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Outline

Stochastic heat equation:

P .
a—ltj—Au: flu)+g(u)W, xeD, t>0
u=0, xe€dD, t>0
u(0) = wp.

Stochastic wave equation:
0?u .
ﬁ_AIJ:f‘(u)"‘g’(u)‘/‘/7 XED’ t>0
u=20, x€edD, t>0
u(0) = wo, u(0) = uy.

W is spatial and temporal noise



Outline

Stochastic Cahn-Hilliard equation (Cahn-Hilliard-Cook):

ou . )
E—AV—W in Dx|[0,T]
v=—Au+f(u) in Dx]0,T]
Ju Ov

%:%:0 on 87.7><[0,T]
u(0) = u in D




Outline

Formulate as an abstract evolution problem in Hilbert space H:

dX 4+ AX dt = F(X)dt + G(X)dW, t>0
X(0) = Xo

What does this mean? Strong formulation:
t t
X(t) = Xo +/ (-AX + F(X))ds+/ G(X)dW
0 0
Weak formulation:

(X(£).m) = (Xoum) + /0 (X(s), ~A™n) + (F(X(s)). ) ds

+ [ exispawts) vie o(a)



Outline

We will use the semigroup approach of Da Prato and Zabczyk [2] based
on the mild formulation:

X(t) =e Xy + / t e (E=AF(X(s))ds + / t e (E=IAG(X(s)) dW(s)
0 0

Here {e’tA}tZO is the semigroup of bounded linear operators generated
by —A.

{W(t)}e>0 is @ Q-Wiener process in another Hilbert space U and

fot ---dW is a stochastic integral.

We often study the linear case, where F(X) =1f, G(X) = B are
independent of X:

dX(t) + AX(t)dt = f(t)dt + BdW(t), t>0
X(0) = Xo

Here B € L(U,H). Often f = 0 for brevity.
Additive noise: BdW. Multiplicative noise: G(X)dW.
We shall explain these things.



Notation

D C RY spatial domain, bounded, convex, with polygonal boundary
H, U real, separable Hilbert spaces

H = L,(D) Lebesgue space

L(U,H) bounded linear operators, L(H) = L(H,H)

Lo(U, M) Hilbert-Schmidt operators, HS = Lo(H) = L(H,H)

vV v.v. vy



Semigroup

A family {E(t)}+>0 C L(H) is a semigroup of bounded linear operators
on H, if

» £(0) =1/, (identity operator)
» E(t+s)=E(t)E(s), t,s > 0. (semigroup multiplication)

It is strongly continuous, or Cp, if

lim E(t)x =x Vxe€H.
t—0+

Then the generator of the semigroup is the linear operator G defined by

Gx = lim %, D(G) = {x € H : Gx exists}.

G is usually unbounded but densely defined and closed.

7/93



Semigroup
u(t) = E(t)ug solves the initial-value problem
u'(t) = Gu(t), t>0; u(0)= u,
if up € D(G). Therefore, writing E(t) = '€ is justified.
There are M > 1, w € R, such that
|E(t)|l 2y < Me®",  t>0.

Without loss of generality we assume w = 0 (a shift of the operator

G — G — wl). Contraction semigroup if also M = 1.

If E(t) is invertible, E(t)~! = E(—t), then {E(t)}+cr is a group.

The semigroup is analytic (holomorphic), if E(t) extends to a complex

analytic function E(z) in a sector containing the positive real axis
Rez > 0. Then the derivative

E'(t)up = iE(t)uo = GE(t)up, t>0,

dt
exists for all ug € H, not just for ug € D(G). Moreover,
|E (B)ulln = | GE(Duollz < Ct Ml £>0. (1)

The inequality (1) is characteristic for analytic semigroups.



Semigroup

On the other hand, we may start with a closed, densely defined, linear
operator A and ask for conditions under which G = —A generates a
semigroup E(t) = e~ *, so that u(t) = E(t)up solves

u'(t)+ Au(t) =0, t >0; u(0)= uo.

Such theorems exist, which characterize the generators of strongly
continuous (Cp) semigroups, analytic semigroups, and groups. For
example, Hille-Yosida theorem, Lumer-Phillips theorem, Stone's theorem.

For analytic semigroups a characterization is given in terms of the
resolvent bound

C

|z —wl’

[(z=A) " ea) < for Rez < w, (2)

with w as above (w = 0 without loss of generality).



Semigroup

The non-homogeneous equation
U'(t) + Au(t) = f(t), t >0; u(0) = up.

is then solved by the variation of constants formula (Duhamel’s principle):

u(t):E(t)uo+/O E(t —s)f(s)ds,

provided that f has some small amount of regularity. This is the basis for
our semigroup approach to SPDE.

Proof.

Multiply v'(s) + Au(s) = f(s) by the integrating factor
d(s) = E(t —s) =e (17904t > 5, and integrate. O



Laplacian

Let D C R? be a bounded, convex, polygonal domain. Then
» finite element meshes can be exactly fitted to 9D,

» we have elliptic regularity:
IVll+2(p) < ClIAVIp) Vv € HA(D) N Hg (D).

2 - - . - .
Here A = 27:1 % is the Laplacian. In this way we avoid some technical

J
difficulties associated with the finite element method in smooth domains.

Let H = Ly(D) and A = —A with D(A) = H*(D) N H3(D). Then A'is
unbounded in H and self-adjoint with compact inverse A=1. The spectral
theorem gives eigenvalues

O< M <A< <A<, N =00, A~ )29 as j— oo,

and a corresponding orthonormal (ON) basis of eigenvectors {;}72;.



Laplacian

Parseval's identity is

oo oo
v=> U, G=(v.e)m V=D 9, veH.
j=1

j=1
Fractional powers:
o0
Ay = fooj%-, a €R,
j=1
oo
VI = IN213 =D Af07, aeR,
j=1

A = {ve H: V] < 00} = D(A), 0 >0,

H=* = closure of H in the H™%-norm, a >0,

Then H=“ can be identified with the dual space (H*)*.
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Laplacian

The integer order spaces can be identified with standard Sobolev spaces.

Theorem .
(i) H* = H3(D) with |Vl = [Vlimo) Vv € F.
(ii) H? = H¥(D) 1 H(D) with ||z ~ ||V]|e(p) ¥V € H2.

Proof.

A proof of this can be found in Thomée [5, Ch. 3]. The proof of (i) is
based on the Poincaré inequality and the trace inequality. The proof of
(ii) uses also the elliptic regularity. In general, we have only

H? > H*(D) N H} (D),

because, in a nonconvex polygonal domain for example, H? = D(A) may
contain functions with corner singularities which are not in H?(D). O

13/93



Laplacian

We define the heat semigroup:

oo

E(t)v =e v = Ze_’\ftﬁjgoj.

=1

It is analytic in the right half plane Rez > 0. Important bounds:

IE@)Vlle < V]ms £20, 3)
INE(6)v]y < Cat~|IVIly, >0, a>0, (4)

t
/0 IN2E(s)|3 ds < LvE, £ o. (5)

Recall from (1) that (4) is characteristic for analytic semigroups. It
means that the operator E(t) has a smoothing effect. The smoothing
effect in (5) is true for the heat semigroup, but not for analytic
semigroups in general.
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Laplacian

Proof.
We use Parseval and x®e=* < C, for x > 0:
o0 o0
~Ntg, -2 20— 2\t 82
A E( => (e =727 (Ajt)* e 2N
j=1 j=1

o0
£20N 02 = G2 v,

Jj=1

This proves (3) and (4). Similarly,

/H/\WE( vHHds—/ Zx\e_Q’\s“st
—Z/ Ne eds 02 < LvfZ,.
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Laplacian

Remark. The above development based on the spectral representation of
fractional powers and the heat semigroup carries over verbatim to more
general self-adjoint elliptic operators:

Av ==V -(a(x)Vv) + c(x)v with 0 < a9 < a(x) < a1, ¢(x) >0,

for then we still have an ON basis of eigenvectors. For non-self-adjoint
elliptic operators, the fractional powers and the semigroup may be
constructed by means of an operator calculus based complex contour
integration using the resolvent, see (2). The bounds (3) and (4) are part
of the general theory and (5) can be proved by an energy argument if the
operator satisfies the conditions of the Lax-Milgram lemma, for example,

Av = =V - (a(x)VVv) + b(x) - Vv + c(x)v  with c(x) — 3V - b(x) > 0,
so that
(Av. V) > clvIg,.

See the following exercises.

16
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Laplacian

Exercise 1. Prove (5) by the energy method: multiply
u'(t) + Au(t) =0 (6)

by u(t) and integrate.

Exercise 2. Prove the special case oo = % of (4) by the energy method:

multiply (6) by tu’(t) and integrate.

17 /93



Stochastic ODE

dX(t) = p(X(t), t)dt + o(X(t),t)dB(t), te][0,T]
X(0) = Xo.

This means

X(t) =Xo + /Otu(X(s),s)ds+ /Ota(X(s),s)dB(s), te[o, T].



Stochastic ODE

dX(t) = p(X(t), t)dt + o(X(t),t)dB(t), te][0,T]
X(0) = Xo.

This means

X(t) =Xo + /Otu(X(s),s)ds+ /Ota(X(s),s)dB(s), te[o, T].

Could be a system:
dXi = pi(Xe, ., Xn, ) dE+ > 0(Xa, .., X, £)dBi(2), i=1,...,n,
j=1

X=(X,...,Xa)" €R", p:R"%x[0,T] = R", o:R"%[0, T] = R™™,

and B = (By,...,Bn,)" an m-dimensional Brownian motion, consisting
of m independent Brownian motions B;.

18 /93



Covariance

dX(t) = p(X(t), t)dt + o(X(t), t)dB(t)

If o is constant:

E[(cAB) ® (¢AB)] = E[(¢AB)(cAB)]

E[ABAB'|o"
(Ato = Atoo” = AtQ

Covariance matrix: @ = oo’ (nxm)yx(mxn)=nxn

It is symmetric positive semidefinite.

So 0B is a vector-valued Wiener process with covariance matrix Q.

19
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Covariance

dX(t) = p(X(t), t)dt + o(X(t), t)dB(t)

If o is constant:

E[(cAB) ® (¢AB)] = E[(¢AB)(cAB)]

E[ABAB'|o"
(Ato = Atoo” = AtQ

Covariance matrix: @ = oo’ (nxm)yx(mxn)=nxn

It is symmetric positive semidefinite.

So 0B is a vector-valued Wiener process with covariance matrix Q.

Conversely, given Q we may take o = Q'/2 and use Q'/2B.

We want to do this in Hilbert space.

19
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Q-Wiener process

Let U be a separable real Hilbert space and let (2, F, P) be a probability
space. A random variable is a measurable mapping f: Q — U, i.e.,

f~1(A) € F VA€ B(U) (= the Borel sigma algebra in U).

We define Lebesgue-Bochner spaces L,(Q,U):

Iflloeo = ([ 1F@IEdPw) " = ElIrIE)

and the expected value

E[f]:/ﬂfdP, f e Li(QU).
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Q-Wiener process

We start with a covariance operator Q € L(U), self-adjoint, positive
semidefinite. We assume that it has an eigenbasis:

Qej = e, 7 >0, {e}Z; ON basis in U.

Let 3;(t) be independent identically distributed, real-valued, Brownian
motions. Define

W(t) =" ~2Bi(t)e.
j=1
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Q-Wiener process

We start with a covariance operator Q € L(U), self-adjoint, positive
semidefinite. We assume that it has an eigenbasis:

Qej = e, 7 >0, {e}Z; ON basis in U.

Let 3;(t) be independent identically distributed, real-valued, Brownian
motions. Define

Z 1/2

Two important cases:
> Tr(Q) <oo. W(t) converges in Ly(Q,U):

EHZ 1/2 H Z’YJ (8i(t) —tZ’yJ—tTr
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Q-Wiener process

We start with a covariance operator Q € L(U), self-adjoint, positive
semidefinite. We assume that it has an eigenbasis:

Qej = e, 7 >0, {e}Z; ON basis in U.

Let 3;(t) be independent identically distributed, real-valued, Brownian
motions. Define

Z 1/2

Two important cases:
> Tr(Q) <oo. W(t) converges in Ly(Q,U):

EHZ 1/2 H Z’YJ (8i(t) —tZ’yJ—tTr

» Q =1, “white noise”. W(t) is not Z/{—valued, since Tr(/) = oo,
but converges in a weaker sense.
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Q-Wiener process

If Tr(Q) < oc:
W(0) = 0.
continuous paths t — W(t) in U.

independent increments: W/(t) — W(s) is independent of W(r) for
0<r<<s<t

Gaussian law: P o (W(t) — W(s))t ~N(0,(t —5)Q), s<t

v

v

v

v
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Q-Wiener process

Proof.
(Covariance.) Let AW = W(t) — W(s). Then

(E[AW @ AW]u,v),, = E[(AW, u)u (AW, v)y]

—E [< Z I/ZA/Bjej’ u>u< ivimABkek’ V>u}
k=1

[o ol o]

=SSP PE[AB AL (6, uuler, vViu

Jj=1 k=1

= (£ ) ler huler Vi = (£ = 9)(Qu. v

because

E[Aﬁf] = t—S), ./: kv

_ (
E[AGA5] = {E[Aﬁj} E[AB] =0, j#k



Q-Wiener process
Let B € L(U,H) and calculate the norm

1B(W(t) = W) i) = E[IIBAWIS]

Kiﬁ/m@&%»zh AﬁkBek> }

j=1

=SS AR (AR AR (Bey, B = (t—5) S vl Bell3
j=1

Jj=1 k=1
1/2
(t—s) ZHB Pl = (t—s)> 1BQY¢3
j=1

=(t— s)|\BQ1/2H¢2(u,H) = (t = 5)I1Bl s 20)-

Here we used the Hilbert-Schmidt norm of a linear operator T: U — H:

.

T2 w0 =D I Teill3, arbitrary ON-basis {¢;}7%, in U.
j=1

Also, it is useful to introduce ||B|| o) = ||BQl/2||£2(u,H).
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Wiener integral

We want to define

T

O(t)dW(t), where & € Ly([0, T], LY(U,H)) is a

deterministic integrand. The construction goes in three steps.

1. Simple functions.

0:t0<~-~<tj<--~

Define

[ o

N—-1
<ty=T, =) Ol .., b€ LIUH).
j=0
N—-1
CD.I J+1 (tj))

j=0

—.
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Wiener integral

2. 1t6 isometry for simple functions. Using the independence of
increments and the previous norm calculation:

I e, [HD () - W)
- e[ s (W) - W) ]
N—1

.
= Y 19yt =) = [ 1900
j=0

So we have an isometry for simple functions:
T
$ |—>/ ddW,
0
L2([07 T]a ‘Cg(ua H)) — LQ(Qv H)

3. Extend to all of Ly([0, T], £L3(U,H)) by density.

26
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It6 integral

For a random integrand the It6 integral fOT ®dW can be defined
together with the isometry

E W,T oty aw(y)| ] = /OT E[[|0()] 24005 d.

Here the process ®: [0, T] — L£3(U,H) must be predictable and adapted
to the filtration {F;}+>0 generated by W and

.
/O E[[|0(8)l1Z900,2)) dt < 0.

No details here...
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Stochastic evolution equation

It is now possible to study the mild solution
t
X() = E()Xs +/ E(t—s)dW(s), t>0
0

in a situation where E is a general Cy-semigroup. But | do not find this so
useful, at least when you have numerical analysis of the equation in mind.
| therefore specialize to the heat and wave equations (and, later,
Cahn-Hilliard).

28/93



Linear stochastic heat equation

D) nue. )= W(e ), E€DCRY t>0

u(€,t) =0, £EedD, t>0
U(f,O) = U, fe D

AXdt =dW, t>0

—
x o
Gl
I
X

H=U= La(D), |||, (-,-), P C RY, bounded domain
A=A=—A, D(A) = H¥D) N HY(D), B = I
probability space (2, F, P)

W(t), Q-Wiener process on H

X(t), H-valued stochastic process

vV v.v. v Y

v

E(t)= e~ ™, analytic semigroup generated by —A
Mild solution (stochastic convolution):
t
X(t) = E(t)Xo+/ E(t—s)dW(s), t>0
0
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Regularity
> 1/2 )
Ivlls = N2 = (3N (v, 8)?) " HP = D(N/2), eR
Jj=1

Mean square norm: ||v||L2 Q.h8) = E(||v||[23)7 B E€R

Hilbert-Schmidt norm: || T |lus = || Tl £,(3,20)

Theorem. If ||[A~1/2Q1/2||45 < oo for some 3 > 0, then
IX(O) sy < € (PXollaga sy + IACT/2Q1 s
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Regularity
> 1/2 )
Ivlls = N2 = (3N (v, 8)?) " HP = D(N/2), eR
Jj=1

Mean square norm: ||v||L2 Q.he) = E(||v||[23)7 B8 eR
Hilbert-Schmidt norm: || T |lus = || Tl £,(3,20)

Theorem. If ||[A~1/2Q1/2||45 < oo for some 3 > 0, then
Xl iy < €(IXlqa ey + IAPTD2Q2 s

Two cases:

> I |QY2IIRs = X721 1@ 21> = 3072, v = Tr(Q) < oo, then
=1
» IfQ=1/,d=1 A= 852, then [|[AP~1/2||4s < oo for B < 1/2.

/\(37/2”2 =N D a3 02/ < oo iff d = 1,
B8 <1/2
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Proof with X; =0

(Isometry, arbitrary ON-basis {¢;})
2
IXOIZ g0y = E( / NPE(e—s)aw(s)|)
= / IN*/2E(5) Q2 3 ds

t
= | INEEN2Q1 g s
oo t
=3 [ INPEGN 2@ P s
k=170

o
<C Z AB=D2Q/24,12

k=1

t
— CAG-D2QU| / INV2E(s)v[2ds < 3[[v|]
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Regularity

We used smoothing of order 1 in the form (5):

t
/O IAV2E(s)v| ds < L]|v2,

which holds for the heat semigroup.
For an analytic semigroup in general we have only (4):

INE(t)v] < Cat™ v,

which leads to

e t 1— Bre—1
>[I BN @ s
k=1

t oo
<C [[sasY INTE QP < CIATE Qs
0 k=1

An e-loss!
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Temporal regularity for the stochastic heat equation

Take Xp = 0 so that (stochastic convolution)
t t
X(£) = Wa(t) = / e (=M giy(s) = / E(t — s)dW(s).
0 0

Theorem
If |ANB=D/2Q1/2||ys < oo for some 3 € [0, 1], then

52 —
IX(£) = X (5)la(0,m) < Clt = s[Z[IAPD2Q2 s

Proof. Take t > s and compute

X(t)—X(s):/O E(t—r)dW(r)—/OSE(s—r)dW(r)

_/05 (E(t—r)—E(s—r))dW(r) (M)
Jr/tE(t.‘r)dW(r)
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Temporal regularity

The terms are independent random variables with zero mean and
therefore, using also It6's isometry,

E(IX(£) — X(s)IP) = E( H/ (t—s)— )E(s — r)dW(r H)
+E(
/ I(E(t = 5) — NE(Q2|f4s dr

t—
+ [ IEO@ s ar
0

E(t— r)dW( r)H )

For the first term we use
IE() = vl < CeAV]l, >0, ae0,1],
I(E(H) — A== < celv],
[(E(t) = DA™ cmy < Ct°.

34
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Temporal regularity
With o = /2, €0, 2]:

| IECE = 5) = DE(IQ 2 s dr

0

< [ IEGE -9~ DA EATEQ 2 s
0

_8 )
< [I(E(t —s) = A ZHf;(H)/O INZE(r)QY|[fis dr

B-1
< C(t=s)PINT QY2 s,

For the second term we use a refined version of (5), see [3, Lemma 3.9]:

t
/ IA% E(s)v|2ds < CE2v|, @€ [0,1],
0
witha=1-0, g €]0,1]:

t—s
A |E(r)QY2 |3 dr

t—s B . .
= [ TINF EONT @ s dr < (i - P INT Q1
0

35
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The linear stochastic wave equation
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The linear stochastic wave equation

0%u . d
@(f,t)—Au(f,tFW(&t), £eDCRY t>0
u(é,t) =0, £€dD, t>0

U(f,O):Uo, %(E,O):ul, £€D
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The linear stochastic wave equation

0%u . d
(&t —AuE ) =W t), (eDCRY t>0
u(é,t) =0, £€dD, t>0
u(£70):U03 %(E,O):ul, gGD

A=—A, D(A) = H?= H*(D)n H}(D)
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The linear stochastic wave equation

T - due. ) = W(ED).  EeDCRY £>0
u(é,t) =0, E€dD, t>0
u(£70):U03 @(E,O):ul, €€D

A=—A, D(A) = H?= H*(D)n H}(D)

) e /2
= DV, vl = IV = (SN ve?) L ser
Jj=1
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The linear stochastic wave equation

T - due. ) = W(ED).  EeDCRY £>0
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The linear stochastic wave equation

T - due. ) = W(ED).  EeDCRY £>0
u(é,t) =0, €€dD, t>0
u(£70):U03 @(gao):ula €€D

A=—A, D(A) = H?= H*(D)n H}(D)

) e /2
= DV, vl = IV = (SN ve?) L ser
Jj=1

oo 8o o] o= [ o
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The linear stochastic wave equation

?u

S (6 - Du(E ) = W(Et).  €eDCR t>0
u(é,t) =0, E€dD, t>0
U(f,O) = Uo, @(gao) = u, €€D

A=—A, D(A) = H?= H*(D)n H}(D)

) e /2
= DV, vl = IV = (SN ve?) L ser
Jj=1

2R Sl
R A

uz

HP=HP x HP7Y, H=H"=H’x H™', D(A)=#!
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Abstract framework
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Abstract framework

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = Xo
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Abstract framework

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = Xo

> {X(t)}es0, H = H° x H~'-valued stochastic process
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Abstract framework

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = Xo

> {X(t)}es0, H = H° x H~'-valued stochastic process
» {W(t)}t>0, U = H-valued Q-Wiener process w.r.t. {F;}¢>o
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Abstract framework

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = Xo
> {X(t)}es0, H = H° x H~'-valued stochastic process
» {W(t)}t>0, U = H-valued Q-Wiener process w.r.t. {F;}¢>o
cos(tA/?) A=1/2sin(tAY/?)

| =AY2sin(tA/?) cos(tAY/?) |’
Co-semigroup on H but not analytic (actually a group)

> E(t)=e ™
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Abstract framework

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = Xo
> {X(t)}es0, H = H° x H~'-valued stochastic process
» {W(t)}t>0, U = H-valued Q-Wiener process w.r.t. {F;}¢>o

1/2 —1/2 i (+AL/2
b E(t) = etA = [ cos(tAl/?) A=1/2sin(tAY/2)

A2 sin(tAY/?) cos(tA/2) |’
Co-semigroup on H but not analytic (actually a group)

Here

cos(tAY?)y = Zcos t\/A) (v, )i, (Aj, p)) are eigenpairs of A
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Regularity
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Regularity

Theorem. (With X(0) = 0 for simplicity.) If |AB=1/2Q%/2||s < oo for
some 3 > 0, then there exists a unique weak solution

t

¢ t/\_l/zsin t —s)AY2) dW(s
X(t):[Xl(t)]—/ E(t—s)BdW(s) = /0 (=25 aWee
0 cos ((t — s)AY2) dW(s)

0

and

IX(8)ll iy 0y < LINPD2QV2 s, HP = AP x HP!
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Regularity

Theorem. (With X(0) = 0 for simplicity.) If |AB=1/2Q%/2||s < oo for
some 3 > 0, then there exists a unique weak solution

_ "cos ((t = s)NY?) dW(s)
0

xt)= [ed] = [ Ee-agawis) - ) Esin (= o) aw)

and

IX() o(,78) < t||AP=D/2Q1/2|| 6. HE — 8« fB-1

Two cases:
> If HQ1/2||E|S = Tr(Q) < oo, then 5 =1.
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Regularity

Theorem. (With X(0) = 0 for simplicity.) If |AB=1/2Q%/2||s < oo for
some 3 > 0, then there exists a unique weak solution

. t cos ((t — 5)/\1/2) dW(s)
0

xt)= [ed] = [ Ee-agawis) - ) Esin (= o) aw)

and
[X() La@me) < t|APD2QY/2|ys. HP = HP x HPY
Two cases:

> If | QY225 = Tr(Q) < oo, then 3 = 1.
> If Q =1/, then [[AP-D2|ys < 0 iffd =1, B < 1/2.
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Proof for X;

Isometry:
t 2
X ()12 oy = H/ /\B/2/\—1/2sin((t—s)A1/2)dW(s)H )

/ A1) %sin ( 5/\1/2)Q1/2||2 ds
:/0 [Isin (s/\1/2)/\(ﬁ71)/2Q1/2||2HSds

t
< [ i (512 [y s 1A 2012
0

< t|APTU2QY2 R
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An alternative condition

Note: we do not assume that A and Q commute, i.e., we do not assume
that they have a common eigenbasis. However, then it may be difficult to
verify the condition |[AP=1/2Q/2| s < oc.

The following theorem gives alternative conditions that imply this.

Theorem

Assume that Q € L(H) is selfadjoint, positive semidefinite and that N is
a densely defined, unbounded, selfadjoint, positive definite, linear
operator on H with an orthonormal basis of eigenvectors. Then the
following inequalities hold, for s € R, a > 0,

s 1 _
N2 Q2 [3s < N Qlme < A+ Ql| i 1A [17v, (8)
A2 QF|2g < [IAF2 QA2 ||, (9)

provided that the respective norms are finite. Furthermore, if N and Q
have a common basis of eigenvectors, in particular, if Q = I, then

1A% Q1 Rs = IA*Qllr = A7 @A~ . (10)

This is Theorem 2.1 in [5].



An alternative condition

Here || T|lv = | Tllzyny = Zf; o is the trace norm defined in terms of
the singular values o; of the trace class operator T, i.e., o; are the
non-negative square roots of the eigenvalues of TT*. We have

| Tllwe = Tr(T) if T is self-adjoint positive semidefinite.

Therefore, using (8):
INT Q¥ B <IN Qi 1A=,

we select o > 0 such that Tr(A~%) = 3775, A7 < oo, which is possible.
Then it suffices to verify that [[A®~1 Q|| £ () < o0.
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Recall the linear stochastic heat equation

ou
5(57 t) - Au(ga t) =

U(E’ t) = 07
U(f, 0) = Uo,

AXdt =dW, t>0

—
x o
Chn
I
B

H

U = Ly(D),

probability space (2, F, P)

vV v.v. v Y

v

Mild solution (stochastic convolution):

W(t), Q-Wiener process on H
X(t), H-valued stochastic process

EeDCRY t>0

£EedD, t>0
£EeD

Il (,-), D C R?, bounded domain
A=NA=—-A, D(N\) = H*(D)N H&(D), B—|

E(t) = e~*, analytic semigroup generated by —A

Mﬂ:EﬁMﬁhﬁEU—ﬂdW@7t20
0
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Regularity
> 1/2 )
Ivlls = N2 = (3N (v, 8)?) " HP = D(N/2), eR
Jj=1

Mean square norm: ||v||L2 Q.he) = E(||v||[23)7 B8 eR
Hilbert-Schmidt norm: || T |lus = || Tl £,(3,20)

Theorem. If ||[A~1/2Q1/2||45 < oo for some 3 > 0, then
Xl iy < €(IXlqa ey + IAPTD2Q2 s

Two cases:

> I |QY2IRs = X721 1@ 21> = 3072, v = Tr(Q) < oo, then
g =1.
» IfQ=1/,d=1 A= aéz, then [|[AP~1/2||45 < oo for B < 1/2.

/\(37/2”2 =N D a3 02/ < oo iff d = 1,
B8 <1/2
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The finite element method

» triangulations {7h}o<h<1, mesh size h

> finite element spaces {Sy}o<hc1, Sh C HY(D) = H?

» S;, continuous piecewise linear functions

> Xu(t) € Sp; (dXn, x) + (VXh, Vx)dt = (dW,x) Vx € Sp, t >0

> Ap: Sp— Sp, discrete Laplacian, (Apt), x) = (V, V) Vi), x € S
> Ap=NAp

> P,: L, — Sy, orthogonal projection, (Pnf,x) = (f,x) Vx € Sh

Xh(t) ST Xh(O) = PpXo
dX, + ApXpdt = PpdW, t>0
PrW(t) is a Qs-Wiener process with Qn = PrQPp,.

Mild solution, with Eh(t)vh = et Vp = ZN:hl e_”"w‘(vh, SOh,j>SOh,j:

Xh(t) = Eh(t)PhXO + /Ot Eh(t — S)Pde(S)
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Error analysis for elliptic problems

u€Hg; (Vu, Vo) =(f,¢) VoeH

up € Sp; (Vup, Vx) =({f,x) Vx € S

Then up = Rpu, where Ry, is the Ritz projector:
Ryn: HE — Sh

(VRyv,Vx) =(Vv,VXx) Vx €S

Error estimate (elliptic regularity, Aubin-Nitsche duality argument):
IRav — v < CR?||v|ie Vv € H* N Hy

But H? = H? N H} with equivalent norms, so that
|Rav — v|| < CR?||v||;p Vv E H?

Also:

|Ppv — v|| < CR?||v]l;p Vv € H?
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Approximation of the semigroup

{ut+/\u:07 t>0 {uh,t+/\huh:0, t>0
u(0)=v up(0) = Ppv

u(t) = E(t)v up(t) = Ep(t)Ppv

Denote

Fa(t)v = En(t)Phv — E(t)v,  Iv]|s = [N"2V]].

We have, for 0 < 5 < 2,
> ()] < Ch'llv]s, €20
t 1/2
> ([ 1FIres) " < e, £z 0
0

> |Fa(t)v]| < CRPt=F72||v||, t>0
First prove for =2 and 8 = 0, then interpolate. This can be found in
Thomée [5, Chapters 1, 3].
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Proof the second error estimate

t 1/2
We prove (/ ||Fh(s)v||2ds) < CR?|v|li (B =2).
0
Proof. Recall Fp(t)v = Ep(t)Prv — E(t)v = up(t) — u(t), where

(U, @) + (Vu, Vo) =0 Vo € H(D)
(un,t, on) + (Vup, V) =0 VYo, € S

Take ¢ = ¢, and subtract (with e = uj, — u):
<et,¢h> + <V6,v¢h> =0 Vo, € Sh
Write e = (up — Ppu) + (Phu— u) = 60 + p. Then 0(0) =0 and

(O, &) +(VO,Von) = —(pt, én) — (Vp, Vo) = —(Vp,Vén) Von € Sp
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Proof

We have

(Oc, on) +(VO,Vn) = —(Vp,Vn) Vou € Sn; 0(0) =0.

Take ¢n = A, 10:
(0:,N10) 4+ (VO,VA10) = —(Vp, VA, 10)

d .
2371 2012+ 1617 = —(p,0) < IollI61l < 3ol + 3161

t t
[ 16 ds < [ ol as
0 0

Finally, by e = 6 + p and smoothing of order 1, see (5),

t t t
[ lepas <2 [ olpas < cnt [ ulas < it
0 0 0
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Proof

For 8 = 0, smoothing of order 1, see (5), holds analogously for Ej:

t
1/2
/0 IAY2E,()unl? ds < 1|1
Then
t t t
/ ||Fh(s)v||2d5§2/ ||Eh(s)th||2ds+2/ ||E(s)v||2d5
0 0 0
t
:2/ IAL2E, (s)A; 2Py 2 ds
0
t
+2/ |AY2E(s)N"Y2v|? ds
0
—1/2 _
<IN, 2Py 2+ A0 )12 < 2f|v]|,

Proof of [|A, />Pyv|| < [A"Y2v|| = |[v]|_1 on the next page.
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Proof

Proof of [|A, /2Py < A2V = v -1
ATIP A2
_1
H/\thh\/” — sup |( h - hY, Vh)| — sup |(V7 h Vh)|
hESh [l vall wes, vl
~ sup I(vvlvvh)l < s (v, wa)|
weS [|A2wy|| — weess lIwally
A=h
< sup (v, w)| — sup (v, hz )
we k1 ||W||1 heH || H
A=2v, h .
— sup VAt =y,

heH  |lhl]
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Strong convergence

Theorem
If [|NB=1/2Q1/2||ys < oo for some B € [0,2], then

1Xn(8) = X(Olacaiy < €0 (Xl Ly sy + AP /2QH2] s ).

Optimal result: the order of regularity equals the order of convergence.
Two cases:

> If ||QY2|]3s = Tr(Q) < oo, then the convergence rate is O(h).

» IfQ=1,d=1, A= f%, then the rate is almost O(hl/z).
No result for Q =/, d > 2.
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Strong convergence: proof

X(t) = E(t)Xo + /Ot E(t — s)dW(s)

Xp(t) = En(t)PrXo + /Ot En(t — s) Py dW(s)

Fa(t) = En(t)Pn — E(t)

Xn(t) — X(t) = Fn(t)Xo + /Ot Fa(t —s)dW(s) = e(t) + ex(t)

IFa(t)Xoll < Ch%[[Xoll5

= |lew(t)lla.h) < ChB”XOHQ(Q,Hﬁ)



Strong convergence: proof

EH /Ot B(s)dW(s)H2 _ E/Of 1B(s)QY/2|[2 ds (isometry)

‘ 2 1/2 8 . 1/2
(/ IFa(s)vII2ds) " < ChP|lv]lp-a, with v = QY2
0

=
IOl o —EH/ Fue— )W) = [ 17t - 510" s és
=3 [ IR - 90 0 65 < €3 1Y

=1 =1

_ Ch2,8 Z H/\(Bfl)/2Q1/2SD ”2 ChZBH/\(B 1) /2Ql/2||2
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Another type of estimate
Take Xo = 0 so that X(£) = Wx(t) :/ E(t — 5)dW/(s).
0

We have shown

1/2
((sup E[IWAMIB]) " < CINT Qs
te[0,T]

1/2 B-1
(sup E[Ina, () = Wa(®)I?]) < CHINE QY2 lus
te[0,T]

Theorem
Let e € (0,1] and p > 2/e. Then

(e[ sop I O1])" < CINT Q2 s

tel0, T

1/
(€[ sup 1w, (e) - wa(0lP])”” < G744 @12 g
tel0,T]
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Another type of estimate

Proof. The proof is an adaptation of the 'factorization method’ in the
proof of [2, Theorem 5.9, Remark 5.11]:

W/\(t):/ot E(t — 5)dW(s)
= Ca;/0 E(tfs)/ (t—s) 175 — o) > dsdW(s)
:ca/o (t—s) “E(t—s)/o (s — o)~ E(s — o) dW(o) ds
:ca/o (t— s) " E(t — 5)Y(s)ds

Y(s) = /05(5 — 0)"“E(s — o) dW(0)

™

t
)t :/ (t—s) (s —0) *ds =

~ sin(7a)
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Another type of estimate

Idea of the proof:
Y(s) = /0 (5= o) E(s — o) dW(0)
Wi(t) = ca /Ot(t —s) ME(t — s)Y(s)ds
Holder:

]
s lta ;
NP < cal [ (s g 0s)” [T Invisyieas

and, hence,

e[ s [nEwa(lP] < | Sl as)’

te[0,T]
!
x /0 E[IA% Y(s)[] ds
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Time discretization

dX + AXdt=dW, t>0
X(0) = Xo

The implicit Euler method:
k = At, t, = nk, AW" = W(t,) — W(t,_1)

X' €Sy, X2 =PpXo
X — X1+ kARX] = PhAW",

X = En X7+ EnPhAW",  Eip = (1 + kAy) ™

Xp = E[,PhXo+ > Eg /T PyAW
j=1

X(t2) = E(ts)Xo + /t" E(t, — s)dW(s)
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Approximation of the semigroup

Denote F, = E;}, Py — E(tp)
We have the following estimates for 0 < g < 2:
> [|Favl < C(KP2 4 b7)||v

n 1/2
> (K IRVIR) T < €2+ 0 vl
j=1

See Thomée [5].
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Strong convergence

Theorem
If ||/\(B*1)/2 QL/2

e" = X! — X(t,),

el < CP2 4+ 1) ([ Xoll iy ) + 1A Q2 s )

|us < oo for some (B € [0,2], then, with

The reason why we can have k' (when 3 = 2) is that the
Euler-Maruyama method is exact in the stochastic integral for additive
noise.

J. Printems [4] (only time-discretization)

Y. Yan [2, 3]
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Recall the linear stochastic wave equation

?u

S2(E ) - DuE ) = W(Et),  €eDCR t>0
u(é,t) =0, E€dD, t>0
U(f,O) = Uo, %(an) = u, €€D

A= —A, D(A) = H? = H*(D)N Hy(D)

2 = DOV, s = IN2) = (34w ?)" ser
du 0 —/||u 0

o < [% ] ] o= [ o

X = [“] A= [R _0/}, B= m U= H®= L,(D)

uz

HP=HP x HP7Y, H=H"=H’x H™', D(A)=#!



Abstract framework

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = Xo
> {X(t)}es0, H = H® x H~'-valued stochastic process
> {W(t)}eso, U = HOvalued Q-Wiener process w.r.t. {F;}e>o
[ cos(tAY/?) A=Y/2 sin(tA/?)
> E(t) =" = [/\1/2 sin(tA/?) cos(tAY/?) |’
Co-semigroup on H (actually a group) but not analytic

Here

cos(tAY?)y = Zcos (VN v, 005, (N, @) are eigenpairs of A
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Regularity

Theorem. (With X(0) = 0 for simplicity.) If |[A(?=1/2Q%/2||ys < oo for
some 3 > 0, then there exists a unique weak solution

t /t A2 sin ((t — s)AY2) dW(s)
X(t) = [Xg(t)] :/O E(t—s)BdW(s) = |70 .

0

cos ((t — s)AY2) dW(s)

and

IX(D) @) < COIAED2QVP s, #HP = A7 x A7,
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Spatial discretization

» triangulations {7h}o<h<1, mesh size h
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Spatial discretization

» triangulations {7h}o<h<1, mesh size h

> finite element spaces {Sh}o<h<1
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Spatial discretization

» triangulations {7h}o<h<1, mesh size h
> finite element spaces {Sh}o<h<1

> S, C H' = HY(D) continuous piecewise polynomials of degree < 1
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Spatial discretization

triangulations {7 }o<h<1, mesh size h

finite element spaces {Sp}o<n<1

S, € H' = H}(D) continuous piecewise polynomials of degree < 1
Ap: Sp — Sp, discrete Laplacian,  (Apt), x) = (V, V), Vx € Sp
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Spatial discretization

triangulations {7 }o<h<1, mesh size h

finite element spaces {Sp}o<n<1

Ap: Sp — Sp, discrete Laplacian,  (Apt), x) = (V, V), Vx € Sp

>
>
> S, C H' = HY(D) continuous piecewise polynomials of degree < 1
>
> Py: H® — Sy, orthogonal projection,  (Puf,x) = (f,x), ¥x € Sh
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Spatial discretization

triangulations {7 }o<h<1, mesh size h

finite element spaces {Sp}o<n<1

Ap: Sp — Sp, discrete Laplacian,  (Apt), x) = (V, V), Vx € Sp
Py: H® — S, orthogonal projection,  (Puf,x) = (f,x), ¥x € Sh

0 0
~=ln o) el

>
>
> S, C H' = HY(D) continuous piecewise polynomials of degree < 1
>
>
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Spatial discretization

triangulations {7 }o<h<1, mesh size h

finite element spaces {Sp}o<n<1

Ap: Sp — Sp, discrete Laplacian,  (Apt), x) = (V, V), Vx € Sp
Py: H® — S, orthogonal projection,  (Puf,x) = (f,x), ¥x € Sh

0 0
~a=ln o] ol

N {dXh(t) + ApXp(t)dt = By dW(t), t>0

>
>
> S, C H' = HY(D) continuous piecewise polynomials of degree < 1
>
>
Xn(0) = Xo,n
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Spatial discretization

vV v v v Y

triangulations {7 }o<h<1, mesh size h

finite element spaces {Sp}o<n<1

S, € H' = H}(D) continuous piecewise polynomials of degree < 1
An: Sp — Sp, discrete Laplacian, (Apth, x) = (V, V), Vx € S
Py: H® — S, orthogonal projection,  (Puf,x) = (f,x), ¥x € Sh

0o - 0
el o] Bl
dXh(t)+AhXh(t)dt: Bde(t), t>0
Xn(0) = Xo,n

cos(t/\l/Z) /\71/2 sm(t/\1/2)

Ep(t) = e ™ =
(1) [ }7/2 sm(t/\}/z) cos(t/\1/2)
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Spatial discretization

The weak solution is:

i) = [

t
A, sin ((t— s)AY?) P d W (s)

L e R
/0 /cos((t )N ?) Py dW(s)

where, for example,

Np,

cos(t/\i/z)v = Z cos (ty/Anj) (v, ©nj) ©h
j=1

and (Anj, ©nj) are eigenpairs of Ap.
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Spatially semidiscrete: approximation of the semigroup

t)+Av(t)=0, t>0
{Vtt()‘F v(t) = v(t) = A"?sin (t/\l/z)f

v(0) =0, v(0)=f

{ Vh,et(t) + Anva(t) = vu(t) = A, 126in (t/\,l,/z) Ppf

Vh(O) = 0, Vh,t(O) = th
We have, for Ky(t) = /\;1/2 sin (t/\}]/z)Ph — A" Y2gin (t/\1/2) and r =2,

| Kn(t)F| < C(E)R?||F]| e "initial regularity of order 3"
IKn(t)F I < 2||F]l -2 "initial regularity of order 0" (stability)

IKW(OFIl < CORIIFllgos, 0B <3
B — 1 can not be replaced by 5 — 1 — € for ¢ > 0 (J. Rauch 1985)
Note: [[v(t)|le < Ifllin "initial regularity of order 2"
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Spatially semidiscrete: Strong convergence
Theorem. If |[A(P~1)/2Q/2||s < oo for some 3 € [0, 3], then

| Xp1(t) — Xa(t )HLQ(Q froy < C(t hsBH/\ (B- 1)/2Q1/2H
Higher order FEM:  O(h71%), g€ [0,r+1].
Proof. {f,} an arbitrary ON basis in H°

1Xh.1(£) = X2 ()17, g oy = E(IIXna(t) = Xa()]?)

2
_E H/Khtfde H)
t 0o
/ [K(5)Q 2 s ds = |3 [[Ki(s) QM2 ds
0

k=1

C(t)h3" Z | QY21 HHﬁ = )h%ﬁH/\(ﬁ—l)/wl/zHas

This is from [2].
Time stepping is studied in [4].
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Nonlinear problems

This kind of analysis carries over (with some limitations) to nonlinear
problems

dX + AX dt = F(X)dt + G(X)dW

if the operators F, G are globally Lipschitz in the appropriate senses.
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Nonlinear problems

This kind of analysis carries over (with some limitations) to nonlinear
problems

dX + AXdt = F(X)dt+ G(X)dW
if the operators F, G are globally Lipschitz in the appropriate senses.

For example:

{E(t)}>0 analytic, Tr(Q) < oo
IF(u) = F(W)lm < Cllu = vllu
1(G(u) = G(v)) Q% | 2oy < Cllu— vk

Then we have spatial regularity: L,(2, HW) and temporal regularity:
Holder /2 in L,(2, H) for v € [0,1), p > 2 [2].
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Nonlinear problems

dX + AXdt = F(X)dt + G(X)dW
For example:

{E(t)}+>0 analytic, Tr(Q) < co
IF(u) = F(V)l[mw < Cllu = vi[n

1(G(u) = G(v)) Q% |l oy < Cllu— viu
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Nonlinear problems

dX + AXdt = F(X)dt + G(X)dW
For example:

{E(t)}+>0 analytic, Tr(Q) < co
IF(u) = F(V)l[mw < Cllu = vi[n

1(G(u) = G(v)) Q% |l oy < Cllu— viu

Jentzen and Réckner [3] introduced a linear growth bound:

a1 1
IA™ G(u) Q7 (| co,my < C(L+ [[ullysr)
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Nonlinear problems

dX + AXdt = F(X)dt + G(X)dW
For example:

{E(t)}+>0 analytic, Tr(Q) < co
IF(u) = F(V)l[mw < Cllu = vi[n

1
1(6(u) = G(V) Q2 |l cuumy < Cllu = viin
Jentzen and Réckner [3] introduced a linear growth bound:
B-1 1
|A™ G ()@ lcauay < €L+ [[ull o)

Kruse and L [3] assumed that A is self-adjoint with compact inverse so
that the “special smoothing of order 1" (5) holds.

Then, for 8 €[0,2), p € [1, ),
X,y < €

and Holder in t with exponent min(3, g) in L,(Q, H).
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Nonlinear problems

| will speak about this in the next lecture.

Today: A problem with locally Lipschitz nonlinearity: Cahn-Hilliard-Cook
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Cahn-Hilliard-Cook equation
du—Avdt =dW in Dx[0,T]
v=—Au+f(u) in Dx][0,T]

du Ov
%—%—O on 9D x [0, T]
u(0) = wp in D

Here f(u) = u® — u. Eliminate v.

Set X(t) = u(t) € H = Ly(D).

H-valued stochastic process: X(t).
Let A = —A be the Neumann Laplacian in H.
W (t), a Q-Wiener process in H with respect to {F;}.

dX + (N°X + Af(X))dt =dW, t>0
X(0) = Xo
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The Cahn-Hilliard semigroup

N = —A is the Neumann Laplacian in H.
Eigenvalues: 0 =X <Ay <X < <N <o) A = 00,

Orthonormal eigenbasis: {¢;}%2,, o = ID|~2

_ 2 i _ 2 2
E(tlv=e"Nv=>"eN(v,p)p = Ze N v, @) 0; + (v, 00) o

U+ANu=0 t>0
u(0)=v

u+Nu=f, t>0 B t -
{ u(0) = v = u(t) = E(t)v+/0 E(t —s)f(s)ds

Thus: A = A? here.
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CHC: abstract formulation

dX 4+ A2Xdt = —=Af(X)dt+dW, t>0
X(0) = Xo

The mild solution is given by the equation:

X(t)=e N Xy — /0 t e~ (=INAF(X(s)) ds + / Ce (e dW(s)
= Y(t) + Wa(t) 0

Stochastic convolution:

t
Wh(t) = / eI g1y (s)
0

Random evolution problem:

Y +AN2Y £ AF(Y +Wa) =0, t>0
Y(0) = Xo.
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The finite element method
Spatial discretization

>

| 4
>
>

family of triangulations of D: {7}o<n<1, mesh size h
family of finite element spaces: {Sp}o<h<1
Sy C HY(D), continuous piecewise linear functions
Galerkin method:  up(t), va(t) € S
(dun, x) + (Vvi, Vx) dt = (dW, x) Vx € S, £>0
(v, X) = (Vun, Vx) + (f(un),x) VX € Sh, t >0

> Ap: Sp — Sy, discrete Laplacian, (Ap), x) = (V), Vx), Vx € S
» P,: H— Sy, orthogonal projector, (P,f,x) = (f,x), Vx € S

dXp, + A2 X, dt + ApPpf(Xp)dt = PodW, t>0
X(0) = PrXo
eigenvalues: 0 = )\h70 < /\h,l <o < /\h,j <-.. < )\h7Nh

» orthonormal eigenbasis: {@h,j}j.vzho, ©ho = po = \D|_%

> semigroup:

Npy

2 2
En(t)vh =~ Mrvy = 3 e i (v, i) on,
j=0
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CHC: finite element approximation

dXp, + A2X,, dt = —APuf(Xp)dt + P,dW, t>0
X(0) = PpXo

The mild solution is given by the equation:

t t
Xn(t) = e M PLXo — / e (NN, Pyf(Xn(s)) ds + / e~ (=N P d W (s)
0 0

= Yu(t) + Wi, (1)

t
Stochastic convolution: Wi, (t) = / e (=N p, AW (s)
0

Random evolution problem:

Yh+A%Yh+Ahth(Yh+WAh):O, t>0
Yh(O) = P Xo
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Linear CHC: approximation of the semigroup

i+Nu=0, t>0 ip +Noup =0, t>0
u(0)=v up(0) = Ppv
U(t) = E(t)V uh(t) = Eh(t)PhV

Error: Fu(t)v = En(t)Phv — E(t)v,  seminorm: |v|s = [|[A®/2v||

Theorem
> |Fa(t)Pv]| < ChP|v]g, t=>0, Be0,2]

t ) 1/2 5
- ( /0 |Fa(s)Pv|2ds) " < Ch%llog(h)|vls—2, ¢>0, Be[L2]

Note: our FEM is based on (Ap)? instead of (A?)j.
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Linear CHC: regularity and strong convergence

Theorem

IfH/\¥ Q2 ||us < oo for some B € [1,2], then

1WA | @iy < CIIATT Q¥[lus, £ >0,

W, (£) = WA(t)llagry < CH|log(R)] IINT Q% lus, £ > 0.
Proof:

IWa, (£) = WA, 1)

t 2 t
€| [ A= Paws)] = [ I1Fute - )P ffsds
0 0

0o t 0o
-y / |Falt — 5)PQY2452ds < €3 12| log(h)21 QY242
j=1

j=1

o
= Ch¥[log() 3 [N2/2Q! 2,
j=1

= Ch*’|log(h)[?(|AC~272Q 2 [}
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Linear CHC

We also show

Theorem
Let e € (0,1] and p > 2/e. Then

1/p 1
(E[ sup IWA))I5])" < CINT“QY2 s (B =3 + eps)

te[0,T]

1/p
(E[ sup_[Wa,(6) = WA(0)IP]) " < CRIAQY2 s (8 =2 + eps)
te[0,T]

Proof. The factorization method.
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Linear CHC: strong convergence

Larsson and Mesforush, IMAJNA (2011).
Euler timestepping is also studied here.

Kossioris and Zouraris, M2AN (2010) (1-D)
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Cahn-Hilliard-Cook equation

dX 4+ A2Xdt = —Af(X)dt +dW, t>0
X(0) = Xo

The mild solution is given by the equation:

X(t)=e N Xy - /

= V(1) + Wa(t)

ot

t
e (=N AF(X(s)) ds + / e (=N qu(s)
0

The stochastic convolution is now known:
t
Wa(t) = / e IV g1y (s)
0

Remains to solve the random evolution problem:

Y +AN2Y £ AF(Y +Wa) =0, t>0
Y(0) = Xo.
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Cahn-Hilliard-Cook equation

t
Y(t) = e X — / e ICAF(Y(s) + Wa(s)) ds
0
3

Controlling the non-linearity: f(s) =s> —s

> IAF()] < CQ+ llullE) llulle
> |F(u) = F(V)|1 < C(L+ ullfp + IvIEa)llu = v]

Useful to bound [|X(t)||4: and || Xn(t)] 41-
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Cahn-Hilliard-Cook equation

Energy functional:
1
J(u) = 5||qu2 +/ F(u)dx, wueH!, F(s)=1is"—1s2
D
Deterministic case: J(X(t)) < J(Xp), t >0 (Lyapunov functional)

Stochastic case:

Theorem
If |NY2QY2|2s < o0 (B = 3), then

E[(X(1)] < C(1).  E[JOX(1)] < C(), £>0.
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Cahn-Hilliard-Cook equation

Proof for J(Xn(t)):

1
Jur) = 519wl + [ Fun)dx

J'(un) = Nnup + Pnf(up)
dX, = —A2X,, dt — Ay Puf(Xp)dt + PpdW
— —/\hJI(Xh)dt—‘r P,dW

Itd's formula:

JXE) = S50 + [ O 90 + 3 [ TN s

0

— J(PyXo) — /O (7 (X(5)), And (Xn(s))) ds

" /O SO, PrdW(s) + 5 [ THI"(%(5)) Q) .

0



Cahn-Hilliard-Cook equation

ELJ00(0) + E[ [ 1 0a(s)Eas]

— E[J(PpXo)] + E[/0 (S (Xn(s)), Pde(SM

=0

T ;E[/OtTr(J“(xh(s))oh)ds}

— E[J(PhXO)] + ;E{/Ot Tr(ALQp) ds} + ;E[/()tTr([f/(Xh(S))-]Qh) ds



Cahn-Hilliard-Cook equation
If |IAY2QY2|25 < oo (B = 3), then

E[(X(1)] < (1), E[OG(1)] < C(1), £>0.

Hence: E[||X(t)[12.] < C(t), E[|IXn(t)|2:] < C(t), t>0.

Generalization of Da Prato and Debussche (1996) [1]:
» do not assume common eigenbasis for A and Q.
» do not assume max-norm bound for the eigenbasis of Q:
leill.(m) < C.
> the growth C(t) is quadratic instead of exponential.

» same bound for Xj.

We also show

E| sup [X(8)7] < K7, E[ sup [Xu(e)l3] < K7
te[o,T] te[0,T]
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Cahn-Hilliard-Cook equation
E[[IX(t)l[F:] < C(2), t=>0.

IAMFOON < C+ IXIE) 1X L

1 1

2 2
E[IX 121Xl | < E[IXI1Ea] "E[IY + WallZ]
Need higher moments!
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Cahn-Hilliard-Cook equation
E[[IX(t)l[F:] < C(2), t=>0.

IAFQON < CL+ IX7) 1X L

1 1

2 2
E[IX 121Xl | < E[IXI1Ea] "E[IY + WallZ]
Need higher moments!

Alternative: Apply Chebyshev's inequality to

E[ sup (IX(8)[En + 1X(1)I30)] < K-
te[0,T]

For each T >0, h € (0,1], and € € (0, 1) there are K7 and . C Q with
P(€2.) > 1 — € and such that

sup (IX(8)[IZp + [ Xa(t)l30) < e KT on Q..
te[0,T]

Now we can control the nonlinearity pointwise on Q. x [0, T].
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Chebyshev's inequality

We have E[ sup HXh(t)||f_,1} < K71 and take € > 0.
te[0,T]

Chebyshev:

P{ sup ||Xh(t)||,_,1 >a} gorlE[ sup ||xh( 2] <a Ky
telo, T tel0, T
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Chebyshev's inequality

We have E[ sup HXh(t)||f_,1} < K71 and take € > 0.
te[0,T]

Chebyshev:

P{ sup ||Xh(t)||,_,1 > a} < orlE[ sup ||xh( 2] <alkr =
telo, T tel0, T
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Chebyshev's inequality

We have E[ sup HXh( )||f_,1} < K71 and take € > 0.
telo, T

Chebyshev:

P{ sup ||Xh(t)||,_,1 > a} < orlE[ sup ||xh( )m <a 'Ky =e
telo, T tel0, T

Choose o = ¢ 'Kt

and Q. = { e 1Xn(£)]20 < a = e_lKT}.
0, T

Then P(Q) > 1—e.
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Nonlinear CHC

Now we can use deterministic analysis to prove bounds for || Y||3 and
| Yn(t) — Y(t)|| pointwise on Q. x [0, T].

In order to add Wi and Wj,, we must apply Chebyshev to

1/p
(B[ sup WA(IS]) " < CallA2@Y2]us
te[0,T]

1/p
(E[ sup [Wa,(1) = WA(DIP]) " < Cal?lIA°Q2]lus
te[0,T]

for @ € (0,1] and p > 2/a. Then we have pointwise bounds for

[[Wa(t)ll3 and [|Wa,(t) = Wa(2)[| on Qe x [0, T].
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Non-homogeneous linear Cahn-Hilliard: error estimate

u(t) € HY(D), u(0) = up
(i, )+ (Vv,Vx) =0 VYxe HY(D), t>0
(v,x) = (Vu,Vx) + (g,x) Yx€HYD), t>0

Uh(t) € Sy, uh(O) = Phup
(ip, X) +(Vvp,Vx) =0 Vx €S, t>0
<VhaX> = <VUh7VX> + <gaX> VX S Sh7 t>0

Time-derivative-free error estimate:

Jun(e) = ()] < ([ 1og(h) sup e+ ([ (o))
< crllog((Juf2 + [ lg(s)3ds)’

To be used with g(t) = f(X(t)), so that u(t) = Y(t).



Cahn-Hilliard-Cook equation: error analysis
X(t) = Y(t) + Wa(t)

Xp(t) = Yan(t) + Wh, (1)

t
Y(t)=e N X, — / e EINNAF(X(s)) ds = u(t)
0
2 t 2
Yi(t) = e ™M PLXo —/ e (E=A, P (Xa(s)) ds
0

t
Zo(t) = e MNP, Xo — / e~ =M, P F(X(s)) ds = un(t)
0

Xn(t) — X(t)

(Ya(2) + Wa, (2)) — (Y(2) + Wa(2)) £ Zi(t)
= (Ya(t) = Zn(8)) +  (Zn(t) = V(1)) + (W, (1) — Wa(2))

Gronwall deterministic error estimate known




Cahn-Hilliard-Cook equation

We show regularity and error estimates on Q. x [0, T]:
If |INO+/2Q/2|120 < 00, 4 >0 (B =3+7), then

[X(t)|le < C(e*KT, T) on Q. te[0,T]

| Xn(t) = X(2)|| < C(e *Kr, T)h?|log(h)]  on Q., t € [0, T]
Strong convergence (without known rate):

E[ sup [[Xs(t)— X(t)|’)] >0 ash—0.
te[0,T]

This is from [1].
Earlier work by Cardon-Weber [1], convergence for a finite difference
method.
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