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Outline

Stochastic heat equation:
∂u

∂t
−∆u = f (u) + g(u)Ẇ , x ∈ D, t > 0

u = 0, x ∈ ∂D, t > 0

u(0) = u0.

Stochastic wave equation:
∂2u

∂t2
−∆u = f (u) + g(u)Ẇ , x ∈ D, t > 0

u = 0, x ∈ ∂D, t > 0

u(0) = u0, ut(0) = u1.

Ẇ is spatial and temporal noise
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Outline

Stochastic Cahn-Hilliard equation (Cahn-Hilliard-Cook):

∂u

∂t
−∆v = Ẇ in D × [0,T ]

v = −∆u + f (u) in D × [0,T ]

∂u

∂n
=
∂v

∂n
= 0 on ∂D × [0,T ]

u(0) = u0 in D
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Outline

Formulate as an abstract evolution problem in Hilbert space H:{
dX + AX dt = F (X ) dt + G (X ) dW , t > 0

X (0) = X0

What does this mean? Strong formulation:

X (t) = X0 +

∫ t

0

(−AX + F (X )) ds +

∫ t

0

G (X ) dW

Weak formulation:

〈X (t), η〉 = 〈X0, η〉+

∫ t

0

〈X (s),−A∗η〉+ 〈F (X (s)), η〉 ds

+

∫ t

0

〈η,G (X (s)) dW (s)〉 ∀η ∈ D(A∗)
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Outline

We will use the semigroup approach of Da Prato and Zabczyk [2] based
on the mild formulation:

X (t) = e−tAX0 +

∫ t

0

e−(t−s)AF (X (s)) ds +

∫ t

0

e−(t−s)AG (X (s)) dW (s)

Here {e−tA}t≥0 is the semigroup of bounded linear operators generated
by −A.
{W (t)}t≥0 is a Q-Wiener process in another Hilbert space U and∫ t

0
· · · dW is a stochastic integral.

We often study the linear case, where F (X ) = f , G (X ) = B are
independent of X :{

dX (t) + AX (t) dt = f (t) dt + B dW (t), t > 0

X (0) = X0

Here B ∈ L(U ,H). Often f = 0 for brevity.
Additive noise: B dW . Multiplicative noise: G (X ) dW .
We shall explain these things.
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Notation

I D ⊂ Rd spatial domain, bounded, convex, with polygonal boundary

I H, U real, separable Hilbert spaces

I H = L2(D) Lebesgue space

I L(U ,H) bounded linear operators, L(H) = L(H,H)

I L2(U ,H) Hilbert-Schmidt operators, HS = L2(H) = L(H,H)
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Semigroup

A family {E (t)}t≥0 ⊂ L(H) is a semigroup of bounded linear operators
on H, if

I E (0) = I , (identity operator)

I E (t + s) = E (t)E (s), t, s ≥ 0. (semigroup multiplication)

It is strongly continuous, or C0, if

lim
t→0+

E (t)x = x ∀x ∈ H.

Then the generator of the semigroup is the linear operator G defined by

Gx = lim
t→0+

E (t)x − x

t
, D(G ) = {x ∈ H : Gx exists}.

G is usually unbounded but densely defined and closed.
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Semigroup
u(t) = E (t)u0 solves the initial-value problem

u′(t) = Gu(t), t > 0; u(0) = u0,

if u0 ∈ D(G ). Therefore, writing E (t) = etG is justified.

There are M ≥ 1, ω ∈ R, such that

‖E (t)‖L(H) ≤ Meωt , t ≥ 0.

Without loss of generality we assume ω = 0 (a shift of the operator
G 7→ G − ωI ). Contraction semigroup if also M = 1.

If E (t) is invertible, E (t)−1 = E (−t), then {E (t)}t∈R is a group.

The semigroup is analytic (holomorphic), if E (t) extends to a complex
analytic function E (z) in a sector containing the positive real axis
Re z > 0. Then the derivative

E ′(t)u0 =
d

dt
E (t)u0 = GE (t)u0, t > 0,

exists for all u0 ∈ H, not just for u0 ∈ D(G ). Moreover,

‖E ′(t)u0‖H = ‖GE (t)u0‖H ≤ Ct−1‖u0‖H, t > 0. (1)

The inequality (1) is characteristic for analytic semigroups.
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Semigroup

On the other hand, we may start with a closed, densely defined, linear
operator A and ask for conditions under which G = −A generates a
semigroup E (t) = e−tA, so that u(t) = E (t)u0 solves

u′(t) + Au(t) = 0, t > 0; u(0) = u0.

Such theorems exist, which characterize the generators of strongly
continuous (C0) semigroups, analytic semigroups, and groups. For
example, Hille-Yosida theorem, Lumer-Phillips theorem, Stone’s theorem.

For analytic semigroups a characterization is given in terms of the
resolvent bound

‖(z − A)−1‖L(H) ≤
C

|z − ω|
, for Re z < ω, (2)

with ω as above (ω = 0 without loss of generality).
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Semigroup

The non-homogeneous equation

u′(t) + Au(t) = f (t), t > 0; u(0) = u0.

is then solved by the variation of constants formula (Duhamel’s principle):

u(t) = E (t)u0 +

∫ t

0

E (t − s)f (s) ds,

provided that f has some small amount of regularity. This is the basis for
our semigroup approach to SPDE.

Proof.
Multiply u′(s) + Au(s) = f (s) by the integrating factor
Φ(s) = E (t − s) = e−(t−s)A, t > s, and integrate.
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Laplacian

Let D ⊂ Rd be a bounded, convex, polygonal domain. Then

I finite element meshes can be exactly fitted to ∂D;

I we have elliptic regularity:

‖v‖H2(D) ≤ C‖∆v‖L2(D) ∀v ∈ H2(D) ∩ H1
0 (D).

Here ∆ =
∑d

j=1
∂2

∂x2
j

is the Laplacian. In this way we avoid some technical

difficulties associated with the finite element method in smooth domains.

Let H = L2(D) and Λ = −∆ with D(Λ) = H2(D) ∩ H1
0 (D). Then Λ is

unbounded in H and self-adjoint with compact inverse Λ−1. The spectral
theorem gives eigenvalues

0 < λ1 < λ2 ≤ · · · ≤ λj ≤ · · · , λj →∞, λj ∼ j2/d as j →∞,

and a corresponding orthonormal (ON) basis of eigenvectors {ϕj}∞j=1.
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Laplacian

Parseval’s identity is

v =
∞∑
j=1

v̂jϕj , v̂j = 〈v , ϕj〉H , ‖v‖2
H =

∞∑
j=1

v̂ 2
j , v ∈ H.

Fractional powers:

Λαv =
∞∑
j=1

λαj v̂jϕj , α ∈ R,

‖v‖2
Ḣα

= ‖Λα/2‖2
H =

∞∑
j=1

λαj v̂ 2
j , α ∈ R,

Ḣα = {v ∈ H : ‖v‖Ḣα <∞} = D(Λα/2), α ≥ 0,

Ḣ−α = closure of H in the Ḣ−α-norm, α > 0,

Then Ḣ−α can be identified with the dual space (Ḣα)∗.
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Laplacian

The integer order spaces can be identified with standard Sobolev spaces.

Theorem
(i) Ḣ1 = H1

0 (D) with ‖v‖Ḣ1 ' ‖v‖H1(D) ∀v ∈ Ḣ1.

(ii) Ḣ2 = H2(D) ∩ H1
0 (D) with ‖v‖Ḣ2 ' ‖v‖H2(D) ∀v ∈ Ḣ2.

Proof.
A proof of this can be found in Thomée [5, Ch. 3]. The proof of (i) is
based on the Poincaré inequality and the trace inequality. The proof of
(ii) uses also the elliptic regularity. In general, we have only

Ḣ2 ⊃ H2(D) ∩ H1
0 (D),

because, in a nonconvex polygonal domain for example, Ḣ2 = D(Λ) may
contain functions with corner singularities which are not in H2(D).
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Laplacian

We define the heat semigroup:

E (t)v = e−tΛv =
∞∑
j=1

e−λj t v̂jϕj .

It is analytic in the right half plane Re z > 0. Important bounds:

‖E (t)v‖H ≤ ‖v‖H , t ≥ 0, (3)

‖ΛαE (t)v‖H ≤ Cαt−α‖v‖H , t > 0, α ≥ 0, (4)∫ t

0

‖Λ1/2E (s)v‖2
H ds ≤ 1

2‖v‖
2
H , t ≥ 0. (5)

Recall from (1) that (4) is characteristic for analytic semigroups. It
means that the operator E (t) has a smoothing effect. The smoothing
effect in (5) is true for the heat semigroup, but not for analytic
semigroups in general.
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Laplacian

Proof.
We use Parseval and xαe−x ≤ Cα for x ≥ 0:

‖ΛαE (t)v‖2
H =

∞∑
j=1

(
λαj e−λj t v̂j

)2
= t−2α

∞∑
j=1

(λj t)2αe−2λj t v̂ 2
j

≤ C 2
αt−2α

∞∑
j=1

v̂ 2
j = C 2

αt−2α‖v‖2
H .

This proves (3) and (4). Similarly,∫ t

0

‖Λ1/2E (s)v‖2
H ds =

∫ t

0

∞∑
j=1

λje
−2λj s v̂ 2

j ds

=
∞∑
j=1

∫ t

0

λje
−2λj s ds v̂ 2

j ≤ 1
2‖v‖

2
H .
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Laplacian
Remark. The above development based on the spectral representation of
fractional powers and the heat semigroup carries over verbatim to more
general self-adjoint elliptic operators:

Λv = −∇ · (a(x)∇v) + c(x)v with 0 < a0 ≤ a(x) ≤ a1, c(x) ≥ 0,

for then we still have an ON basis of eigenvectors. For non-self-adjoint
elliptic operators, the fractional powers and the semigroup may be
constructed by means of an operator calculus based complex contour
integration using the resolvent, see (2). The bounds (3) and (4) are part
of the general theory and (5) can be proved by an energy argument if the
operator satisfies the conditions of the Lax-Milgram lemma, for example,

Λv = −∇ · (a(x)∇v) + b(x) · ∇v + c(x)v with c(x)− 1
2∇ · b(x) ≥ 0,

so that

〈Λv , v〉H ≥ c‖v‖2
Ḣ1 .

See the following exercises.
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Laplacian

Exercise 1. Prove (5) by the energy method: multiply

u′(t) + Λu(t) = 0 (6)

by u(t) and integrate.

Exercise 2. Prove the special case α = 1
2 of (4) by the energy method:

multiply (6) by tu′(t) and integrate.

17 / 93



Stochastic ODE

{
dX (t) = µ(X (t), t) dt + σ(X (t), t) dB(t), t ∈ [0,T ]

X (0) = X0.

This means

X (t) = X0 +

∫ t

0

µ(X (s), s) ds +

∫ t

0

σ(X (s), s) dB(s), t ∈ [0,T ].

Could be a system:

dXi = µi (X1, . . . ,Xn, t) dt +
m∑
j=1

σij(X1, . . . ,Xn, t) dBj(t), i = 1, . . . , n,

X = (X1, . . . ,Xn)T ∈ Rn, µ : Rn×[0,T ]→ Rn, σ : Rn×[0,T ]→ Rn×m,

and B = (B1, . . . ,Bm)T an m-dimensional Brownian motion, consisting
of m independent Brownian motions Bj .
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Covariance

dX (t) = µ(X (t), t) dt + σ(X (t), t) dB(t)

If σ is constant:

E
[
(σ∆B)⊗ (σ∆B)

]
= E

[
(σ∆B)(σ∆B)T

]
= E

[
σ∆B∆BTσT

]
= σE

[
∆B∆BT

]
σT

= σ (∆t I )σT = ∆t σσT = ∆t Q

Covariance matrix: Q = σσT (n ×m)× (m × n) = n × n

It is symmetric positive semidefinite.

So σB is a vector-valued Wiener process with covariance matrix Q.

Conversely, given Q we may take σ = Q1/2 and use Q1/2B.

We want to do this in Hilbert space.
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Q-Wiener process

Let U be a separable real Hilbert space and let (Ω,F ,P) be a probability
space. A random variable is a measurable mapping f : Ω→ U , i.e.,

f −1(A) ∈ F ∀A ∈ B(U) (= the Borel sigma algebra in U).

We define Lebesgue-Bochner spaces Lp(Ω,U):

‖f ‖Lp(Ω,U) =
(∫

Ω

‖f (ω)‖pU dP(ω)
)1/p

= (E[‖f ‖pU ])1/p,

and the expected value

E[f ] =

∫
Ω

f dP, f ∈ L1(Ω,U).
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Q-Wiener process

We start with a covariance operator Q ∈ L(U), self-adjoint, positive
semidefinite. We assume that it has an eigenbasis:

Qej = γjej , γj ≥ 0, {ej}∞j=1 ON basis in U .

Let βj(t) be independent identically distributed, real-valued, Brownian
motions. Define

W (t) =
∞∑
j=1

γ
1/2
j βj(t)ej .

Two important cases:

I Tr(Q) <∞. W (t) converges in L2(Ω,U):

E
∥∥∥ ∞∑
j=1

γ
1/2
j βj(t)ej

∥∥∥2

U
=
∞∑
j=1

γjE
(
βj(t)2

)
= t

∞∑
j=1

γj = t Tr(Q) <∞

I Q = I , “white noise”. W (t) is not U-valued, since Tr(I ) =∞,
but converges in a weaker sense.
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Q-Wiener process

If Tr(Q) <∞:

I W (0) = 0.

I continuous paths t 7→W (t) in U .

I independent increments: W (t)−W (s) is independent of W (r) for
0 ≤ r ≤ s ≤ t.

I Gaussian law: P ◦ (W (t)−W (s))−1 ∼ N (0, (t − s)Q), s ≤ t
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Q-Wiener process

Proof.
(Covariance.) Let ∆W = W (t)−W (s). Then〈

E
[
∆W ⊗∆W

]
u, v
〉
U = E

[
〈∆W , u〉U 〈∆W , v〉U

]
= E

[〈 ∞∑
j=1

γ
1/2
j ∆βjej , u

〉
U

〈 ∞∑
k=1

γ
1/2
k ∆βkek , v

〉
U

]
=
∞∑
j=1

∞∑
k=1

γ
1/2
j γ

1/2
k E

[
∆βj∆βk

]
〈ej , u〉U 〈ek , v〉U

= (t − s)
∞∑
j=1

γj〈ej , u〉U 〈ej , v〉U = (t − s)〈Qu, v〉U ,

because

E
[
∆βj∆βk

]
=

{
E
[
∆β2

j

]
= (t − s), j = k,

E
[
∆βj

]
E
[
∆βk

]
= 0, j 6= k.
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Q-Wiener process
Let B ∈ L(U ,H) and calculate the norm

‖B(W (t)−W (s))‖2
L2(Ω,H) = E

[
‖B∆W ‖2

H
]

= E
[〈 ∞∑

j=1

γ
1/2
j ∆βjBej ,

∞∑
k=1

γ
1/2
k ∆βkBek

〉
U

]
=
∞∑
j=1

∞∑
k=1

γ
1/2
j γ

1/2
k E

[
∆βj∆βk

]
〈Bej ,Bek〉U = (t − s)

∞∑
j=1

γj‖Bej‖2
H

= (t − s)
∞∑
j=1

‖Bγ1/2
j ej‖2

H = (t − s)
∞∑
j=1

‖BQ1/2ej‖2
H

= (t − s)‖BQ1/2‖2
L2(U,H) = (t − s)‖B‖2

L0
2(U,H).

Here we used the Hilbert-Schmidt norm of a linear operator T : U → H:

‖T‖2
L2(U,H) =

∞∑
j=1

‖Tφj‖2
H, arbitrary ON-basis {φj}∞j=1 in U .

Also, it is useful to introduce ‖B‖L0
2(U,H) = ‖BQ1/2‖L2(U,H).
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Wiener integral

We want to define

∫ T

0

Φ(t) dW (t), where Φ ∈ L2([0,T ],L0
2(U ,H)) is a

deterministic integrand. The construction goes in three steps.

1. Simple functions.

0 = t0 < · · · < tj < · · · < tN = T , Φ =
N−1∑
j=0

Φj1[tj ,tj+1), Φj ∈ L0
2(U ,H).

Define ∫ T

0

Φ(t) dW (t) =
N−1∑
j=0

Φj

(
W (tj+1)−W (tj)

)
.
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Wiener integral
2. Itô isometry for simple functions. Using the independence of
increments and the previous norm calculation:

∥∥∥∫ T

0

Φ(t) dW (t)
∥∥∥2

L2(Ω,H)
= E

[∥∥∥N−1∑
j=0

Φj

(
W (tj+1)−W (tj)

)∥∥∥2

H

]

=
N−1∑
j=0

E
[∥∥∥Φj

(
W (tj+1)−W (tj)

)∥∥∥2

H

]

=
N−1∑
j=0

‖Φj‖2
L0

2(U,H)(tj+1 − tj) =

∫ T

0

‖Φ(t)‖2
L0

2(U,H) dt.

So we have an isometry for simple functions:

Φ 7→
∫ T

0

Φ dW ,

L2([0,T ],L0
2(U ,H))→ L2(Ω,H).

3. Extend to all of L2([0,T ],L0
2(U ,H)) by density.
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Itô integral

For a random integrand the Itô integral
∫ T

0
Φ dW can be defined

together with the isometry

E
[∥∥∥∫ T

0

Φ(t) dW (t)
∥∥∥2

H

]
=

∫ T

0

E
[
‖Φ(t)‖2

L0
2(U,H)

]
dt.

Here the process Φ: [0,T ]→ L0
2(U ,H) must be predictable and adapted

to the filtration {Ft}t≥0 generated by W and∫ T

0

E
[
‖Φ(t)‖2

L0
2(U,H)

]
dt <∞.

No details here...
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Stochastic evolution equation

It is now possible to study the mild solution

X (t) = E (t)X0 +

∫ t

0

E (t − s) dW (s), t ≥ 0

in a situation where E is a general C0-semigroup. But I do not find this so
useful, at least when you have numerical analysis of the equation in mind.
I therefore specialize to the heat and wave equations (and, later,
Cahn-Hilliard).
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Linear stochastic heat equation
∂u

∂t
(ξ, t)−∆u(ξ, t) = Ẇ (ξ, t), ξ ∈ D ⊂ Rd , t > 0

u(ξ, t) = 0, ξ ∈ ∂D, t > 0

u(ξ, 0) = u0, ξ ∈ D{
dX + AX dt = dW , t > 0

X (0) = X0

I H = U = L2(D), ‖·‖, (·, ·), D ⊂ Rd , bounded domain

I A = Λ = −∆, D(Λ) = H2(D) ∩ H1
0 (D), B = I

I probability space (Ω,F ,P)

I W (t), Q-Wiener process on H
I X (t), H-valued stochastic process

I E (t) = e−tA, analytic semigroup generated by −A

Mild solution (stochastic convolution):

X (t) = E (t)X0 +

∫ t

0

E (t − s) dW (s), t ≥ 0
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Regularity

‖v‖β = ‖Λβ/2v‖ =
( ∞∑

j=1

λβj (v , φj)
2
)1/2

, Ḣβ = D(Λβ/2), β ∈ R

Mean square norm: ‖v‖2
L2(Ω,Ḣβ)

= E(‖v‖2
β), β ∈ R

Hilbert-Schmidt norm: ‖T‖HS = ‖T‖L2(H,H)

Theorem. If ‖Λ(β−1)/2Q1/2‖HS <∞ for some β ≥ 0, then

‖X (t)‖L2(Ω,Ḣβ) ≤ C
(
‖X0‖L2(Ω,Ḣβ) + ‖Λ(β−1)/2Q1/2‖HS

)

Two cases:

I If ‖Q1/2‖2
HS =

∑∞
j=1 ‖Q1/2ej‖2 =

∑∞
j=1 γj = Tr(Q) <∞, then

β = 1.

I If Q = I , d = 1, Λ = − ∂2

∂ξ2 , then ‖Λ(β−1)/2‖HS <∞ for β < 1/2.

‖Λ(β−1)/2‖2
HS =

∑
j λ
−(1−β)
j ≈

∑
j j−(1−β)2/d <∞ iff d = 1,

β < 1/2
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Proof with X0 = 0

(Isometry, arbitrary ON-basis {φj})

‖X (t)‖2
L2(Ω,Ḣβ)

= E
(∥∥∥∫ t

0

Λβ/2E (t − s) dW (s)
∥∥∥2)

=

∫ t

0

‖Λβ/2E (s)Q1/2‖2
HS ds

=

∫ t

0

‖Λ1/2E (s)Λ(β−1)/2Q1/2‖2
HS ds

=
∞∑
k=1

∫ t

0

‖Λ1/2E (s)Λ(β−1)/2Q1/2φk‖2 ds

≤ C
∞∑
k=1

‖Λ(β−1)/2Q1/2φk‖2

= C‖Λ(β−1)/2Q1/2‖2
HS

∫ t

0

‖Λ1/2E (s)v‖2 ds ≤ 1
2‖v‖

2
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Regularity

We used smoothing of order 1 in the form (5):∫ t

0

‖Λ1/2E (s)v‖2 ds ≤ 1
2‖v‖

2,

which holds for the heat semigroup.
For an analytic semigroup in general we have only (4):

‖ΛαE (t)v‖ ≤ Cαt−α‖v‖,

which leads to

∞∑
k=1

∫ t

0

‖Λ
1−ε

2 E (s)Λ
β+ε−1

2 Q1/2φk‖2 ds

≤ C

∫ t

0

s−1+ε ds
∞∑
k=1

‖Λ
β+ε−1

2 Q1/2φk‖2 ≤ C‖Λ
β+ε−1

2 Q1/2‖2
HS.

An ε-loss!
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Temporal regularity for the stochastic heat equation
Take X0 = 0 so that (stochastic convolution)

X (t) = WΛ(t) =

∫ t

0

e−(t−s)Λ dW (s) =

∫ t

0

E (t − s) dW (s).

Theorem
If ‖Λ(β−1)/2Q1/2‖HS <∞ for some β ∈ [0, 1], then

‖X (t)− X (s)‖L2(Ω,H) ≤ C |t − s|
β
2 ‖Λ(β−1)/2Q1/2‖HS

Proof. Take t > s and compute

X (t)− X (s) =

∫ t

0

E (t − r) dW (r)−
∫ s

0

E (s − r) dW (r)

=

∫ s

0

(
E (t − r)− E (s − r)

)
dW (r)

+

∫ t

s

E (t − r) dW (r)

(7)
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Temporal regularity
The terms are independent random variables with zero mean and
therefore, using also Itô’s isometry,

E(‖X (t)− X (s)‖2) = E
(∥∥∥∫ s

0

(
E (t − s)− I

)
E (s − r) dW (r)

∥∥∥2)
+ E

(∥∥∥∫ t

s

E (t − r) dW (r)
∥∥∥2)

=

∫ s

0

‖(E (t − s)− I )E (r)Q1/2‖2
HS dr

+

∫ t−s

0

‖E (r)Q1/2‖2
HS dr

For the first term we use

‖(E (t)− I )v‖ ≤ Ctα‖Λαv‖, t > 0, α ∈ [0, 1],

‖(E (t)− I )Λ−αv‖ ≤ Ctα‖v‖,
‖(E (t)− I )Λ−α‖L(H) ≤ Ctα.
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Temporal regularity
With α = β/2, β ∈ [0, 2]:∫ s

0

‖(E (t − s)− I )E (r)Q1/2‖2
HS dr

≤
∫ s

0

‖(E (t − s)− I )Λ−
β
2 Λ

β
2 E (r)Q1/2‖2

HS dr

≤ ‖(E (t − s)− I )Λ−
β
2 ‖2
L(H)

∫ s

0

‖Λ
β
2 E (r)Q1/2‖2

HS dr

≤ C (t − s)β‖Λ
β−1

2 Q1/2‖2
HS.

For the second term we use a refined version of (5), see [3, Lemma 3.9]:∫ t

0

‖Λα
2 E (s)v‖2 ds ≤ Ct1−α‖v‖2, α ∈ [0, 1],

with α = 1− β, β ∈ [0, 1]:∫ t−s

0

‖E (r)Q1/2‖2
HS dr

=

∫ t−s

0

‖Λ
1−β

2 E (r)Λ
β−1

2 Q1/2‖2
HS dr ≤ C (t − s)β‖Λ

β−1
2 Q1/2‖2

HS.
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The linear stochastic wave equation


∂2u

∂t2
(ξ, t)−∆u(ξ, t) = Ẇ (ξ, t), ξ ∈ D ⊂ Rd , t > 0

u(ξ, t) = 0, ξ ∈ ∂D, t > 0

u(ξ, 0) = u0,
∂u

∂t
(ξ, 0) = u1, ξ ∈ D

Λ = −∆, D(Λ) = Ḣ2 = H2(D) ∩ H1
0 (D)

Ḣβ = D(Λβ/2), ‖v‖β = ‖Λβ/2v‖ =
( ∞∑

j=1

λβj (v , ϕj)
2
)1/2

, β ∈ R

[
du
dut

]
+

[
0 −I
Λ 0

] [
u
ut

]
dt =

[
0
I

]
dW ,

X =

[
u
ut

]
, A =

[
0 −I
Λ 0

]
, B =

[
0
I

]
, U = Ḣ0 = L2(D)

Hβ = Ḣβ × Ḣβ−1, H = H0 = Ḣ0 × Ḣ−1, D(A) = H1
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(ξ, t)−∆u(ξ, t) = Ẇ (ξ, t), ξ ∈ D ⊂ Rd , t > 0

u(ξ, t) = 0, ξ ∈ ∂D, t > 0

u(ξ, 0) = u0,
∂u

∂t
(ξ, 0) = u1, ξ ∈ D

Λ = −∆, D(Λ) = Ḣ2 = H2(D) ∩ H1
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(ξ, t)−∆u(ξ, t) = Ẇ (ξ, t), ξ ∈ D ⊂ Rd , t > 0

u(ξ, t) = 0, ξ ∈ ∂D, t > 0

u(ξ, 0) = u0,
∂u

∂t
(ξ, 0) = u1, ξ ∈ D

Λ = −∆, D(Λ) = Ḣ2 = H2(D) ∩ H1
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(ξ, t)−∆u(ξ, t) = Ẇ (ξ, t), ξ ∈ D ⊂ Rd , t > 0

u(ξ, t) = 0, ξ ∈ ∂D, t > 0

u(ξ, 0) = u0,
∂u

∂t
(ξ, 0) = u1, ξ ∈ D

Λ = −∆, D(Λ) = Ḣ2 = H2(D) ∩ H1
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Λ = −∆, D(Λ) = Ḣ2 = H2(D) ∩ H1
0 (D)
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Abstract framework

{
dX (t) + AX (t) dt = B dW (t), t > 0

X (0) = X0

I {X (t)}t≥0, H = Ḣ0 × Ḣ−1-valued stochastic process

I {W (t)}t≥0, U = Ḣ0-valued Q-Wiener process w.r.t. {Ft}t≥0

I E (t) = e−tA =

[
cos(tΛ1/2) Λ−1/2 sin(tΛ1/2)

−Λ1/2 sin(tΛ1/2) cos(tΛ1/2)

]
,

C0-semigroup on H but not analytic (actually a group)

Here

cos(tΛ1/2)v =
∞∑
j=1

cos(t
√
λj)〈v , ϕj〉ϕj , (λj , ϕj) are eigenpairs of Λ
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Regularity

Theorem. (With X (0) = 0 for simplicity.) If ‖Λ(β−1)/2Q1/2‖HS <∞ for
some β ≥ 0, then there exists a unique weak solution

X (t) =

[
X1(t)
X2(t)

]
=

∫ t

0

E (t−s)B dW (s) =


∫ t

0

Λ−1/2 sin
(
(t − s)Λ1/2

)
dW (s)∫ t

0

cos
(
(t − s)Λ1/2

)
dW (s)


and

‖X (t)‖L2(Ω,Hβ) ≤ t‖Λ(β−1)/2Q1/2‖HS. Hβ = Ḣβ × Ḣβ−1

Two cases:

I If ‖Q1/2‖2
HS = Tr(Q) <∞, then β = 1.

I If Q = I , then ‖Λ(β−1)/2‖HS <∞ iff d = 1, β < 1/2.
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(
(t − s)Λ1/2

)
dW (s)


and

‖X (t)‖L2(Ω,Hβ) ≤ t‖Λ(β−1)/2Q1/2‖HS. Hβ = Ḣβ × Ḣβ−1

Two cases:

I If ‖Q1/2‖2
HS = Tr(Q) <∞, then β = 1.

I If Q = I , then ‖Λ(β−1)/2‖HS <∞ iff d = 1, β < 1/2.
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Regularity

Theorem. (With X (0) = 0 for simplicity.) If ‖Λ(β−1)/2Q1/2‖HS <∞ for
some β ≥ 0, then there exists a unique weak solution

X (t) =

[
X1(t)
X2(t)

]
=

∫ t

0

E (t−s)B dW (s) =


∫ t

0

Λ−1/2 sin
(
(t − s)Λ1/2

)
dW (s)∫ t

0

cos
(
(t − s)Λ1/2

)
dW (s)


and

‖X (t)‖L2(Ω,Hβ) ≤ t‖Λ(β−1)/2Q1/2‖HS. Hβ = Ḣβ × Ḣβ−1

Two cases:

I If ‖Q1/2‖2
HS = Tr(Q) <∞, then β = 1.

I If Q = I , then ‖Λ(β−1)/2‖HS <∞ iff d = 1, β < 1/2.
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Proof for X1

Isometry:

‖X1(t)‖2
L2(Ω,Ḣβ)

= E
(∥∥∥∫ t

0

Λβ/2Λ−1/2 sin
(
(t − s)Λ1/2

)
dW (s)

∥∥∥2)
=

∫ t

0

‖Λ(β−1)/2 sin
(
sΛ1/2

)
Q1/2‖2

HS ds

=

∫ t

0

‖sin
(
sΛ1/2

)
Λ(β−1)/2Q1/2‖2

HS ds

≤
∫ t

0

‖sin
(
sΛ1/2

)
‖2
L(H) ds ‖Λ(β−1)/2Q1/2‖2

HS

≤ t‖Λ(β−1)/2Q1/2‖2
HS
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An alternative condition
Note: we do not assume that Λ and Q commute, i.e., we do not assume
that they have a common eigenbasis. However, then it may be difficult to
verify the condition ‖Λ(β−1)/2Q1/2‖HS <∞.
The following theorem gives alternative conditions that imply this.

Theorem
Assume that Q ∈ L(H) is selfadjoint, positive semidefinite and that Λ is
a densely defined, unbounded, selfadjoint, positive definite, linear
operator on H with an orthonormal basis of eigenvectors. Then the
following inequalities hold, for s ∈ R, α > 0,

‖Λ s
2 Q

1
2 ‖2

HS ≤ ‖ΛsQ‖Tr ≤ ‖Λs+αQ‖L(H)‖‖Λ−α‖Tr, (8)

‖Λ s
2 Q

1
2 ‖2

HS ≤ ‖Λs+ 1
2 QΛ−

1
2 ‖Tr, (9)

provided that the respective norms are finite. Furthermore, if Λ and Q
have a common basis of eigenvectors, in particular, if Q = I , then

‖Λ s
2 Q

1
2 ‖2

HS = ‖ΛsQ‖Tr = ‖Λs+ 1
2 QΛ−

1
2 ‖Tr. (10)

This is Theorem 2.1 in [5].
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An alternative condition

Here ‖T‖Tr = ‖T‖L1(H) =
∑∞

j=1 σj is the trace norm defined in terms of
the singular values σj of the trace class operator T , i.e., σj are the
non-negative square roots of the eigenvalues of TT ∗. We have
‖T‖Tr = Tr(T ) if T is self-adjoint positive semidefinite.

Therefore, using (8):

‖Λ
β−1

2 Q
1
2 ‖2

HS ≤ ‖Λβ−1+αQ‖L(H) ‖Λ−α‖Tr,

we select α > 0 such that Tr(Λ−α) =
∑∞

j=1 λ
−α
j <∞, which is possible.

Then it suffices to verify that ‖Λβ−1+αQ‖L(H) <∞.
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Recall the linear stochastic heat equation
∂u

∂t
(ξ, t)−∆u(ξ, t) = Ẇ (ξ, t), ξ ∈ D ⊂ Rd , t > 0

u(ξ, t) = 0, ξ ∈ ∂D, t > 0

u(ξ, 0) = u0, ξ ∈ D{
dX + AX dt = dW , t > 0

X (0) = X0

I H = U = L2(D), ‖·‖, (·, ·), D ⊂ Rd , bounded domain

I A = Λ = −∆, D(Λ) = H2(D) ∩ H1
0 (D), B = I

I probability space (Ω,F ,P)

I W (t), Q-Wiener process on H
I X (t), H-valued stochastic process

I E (t) = e−tA, analytic semigroup generated by −A

Mild solution (stochastic convolution):

X (t) = E (t)X0 +

∫ t

0

E (t − s) dW (s), t ≥ 0
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Regularity

‖v‖β = ‖Λβ/2v‖ =
( ∞∑

j=1

λβj (v , φj)
2
)1/2

, Ḣβ = D(Λβ/2), β ∈ R

Mean square norm: ‖v‖2
L2(Ω,Ḣβ)

= E(‖v‖2
β), β ∈ R

Hilbert-Schmidt norm: ‖T‖HS = ‖T‖L2(H,H)

Theorem. If ‖Λ(β−1)/2Q1/2‖HS <∞ for some β ≥ 0, then

‖X (t)‖L2(Ω,Ḣβ) ≤ C
(
‖X0‖L2(Ω,Ḣβ) + ‖Λ(β−1)/2Q1/2‖HS

)
Two cases:

I If ‖Q1/2‖2
HS =

∑∞
j=1 ‖Q1/2ej‖2 =

∑∞
j=1 γj = Tr(Q) <∞, then

β = 1.

I If Q = I , d = 1, Λ = − ∂2

∂ξ2 , then ‖Λ(β−1)/2‖HS <∞ for β < 1/2.

‖Λ(β−1)/2‖2
HS =

∑
j λ
−(1−β)
j ≈

∑
j j−(1−β)2/d <∞ iff d = 1,

β < 1/2
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The finite element method

I triangulations {Th}0<h<1, mesh size h

I finite element spaces {Sh}0<h<1, Sh ⊂ H1
0 (D) = Ḣ1

I Sh continuous piecewise linear functions

I Xh(t) ∈ Sh; (dXh, χ) + (∇Xh,∇χ) dt = (dW , χ) ∀χ ∈ Sh, t > 0

I Λh : Sh → Sh, discrete Laplacian, (Λhψ, χ) = (∇ψ,∇χ) ∀ψ, χ ∈ Sh

I Ah = Λh

I Ph : L2 → Sh, orthogonal projection, (Phf , χ) = (f , χ) ∀χ ∈ Sh{
Xh(t) ∈ Sh, Xh(0) = PhX0

dXh + AhXh dt = Ph dW , t > 0

PhW (t) is a Qh-Wiener process with Qh = PhQPh.

Mild solution, with Eh(t)vh = e−tAhvh =
∑Nh

j=1 e−tλh,j 〈vh, ϕh,j〉ϕh,j :

Xh(t) = Eh(t)PhX0 +

∫ t

0

Eh(t − s)Ph dW (s)
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Error analysis for elliptic problems

u ∈ H1
0 ; 〈∇u,∇φ〉 = 〈f , φ〉 ∀φ ∈ H1

0

uh ∈ Sh; 〈∇uh,∇χ〉 = 〈f , χ〉 ∀χ ∈ Sh

Then uh = Rhu, where Rh is the Ritz projector:

Rh : H1
0 → Sh

〈∇Rhv ,∇χ〉 = 〈∇v ,∇χ〉 ∀χ ∈ Sh

Error estimate (elliptic regularity, Aubin-Nitsche duality argument):

‖Rhv − v‖ ≤ Ch2‖v‖H2 ∀v ∈ H2 ∩ H1
0

But Ḣ2 = H2 ∩ H1
0 with equivalent norms, so that

‖Rhv − v‖ ≤ Ch2‖v‖Ḣ2 ∀v ∈ Ḣ2

Also:

‖Phv − v‖ ≤ Ch2‖v‖Ḣ2 ∀v ∈ Ḣ2
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Approximation of the semigroup

{
ut + Λu = 0, t > 0

u(0) = v

u(t) = E (t)v

{
uh,t + Λhuh = 0, t > 0

uh(0) = Phv

uh(t) = Eh(t)Phv

Denote

Fh(t)v = Eh(t)Phv − E (t)v , ‖v‖β = ‖Λβ/2v‖.

We have, for 0 ≤ β ≤ 2,

I ‖Fh(t)v‖ ≤ Chβ‖v‖β , t ≥ 0

I
(∫ t

0

‖Fh(s)v‖2 ds
)1/2

≤ Chβ‖v‖β−1, t ≥ 0

I ‖Fh(t)v‖ ≤ Chβt−β/2‖v‖, t > 0

First prove for β = 2 and β = 0, then interpolate. This can be found in
Thomée [5, Chapters 1, 3].
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Proof the second error estimate

We prove
(∫ t

0

‖Fh(s)v‖2 ds
)1/2

≤ Ch2‖v‖1 (β = 2).

Proof. Recall Fh(t)v = Eh(t)Phv − E (t)v = uh(t)− u(t), where

〈ut , φ〉 + 〈∇u,∇φ〉 = 0 ∀φ ∈ H1
0 (D)

〈uh,t , φh〉 + 〈∇uh,∇φh〉 = 0 ∀φh ∈ Sh

Take φ = φh and subtract (with e = uh − u):

〈et , φh〉 + 〈∇e,∇φh〉 = 0 ∀φh ∈ Sh

Write e = (uh − Phu) + (Phu − u) = θ + ρ. Then θ(0) = 0 and

〈θt , φh〉 + 〈∇θ,∇φh〉 = −〈ρt , φh〉 − 〈∇ρ,∇φh〉 = −〈∇ρ,∇φh〉 ∀φh ∈ Sh
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Proof

We have

〈θt , φh〉 + 〈∇θ,∇φh〉 = −〈∇ρ,∇φh〉 ∀φh ∈ Sh; θ(0) = 0.

Take φh = Λ−1
h θ:

〈θt ,Λ−1
h θ〉 + 〈∇θ,∇Λ−1

h θ〉 = −〈∇ρ,∇Λ−1
h θ〉

1
2

d

dt
‖Λ−1/2

h θ‖2 + ‖θ‖2 = −〈ρ, θ〉 ≤ ‖ρ‖‖θ‖ ≤ 1
2‖ρ‖

2 + 1
2‖θ‖

2∫ t

0

‖θ‖2 ds ≤
∫ t

0

‖ρ‖2 ds

Finally, by e = θ + ρ and smoothing of order 1, see (5),∫ t

0

‖e‖2 ds ≤ 2

∫ t

0

‖ρ‖2 ds ≤ Ch4

∫ t

0

‖u‖2
2 ds ≤ Ch4‖v‖2

1.
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Proof

For β = 0, smoothing of order 1, see (5), holds analogously for Eh:∫ t

0

‖Λ1/2
h Eh(s)vh‖2 ds ≤ 1

2‖vh‖
2.

Then ∫ t

0

‖Fh(s)v‖2 ds ≤ 2

∫ t

0

‖Eh(s)Phv‖2 ds + 2

∫ t

0

‖E (s)v‖2 ds

= 2

∫ t

0

‖Λ1/2
h Eh(s)Λ

−1/2
h Phv‖2 ds

+ 2

∫ t

0

‖Λ1/2E (s)Λ−1/2v‖2 ds

≤ ‖Λ−1/2
h Phv‖2 + ‖Λ−1/2v‖2 ≤ 2‖v‖2

−1

Proof of ‖Λ−1/2
h Phv‖ ≤ ‖Λ−1/2v‖ = ‖v‖−1 on the next page.
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Proof

Proof of ‖Λ−1/2
h Phv‖ ≤ ‖Λ−1/2v‖ = ‖v‖−1.

‖Λ−
1
2

h Phv‖ = sup
vh∈Sh

|(Λ
− 1

2

h Phv , vh)|
‖vh‖

= sup
vh∈Sh

|(v ,Λ
− 1

2

h vh)|
‖vh‖

= sup
wh∈Sh

|(v ,wh)|

‖Λ
1
2

h wh‖
≤ sup

wh∈Sh

|(v ,wh)|
‖wh‖1

≤ sup
w∈Ḣ1

|(v ,w)|
‖w‖1

= sup
h∈H

|(v ,Λ−
1
2 h)|

‖h‖

= sup
h∈H

|(Λ−
1
2 v , h)|
‖h‖

= ‖Λ− 1
2 v‖ = ‖v‖−1.
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Strong convergence

Theorem
If ‖Λ(β−1)/2Q1/2‖HS <∞ for some β ∈ [0, 2], then

‖Xh(t)− X (t)‖L2(Ω,H) ≤ Chβ
(
‖X0‖L2(Ω,Ḣβ) + ‖Λ(β−1)/2Q1/2‖HS

)
.

Optimal result: the order of regularity equals the order of convergence.

Two cases:

I If ‖Q1/2‖2
HS = Tr(Q) <∞, then the convergence rate is O(h).

I If Q = I , d = 1, Λ = − ∂2

∂ξ2 , then the rate is almost O(h1/2).

No result for Q = I , d ≥ 2.
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Strong convergence: proof

X (t) = E (t)X0 +

∫ t

0

E (t − s) dW (s)

Xh(t) = Eh(t)PhX0 +

∫ t

0

Eh(t − s) Ph dW (s)

Fh(t) = Eh(t)Ph − E (t)

Xh(t)− X (t) = Fh(t)X0 +

∫ t

0

Fh(t − s) dW (s) = e1(t) + e2(t)

‖Fh(t)X0‖ ≤ Chβ‖X0‖β
=⇒ ‖e1(t)‖L2(Ω,H) ≤ Chβ‖X0‖L2(Ω,Ḣβ)
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Strong convergence: proof


E
∥∥∥∫ t

0

B(s) dW (s)
∥∥∥2

= E

∫ t

0

‖B(s)Q1/2‖2
HS ds (isometry)(∫ t

0

‖Fh(s)v‖2 ds
)1/2

≤ Chβ‖v‖β−1, with v = Q1/2ϕl

=⇒

‖e2(t)‖2
L2(Ω,H) = E

∥∥∥∫ t

0

Fh(t − s) dW (s)
∥∥∥2

=

∫ t

0

‖Fh(t − s)Q1/2‖2
HS ds

=
∞∑
l=1

∫ t

0

‖Fh(t − s)Q1/2ϕl‖2 ds ≤ C
∞∑
l=1

h2β‖Q1/2ϕl‖2
β−1

= Ch2β
∞∑
l=1

‖Λ(β−1)/2Q1/2ϕl‖2 = Ch2β‖Λ(β−1)/2Q1/2‖2
HS
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Another type of estimate

Take X0 = 0 so that X (t) = WΛ(t) =

∫ t

0

E (t − s) dW (s).

We have shown(
sup

t∈[0,T ]

E
[
‖WΛ(t)‖2

β

])1/2

≤ C‖Λ
β−1

2 Q1/2‖HS(
sup

t∈[0,T ]

E
[
‖WΛh

(t)−WΛ(t)‖2
])1/2

≤ Chβ‖Λ
β−1

2 Q1/2‖HS

Theorem
Let ε ∈ (0, 1] and p > 2/ε. Then(

E
[

sup
t∈[0,T ]

‖WΛ(t)‖pβ
])1/p

≤ Cε‖Λ
β−1

2 +εQ1/2‖HS(
E
[

sup
t∈[0,T ]

‖WΛh
(t)−WΛ(t)‖p

])1/p

≤ Cεh
β‖Λ

β−1
2 +εQ1/2‖HS
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Another type of estimate

Proof. The proof is an adaptation of the ’factorization method’ in the
proof of [2, Theorem 5.9, Remark 5.11]:

WΛ(t) =

∫ t

0

E (t − s) dW (s)

= cα

∫ t

0

E (t − s)

∫ t

σ

(t − s)−1+α(s − σ)−α ds dW (s)

= cα

∫ t

0

(t − s)−1+αE (t − s)

∫ s

0

(s − σ)−αE (s − σ) dW (σ) ds

= cα

∫ t

0

(t − s)−1+αE (t − s)Y (s) ds

Y (s) =

∫ s

0

(s − σ)−αE (s − σ) dW (σ)

c−1
α =

∫ t

σ

(t − s)−1+α(s − σ)−α ds =
π

sin(πα)
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Another type of estimate

Idea of the proof:

Y (s) =

∫ s

0

(s − σ)−αE (s − σ) dW (σ)

WΛ(t) = cα

∫ t

0

(t − s)−1+αE (t − s)Y (s) ds

Hölder:

‖Λ
β
2 WΛ(t)‖p ≤ cα

(∫ T

0

(
s−1+α‖E (s)‖

) p
p−1 ds

)p−1
∫ T

0

‖Λ
β
2 Y (s)‖p ds

and, hence,

E
[

sup
t∈[0,T ]

‖Λ
β
2 WΛ(t)‖p

]
≤ cα

(∫ T

0

(
s−1+α‖E (s)‖

) p
p−1 ds

)p−1

×
∫ T

0

E
[
‖Λ

β
2 Y (s)‖p

]
ds
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Time discretization

{
dX + AX dt = dW , t > 0

X (0) = X0

The implicit Euler method:
k = ∆t, tn = nk, ∆W n = W (tn)−W (tn−1){

X n
h ∈ Sh, X 0

h = PhX0

X n
h − X n−1

h + kAhX n
h = Ph∆W n,

X n
h = EkhX n−1

h + EkhPh∆W n, Ekh = (I + kAh)−1

X n
h = E n

khPhX0 +
n∑

j=1

E n−j+1
kh Ph∆W j

X (tn) = E (tn)X0 +

∫ tn

0

E (tn − s) dW (s)
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Approximation of the semigroup

Denote Fn = E n
khPh − E (tn)

We have the following estimates for 0 ≤ β ≤ 2:

I ‖Fnv‖ ≤ C (kβ/2 + hβ)‖v‖β

I
(

k
n∑

j=1

‖Fjv‖2
)1/2

≤ C (kβ/2 + hβ)‖v‖β−1

See Thomée [5].
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Strong convergence

Theorem
If ‖Λ(β−1)/2Q1/2‖HS <∞ for some β ∈ [0, 2], then, with
en = X n

h − X (tn),

‖en‖L2(Ω,H) ≤ C (kβ/2 + hβ)
(
‖X0‖L2(Ω,Ḣβ) + ‖Λ(β−1)/2Q1/2‖HS

)
The reason why we can have k1 (when β = 2) is that the
Euler-Maruyama method is exact in the stochastic integral for additive
noise.

J. Printems [4] (only time-discretization)

Y. Yan [2, 3]
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Recall the linear stochastic wave equation


∂2u

∂t2
(ξ, t)−∆u(ξ, t) = Ẇ (ξ, t), ξ ∈ D ⊂ Rd , t > 0

u(ξ, t) = 0, ξ ∈ ∂D, t > 0

u(ξ, 0) = u0,
∂u

∂t
(ξ, 0) = u1, ξ ∈ D

Λ = −∆, D(Λ) = Ḣ2 = H2(D) ∩ H1
0 (D)

Ḣβ = D(Λβ/2), ‖v‖β = ‖Λβ/2v‖ =
( ∞∑

j=1

λβj (v , ϕj)
2
)1/2

, β ∈ R

[
du
dut

]
+

[
0 −I
Λ 0

] [
u
ut

]
dt =

[
0
I

]
dW ,

X =

[
u
ut

]
, A =

[
0 −I
Λ 0

]
, B =

[
0
I

]
, U = Ḣ0 = L2(D)

Hβ = Ḣβ × Ḣβ−1, H = H0 = Ḣ0 × Ḣ−1, D(A) = H1
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Abstract framework

{
dX (t) + AX (t) dt = B dW (t), t > 0

X (0) = X0

I {X (t)}t≥0, H = Ḣ0 × Ḣ−1-valued stochastic process

I {W (t)}t≥0, U = Ḣ0-valued Q-Wiener process w.r.t. {Ft}t≥0

I E (t) = e−tA =

[
cos(tΛ1/2) Λ−1/2 sin(tΛ1/2)

−Λ1/2 sin(tΛ1/2) cos(tΛ1/2)

]
,

C0-semigroup on H (actually a group) but not analytic

Here

cos(tΛ1/2)v =
∞∑
j=1

cos(t
√
λj)〈v , ϕj〉φj , (λj , φj) are eigenpairs of Λ
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Regularity

Theorem. (With X (0) = 0 for simplicity.) If ‖Λ(β−1)/2Q1/2‖HS <∞ for
some β ≥ 0, then there exists a unique weak solution

X (t) =

[
X1(t)
X2(t)

]
=

∫ t

0

E (t−s)B dW (s) =


∫ t

0

Λ−1/2 sin
(
(t − s)Λ1/2

)
dW (s)∫ t

0

cos
(
(t − s)Λ1/2

)
dW (s)


and

‖X (t)‖L2(Ω,Hβ) ≤ C (t)‖Λ(β−1)/2Q1/2‖HS, Hβ = Ḣβ × Ḣβ−1.
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Spatial discretization

I triangulations {Th}0<h<1, mesh size h

I finite element spaces {Sh}0<h<1

I Sh ⊂ Ḣ1 = H1
0 (D) continuous piecewise polynomials of degree ≤ 1

I Λh : Sh → Sh, discrete Laplacian, (Λhψ, χ) = (∇ψ,∇χ), ∀χ ∈ Sh

I Ph : Ḣ0 → Sh, orthogonal projection, (Phf , χ) = (f , χ), ∀χ ∈ Sh

I Ah =

[
0 −I

Λh 0

]
, Bh =

[
0

Ph

]
I

{
dXh(t) + AhXh(t) dt = Bh dW (t), t > 0

Xh(0) = X0,h

I Eh(t) = e−tAh =

[
cos(tΛ

1/2
h ) Λ

−1/2
h sin(tΛ

1/2
h )

−Λ
1/2
h sin(tΛ

1/2
h ) cos(tΛ

1/2
h )

]
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Spatial discretization

I triangulations {Th}0<h<1, mesh size h

I finite element spaces {Sh}0<h<1

I Sh ⊂ Ḣ1 = H1
0 (D) continuous piecewise polynomials of degree ≤ 1

I Λh : Sh → Sh, discrete Laplacian, (Λhψ, χ) = (∇ψ,∇χ), ∀χ ∈ Sh

I Ph : Ḣ0 → Sh, orthogonal projection, (Phf , χ) = (f , χ), ∀χ ∈ Sh

I Ah =

[
0 −I

Λh 0

]
, Bh =

[
0

Ph

]
I

{
dXh(t) + AhXh(t) dt = Bh dW (t), t > 0

Xh(0) = X0,h

I Eh(t) = e−tAh =

[
cos(tΛ
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h ) Λ

−1/2
h sin(tΛ
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Spatial discretization

The weak solution is:

Xh(t) =

[
Xh,1(t)
Xh,2(t)

]

=

∫ t

0

Eh(t − s)Bh dW (s) =


∫ t

0

Λ
−1/2
h sin

(
(t − s)Λ

1/2
h

)
Ph dW (s)∫ t

0

cos
(
(t − s)Λ

1/2
h

)
Ph dW (s)


where, for example,

cos(tΛ
1/2
h )v =

Nh∑
j=1

cos
(
t
√
λh,j
)
〈v , ϕh,j〉ϕh,j ,

and (λh,j , ϕh,j) are eigenpairs of Λh.
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Spatially semidiscrete: approximation of the semigroup

{
vtt(t) + Λv(t) = 0, t > 0

v(0) = 0, vt(0) = f
⇒ v(t) = Λ−1/2 sin

(
tΛ1/2

)
f

{
vh,tt(t) + Λhvh(t) = 0, t > 0

vh(0) = 0, vh,t(0) = Phf
⇒ vh(t) = Λ

−1/2
h sin

(
tΛ

1/2
h

)
Phf

We have, for Kh(t) = Λ
−1/2
h sin

(
tΛ

1/2
h

)
Ph − Λ−1/2 sin

(
tΛ1/2

)
and r = 2,

‖Kh(t)f ‖ ≤ C (t)h2‖f ‖Ḣ2 ”initial regularity of order 3”

‖Kh(t)f ‖ ≤ 2‖f ‖Ḣ−1 ”initial regularity of order 0” (stability)

‖Kh(t)f ‖ ≤ C (t)h
2
3β‖f ‖Ḣβ−1 , 0 ≤ β ≤ 3

β − 1 can not be replaced by β − 1− ε for ε > 0 (J. Rauch 1985)

Note: ‖v(t)‖Ḣ2 ≤ ‖f ‖Ḣ1 ”initial regularity of order 2”
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Spatially semidiscrete: Strong convergence
Theorem. If ‖Λ(β−1)/2Q1/2‖HS <∞ for some β ∈ [0, 3], then

‖Xh,1(t)− X1(t)‖L2(Ω,Ḣ0) ≤ C (t) h
2
3β
∥∥Λ(β−1)/2Q1/2

∥∥
HS

Higher order FEM: O(h
r

r+1β), β ∈ [0, r + 1].

Proof. {fk} an arbitrary ON basis in Ḣ0

‖Xh,1(t)− X1(t)‖2
L2(Ω,Ḣ0)

= E
(
‖Xh,1(t)− X1(t)‖2

)
= E

(∥∥∥∫ t

0

Kh(t − s) dW (s)
∥∥∥2)

=

∫ t

0

∥∥Kh(s)Q1/2
∥∥2

HS
ds =

∫ t

0

∞∑
k=1

∥∥Kh(s)Q1/2fk
∥∥2

ds

≤ C (t)h
4
3β
∞∑
k=1

∥∥Q1/2fk
∥∥2

Ḣβ−1 = C (t)h
4
3β
∥∥Λ(β−1)/2Q1/2

∥∥2

HS

This is from [2].
Time stepping is studied in [4].
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Nonlinear problems

This kind of analysis carries over (with some limitations) to nonlinear
problems

dX + AX dt = F (X ) dt + G (X ) dW

if the operators F , G are globally Lipschitz in the appropriate senses.

For example:

{E (t)}t≥0 analytic, Tr(Q) <∞
‖F (u)− F (v)‖H ≤ C‖u − v‖H
‖(G (u)− G (v))Q

1
2 ‖L2(U,H) ≤ C‖u − v‖H

Then we have spatial regularity: Lp(Ω, Ḣγ), and temporal regularity:
Hölder γ/2 in Lp(Ω,H) for γ ∈ [0, 1), p ≥ 2 [2].
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Nonlinear problems

dX + AX dt = F (X ) dt + G (X ) dW

For example:

{E (t)}t≥0 analytic, Tr(Q) <∞
‖F (u)− F (v)‖H ≤ C‖u − v‖H
‖(G (u)− G (v))Q

1
2 ‖L2(U,H) ≤ C‖u − v‖H

Jentzen and Röckner [3] introduced a linear growth bound:

‖A
β−1

2 G (u)Q
1
2 ‖L2(U,H) ≤ C (1 + ‖u‖Ḣβ−1 )

Kruse and L [3] assumed that A is self-adjoint with compact inverse so
that the “special smoothing of order 1” (5) holds.

Then, for β ∈ [0, 2), p ∈ [1,∞),

‖X (t)‖Lp(Ω,Ḣβ) ≤ C ,

and Hölder in t with exponent min( 1
2 ,
β
2 ) in Lp(Ω,H).
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and Hölder in t with exponent min( 1
2 ,
β
2 ) in Lp(Ω,H).

68 / 93



Nonlinear problems

dX + AX dt = F (X ) dt + G (X ) dW

For example:

{E (t)}t≥0 analytic, Tr(Q) <∞
‖F (u)− F (v)‖H ≤ C‖u − v‖H
‖(G (u)− G (v))Q

1
2 ‖L2(U,H) ≤ C‖u − v‖H
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Nonlinear problems

I will speak about this in the next lecture.

Today: A problem with locally Lipschitz nonlinearity: Cahn-Hilliard-Cook
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Cahn-Hilliard-Cook equation

du −∆v dt = dW in D × [0,T ]

v = −∆u + f (u) in D × [0,T ]

∂u

∂n
=
∂v

∂n
= 0 on ∂D × [0,T ]

u(0) = u0 in D

Here f (u) = u3 − u. Eliminate v .

Set X (t) = u(t) ∈ H = L2(D).

H-valued stochastic process: X (t).

Let Λ = −∆ be the Neumann Laplacian in H.

W (t), a Q-Wiener process in H with respect to {Ft}.{
dX +

(
Λ2X + Λf (X )

)
dt = dW , t > 0

X (0) = X0
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The Cahn-Hilliard semigroup

Λ = −∆ is the Neumann Laplacian in H.

Eigenvalues: 0 = λ0 < λ1 ≤ λ2 ≤ · · · ≤ λj ≤ · · · , λj →∞.

Orthonormal eigenbasis: {ϕj}∞j=0, ϕ0 = |D|− 1
2

E (t)v = e−tΛ2

v =
∞∑
j=0

e−tλ
2
j 〈v , ϕj〉ϕj =

∞∑
j=1

e−tλ
2
j 〈v , ϕj〉ϕj + 〈v , ϕ0〉ϕ0

{
u̇ + Λ2u = 0, t > 0

u(0) = v
⇒ u(t) = E (t)v

{
u̇ + Λ2u = f , t > 0

u(0) = v
⇒ u(t) = E (t)v +

∫ t

0

E (t − s)f (s) ds

Thus: A = Λ2 here.
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CHC: abstract formulation{
dX + Λ2X dt = −Λf (X ) dt + dW , t > 0

X (0) = X0

The mild solution is given by the equation:

X (t) = e−tΛ2

X0 −
∫ t

0

e−(t−s)Λ2

Λf (X (s)) ds +

∫ t

0

e−(t−s)Λ2

dW (s)

= Y (t) + WΛ(t)

Stochastic convolution:

WΛ(t) =

∫ t

0

e−(t−s)Λ2

dW (s)

Random evolution problem:{
Ẏ + Λ2Y + Λf (Y + WΛ) = 0, t > 0

Y (0) = X0.
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The finite element method
Spatial discretization

I family of triangulations of D: {Th}0<h<1, mesh size h
I family of finite element spaces: {Sh}0<h<1

I Sh ⊂ H1(D), continuous piecewise linear functions
I Galerkin method: uh(t), vh(t) ∈ Sh{

〈duh, χ〉 + 〈∇vh,∇χ〉 dt = 〈dW , χ〉 ∀χ ∈ Sh, t > 0

〈vh, χ〉 = 〈∇uh,∇χ〉 + 〈f (uh), χ〉 ∀χ ∈ Sh, t > 0

I Λh : Sh → Sh, discrete Laplacian, 〈Λhψ, χ〉 = 〈∇ψ,∇χ〉, ∀χ ∈ Sh

I Ph : H → Sh, orthogonal projector, 〈Phf , χ〉 = 〈f , χ〉, ∀χ ∈ Sh

I

{
dXh + Λ2

hXh dt + ΛhPhf (Xh) dt = Ph dW , t > 0

X (0) = PhX0

I eigenvalues: 0 = λh,0 < λh,1 ≤ · · · ≤ λh,j ≤ · · · ≤ λh,Nh

I orthonormal eigenbasis: {ϕh,j}Nh

j=0, ϕh,0 = ϕ0 = |D|− 1
2

I semigroup:

Eh(t)vh = e−tΛ2
hvh =

Nh∑
j=0

e−tλ
2
h,j 〈vh, ϕh,j〉ϕh,j
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CHC: finite element approximation

{
dXh + Λ2

hXh dt = −ΛhPhf (Xh) dt + Ph dW , t > 0

X (0) = PhX0

The mild solution is given by the equation:

Xh(t) = e−tΛ2
hPhX0 −

∫ t

0

e−(t−s)Λ2
hΛhPhf (Xh(s)) ds +

∫ t

0

e−(t−s)Λ2
hPh dW (s)

= Yh(t) + WΛh
(t)

Stochastic convolution: WΛh
(t) =

∫ t

0

e−(t−s)Λ2
hPh dW (s)

Random evolution problem:{
Ẏh + Λ2

hYh + ΛhPhf (Yh + WΛh
) = 0, t > 0

Yh(0) = PhX0

74 / 93



Linear CHC: approximation of the semigroup

{
u̇ + Λ2u = 0, t > 0

u(0) = v

u(t) = E (t)v

{
u̇h + Λ2

huh = 0, t > 0

uh(0) = Phv

uh(t) = Eh(t)Phv

Error: Fh(t)v = Eh(t)Phv − E (t)v , seminorm: |v |β = ‖Λβ/2v‖

Theorem

I ‖Fh(t)Pv‖ ≤ Chβ |v |β , t ≥ 0, β ∈ [0, 2]

I
(∫ t

0

‖Fh(s)Pv‖2 ds
)1/2

≤ Chβ | log(h)| |v |β−2, t ≥ 0, β ∈ [1, 2]

Note: our FEM is based on (Λh)2 instead of (Λ2)h.
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Linear CHC: regularity and strong convergence

Theorem

If ‖Λ
β−2

2 Q
1
2 ‖HS <∞ for some β ∈ [1, 2], then

‖WΛ(t)‖L2(Ω,Ḣβ) ≤ C ‖Λ
β−2

2 Q
1
2 ‖HS, t ≥ 0,

‖WΛh
(t)−WΛ(t)‖L2(Ω,H) ≤ Chβ | log(h)| ‖Λ

β−2
2 Q

1
2 ‖HS, t ≥ 0.

Proof:

‖WΛh
(t)−WΛ(t)‖2

L2(Ω,H)

= E
∥∥∥ ∫ t

0

Fh(t − s)P dW (s)
∥∥∥2

=

∫ t

0

‖Fh(t − s)PQ1/2‖2
HS ds

=
∞∑
j=1

∫ t

0

‖Fh(t − s)PQ1/2φj‖2 ds ≤ C
∞∑
j=1

h2β | log(h)|2|Q1/2φj |2β−2

= Ch2β | log(h)|2
∞∑
j=1

‖Λ(β−2)/2Q1/2φj‖2

= Ch2β | log(h)|2‖Λ(β−2)/2Q1/2‖2
HS
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Linear CHC

We also show

Theorem
Let ε ∈ (0, 1] and p > 2/ε. Then(
E
[

sup
t∈[0,T ]

‖WΛ(t)‖p3
])1/p

≤ Cε‖Λ
1
2 +εQ1/2‖HS (β = 3 + eps)

(
E
[

sup
t∈[0,T ]

‖WΛh
(t)−WΛ(t)‖p

])1/p

≤ Cεh
2‖ΛεQ1/2‖HS (β = 2 + eps)

Proof. The factorization method.
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Linear CHC: strong convergence

Larsson and Mesforush, IMAJNA (2011).
Euler timestepping is also studied here.

Kossioris and Zouraris, M2AN (2010) (1-D)
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Cahn-Hilliard-Cook equation{
dX + Λ2X dt = −Λf (X ) dt + dW , t > 0

X (0) = X0

The mild solution is given by the equation:

X (t) = e−tΛ2

X0 −
∫ t

0

e−(t−s)Λ2

Λf (X (s)) ds +

∫ t

0

e−(t−s)Λ2

dW (s)

= Y (t) + WΛ(t)

The stochastic convolution is now known:

WΛ(t) =

∫ t

0

e−(t−s)Λ2

dW (s)

Remains to solve the random evolution problem:{
Ẏ + Λ2Y + Λf (Y + WΛ) = 0, t > 0

Y (0) = X0.
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Cahn-Hilliard-Cook equation

Y (t) = e−tΛ2

X0 −
∫ t

0

e−(t−s)Λ2

Λf
(
Y (s) + WΛ(s)

)
ds

Controlling the non-linearity: f (s) = s3 − s

I ‖Λf (u)‖ ≤ C
(
1 + ‖u‖2

H1

)
‖u‖H3

I |f (u)− f (v)|−1 ≤ C
(
1 + ‖u‖2

H1 + ‖v‖2
H1

)
‖u − v‖

Useful to bound ‖X (t)‖H1 and ‖Xh(t)‖H1 .
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Cahn-Hilliard-Cook equation

Energy functional:

J(u) =
1

2
‖∇u‖2 +

∫
D

F (u) dx , u ∈ H1, F (s) = 1
4 s4 − 1

2 s2,

Deterministic case: J(X (t)) ≤ J(X0), t ≥ 0 (Lyapunov functional)

Stochastic case:

Theorem
If ‖Λ1/2Q1/2‖2

HS <∞ (β = 3), then

E
[
J(X (t))

]
≤ C (t), E

[
J(Xh(t))

]
≤ C (t), t ≥ 0.
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Cahn-Hilliard-Cook equation

Proof for J(Xh(t)):

J(uh) =
1

2
‖∇uh‖2 +

∫
D

F (uh) dx

J ′(uh) = Λhuh + Phf (uh)

dXh = −Λ2
hXh dt − ΛhPhf (Xh) dt + Ph dW

= −ΛhJ ′(Xh) dt + Ph dW

Itô’s formula:

J(Xh(t)) = J(Xh(0)) +

∫ t

0

〈J ′(Xh(s)), dXh(s)〉 +
1

2

∫ t

0

Tr(J ′′(Xh(s))Qh) ds

= J(PhX0)−
∫ t

0

〈J ′(Xh(s)),ΛhJ ′(Xh(s))〉 ds

+

∫ t

0

〈J ′(Xh(s)),Ph dW (s)〉 +
1

2

∫ t

0

Tr(J ′′(Xh(s))Qh) ds.
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Cahn-Hilliard-Cook equation

E
[
J(Xh(t))

]
+ E

[ ∫ t

0

|J ′(Xh(s))|21 ds
]

= E
[
J(PhX0)

]
+ E

[ ∫ t

0

〈J ′(Xh(s)),Ph dW (s)〉
]

︸ ︷︷ ︸
=0

+
1

2
E
[ ∫ t

0

Tr(J ′′(Xh(s))Qh) ds
]

= E
[
J(PhX0)

]
+

1

2
E
[ ∫ t

0

Tr(ΛhQh) ds
]

+
1

2
E
[ ∫ t

0

Tr([f ′(Xh(s))·]Qh) ds
]
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Cahn-Hilliard-Cook equation

If ‖Λ1/2Q1/2‖2
HS <∞ (β = 3), then

E
[
J(X (t))

]
≤ C (t), E

[
J(Xh(t))

]
≤ C (t), t ≥ 0.

Hence: E
[
‖X (t)‖2

H1

]
≤ C (t), E

[
‖Xh(t)‖2

H1

]
≤ C (t), t ≥ 0.

Generalization of Da Prato and Debussche (1996) [1]:

I do not assume common eigenbasis for Λ and Q.

I do not assume max-norm bound for the eigenbasis of Q:
‖ej‖L∞(D) ≤ C .

I the growth C (t) is quadratic instead of exponential.

I same bound for Xh.

We also show

E
[

sup
t∈[0,T ]

‖X (t)‖2
H1

]
≤ KT , E

[
sup

t∈[0,T ]

‖Xh(t)‖2
H1

]
≤ KT .
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Cahn-Hilliard-Cook equation

E
[
‖X (t)‖2

H1

]
≤ C (t), t ≥ 0.

‖Λf (X )‖ ≤ C
(
1 + ‖X‖2

H1

)
‖X‖H3 .

E
[
‖X‖2

H1‖X‖H3

]
≤ E

[
‖X‖4

H1

] 1
2

E
[
‖Y + WΛ‖2

H3

] 1
2

.

Need higher moments!

Alternative: Apply Chebyshev’s inequality to

E
[

sup
t∈[0,T ]

(
‖X (t)‖2

H1 + ‖Xh(t)‖2
H1

)]
≤ KT .

For each T > 0, h ∈ (0, 1], and ε ∈ (0, 1) there are KT and Ωε ⊂ Ω with
P(Ωε) ≥ 1− ε and such that

sup
t∈[0,T ]

(
‖X (t)‖2

H1 + ‖Xh(t)‖2
H1

)
≤ ε−1KT on Ωε.

Now we can control the nonlinearity pointwise on Ωε × [0,T ].
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Chebyshev’s inequality

We have E
[

sup
t∈[0,T ]

‖Xh(t)‖2
H1

]
≤ KT and take ε > 0.

Chebyshev:

P
{

sup
t∈[0,T ]

‖Xh(t)‖2
H1 > α

}
≤ α−1E

[
sup

t∈[0,T ]

‖Xh(t)‖2
H1

]
≤ α−1KT

= ε

Choose α = ε−1KT

and Ωε =
{

sup
t∈[0,T ]

‖Xh(t)‖2
H1 ≤ α = ε−1KT

}
.

Then P(Ωε) ≥ 1− ε.
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Nonlinear CHC

Now we can use deterministic analysis to prove bounds for ‖Y ‖3 and
‖Yh(t)− Y (t)‖ pointwise on Ωε × [0,T ].

In order to add WΛ and WΛh
, we must apply Chebyshev to(

E
[

sup
t∈[0,T ]

‖WΛ(t)‖p3
])1/p

≤ Cα‖Λ
1
2 +αQ1/2‖HS(

E
[

sup
t∈[0,T ]

‖WΛh
(t)−WΛ(t)‖p

])1/p

≤ Cαh2‖ΛαQ1/2‖HS

for α ∈ (0, 1] and p > 2/α. Then we have pointwise bounds for

‖WΛ(t)‖3 and ‖WΛh
(t)−WΛ(t)‖ on Ωε × [0,T ].
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Non-homogeneous linear Cahn-Hilliard: error estimate
u(t) ∈ H1(D), u(0) = u0

〈u̇, χ〉 + 〈∇v ,∇χ〉 = 0 ∀χ ∈ H1(D), t > 0

〈v , χ〉 = 〈∇u,∇χ〉 + 〈g , χ〉 ∀χ ∈ H1(D), t > 0
uh(t) ∈ Sh, uh(0) = Phu0

〈u̇h, χ〉 + 〈∇vh,∇χ〉 = 0 ∀χ ∈ Sh, t > 0

〈vh, χ〉 = 〈∇uh,∇χ〉 + 〈g , χ〉 ∀χ ∈ Sh, t > 0

Time-derivative-free error estimate:

‖uh(t)− u(t)‖ ≤ Ch2
(
| log(h)| sup

s∈[0,t]

|u(s)|2 +
(∫ t

0

|v(s)|22 ds
) 1

2
)

≤ Ch2| log(h)|
(
|u0|22 +

∫ t

0

|g(s)|22 ds
) 1

2

To be used with g(t) = f (X (t)), so that u(t) = Y (t).
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Cahn-Hilliard-Cook equation: error analysis

X (t) = Y (t) + WΛ(t)

Xh(t) = Yh(t) + WΛh
(t)

Y (t) = e−tΛ2

X0 −
∫ t

0

e−(t−s)Λ2

Λf (X (s)) ds = u(t)

Yh(t) = e−tΛ2
hPhX0 −

∫ t

0

e−(t−s)Λ2
hΛhPhf (Xh(s)) ds

Zh(t) = e−tΛ2
hPhX0 −

∫ t

0

e−(t−s)Λ2
hΛhPhf (X (s)) ds = uh(t)

Xh(t)− X (t) = (Yh(t) + WΛh
(t))− (Y (t) + WΛ(t))± Zh(t)

= (Yh(t)− Zh(t))︸ ︷︷ ︸
Gronwall

+ (Zh(t)− Y (t))︸ ︷︷ ︸
deterministic error estimate

+ (WΛh
(t)−WΛ(t))︸ ︷︷ ︸

known
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Cahn-Hilliard-Cook equation

We show regularity and error estimates on Ωε × [0,T ]:

If ‖Λ(1+γ)/2Q1/2‖2
HS <∞, γ > 0 (β = 3 + γ), then

‖X (t)‖H3 ≤ C (ε−1KT ,T ) on Ωε, t ∈ [0,T ]

‖Xh(t)− X (t)‖ ≤ C (ε−1KT ,T )h2| log(h)| on Ωε, t ∈ [0,T ]

Strong convergence (without known rate):

E
[

sup
t∈[0,T ]

‖Xh(t)− X (t)‖2
]
→ 0 as h→ 0.

This is from [1].
Earlier work by Cardon-Weber [1], convergence for a finite difference
method.
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