LATTICE POINTS ON SPHERES,
TORAL EIGENFUNCTIONS AND THEIR NODAL SETS

* Moment Inequalities
* Rectifiability of Nodal Sets
* Restriction Theorems

°* Nodal Domain

* Distribution of Lattice Points on Spheres



M compact smooth manifold.

Eigenfunctions of the Laplacian
—Ap = Fo
Nodal sets
Ny = ¢ 1(0) = {z : ¢(z) = 0}

Nodal domains=
connected components of M\ N,



GENERAL PROBLEM

How do eigenfunctions and nodal sets behave when

E — oco0?



THE FLAT TORUS Td

Eigenfunctions
—Ap = 47T2Egp

are explicit
pl@)= Y ¢(n)e”mm?
n[?=F

n? =n% + - +ng

Dimension of eigenspace

|
# lattice points on sphere {z € R%; |z| = A} with \°> = E

4



MOMENT INEQUALITIES

(M, g) compact, smooth Riemannian manifold of dimension
d without boundary

Theorem (Hormander, Sogge)

)
lenlly < AP,

where
d—l(}_l) if 2§p§2(d+1)
5(p) 2 \2 p d—1
p) = S
d(l—l>—l if 2(d+1)§p§oo
2 p 2 d—1

Estimates are sharp for M = S¢



THE CASE OF T¢

Conjecture

2d

<c if p < —
loslls < epllosll, if p< -

and
2d

(d—_2_c_i) _
loslly < A7 Pliggll, if p> -2

Theorem (B, 93)

Conjecture holds for d > 4 and p > Q(j:gl)

Based on Hardy-Littlewood circle method and Kloosterman’s refinement
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ESTIMATES ON T2

FE =sum of 2 squares

multiplicity of E = number N of representations of NV as sum
of two squares

Theorem (Zygmund-Cook) |¢;ll, < Clleslls
Estimating the L°-norm <
number of solutions of P + P> + P3 = A+ iB in

P, P>,P3€Z+iZ, |Pi|°> = |P)° = |P3)°=E

— arithmetical problems about integral points on elliptic curves



Theorem (Bombieri-B, 012)
1
o loglls < N278 gl
o Forallp < oo, ||prllp < Cllegll, for most’ E

e Conditional to GRH and Birch, Swinnerton-Dyer conjecture

lerlle € NE||lpgll, for ‘most’ smooth numbers E
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||90E||4 < ESHSOE”Q
Based on uniform bounds for integral points on ellipses.

Theorem B, 011)

dz%p=£%

||S0E||p < E€||90E||2

Based on the theory of multi-linear oscillatory integral operators (joint work
with L. Guth, GAFA (011))

Theorem (B, 011)

Let0 < § < 1,R > C(e)d~2 and {U,} a partition of S%—1 in §-caps.

Then, if u is a measure on S4=1 and p = 2%

1
2
Iy, <6 [ SNl



Problem Establish uniform LP-bound for some p > 2 on
higher dimensional toral eigenfunctions

Important to PDE’s

Control for Schrodinger operators in tori

Theorem (B-Burq—Zworski, 012)

Letd < 3,V € L®°(T%,Q c T¢ Q2 # ¢, an open set. Let
T > 0. There is a constant C = C(2,T,V) such that for
any u, € L2(T%)

it(A+V

lugll L2(ay < Clle Juoll L2ax0.1))

(uses Zygmund’s inequality)



GEOMETRY OF NODAL SETS
Yau’s Conjecture (1982)
CQ\/E < Hd_l(N) < Cl\/E

with constants Cq, ¢»> depending on (M, g)

Donnelly—Fefferman (1988) M real analytic

(smooth case is largely open)

Nodal set from local point of view

‘Can a given real analytic hypersurface be part of the nodal set
of infinitely many eigenfunctions?’



Theorem (B-Rudnick, 011) A given real analytic
hypersurface ¥ in T® with non-vanishing curvature
cannot be part of the nodal set of eigenfunctions of
arbitrary large E
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NODAL LINES IN TQ
Theorem (B-Rudnick, 011)

Let > C T2 be a smooth curve which is not a segment of a
closed geodesic.

Assume E < E' andy> C Ny N Ny - Then

E/ << E2 +€

Based on abc-theorem in function fields

(Voloch, Brownawell-Masser)

Role of curvature

ly = 0] C Ny o(xz,y) = (sinmx)(sinny)



Theorem (M. Berry)

Nodal lines of ‘random’ plane waves have curvature

~VE

How to reformulate for individual eigenfunctions on T2?

14



o(x,y) = (sinnx)siny — (sinx) sinny
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WIDTH OF REGULAR NODAL ARC C
~:[0,4] — C
|ﬁ\=1,lvl~ﬁ:(0<ﬁ<z)
WIDTH
w(C) ~ Pk
.




Conjecture (B-Rudnick)
1
If C C Ny is aregular arc, then w(C) < ET2T8 = \—1te

Theorem (B-R)
o w(C) < A3TE

o Let {C,} be a collection of disjoint regular arcs from N
1
such that w(Cy) > AT2TE

Then
S |Cal < ATE
(87

o Let {Cy} be a collection of disjoint regular arcs from N
such that w(Cy) > A~17¢. Then



EXAMPLE OF THE SPHERE

zonal spherical harmonics Y (6, ¢)=P (cos 0 )
P_(x)=Legendre polynomial

| n/2 | _ ' 2n—-2 3 .
PH(,)C) _ 21” Z (_ 1);{”]{ n J]xn2j
j=0 J

n—2j

nodal lines = parallels e.g. the tropic of Capricorn

correspond to zeros of P, (x)

Special case of our problem:

Show that at most finitely many zonal spherical
harmonics Y, (6, o = P 4+ n(cosf) can vanish on a
fixed parallel (except the equator cosd = 0)




Stieltjes’ conjecture for Legendre polynomials

Conj: Py (x), P,(x) have no common zero if m #= n (exceptat x = 0)

Lzgzndra Polynomizls

10
M
-10 s

Stieltjes’ conjecture (1890)

The Legendre polynomials Py, (x), P>,4+1(x)/x are irreducible over the
rationals ! (still open)

- Studied by Schur & his students

- Stieltjes’ conjecture implies that the nodal lines of distinct zonal harmonics
are disjoint (except for the equator), in particular a given parallel can lie
on the nodal set of at most ONE horizontal harmonic.




RESTRICTION THEOREMS
Theorem (Burg-Gerard-Tzvetkov, 07)

M compact, smooth Riemannian manifold
>. = codimension one submanifold

2 1/4 2
/ZISOE! < EY4 |, 113

If moreover Y is curved

2 1 2
fi-lesl? < BYCllp,2

Estimates are sharp for the sphere

Motivated by work of A. Reznikov in hyperbolic case



RESTRICTION BOUNDS AND CONVEXITY BREAKING (d = 2)
Theorem (B, 09)

Ifp>2and~:[0,1] — M ageodesic segment, then
1
leelln2¢y) < CXPllegll pocan

Remark There is an integrable perturbation M of the flat
torus T and a geodesic segment ~ such that for a sequence
of eigenfunctions

1 1
I¢lls ~ AG and [lpgll 2,y ~ A

Theorem (B, 09)
1 . 41
le sl pacary < A167° max{llegll 2y : v geodesic} s

Variants obtained by C. Sogge



SOME APPLICATIONS
Theorem (S. Marshall, 012)
M = H/I" = arithmetic hyperbolic surface

1 = Hecke-Maass eigenfunction with spectral parameter t

 |[¥llr2¢y) < (/14T for v geodesic unit segment

st

ool

o 4]l agny < ¢

(Sarnak—-Watson: ||¢|[4 < t© conditional to Ramanujan conjecture)

Theorem (Sogge—Zelditch, 011)

(M, g) = compact, smooth 2D manifold with non-positive

curvature. Then
1

leellLacn = 0(>\8)||90E||L2(M) for & — oo



Theorem (B-Rudnick, 011)
Lletd =2 o0ord=3

s> C T real analytic with non-vanishing curvature. There are

constants C' > ¢ > 0, Eg > O (depending on %) s.t. for all

eigenfunctions with E > E

ellllz < ( L le@)2)? < Cllell?

Upper Bound conjectured by Burq, Gerard, Tzvetkov
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Problem (T2)

Is there a constant such that

lepll2¢y) < Cllegll2

if v T2 is a unit segment?
i

Problem

Is the number of lattice points

582 y2:E

1
on an arc of size 4 bounded by an absolute constant?

1
An arc of size E4~° contains at most C: lattice points and is
1
conjectured to be true for arcs of size £27°



Remark
For most E/, minimal spacing of lattice points on

°+y°=FE

. 1_
is at least E2~ ¢

Remark
For most E, there is inequality

lepllr2ey < Cllegllo
()

whenever ~ C T? is a smooth curve
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COURANT NODAL DOMAIN THEOREM

Courant Theorem

n-th eigenstate has at most n nodal domains

Some improvements (A. Pleijel, 1956 ) for 2D
lim sup N(n)

nN— 00 n

<0,691...

No nontrivial lower bounds in general:

N = 2 for a sequence of eigenfunctions of T2
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BOGOMOLNY-SCHMIT CONJECTURE AND
‘WORD EXCHANGEABILITY’ PRINCIPLE

Bogomolny—-Schmit (02)

Asymptotic distribution of nodal domains of chaotic manifold
(2D) is universal and described by percolation theory.

In particular

N(n) ~n

EXCHANGEABILITY heuristic

Properties satisfied by generic eigenfunctions on (all)
completely integrable manifolds are also satisfied by ALL
eigenfunctions on a generic chaotic manifold



BOGOMOLNY-SCHMIDT RANDOM WAVE MODEL

Theorem (Nazarov-Sodin, 09)

Behavior of W for random eigenfunctions on the sphere

Theorem (B-Rudnick, 011)

Similar results for tori, i.e. N(n) ~n



Distribution of lattice points on spheres

e Jarnik type results
e Bounds on number of lattice points in caps

e Equidistribution theorems
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Jarnik’s theorem

Jarnik (1926): Any arc of length r<< R1/3 on the circle X,%+X,>=R? contains at
most TWO lattice points ! '

Given three pomts on an arc of size r,
compute the area of the triangle they span.

On one hand, it 1s bounded above by the
area of the cap spanned by the arc

On the other hand, being an INTEGER triangle implies its arca is at least %a:

We get: Vo< /R — r=>>R13. QED

Higher dimensional version: On the sphere {|z| = r} in R%, the lattice
points in any spherical cap of diameter << r1/4+1 are co-planar




CLUSTER STRUCTURE

E=7%N\S;_4

There are constants O < 6, C depending on d s.t. if
1 < p < RY, then there is a decomposition

g:Uga

dist (o, Eg) > p for a £ 3
diam (&) < p©

Corollary Givenr > 0, there is § > 0 s.t.

HSOE‘IHQ > 5HSOEH2

whenever I C T? is a ball of size T and (o an eigenfunction



LATTICE POINTS IN CAPS

E=7NAS;_1  #E < N2t

F (A, r) = maximal number of points in
EnCr,wherel <r < R
and C’- a spherical cap of size r

32



Theorem (Cilleruelo—Cordoba, 92)

1
Fr(\,r) < Ce forr < A27¢

11 |Pz'—Pj|Z{

1<i<g<m

2221 if mis even

A (=1 it 1 is odd

Conjecture (Cilleruelo-Granville, 07)
Fo(\ 1) < Ce for r < A€

Theorem (B-Rudnick, 011)
o F3(\7) < A (r(5)7 1) forn < &
o F4(\1) < X ( +1r3/2)

o Fy(\ 1) < A (" 4 r13) ford > 5

(A€ factor redundant for large d)



EQUIDISTRIBUTION IN 3D

E={zeZ3 x| =2+ 25+ 25 =F)}

£| < Eate
EF£X P E£E4(8b+7) (Legendre-Gauss)

£ has primitive points < E %= 0,4,7( mod 8)

1
Then there is lower bound |£] > E2~° and projection \/LEE on
S> becomes equidistributed for £ — oo

(conjectured by Linnik and proven by Duke—lwaniec)
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DISTRIBUTION IN SMALLER REGIONS?

Divide v/ E£.S> in boxes Aj of size ~ E%

1
Theorem Y ;|4;NEI° < E27°

. L 1
‘average’ separation between points is ~ E4%¢

Follows from Siegel mass formula applied to

{(z,y) € 2°x2%; |z|* = E = |y|* and (z,y) = b}

35



APPLICATION TO THE ELECTROSTATIC ENERGY

Problem Distribute point charges x,,...,z, € S> as to

minimize the electrostatic energy

1
E(zy,...,xzy) = > . .
17 ‘33@_37]‘

and, more generally, the S-energy (0 < s < 2)

Es( )= > !
CU 70007CE —
S\l N i |CEi—CCj|3
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The minimum energy problem is to find a set of m points on
the unit sphere which minimize their Riesz energy. The images
above correspond to the energy when one extra point is added
to the set of 100 points illustrated above for (from the left to the
right) s = 0.1, s=1and s =4
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Theorem (G. Wagner, 92)

Eu(z1,...,zy5) > I(s)N? — cN3/2

where

I(s) = [ |l& — yl|"*do(x)do(y) =

21—8
2—s

Theorem (B-R-S, 09) Let £(n) = %ﬁg(n) C S, and
N = #&(n). Suppose n — oo and n #= 0,4, 7(mod8).

Then
E(E(n)) = I(s)N?

O(N27°)
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RESTRICTION ESTIMATES

if|m—nl|x

N — (&
/2 p|?do ~ Y @(m)p(n) T

| 1|, = support functional of

> smooth, compact hyper-surface of (positive) curvature

Estimates on bilinear exponential sums using various

iInformation on lattice point distribution on spheres
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