Estimates of certain large deviation
probabilities for controlled
semi-martingales

Perspectives on Analysis and Probability
Conference in honor of Freddy Delbaen
September 24-28, 2012 at ETHZ

Hideo Nagai

Department of Mathematics
Kansai University, Suita, 564-8680, Japan,

CSFI
Osaka University, Toyonaka, 560-8531, Japan,

E-mail: nagai@sigmath.es.osaka-u.ac.jp, nagaih©@kansai-u.ac.jp



Large deviation estimates for controlled semi-martingales

(1.1) dX; = B(Xp)dt + M(Xp)dWy, Xo==z¢€ RY,

W; : M-dim. F; BM., Xz): RN— NM, B(z): RN — RN

1 1
1.2 J = |im —inflogP|(=Fpr(X,h )< :
(1.2) (k) = lim Zinflog P (ZPr(X.h) <)

T T
.%wm0=%+ﬁf@ww@+A¢MMMW%

Fo: Fo - m'ble r.v., hs. F; - prog. m'ble, R™-valued, m,N < M
1
f(z,h) = —Eh*S(fL‘)h + h*g(x) + U(x), ¢(xz,h) =3d(x)h,

S(z) : RN — R™ @ R™, g(z): RN — R™, §(z): RN — RM @ R™,



Robust version of large deviation estimates

d—PC = efOTC;deS_% fOT|<8|2dS
dP | -
T

Wy :=W; — [§¢sds : B.M. under PS

dXy = {B(X¢) + M X)Cedt + A(Xp)dWy.

(1.3)

J1(k) ;= lim - inf sup log P* 1{F (X.,h)+ 'LL/TK |2ds} <k
K) 1= — - s .



Motivated examples "Market model”

Riskless asset:
(1.4) dsP(t) = r(X)S%)dt, S°(0) = s°.
Risky assets:

dSi(t) = Si(t){d(Xp)dt + YT ol (X,)dWEY,

(1.5) | |
S0)=3s" i=1,..m
Factors:
dX = B(Xp)dt + M(X3)dWr,
(1.6)
X(0) =z € R",



Total wealth:

m . .
Vi= ) NiSi
i=0
N} : Number of the shares
hl = %f% . Portfolio proportion i=20,1,2,...,m.
ht = (hi, ..., A
dVy

Voo r(Xg)dt + h(t)* (a(Xt) — r(Xg)1)dt + h(t) o (Xt)dWr,

log Vr = log Vj

I 1 * * * ~ T *
+/O {—Ehsaa (Xs)hs—l—hsa(XS)—I—T(Xs)}dt-l-/o hso(Xs)dWs,

a(z) = a(z) —r(x)l.



Asymptotics of the minimizing probability :
1 1
1.7 Jo(r) := Iim — inf logP(—=IlogVyr(h) < K).
(A7) Jo(x) = lim 7 inf | log P(;log Vr(h) < )
concerns the problem of down-side risk minimization for the given
target growth rate k.

Setting n+m= M, n= N, and

Fla,h) = —%h*aa*(a:)h F haz) + r(2), ol h) = o*(2)h,

we arrive at the above problem (1.2) with S(z) = oo™ (x) = §*6(x).



Complete market case: n=0, m= N = M,
Assume that SDE

. . 1 y m.o . . .
AXi = (o' (X)) = Soo" (X)) + 3, o (X)dW, - Xp =
j:
is given, and set X} = log S} .

The solution to this SDE is regarded as "factors” and S;f = e
satisfies (1.5) with st = e*'. Namely,

Xj

B = ala)' ~ (00")i(2), A(@) = o),



Downside risk minimization

(1.8)
Jo(k) = ety IPf . ]SUD{% x0(0)}, xp(—o0) < r < x'(0-)
0 )R
where
(1.9) xo0(0) = Tllm %lgflog E[f109Vr(M)] g < 0.

Duality relationship (1.8) between downside risk minimization (1.7)
and risk-sensitive portfolio optimization over large time (1.9) is
shown for several models. In the proofs, analysis of the H-J-B
equation of ergodic type plays a crucial role.

cf. Hata - N. - Sheu '10, AAP: Hata-Sekine '10, AMO:;
N. '11, QF ;: Hata '11 APFM: N. '12 AAP



Upside chance maximization

1
(1.10) Ju(k) =sup lim —log P(—Iog Vir(h) > k)
h., T—oo I
1
(1.11) x4+ (6) —sup im —log E[e?'°9Vr(M] 0 <o <1
he AT T—oo T

The arguments are rather similar to the proof of the large devia-
tion principle without control parameter. Indeed, " Gartner-Ellis”
theorem holds. Namely, If x4 (0) is differentiable with respect
to 0 < 6* and limg_ g+ X’+(9) = oo for some 0 < 6* < 1, then, for
X'y (0+) < k < oo, one can obtain
Ju(k) = — inf sup {0k —x4(0)} = — sup {0k —x4(0)}
k€[r,00) 9€[0,0%) 0<[0,0%)

cf. Pham ’'03; Hata-Sekine '05, Hata-Ilida '06; Sekine '06
Hata-Sekine '10; Knispel '12, etc,..



Relationship between downside risk minimization and asymp-
totic arbitrage
Note that

1 1
inf P(—=logVp(h) <k) =1-—supP(=log Vpr(h) > k)
h T h T

and that we are looking at the asymptotic behavior for
X' (—o0) < k < x'(0-),

1
inf P(710g Vip(h) < k) ~ e~ TJo(x)

which is close to 0, and hence supy P(%Iog Vir(h) > k) is close
to 1. Thus, it implies the relationship between downside risk
minimization and "asymptotic arbitrage” discussed by FOllmer-
Schachermayer .



Large deviation estimates for controlled semi-martingales

(1.1) dX; = B(Xp)dt + MN(Xy)dWy, Xg==x € RN,
. K) . O T K.
T——>oo T h. J T v

T T
Fr(X.,h) = Fo+ /O F(Xs, hs)ds + /O o(Xs, hs)*dWs

fa,h) =~ R S(@h+ () + U(), ol h) = 6()h,

S(z) : RN — R @ R™, g¢(z): RY — R™, §(z): RN — RM @ R™,



Risk-sensitive control and its H-J-B equation

Assume that Fp = 0 and consider

1
2.1 x(0) = Iim — inf J(x;h;T), 06<O,
(2.1) R(O) = lim o inf (ki T)
where
(2.2) J(z:h:T) = log E[e‘g{foT f(Xs,hs)ds+ fo P(Xs;hs)*dWs}y

and h ranges over the set A(T') of all admissible investment strate-
gies defined by

2
{h € H(T): E[¢° 3 RE6*(Xs)dWs—& OThgé*a(Xs)hsds] —1).

{hih:10,T] x RN s R™; Borel, |h(t,z)| < C(1 + |z|!),
h(t, X¢) is progressively m’ble}

A(T)
H(T)

Then, we shall see that (2.1) could be considered the dual problem
to (1.2).



Assumptions
(2.3)
A, (B, S, g, 0 are smooth and globally Lipschitz, U is smooth

and bounded below

U(z)], |IDU| < Myl|z|? 4+ M>
(2.4) c0d*8(z) < S(z) < c16%5(z), =z € RYN, cg, ¢c1 >0
(2.5) 6°0(x) > csl, c5>0

(2.6) col€]? < EFMNF(2)€ < c3l€]?, ¢, 3 >0, €€ R,



Note that, when setting
Qp := S(z) —06"6(x), 6<O,

Qp satisfies
(2.7) (co—0)5"0(x) < Qy(z) < (c1 —0)5"6(x)
and
(28) 0Q; (@) <L (@)L, L (56(x)) ! < 0Q; H(x)
c1 — 6 co— 6
Moreover,
(2.9) 0 I<T4066Q 6 <
co— 0

holds. Indeed, (2.7) follows directly from (2.4) and thus (2.8) is
obtained from (2.7). The lefthand side of (2.9) is seen since

v I < 0
co—60 “Tcg—10

which follows from (2.8). The right hand side of (2.9) is obvious.

5(8*8)~1e* < 05Q, 1o,



Risk-sensitive control

(2.10)
U (t’ T T) — inf log E[ee{foT_t f(X37hs)d3+fg_t SO(X&hs)*dWs}]_
h.e A(T—t)
Under
2
Ph(A) = B[ Jo PE6*(Xs)dWs—55 [§ hi6*6(Xs)hsds . Al
X satisfies

dXy = {B(Xy) + OAS(X)hi}dt + A(X)dW], Xo==
with B. M. W} defined by
t
Wh =W, — 7/0 5(Xs)hsds

(2.11) wv«(t,z;T) = inf log Eh[69 foT_t{f(Xs,hs)+%h;‘5*5(Xs)hs}ds]
h.c A(T)



The H-J-B equation :

\

O+ 1tr[AN*D2v] + 3(Dv)*AN*Do

+infu{[8 + OASK)* Dv + 0 (z, h) + & h*6*5(z)h} = O,
v(T,z) =0

which is written as

(2.12)

where

OU + Ltr[AN*D?v] + B Dv + 5(Dv)*ANgA*Dv

| +59*Qy T9 + 60U =0,
v(T,z) =0,

Bg = B+00Q, g, Ny=1406Q,15*, Qp=5— 055"



Note that

(2.7) (co—0)6"6(x) < Qo(x) < (c1 —0)5" ()

and that

(2.9) O _I<Ny=T14065Q, 16" <1
co— 0



Analytical result

Under the assumptions (2.3) - (2.6) H-J-B equation (2.12) has a
solution such that

v(t,x) < Ko

v, 9, 8, g2, € LP(0,T; L, (R™)

5 > —C

?9221151’ 8?622'575’ 8xig::;8xk’ 833?;;3;875 € LP(0,T; L%?oc(Rn))

D2 4 L0=0UED (G0 4 0y < (IDNgI3, + INgl3, + [DON)3, + [DBgl2y

‘|‘|50|%,~ + |0U |2, + [0DU| 2, + |99Q9—19|2r + |9D(9Q9_19)|2r + 1)
x € By, te[0,T)

cf. Bensoussan-Frehse-N '98 AMO, N. '96, '03 SICON,



Then, we have the following verification theorem.

Proposition 1 Let v(t,z;T) be a solution to (2.12). Then,
h(t,x) == Qy  (S*N*Du(t,z) + g(x))

EgT) = ng’T) = h(t, X;) is the optimal strategy:

v(0,x;T)

log E[eg{foT (X5, R ds+ [ @(XsﬁgT))*dWs}]

T T *
INfp, e acry 109 Efe?{o F(Xsha)dstfo o(Xsha) diVeg



The Related classical stochastic control problem

(U Ttr[AND?0] + B Dv + 3(Dv)*ANgA*Dv
(212) < +59Qy tg +6U =0,

v(T,z) =0,

Noting that

0Q, 1 = (6%8) 15" Nys(6*86) 1 — (5%5) 1

(2.12) is rewritten as follows



U+ Ltr[AN*D2v] 4 {8 — A5(5*6) " Lg}*Du
+1 Do + 5(5*8) ~Lg]* Ny[A* Do + 6(5*5) 4]
—59*(6*6)"1g + 60U =0,

v(T,z) =0,

which is the H-J-B equation of the stochastic control problem:

5.(0,2; T) = sup E[/OTdD(YS,zs)ds]
subject to
dYy = MYp)dB; + {G(Yy) + A(Yi)z}dt, Yo =z,
G(y) = B(y) — A6(5*6) g

1 — ko ok o\ —1 ok 1 % ok O\ —
P(y,20) = =2 "Ny T2+ g"(670) 710" ()2 — Sg"(670) " Pg(y) + 06U (v).



Convexity of v(0,z;T) with respect to ¢

d(y,z;0) is seen to be a linear function of . Indeed, we can see
that 82(9];[8 — 0. Further, the verification theorem also holds in the
above stochastic control problem, and hence convexity of v(0,z;T)
with respect to 0 follows since ®(y, z;0) is a linear function of 6.
Further, we shall later see the convexity of x(6), which is the
solution to the H-J-B equation of ergodic type, follows from that

of v(0,z;T).




H-J-B equation of ergodic type
H-J-B equation of parabolic type:
(U trAND?0] + B Dv + 5(Dv)*ANgA*Dv
(2.12) < +%9*Qy g+ 60U = 0,

v(T,z) =0,

\

Now let us consider the infinite horizon counterpart of H-J-B equa-
tion (2.12), which is called H-J-B equation of ergodic type:

x(0) = StrAN*D?w] + B5Dw + 5(Dw)*ANyA* Dw

+29*Qy g + 0U,



Proposition 2 ) Assume that

(3.2) lim_inf {g*(6*6) 1g(z) + U(x)} = oo

T—00 |g|>r

besides the above assumptions. Then, we have a solution
(x(0),w) of :

x(0) = StrIAN*D?w] + 85 Dw + 5(Dw)*ANyA* Dw
3.3
(3:3) +59*Qy tg + U,

such that w(x) — —oo as |x| — oo. Moreover, such solution
(x,w) is unique up to additive constants with respect to w.

ii) The solution w satisfies the following estimate

(3.4) Vw(z)|? < Culz|?+C),  Cuw,Ch >0



iii) If we moreover assume

1
(3.5) calz|® —c5 < 99*(5*5)_19(&*3) +U(z), ca,c5 >0,
C1 —
then, we have
(3.6) w(z) < —cwlz|® +d,

Here we note that ¢, is a positive constant such that

—cy0
4
and cg is the one such that |By(x)| < cglz| + C

(3.7) 2036%0 ~+ cgew <

i) cf. Bensoussan-Frehse '92, Reine Angew. Math., N. '12 AAP
i) and iii) cf. Proposition 3.2 in N. '12 AAP



Large time asymptotics of the solution
Since w(x) + x(T — t) is a sub-solution to (2.12) for a specified
solution w(x) to H-J-B equation (3.3) such that w(z) < 0 we have

(3.8) v(t,z;T) > w(z) +x(T—t), T>t>—c

Proposition 3 Under the assumptions of Proposition 2 iii),

(3.9) v(t,z; T) — (w(z) + x(T — 1)) < cplz|? +

where cg, and 095 are positive constants independent of t.

Now set

w(0,z;T) :=v(0,z;T) — {w(x) + x(0)T}

Theorem 1 Under the assumptions of Proposition 3, as T — oo,
w(0,x;T) converges to a constant coo € R uniformly on each com-
pact set.



Corollary 1 Under the assumptions of Theorem 1 we have
v(0,z;T)

I = (6
Am x(0),

where (x(0),w(x)) is the solution to H-J-B equation of ergodic
type:
x(0) = StrAN*D?w] + B5Dw + 5(Dw)*ANyA* Dw
(3.3)
+59Qp tg + 60U,

Further, x(0) is convex.

e [ heorem 1 is shown by using the methods of Ichihara and Sheu
(cf. their preprint and N. ' 12).



Ergodicity of the optimal diffusion
H-J-B equation (2.12) is rewritten as

(U Ltr[AND?0] 4+ G*Dw
+3[\*Dv + 6(6*6) "L g]* Np[\* Do + 5(5+6) " 1g]
—59*(6*5)tg + 60U =0,
o(T,z) =0

\

which is the H-J-B equation of the stochastic control problem:

T
5.(0,2: T: 0) = sup E[/O D (Ys, 25)ds)
z,
subject to
dY; = MY;)dB; + {G(YVp) + A\(¥VD)z}dt, Yo =,

1 1

d(y,z;0) = —EZ*Ng_lz+g*(5*5)_15*(y)z—59*(5*5)_19@) + 60U (y).



Thus the verification theorem for this stochastic control problem
implies that

.1 1 T
x(0) = TJ|—>moo fv(O,:c; T) = ZJLmoofSsz,p E| ; D (Ys, z5)ds]
Since
SN Dw 4 §(5*8) "Lg]*Ng[\* Dw + 6(6*8) ~1g]
= SupzeRM{—%z* 9_12 + 2*(6(6*8) " 1g 4+ X*Dw)}

the generator of the optimal diffusion process for the problem on
infinite time horizon is seen to be

LW = StrAN*D?9] + {G + ANy (5(5*8) " 1g + \*Dw)}* Dy

= StrAN*D?y] 4 85D + (Dw)* ANgA* Dy
because of
Ny =1+ 65Q, 15*
G+ ANps(5*6) g = B+ 0X6Q5 *g = .



Note that
w 1 * * 0 -1
x(0) = L%w — E(Dw) ANgA*Dw + EQQQ g+ 60U
Then, by setting w = —w, we have
1 0
LY = —x(0) — E(Dw)*Ng)\*Dw + 59@519 + U — —0

as |x| — oo. Moreover, w(x) — oo, |x| — oo and we see that LY is
ergodic. The optimal diffusion is governed by:

dX; = N Xp)dW; + {Bp + )\Ng)\*D’w}(Xt)dt

Further, under the assumptions of Theorem 1, for each 61 <60 < 0
there exist positive constants £ > 0 and C' > O independent of T
and 6 € [01,60p] such that

(3.10) E[eFP(XT)] < ¢



Differentiability of H-J-B equation

(EE)
ON,
Y(0) =LY% — U — —(A*Dw — 5(5*8) " 1g)* 89"(/\*1}@ —§(5*8) " 1g),
where w' = 8—9 = —%—"‘é{ (cf. Lemma 6.4 in N. '12, AAP),
ON
—69 = 6Qy 6% + 0(6Q,16%)? > 0

To obtain (EE)’, we first need to see the unique existence of the
solution (u,~(6)) of the Poisson equation :

(4.1) —7(0) = L%u(z) — f(x)



Noting that COCE@I < Ny, we see that for sufficiently large Rg > 0

K(2;®) = —LY%(z) > — 2 (D@)*AN*Dw(z), € BS .
(co — 0)w 0

This condition ensures the unique existence of the solution to (4.1)
(cf. Bensoussan’s book, or N. '12, AAP). Indeed, by setting

2.p. u(z)|
Fp={ue Wb esSSUPse g, (@) < oo}
and
| f(z)]
Fro = L$C: esssu c < :

we see that for f € Fy, (4.1) has a solution (u,v(6)) such that
u € Fy,

(4.2) 10) = [ f(2)my(da)
(cf. Corollary 5.1 in N. '12, AAP).



When setting
1 ON,
f(z) =U + 5(,\*Dw _ 5(5*5)—19)*8—99(/\*17@ —5(5%6) " 1g)

equation (4.1) is the one that the derivative of the solution (i, w)
of H-J-B equation of ergodic type should satisfy and through fur-
ther analysis we can see that x(60) is differentiable and the solution
satisfies (4.1)



Duality theorem

Theorem 2 For k € (X'(—o0),x'(0-)), we have

1 1
li — inf | Pl|—Fr(X . .h)< = — inf I(k) = —1
lengo T hEISl(T) 09 (T T( N ) o Kj) ke(x’l(n—oo),ﬁ;] ( ) (K/)

I(k) ;= sup{0k — x(0)}
0<0

Moreover, for (k) such that x'(0(k)) =k € (x'(—00),x'(0—)) take
a strategy Bge("")’T). Then,

1 1
im l (0(k), 1)y < ) — _ i — _
TI|m log P ( Fr(X,h ) < k ke(x’l(n—f ] I1(k) I(k)



The " equivalent” stochastic differential game
(5.1)
J(0,; T) = infy, sup, EMV[0{[g f(Xs, hs)ds + Jo o(Xs, hs)*dWs}

—2 Jd |vs + 05(Xs)hs|?ds],

where X; is a solution to the stochastic differential equation
(5.2)
dXy = {B(Xt) + M X)) (v + 06(Xy)he) pdt + N(X)dWy,  Xo = =,

PhV is a probability mesure on (2, F):

Phv(A) = E[efg(us—l—ecS(Xs)hs)*dWS—%fOT|us—|—05(Xs)h3|2ds; Al

_ t
Wy = Wy — /O (vs 4 06(Xs)hs)ds. PP — B.M.

Elefo (at05(X)ha) dWa=3 [ vs+08(Xo)hsl2dsy — 1



h,v T T * _l T 2
E [9{/0 f(Xs,hS)ds—l—/O (X5, hs)*dWs) 2/0 vs 4 05(Xs)hs|2ds]
= EMV[[g {—5hiQo(Xs)hs + 0hig(Xs) 4+ 0U(Xs)}ds — 5 [ |vs|2ds]

= EM[[d =(Xs, hs, vs; 0)ds]

_ 0 1
= (2, h,vi0) = = h*Qo(x)h + 0h*g(z) + 0U () — Z|v|?
Thus, (5.1) is written as

— T
(5.3) J(0,;T) = inf sup Eh”/[/o =(Xs, hs, vs: 0)ds]
. V-

whose H-J-B equation (Isaacs Equation) is seen to be

% + %tl’[A)\*DQU] + sup ir}]bf[{ﬁ + A(v 4+ 00h)} Dv 4 =(z, h,v;0)] = 0.



1 1
sup[v*\*(x) Dv — 5|y|2] = §(Dv)*M*(az)Dv,
14

0 0
inf[0{A6h}" Dv — Zh*Qgh + 0h™g] = ~(5"A"Dv + 9)*Qy 1 (5* N Dv + g),

lead to the same H-J-B equation as the risk-sensitive control:

s, 1 1 6
a_: + 5tr[,\/\*D%] + 85 Dv + 5(Dv)>'</\J\f9X"Dfu + 59*@519 +0U =0



The H-J-B equation of ergodic type
(0) = %tr[AA*DQw] + Sup InfI{ + Aw + 65h)}* Dw + =(z, h,v; 6)].
which is written as
x(0) = LYw 4+ =(z, h, 7; ),
where

h(z) = Qu 1 (* N Dw(z) + g(x)), P(x) = A*Dw(z).



Outline of the proof of Theorem 2

Note that

(6.1) x(0) = LYw + =(z, h,7; 0)

(6.1)

X(6) = LV + U+ (N Dw + 6(5°5) 1) (" Dw + 6(5°5) ~g)
(6.2)

1
x(0)—6x'(0) = Lw(w—Q’w')—§(N9>\*Dw+95629_19)*(NQA*Dw-I-%Q@_lg)

(6.3)  (NgA*Dw + 05Q, 1 g)*(NgX* Dw + 06Q, tg) = |7 + 05*R|?
Introduce a probability measure P defined by

APl B0+ (XX YW= 3 70X +08(X)R(X,) Pds.
dP| .



M{ = [§{p(Xs) 4+ 05(X)R(Xs)}dWs
Ay = {37 > (x(6) — 0x'(0) — )T}

Ay = {Jg [(Xs,hs)ds + [§ o(Xs, hs)*dWs < wT}
Az = {—MY > —T}

P(JE f(Xs,hs)ds + J§ o(Xs, hs)*dWs < T) = Ble= M= 1/20r; 4,
> (X(O)=0X(0)=2)T P(A; N Ay N A3)

> e(XO)=0X()=2T11 — P(AS) — P(AS) — P(AS)}

P(AS) <e for sufficiently large T

P(A§) <e for sufficiently large T



0 Jo f(Xs hs)ds 40 [g o(Xs, hs)*dWs
J& =(Xs, hs, Us; 0)ds + 6 [§ RES(Xs)*dWs + 5 [& |Ds + 06(Xs)hs|2ds

+0 [§(hs — hs)*6(Xs)*dWs — & [T (hs — hs>*s<xs><hs — hs)ds,
= 0{x' ()T +w'(Xo) — w'(X7) + JT{(Dw')* M Xs) + hi6(Xs)*}dWs)
+0{ /3 (hs — hs)*(6(Xs)* — S1/2(X))dWs + (M} — S(M") 1)}
Take x and e such that x/(—oc) < k — e < xX/(0—), and 6. such that
sup{6(x — ) = x(6)} = Oe( — €) = x(6e)

namely, x'(8¢) = k —e. Then,

P(AS) < e for sufficiently large T



Hence we have

P(fd f(Xs,hs)ds + [§ (X, hs)*dWs < kT)

> e—TSUDQ<O{0(KZ—E)—X(9)}—2€T{1 B P(A(i) o P(A%) B p(A%)}



Robust version of large deviation estimates

PC : d—PC = efgc;dws_%fg‘CS‘zds
dP
Fr

dXy = MX)dWS + {B(Xe) + A(Xe) i}t

J1(k) = limp_ o 4 infy supe log PS (%{FT(X,, h)+ 5 J3 [¢s]2ds} < m)
= —I1(k).

I1(k) 1= sup{fx — x1(0)}
<0

T
x1(0) = lim %i}r:fsup log EC[PAFr(Xoh)+5 fo [Gsl%ds}y

T—o0



Formulation of the game

Lower value function

T
ux(0,z; T) = hiergH ggglog EC[OFr (X h) 5 fo [GsI2ds)y

T .« 1 T
Z = {(:¢; is prog. m'ble, E[efo GdWs=3 Jo 1GsPds) — 1 3
Ay = {ht; he = h(t, Xt,¢) is prog. m'ble, h(t,z,() € H,
E[efg{Cs+95(Xs)hs}*dWS—% fg|gs+95(xs)hs|2ds] —1),

H : the totality of Borel functions h(t,z,¢) : [0,T] x RN x RM — R™
such that |h(t,z, ()| < C(1 + [z] 4+ [C])



Risk sensitive stochastic differential game

C)h T 2 T
dP — 69 fo SO(XSahS)*dWsC_% fo ‘@(Xs,hs)‘QdS

dPS |

t
Wéh = wé — 9/0 o(Xs, hs)ds

dX = MX)dW" 4+ (B(Xe) 4+ M Xe) ¢t 4 06(Xe)hy)dt

T
u*(O,x; T) = i”fheAH SUDCEZ Iog EC[GQ{FT(X"}L-)+% fO |C\2ds}]
T
p— i”fheAH SUDCEZ log ECah[ee fo 77(X87h87C8)]
n(z,h,¢) = f(z,h) +h*6(x)*¢ + LI¢1? + 4|6 (x)h|?

= —3n*Qph + h*(6¢+ g) + U + 5I¢12



Lower Isaacs equation
Ou 4 Itr[AN*D?u] 4 B*Du + 5(Du)*AN*Du + H_(z, Du) = 0
u(T,xz) =0,
H—(:E7p) — SUDCERM infhERm /\(377297 C7 h’)
Sup ¢ g INfrepml{¢ + 65 (x)h}*A(x)*p + n(z, ¢, h)]

9u + Ttr[AN*D2u] + B Du 4 3(Du)* ANy *Du
+59*Qy g + 60U

u(T,z) = 0,

1 s 1. 1.
By = B+ 60XQy g, Ng=1+00Q,6%, Ry,=1+ ;5% L5



Rewriting as follows is useful to study the equation:

Ju 1 Ltr[AN*D2u] + (8 — X5(6%8) ~1g)*Du
+g*(8*6) ~15* Ry - NN Du — 572 (Du)* ANy Ry " \* Du
+39%(6%8)"16*(Ny — IRy 16(5%6) " 1g + 60U = 0

uw(T,z) =0,

R(;lN@ = NQRQ—,L{ = (1 - eu)R(;jL + Oulyy,

pco
1+ pu(eg —0)

§*(Ny — I)Re_jé = Oud* (I — Rai)é = 95*5@515*1%9—,;5 < —clm

IMgjobNgglM, <0, u>0



Optimal feedback
u . Sol. to the Lower Isaacs equation

h(t,z,¢) = arg inf A(x, Du(t,z),(, h)
he R™m

((t,z) = arg sup A(z, Du(t,x),(, h(t,z,())
CERM

‘Thus
H_(x,Du) = SUDCGRMinfheRm/\(CU,Du(t,iB),C,h)

= A(z, Du(t,z),((t,x), h(t,z,((t,z)))

e It can be seen that
C(t, @)

h(t,z, ()

—%Rai(NgA*Du + 05Q, 1 g)

Qy (g + 8¢ + 5*X*Du)



e The verification theorem holds for h(t, X¢, () and & = C(t, Xy),

T
us(0,2:T) = inf suplog ESN[ef Jo 1(Xshs,C)
hEAH CeZ

J(C, h(C)) := log ESMO[ef foTn(Xs,h(s,Xs,Cs),Cs)]

h(¢) = h(t, =, C),

We can show that

J(¢,h(€)) < J(C R(Q)) < J(CR(E))

and hence

e T
J(C, h(0)) = hlerXH §L€J§ log EC,h[QQ lo n(Xs,hs,Cs)]



H-J-B equation rewritten

2

Ou 4 Itr[AN*D%u] 4 (B — A6(6*8) " 1g)* Du

— 0 * S\ — — ” 0 _
— N Du — $2425(5%8) 19} Ny Ry [ {A* Du — 1245-:5(5*6) 1}
51ty g (576) " tg + 60U =0

uw(T,z) =0,

QU Tt D2u] + (B — A6(6*0) " Lg)*Du
+ supZGRM{Q(fo—femz*RQ,ﬂNg_lz + 2*(A*Du — 12—%#5(5*5)_19)}
+51 559" (8°6) "1g 4 60U = 0

uw(T,z) =0,




The related classical stochastic control problem

dXy = MX)dWy + {G(Xy) + AM(Xy) Z, }dt

T
ux(0,2; T) = sup E[/O (X, Zs)ds]
Z.

G(z) = B — N3(5%8) " 1g

d(x,z;0) = Q(f—‘ie)z*jouN_lz—lg—%uz*(S(cs*(S)_lg

+_2(19f—91u)9*(5*5)_19 + 0U

e d(x,2) is a convex function of 6, which implies the convexity of
value function u«(0,z;T).

e Convexity of x1(0) = limp_ %u*(o,x;T) is also obtained in a
similar way to the above.



Ergodic type equation
1 * 12 * 1 * *
x1(0) = Etr[)\)\ D“w] + 8*Dw + §(Dw) A" Dw+ H_(x, Dw)

H_(z,Dw) = SupCERMinfheRm/\(:C,Dw(a:),C,h)
= A(z, Dw(z),((), h(z,((x)))
{(z) = —giRy(NgX*Dw +05Qq ")

h(z,¢) Qy (g + 8¢ + 5N Dw)

x1(0) = Str[AN*D?w] + B Dw + (Dw)*ANyA* Dw
+59*Qy g + 60U
—ﬁ(NgA*Dw + 05Q, " g)*RQ_jL(NQA*Dw + 05Q, 1 g)



Duality theorem

Theorem 3 For k € (X’l(—oo),x’l(O—)), we have

lim — inf suplo PC Fr(X . h / 200 < ) — ]

I1(k) = sup{0k — x1(0)}
<0

Moreover, for (k) such that x}(0(k)) = k € (x}(—00),x5(0-))
take a strategy hU0K)) (¢, z. ). Then,

lim - 10g PEC{Fr(C, RO X, 8+ / CRds} < k) = —I1(x)



The " equivalent” stochastic differential game
(7.1)
J(0,2;T) = infy, sup¢, ESMV[0{fd f(Xs, hs)ds + [§ o(Xs, hs)*dWs}

+5 I3 1¢slPds — 5 3 s + 05 (X s)hs|2ds],

where X; is a solution to the stochastic differential equation

dX: = {B(Xe) + M Xp) (¢t + v + 05 (Xp)he) Ydt + MN(Xp)dWy, X = =z,

PSRV s a probability mesure:

PO (A) = BC[elo (s H08(X )R dWS =4 [T lvs+05(X)hslPds, 43

_ t
W, = WS — /O (vs 4 06(Xs)hs)ds.



EShY[0{f3 f(Xs,hs)ds + [§ o(Xs, hs)*dWs + 5 [§ |¢s|?ds}
—L (& vs + 05(Xs)hs|2ds]
= BV [[I{-5hiQp(X ) hs + 0h% (9(Xs) + Cs) + 0U(Xs) + %41¢s[?}ds
—3 Jd |vs[2ds]

= EShY[[d =1(Xs, hs, s, vs; 6)ds]

0 0 1
=1(z, h,v;0) = —5h*Q0(fv)h+9h*(9(fB)+C) +0U(z) -I-EM|C|2—§|V|2
Thus, (7.1) is written as

_ T
J(0,;T) = inf sup EC’}W[/O =1 (X, hs, Cs, vs: 0)ds]
. v.,C.



whose H-J-B equation is seen to be
Ou + Ttr[AN*D?u]
-+ SUP¢ inf,[{6+AX(v+ 4+ 05h)}*Du+ =1(x,h,(,v;0)] = 0.
It reads

Ou 4 Itr[AN*D2%u] 4 B3 Du + 3(Du)*ANgA*Du + 8g*Qy g + 60U



Ergodic type equation
x1(0) = tr[AN*D?uw]
+SUP,c gn e g INTrerm[{B + AC + A(v + 06R) }* Dw + =1 (2, h, ¢, V)]

can be written as

(7.2) x1(0) = LYw + =1 (=, h,, )
where

LYy = AtrAN*D2y] 4 (8 — M6(6*8) ~Lg)* D)

+g*(8%6)L6* Ry L NgA*Dyp — 252 (Dw)* ANg Ry = \* Dy

Op
ho= Qy'(g+ 5T+ 5N\ Duw)
{ = —3 Ry (NoXDw + 05Q5 g)
v = \N'Dw



OR;IN
X/]_(Q) — inuw/_l_g*(cs*(s)—lé** %,g QA*D’UJ

_ 1 0 Nolty
+552, (DW)*ANp Ry A" Dw — S5 (Duw )27 aee“A*Dw

ONyR: 1 aR—
Lg*(8%0) T 10* (—ppt — —21)6(8*6) "L+ U

x1(0) — 0x7(0) = LY (w — 0w’)
—LINGRIIN Dw + 0R; 16Q 7 L gV {Ng Ry Ix*Dw + 0R, 16Q7 g}
210, u 0.u0%0 I N0y A 0.u°%0 I
IS seen to be

(7.3) x1(8) — 0x1(6) = LY (w — 6w') ——|u+95h|2



e 11 is the certainty level of 3:

- 1
I ¢ llge = O(=)
ocC N

H. Nagai, Downside risk minimization via a large deviations ap-
proach, Annals of Appl. Prob. vol. 22 (2012) 608-669

H. Nagai, Large deviation estimates for controlled semi-martingales,
preprint (2012)

H. Nagai, Robust estimates of certain large deviation probabilities
for controlled semi-martingales, in Preparation



Linear Gaussian case
B(x) =Bx+b, g(x) = Az +a, U(x) = %:c*Vx + m,
M 0,S, A, B,V . const. matrices

u(t,z) = %:p*P(t):p F )z + 1(t). sol. of H-J-B eq.

P(t) — %P(t)/\NQRQ—ﬁ/\*P(t) + KiP(t) + P(t)Ky — C*C + 0V = 0
P(T) =0
Ki = B-—(1-0u))\{— Rai)é(é*é)_lA

C*C = —euA*((s*(S)—l(s*(I—35’;)5(5*5)—114



Q(t) + (Kf — 254 P())ANp Ry LA ")a(t) 4+ P(£)b
—0A*(5*6) 716" Ry 16Q, M a — L P(£) ARy ,0Qy Ta = 0

q(T) =0

i(#) + StrNP(6)] + 39(D)ANgA*q(t)
+(b+ 076Qy M a)*q(t) + 5a*Qy ta + Om
— 55 (NgA*q(t) + 05Q5 a)* Ry - (NgA*q(t) + 06Qp *a) = O

I(T) =0



In this case we can relax the assumption of uniform ellipticity for
A\*. Indeed, if B is stable, then,

P(t;T) — P, T — oo

P is a solution to the stationary equation such that
K1 — 25 ANy Ry I\*P is stable,



