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Random waves:  � = 1

(#{�j=�})1/2

X

�j=�

aj ��j
aj ⇠ N(0, 1) iid

Cov �
(x , y) = E( �(x) �(y)) =

1

#{�j = �}
X

�j=�

��j
(x)��j

(y)

Lemma
Let x0 2 Sn or Tn. Then,

lim
�!1

Cov �
(x0 +

u
� , x0 +

v
� ) = Cov 1 (u, v),

uniformly in u, v 2 B(0,R) in the C1-topology.

 1 : Rn ! R is a Gaussian field with Cov 1 (u, v) = 1
(2⇡)n

R
Sn�1

eihu�v,wid�Sn�1 (w)
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Answers: Integral Statistics

Theorem (C-Hanin’16)

If measure{geodesic loops closing at x}= 0 for a.e x 2 M, then

lim
�

E

#{critical points of  �}

�n

�
= An

lim
�

E

measure(Z �

)

�

�
= Bn

If measure{geodesics joining x , y} = 0 for a.e. x , y 2 M , then

Var


#{critical points of  �}

�n

�
= O

⇣
�� n�1

2

⌘

Var


measure(Z �

)

�

�
= O

⇣
�� n�1

2

⌘
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Distribution of di↵eomorphism types

µ� : H(n � 1) ! [0, 1]

µ� =
1

|C �
|
X

c2C �

�top(c)

H(n � 1) =

⇢
compact manifold, dim=n-1, no bdry,

smooth, can be embedded in Rn

�,
di↵eos

Theorem (Sarnak-Wigman ’13 combined with C-Hanin ’15)

Let (M, g) be s.t. measure{ geodesic loops at x } = 0 for a.e. x 2 M. Then,
9 µ1 : H(n � 1) ! R probability measure so that

µ�

�!1
������! µ1.

Theorem (C-Sarnak ’15)

supp(µ1) = H(n � 1).
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Distribution of nestings

⌫� : T ! [0, 1] ⌫� =
1

|C �
|
X

c2C �

�tree(c)

T = space of finite rooted trees

Theorem (Sarnak-Wigman ’13 combined with C-Hanin ’15)

Let (M, g) be s.t. measure{ geodesic loops at x } = 0 for a.e. x 2 M. Then,
9 ⌫1 : T ! R probability measure so that
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Theorem (C-Sarnak ’16 case n = 2 done by Sarnak-Wigman ’13 )

supp(⌫1) = T .
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Nodal domains for n = 2

Connectivity 1-measure
0 0.9447
1 0.0282
2 0.0089
3 0.0044
4 0.0026
5 0.0017
6 0.0012
7 0.0009
8 0.0007
9 0.0006
10 0.0005
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supp(µ1) = H(n � 1)

• Let h� be the first Dirichlet eigenfunction for Ac .

• Set h(x) = h�(x/�), (
��h(x) = h(x) x 2 �Ac

h(x) = 0 x 2 �c.

• Lax-Malgrange Thm: 9f : Rn ! R
(
kf � hkC1 < �

��f = f in Rn.

• Thom’s Isotopy Thm: 9 : Rn ! Rn with

 (�c) = f �1(0).



supp(µ1) = H(n � 1)

• Let h� be the first Dirichlet eigenfunction for Ac .

• Set h(x) = h�(x/�), (
��h(x) = h(x) x 2 �Ac

h(x) = 0 x 2 �c.

• Lax-Malgrange Thm: 9f : Rn ! R
(
kf � hkC1 < �

��f = f in Rn.

• Thom’s Isotopy Thm: 9 : Rn ! Rn with

 (�c) = f �1(0).



supp(µ1) = H(n � 1)

• Let h� be the first Dirichlet eigenfunction for Ac .

• Set h(x) = h�(x/�),

(
��h(x) = h(x) x 2 �Ac

h(x) = 0 x 2 �c.

• Lax-Malgrange Thm: 9f : Rn ! R
(
kf � hkC1 < �

��f = f in Rn.

• Thom’s Isotopy Thm: 9 : Rn ! Rn with

 (�c) = f �1(0).



supp(µ1) = H(n � 1)

• Let h� be the first Dirichlet eigenfunction for Ac .

• Set h(x) = h�(x/�), (
��h(x) = h(x) x 2 �Ac

h(x) = 0 x 2 �c.

• Lax-Malgrange Thm: 9f : Rn ! R
(
kf � hkC1 < �

��f = f in Rn.

• Thom’s Isotopy Thm: 9 : Rn ! Rn with

 (�c) = f �1(0).



supp(µ1) = H(n � 1)

• Let h� be the first Dirichlet eigenfunction for Ac .

• Set h(x) = h�(x/�), (
��h(x) = h(x) x 2 �Ac

h(x) = 0 x 2 �c.

• Lax-Malgrange Thm: 9f : Rn ! R
(
kf � hkC1 < �

��f = f in Rn.

• Thom’s Isotopy Thm: 9 : Rn ! Rn with

 (�c) = f �1(0).



supp(µ1) = H(n � 1)

• Let h� be the first Dirichlet eigenfunction for Ac .

• Set h(x) = h�(x/�), (
��h(x) = h(x) x 2 �Ac

h(x) = 0 x 2 �c.

• Lax-Malgrange Thm: 9f : Rn ! R
(
kf � hkC1 < �

��f = f in Rn.

• Thom’s Isotopy Thm: 9 : Rn ! Rn with

 (�c) = f �1(0).



supp(µ1) = H(n � 1)

• Let h� be the first Dirichlet eigenfunction for Ac .

• Set h(x) = h�(x/�), (
��h(x) = h(x) x 2 �Ac

h(x) = 0 x 2 �c.

• Lax-Malgrange Thm: 9f : Rn ! R
(
kf � hkC1 < �

��f = f in Rn.

• Thom’s Isotopy Thm: 9 : Rn ! Rn with

 (�c) = f �1(0).



Thank you!


