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Introduction

» Financial market with one risky asset S = {S:}/[ .

> Linear price impact:
S — S+ 2Av.

» Wealth process:

t
Vi= Vo + / ’YudSu - /\<’7>t-
0

Yan Dolinsky Duality and Convergence for Super—Hedging with Price Impact



Introduction

Bank and Baum Density Result

» Theorem: Let S be a continuous semi—martingale. For any
e>0and v= {’yt};’—zo there exists a continuous process of
bounded variation § = {4:},_, such that

t t
sup \/ 'yudSu—/ 0,dS,| < € a.s.
0<t<T Jo 0

> In particular

(0) = 0.

» Corollary: In continuous time there is no liquidity
premium.
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Introduction

Two Approaches two deal with this " Paradox”

» First approach: (Cetin, Soner and Touzi 2010). Putting
Gamma constraints on portfolio strategies.

» Second approach: (Gokay and Soner 2012). Consider
binomial models with quadratic costs and no constraints on
the trading strategies.

» Both approaches lead to the same liquidity premium and were
solved for Markovian payoffs by using PDE techniques.

02s?

oe(t,s) + ?(1 + 4Npss(t, 5))Pss(t,s) = 0.
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Introduction

The Stochastic Control Problem

1
_ Wy 1 2 _2ycp2
0(0.9) = supl (#(59) = 7555 [ 102 - a?)s e

where the above control problem defined on a Brownian
probability space and supremum is taken over all adapted

processes, and bounded processes v > 0. The process S() is
the Doleans—Dade exponential

( ) t 1 t
S, = sexp </ v, dW, — / yﬁdu) .
0 2 Jo
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Probabilistic Approach

Binomial Model

v

Time horizon: T =1.

v

Number of time steps: n € N.

v

Market active at times 0, %, ey L

v

Risky asset given by

where &, ..., &, = +1.

Yan Dolinsky Duality and Convergence for Super—Hedging with Price Impact



Probabilistic Approach

Super—replication with Quadratic Costs

» Portfolio value at maturity:
n—1 n
Vi =Vo+ Y 7i(Sis1 = S) =AY v =il
i=0 i=1

where v, = 79 = 0.
» The super—replication price of a European contingent claim

X =1(51,...,5n)
defined by

Vo = inf{ V4 : Fysuch that V] > X}.
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Probabilistic Approach

Duality

» Theorem: (Soner & D)
The super—replication price given by

1 n
P = sup Eg <X— 4/\2|I\/Ik—5k\2>

where M = (Mo, ..., M,,) is martingale with respect to Q and
the filtration generated by S.

» M can be viewed as a shadow price.
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Probabilistic Approach

Asymptotic Behaviour

» In the n-step model we consider a European claim
Xn = F Whn(So, ..., Sn))
where F : C[0,1] — Ry is a continuous function and
W, : R C[0,1]

is the linear interpolation operator.
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Probabilistic Approach

Main Result

» Theorem: (Soner & D)

v>0 16/\0’2

where the above control problem defined on a Brownian
probability space and supremum is taken over all adapted
processes, and bounded processes v > 0. The process S*) is
the Doleans—Dade exponential

t 1 t
St(y) = sexp </ vy dW, — / VidU) .
0 2 Jo

> In fact for the case where F satisfy some growth conditions

we can prove that the above right hand side is also the upper
bound.

1
liminf V, > supE (F(S(”)) _ / [(v% — aZ)St(”)]Zdt)
0
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Probabilistic Approach

Intuition

» Main idea goes back to Kusuoka 1995.
» Shadow price:

adk

k
1
M = — N 4 Bk
oV ; Vn
Martingale measure: (a > —1/2)

EQ[fk‘glw“?gk—l] = a k1.

1+«

142«

EQ ((Mk+1 - Mk)2‘§]_, ""7§k) =

[nt]

1
— = V14 2aW.
\/5,2; + 2«
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Volatility Uncertainty Version

The Setup

> Volatility uncertainty interval
I =[o,7].

Time horizon: T = 1.

Number of time steps: n € N.
Market active at times 0, %, ey L
Risky asset give by

vV v vy

k
1
s — sexp| —= ) X
k \/ﬁ ;
where Xi, ..., X, random variables such that

’X,'| el
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Volatility Uncertainty Version

Super—replication with Quadratic Costs

» Portfolio value at maturity:
n—1 n
Vi =Vo+ Y 7i(Sis1 = S) =AY v =il
i=0 i=1

where v, = 79 = 0.
» The super—replication price of a European contingent claim

X =1(51,...,5n)
defined by

Vo = inf{ Vo : I such that V7 > X for all Xy, ..., X,}.

Yan Dolinsky Duality and Convergence for Super—Hedging with Price Impact



Volatility Uncertainty Version

Duality Result

> Let
K ={(x1,...,xn) : |x;] € I} CR".

» Theorem: (Bank, D & Gokay)
The super—replication price given by

1 n
P = sup Eg (X - RZ\M,( —sk\2>
k=0

(@M)

where M = (Mo, ..., M,,) is martingale with respect to Q and
the filtration generated by S.

» M can be viewed as the shadow price.

» There is no a reference measure.
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Volatility Uncertainty Version

Asymptotic Behaviour

» In the n-step model we consider a European claim
Xn = F Whn(So, ..., Sn))
where F : C[0,1] — Ry is a continuous function and
W, : R C[0,1]

is the linear interpolation operator.
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Volatility Uncertainty Version

Main Result

» Theorem: (Bank, D & Gokay)

liminf V, > supVZOIE<F(5(”)) —
Hu>EwT% fol[(Z/2 - Ez)SEV)]zdt —

Lcarakes o107 - 250 Pt

» The process S(*) is the Doleans—Dade exponential

t 1 t
St(y) = sexp </ v, dW, — / yﬁdu) )
0 2 Jo
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Super—replication with Price Imapct

Bank & Voss Model

v

Y= {%}tT:O trading strategy.
» Price Impact

dA] = dP; + ndvi — (Al — B} )dt
dB} = dP; — ndvy + 5(AL_ — By )dt.

» P is the exogenous fundamental random shock.

% is the market depth.
K is the resilience rate.
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Super—replication with Price Imapct

Portfolio Value

» The spread
[=m B

is given by
d¢l = nldve| — k¢ dt

and satisfies

t
C?=:ne_“tj£ e,

» Portfolio value: (we require 79 = v = 0)

z;:—/JPm%—’i/ﬂ@J%r—lmy?
0 2n Jo 4n

Yan Dolinsky Duality and Convergence for Super—Hedging with Price Impact



Super—replication with Price Imapct

Duality Theory

» European contingent claim X € LY(Fr,P).
» The super—replication price

Vi=inf{x:3y x+Z} > X as.}.

» In continuous time, duality for non linear friction was only
studied in Guasoni & Rasonyi 2015. They considered a

penalty of the form
-
A / |7|Pdt.
0
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Super—replication with Price Imapct

Main Result

» Theorem: (Bank & D)
Let A be the set of all triples (Q, Y, S = M + A) such that
S—is a semi—martingale with

St Z e_HtUEQ(YLFt) — Pt|7 Vt

Then super—replication price given by

1T AN 2 2T
V= sup Eg[X—~— [ e&** <dt> dt — & sz |.
@,Y,5) 2km Jo dt n
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Super—replication with Price Imapct

Intuition about the Duality

» Choose a triple (Q, Y, S) and a trading strategy . Then
V+e>Eq <X+f0 Ptd7t+2nfo |G [Pdt + 2 |¢T ) =
Eg (X + Jy (Pe = Ba(YIF))dve + £ Ji| 1G Pt + £ICH?)
> Bo (X = Jy Seetdvel + £ fy |G Pde+ &IH2) =

Eq (X + Jo Grertldvel = St [y el +

5 17 16 Pat+ 4131

1 T 2 dA; e T <2
E(—ﬁoe’“()dt 5)
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Super—replication with Price Imapct

Upper Bound

» Separation argument yields that 3Q ~ P such that

V < Eq[X]+

T k[T 10
inf  E Pid~y: + / _|fdt + — .
o= 7=0 Q (/0 td"t 21 J, (o 477|CT| >

t
¢ = ne*t /O e,

Yan Dolinsky Duality and Convergence for Super—Hedging with Price Impact



Super—replication with Price Imapct

Continuation

V < Eq[X] + supye e infy j0=0 EQ<I(0,T](Pt — Eq(Y[Ft))d7:
kT
5 171Gt + IGHE) =
E@[X] + SUPy oo INfy 0=0 E@( - f(o,T] |Pr — EQ(Y‘Ft)Hd%‘

)
g T IGPot + IGHE )
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Super—replication with Price Imapct

Auxiliary result

» Lemma: For a given Q and
Xe = e " Eq(Y|F:) — P, t €0, T]
we have
inf increasing ,6p=0 EQ( - f(O,T] Xed0;

n77 f 672nt92dt+ ne_ T@2>

e2rT T dA
= SUPS—M+A>X EQ( St+ 2 Jo € (G dt)

» Proved by applying stochastic representation theorem P.Bank
and N.E.Karoui.
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Super—replication with Price Imapct

Main |dea

>

Extending X beyond T by X; = e #(t=T) X
p(dt) = ke 2"tdt.
Stochastic representation theorem: 3L

Xt =Eq (/ sup Lvdu(s)|}"t> .
(t,00) t<v<s

» Set: 0; = %Sup0§v<t L,VvO0, t>0.

t,00

Then 6 is the minimizer and S > X is the maximizer and they

v

v

v

achieve the same value given by 2Eq (f(o,oo) Gf,d,u(u)) .
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Scaling limits

Formulation of the problem

» In continuous time super—replication leads to
buy—and-hold strategies.

Time horizon: T = 1.

Number of time steps: n € N.

Market active at times 0, X

PR SR

1.

vV v.vyYy

Price Impact:
A(") = A(") - g(AE{'Bl - B,(("_)l) + (v — yk-1)" +
B(n) B(n)l + %(Aﬁ'l)l - B/E’i)l) — (v — Y1) + Dk
& =+1.

» € (0,1].
» The resilience is scaled.
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Scaling limits

Main Result

» In the n-step model we consider a European claim
Xn = F(Pp).
» Theorem: (Bank & D)

lim Vo = sup,so Ep,, <F (no + [ ytth> -

i fy (-0)"):

» We get the same limit as we get with quadratic costs

n(2 — k) 2
4k

vV —
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Scaling limits

Happy Birthday Mete

ity and Convergence for Super—Hedging with Price Impact
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