rotate the top face counterclockwise

Step 3: Reverse Step 1

Step 4: Reverse Step 2



How to solve the Cube?
Step 1: Bring the cublet 1 to the place of 
cublet 2 without disrupting the top layer

Step 2: Rotate the top face counterclockwise

Step 3: Reverse Step 1

Step 4: Reverse Step 2
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https://docs.google.com/file/d/1M9EdSIsjdgHprvcleoXBu2KnTw15G-AQ/preview


Mathematical perspective: Group theory
6 turns on a Rubik’s cube - one for each face

Counterclockwise turns -
 R, L, U, D, F, B (generators)

Sequences of turns make up a group

e.g. RU, FU are elements of the group

https://docs.google.com/file/d/1_9le2mJI2bmtgsVD4IJW2nu5GUIYPU3a/preview


The Cube group is a subgroup of S8 × S12 × (Z/3Z)8 × (Z/2Z)12

The Cube Group

Permutation 
of corners Orientation 

of corners
Permutation 
of edges

Orientation 
of edges



Write 0, 1, 2 on corner cublets 

Write 0, 1 on edge cublets

Place pluses on the cube (not moving)

Sum the numbers marked by +

Sum is divisible by 3 for legal configurations

Two conditions: corners and edges

Invariants of legal positions



Invariants of legal positions
Orientation of the corner i = ci, Orientation of the edge j = ej.

c1+ … + c8 = 0 modulo 3 

e1+ … + e12 = 0 modulo 2

sign(corner permutation) = sign(edge permutation)



How many configurations are there?
Recall Cube group is a subgroup of S8 × S12× (Z/3Z)8 × (Z/2Z)12

Out of all configurations, only 1 in 12 is legal

Hence, there are 8! × 12! × 38 × 212 / 12 ≈ 4,3 × 1019 

So, about 43 quntillion legal positions



How many turns do we need to 
solve the Cube, in the worst case?

Can you always solve the Cube in 100 moves?



Cayley graphs
Vertices = legal cube configurations ( = group elements )

Edges = turning a single face (generators of the group)

Metric: one face rotation = one move  



How many moves do you need to solve a 
given cube?

Imagine our Cayley graph is a skyscraper

Turns U, D, R2, L2, F2, B2 move you around the same 
floor

Other turns allow you to change floors

Your goal is to find the exit

First get to the ground floor using any moves

Then, find the exit without leaving the ground floor



The subgroup H

Consider the subgroup H = < U, D, R2, L2, F2, B2 >

Phase 1: From the starting configuration, find a path 
to H

Phase 2: Find an shortest path within H to the solved 
cube

Trying many potential paths in Phase 1 and 
combining them with optimal solutions in 
Phase 2 usually gives good results



What bounds do we get?
In 1981, Thistlethwaite gave a 4-phase algorithm showing every cube 
can be solved in 52 moves

20 pages of hard-coded tables, 3 intermediate subgroups



Lower bounds: counting
Count the number of sequences Sn of n moves such that:

No two consecutive moves are on the same face

If R, L  are adjacent, R comes before L (similarly for pairs U, D and F, B)

Sn = 12 Sn-1+18 Sn-2, 

S0 =1, S1=18, S2=243

Solving the recurrence gives S17< 2 × 1019

So, at least 18 moves are needed (most positions require 18 moves)
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Computers come to the rescue
20 moves are needed to solve the superflip configuration
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