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The n-Player Game and the Master Equation
The n-Player Game

 {1,..,d} - states

{1,..,n} - players
T - time horizon

X'(s) - private state

ps) = Y G
J3,JF
al(s, X'(s),n"(s)), z €{1,...,d}

rate of moving from X’(s) to z.

Private cost:

T (tana) = B [ 00 6)a (5, X ()07 (5)ds + (X ()™ (D))

> MIN

Goal: find the fluctuations for the empirical measure ;1" under equilibrium
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The n-Player Game and the Master Equation

The Hamilton-Jacobi-Bellman equation

Fix a strategy profile 3~ for players n \ {i} and astrategy ' for player ;
0 :VQt(K%(%}’,W—*(%m {f(w, na)+ Y [V*(s,z,m) = V"(s,2,n)] az}

2,24
< KRGO Prl( )+ e =) = Vi(s.mm)] 5009
= B[J(xi(T), (7)) + / FOC ), (5), (s, X (s), 1™ ()]

¢ T
=E[V(T,X'(D), 5 (D) + [ FX(s),577(s),0' (s, X (), 1" (5)))ds|

=V (t, X' (t), " (1))

+B [ ({075, X617 (9) [+£0X(0), 7 (6), (5, X (5) 7' (5)
< |+ S [V 2 aT) = Vs, X (s), 17 (5)]al (s, X (), 17 (5)

z#£X1(3s)

0L > () = 1) [V X))+ e = ) = V7 X)) mﬂds




The n-Player Game and the Master Equation

The Hamilton-Jacobi-Bellman equation

Fix a strategy profile 3~ for players n \ {i} and a strategy ¢’ for player ;
0:8tvn(3733777)+m63n{f($9777a)+ } [van(t7777) .a}

+ >y =1) [V (s hrles =) =V (s,mm)| 4, (5)

0= OV (5,2,m) + £ (1,0 (2,0, A V" (5, 0) + AaV(s,,m) -0 (2,1, AV (s, )} (HIB)

+ Zny(n —1) [V” (s,m,n + ﬁ(ez — ey)> — V"(s,x,n)] a,(y,n+ O(%),AyV”(t, m+ O(%))

Y,z
~ 0, V"(t,x,n) — O, V" (t,z,1m) ,_‘\

another player’s point of view

[ *(t,z,m) : Za t:z:n] E

symmetric equilibrium, take 3~ "to be a*

{ 0=0U(t,z,n)+H(z,n, AU, - n)) + Zy,z MyOn. U(t, z, 77) (ME)

U(T7xv 77) — g(xa 77)

What can we do with the Master Equation?




The n-Player Game and the Master Equation

Assumptions

H(xaq%p) — main{f(x,n,a) + Axp ) CL} — Hgll {fl(aj?a‘) + AJ,p ’ CL} + f2(33777)

Assumptions
a) [Control set] A compact set bounded away from O.
b) [Separation] f(x,n,a)= fi(x,a)+ fa(x,n).

¢) [Lipschitz] ||Vyg(z,n) — Vag(z,n)| + Vo fa(z,n) = Vo folz,n)l < eplln — 7'l

d) [Monotonicity] Z e el el ) = 0,

x€[d]

> (e — 1) (fa(@,m) — falz,n')) > 0.

x€|[d]

e) [Concavity] on compact subsets 85 , Hi(x,p) < —C.

As a consequence the assumptions in most parts of the paper are
| (@ n.p) = ay(z,p) = O, Hi(z,p) less restrictive and a* directly depends on




The n-Player Game and the Master Equation

Regularity of the solution of the Master Equation

The Assumptions imply that p — a;(x,p) is regular. Specifically, p+— Vya,(z,p) is
Lipschitz continuous.

Following PDE techniques (linearizing a forward-backward system) developed for the
diffusion case by

P. Cardaliaguet, F. Delarue, J.-M., and Lasry, P.-L. Lions. The master equation and the
convergence problem in mean field games. arXiv, 2015

we show that 7 — V,U(¢,z,n) is Lipschitz. This property is essential for the forthcoming
results.
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Approximating the value function

U(T,z,n) = g(x,n) (ME)

What can we do with the Master Equation?

{ 0=0U(t, z,n)+H(z,n, AUt n) + >, .m0y Ut z,n)az(y, AyU(L, -, n))

Proposition 1 (Bayraktar and Cohen)

B[ = 0) (X' 0.7 (0)]]

T . .
+ [ B [[Axnso " = 0) (5. X @), @) ds < 1.

Proof. 1t0’ lemma, Gronwall’s inequality, the structure of (HJB) and (ME)...
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Approximating the empirical distribution

{ 0= atU(t7x7 77)+H(337 M, AmU(tv ) 77)) + Zy,z Uyaan(tw’U, 77 (ME)

U(T,x,m) = g(z,n)

What can we do with the Master Equation?

Consider the processes Y! ... Y™ whose transition rates are given by
ay(z, A U(t,-,v"(t))), where () = ﬁ Z Oyi (t)
J,JFi

Proposition 2 (Bayraktar and Cohen)

There is a coupling between X! ... . X" and Y',....Y"™ such that
p g Y 9 ) )

_i i C
E| sup [lu7i(t) - v @)] < =
te[0,T] n
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Fundamental Approximation

Approximating the empirical distribution

Yyi.o..yn
rates: a;(z, A U(t,-,v"(t))),
empirical measure: p z(t)

xt ...

rates: CLZ(Q?, A.’L’Vn(ta ) /J’_Z(t)));
empirical measure: ‘(%)

, X"

Initially, for every i, Y*(0) = X(0).

@ ®

The processes (Y*(t), X'(¢)) jumps with rate
rate = max{ay + as, f1 + 2}

to:

The coupling of pair ¢ stops at the first time they split

=inf{t >0: X" (t) ZY™" ()} AT

Then, they move independently.
12

W.D.
W.Dp.
W.D.
W.D.

31 /rate
(Oél — 61)/rate

o [rate

(B2 — az) [rate

A key observation:

The splitting rate is

— B1) + (B2 — a2)




Fundamental Approximation

Approximating the empirical distribution

Proof of Proposition 2 @ -V )
tE[O T]

E[Szl[lopt] ™ (s) = v~ [ L e, - Z ey, || < 725 ) |y —
. . J, 7% 3,371 J,J 71
<2E [ Sup, [ X*(s) = Y*(s) ||] A key observation:
’ The splitting rate is
< 2(d— 1)P<T"’i < t) (a1 = B1) + (B2 — 2)

— 2(d _ 1) (1 _ E |:e_ Zze[d] fot|az(Xi(s)’AmVn(s,-ﬂu_i(s)))—a:(Yi(s),AxU(s,-,l/_i(s)))|ds:|)

d—1) Z/ [|ak( (X"(s), AxV"™(5,-, Z'(s)))—ozz(Yi(s),AmU(s,-,V_'L'(s)))Hds.

z€[d]

The Assumptions implies that " and U are Lipschitz.

=C Z / H/‘ s) — v H ds + Proposition 1 (Bayraktar and Cohen)

#€ld] U / A5 (V" = T) (5, X¥(5), s™(5))| ]ds< =

13 Gronwall’s inequality....
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Fluctuations

Theorem 2 (Bayraktar and Cohen)

Set auy(t,n) = ay (2,7, AU(t,m) and  Lu(t) = p(t)alt, u(t), w(0) = po.

Assuming that 3y := lim /n(u™(0) — 1(0))

n— 00

Matrix whose zy term is
Then I := lim /n(u" — pn), Y(t) - Vo (t,n)

n— oo

where, (1) = [(a(t, w(®) T (t) + (w(t) ® Vya(t, :@f u(t)} dt + X(t)dB(t),

(5%)ay(t) = —py(t)ays(t, u(t)) — po(B)asy(t, u(t)), @ # Y

5%)ea(t) = Z pz (8) oz (6, () + pa(t Z vz (T, pu(t

z,27#x Fo A28

Let’s focus on the diffusion structure
diy(t) = b(t)dt + X(t)dB(t)

rather than on the explicit
expressions

1 n
= E Z 5Xi(t) Key idea:
i=1
V() + O(L) )

. : li m_ ) = i no_
15 =u ')+ 0L =v )+ O(L) = nl—{%o\/ﬁ(“ 2 n1—>Holo\/ﬁ(V i




Fluctuations

Proof of Theorem 2 - Notation

A7 (t) = # Players moved into state  until time ¢ .
The rate is nA%L(¢), where

t)i= Y vp(t)oye(s, " (t) + DN

Y, YFx

S (t) = # Players moved from state x until time t.
The rate is no!'(t), where

Y, YFT

) D (s, (1) + N "” ®

V" (t) = v (0) + 5 (A" (t) — S"(1))

V(1) = v"(0) + —=(A"(t) — 5"(1))

16



Fluctuations

Proof of Theorem 2 - Fluid Limit sw.epqllv"(s) = u()] %" 0

sup [[v"(s) — u(s)ll = [v7(0) — u(0)|| + sup = [|A"(t) — 5" (1)

s€[0,t] s€[0,t]

/ v (

An G _ Ly A Lisney - .nans
(Az0) - 52)) = (4200 = [ maz(opds) )+ (5200 = [ noz

_ /(:[Ag(s> + o7 (s)ds < C

~ ~ C
So, sup (=(A2(H) = S/()) < — and BDG (with e imply

s€[0,t]

E[ sup [|v"(s) —M(S)“] < [["(0) = u(0) ]| + % +/ Elv"™(s) = pu(s)| ds
0

s€[0,t]

17 Gronwall’s and Markov’s inequalities....



Fluctuations

Proof of Theorem 2 - Diffusion Limit

Setting " (t) := /n(v"™(t) — n(t)), and rearranging the above,

00 =6 (0) = (") = 5"(0) + [ (s)as
C-tight

S — Jo Vi (8)auya (3, 7(5)) = v (5)atay (£, (5)),
<A2(t> = S; (1), Ay(t) — S;;(t)> =
Jy 2 (s) + o2 (s)1ds, vy

Martingale CLT implies A" — 5" = / Y(s)dB(s)
0

Some technicalities: C-tightness arguments, together with the fluid limit,
boundedness and Lipschitz continuity of a*, V,a’, Grénwall’s....

/o b"(s)ds = required drift
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Large Deviation Principle
Set p"(t) =21 dxiw).

Theorem 1 (Bayraktar and Cohen)

Assume that Jlim,,_,. #"(0). The empirical distribution p" satisfies a sample path

large deviation principle with a good rate function I (with explicit form).
That is, for every

closed set [ of flow of measures liminf, < logP(u" € F) < —inf ep I(7)

open set I of flow of measures lim inf,, % logP(u™ € E) > —inf ep I(y)

Proof. Each player uses the control «*, which is regular. The proof now follows from
the results about interacting particles given in

P. Dupuis, K. Ramanan, and W. Wu. Large deviation principle for finite-state mean
field interacting particle systems. arXiv, 2016

77?



