
Lukas Meier (most material based on lecture notes and slides from H.R. Roth)

Multiple Treatments on the Same Experimental Unit



Introduction

 We learned that blocking is a very helpful technique to reduce variance.

 In the intro lecture we had a look at the example of blood plasma

 There, we blocked on patient and we were able to apply all the 4 treatments in 

parallel (as a blood sample can be split up into 4 parts).
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Patient ID Treatment

A B C D

1 8.4 9.4 9.8 12.2

2 12.8 15.2 12.9 14.4

3 9.6 9.1 11.2 9.8

4 9.8 8.8 9.9 12.0

5 8.4 8.2 8.5 8.5

6 8.6 9.9 9.8 10.9

7 8.9 9.0 9.2 10.4

8 7.9 8.1 8.2 10.0



Blood Plasma: Analysis

 The analysis of the blood plasma is straightforward.

 We block on patient by using a (random) block factor.

 Residual analysis: Transform response (see the corresponding R-file).

 Output

 A parallel application of treatments is of course not always possible: think for 

example of an experiment with 4 different pills.
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Example: Mathematical Test 

Another example was the time to solve 4 mathematical problems, where we had a 

control and a treatment group.
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Control Group

Problem

Person 1 2 3 4

C1 43 90 51 67

C2 87 36 12 14

C3 18 56 22 68

C4 34 73 34 87

C5 81 55 29 54

C6 45 58 62 44

C7 16 35 71 37

C8 43 47 87 27

C9 22 91 37 78

Extra Training

Problem

Person 1 2 3 4

E1 10 81 43 33

E2 58 84 35 43

E3 26 49 55 84

E4 18 30 49 44

E5 13 14 25 45

E6 12 8 40 48

E7 9 55 10 30

E8 31 45 9 66



Example: Mathematical Test 

 As we do not have the ordering in which the tests were performed we analyze 

this data with an ordinary split-plot model.

 Persons are whole-plots, time-slots are split-plots.

 Again, analysis can be performed with lmer.

 Conclusions?

 Ideally, we would also use the sequence in which problems were solved in our 

model as this would increase efficiency (remove variance).
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Crossover Trials

 If we cannot apply the treatments in parallel we can use a sequence of 

treatments for each patient.

 Typically, we allow some time between the different treatments (= washout-

period).

 This is called a crossover trial (D: “Wechselversuch”)

 When planning such a study we have to be (very) careful because of (new) 

effects.
 period effects (learning, fatigue, …): very common.
 carry-over effects = effect of the treatment of previous treatment that we see in the current 

time-period (can be reduced by using a long enough washout period).

 Assume we only have two treatments 𝐴 and 𝐵: Why is it a bad idea to give 

everyone first treatment 𝐴 and then treatment 𝐵?
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Short Comparison of Designs
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1) or sequential but without considering the sequence

Treatment application Grouping of subjects Design

Parallel1) no

yes

Block design

Split-plot design (person = whole-plot)

Sequential yes or no Crossover trial



Example: Peak Expiratory Flow 

 Measure peak expiratory flow (PEF) [l/min] 8 hours after treatment with
 Formoterol (𝐴)
 Falbutamol (𝐵)

 7 patients get treatment sequence 𝐴 → 𝐵, 

 6 patients get treatment sequence 𝐵 → 𝐴.

 Hence, we have two possible sequences: 𝐴𝐵 and 𝐵𝐴

 Patients got allocated randomly to one of the two sequences.

 This is a so called AB / BA crossover trial.
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Period 1 Period 2

Sequence 𝐴𝐵 𝐴 𝐵

Sequence 𝐵𝐴 𝐵 𝐴



Example: Peak Expiratory Flow 
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AB / BA Crossover Trial

 We want a model that includes (see also lecture notes)
 Treatment effects
 Period effects
 Carry-over effects
 Effects for individual patient levels
 Error terms

 Expected cell means according to terms above:

where 
 𝛼𝐴, 𝛼𝐵 are treatment effects, 
 𝜆𝐴, 𝜆𝐵 are carry-over effects and
 𝜋1, 𝜋2 are period effects

with the usual sum-to-zero side constraints.
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Period 1 Period 2

Sequence 𝐴𝐵 𝜇 + 𝜋1 + 𝛼𝐴 𝜇 + 𝜋2 + 𝛼𝐵 + 𝜆𝐴

Sequence 𝐵𝐴 𝜇 + 𝜋1 + 𝛼𝐵 𝜇 + 𝜋2 + 𝛼𝐴 + 𝜆𝐵



Example: Peak Expiratory Flow 

 Both subjects and periods act as block factors.

 For every subject (period) we have a complete block design for the treatment 

effects.

 Typically, we just want to control for these block factors (but not do tests etc.).

 For every sequence we have an incomplete block design for the carry-over 

effects.
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AB / BA Crossover Trial: Parameter Estimation

 Treatment effect 𝛼𝐵 − 𝛼𝐴
 Per patient in 𝐴𝐵: Calculate difference 𝐵 − 𝐴 and take average over all patients in this group.
 Per patient in 𝐵𝐴: Calculate difference 𝐵 − 𝐴 and take average over all patients in this group.
 Take average of these two numbers.
 Expected value of estimator : 𝛼𝐵 − 𝛼𝐴 + 0.5 ⋅ (𝜆𝐴 − 𝜆𝐵)

 Period effect 𝜋2 − 𝜋1
 As above but with difference (period 2) − (period 1) per patient
 Expected value of estimator: 𝜋2 − 𝜋1

 Carryover effect 𝜆𝐴 − 𝜆𝐵
 As above but with sum per patient
 Expected value of estimator: 𝜆𝐴 − 𝜆𝐵

 Note: Treatment effect contains part of carry-over effect in this design. This 

is a problem if the carry-over effect is non-zero.

 We could do appropriate two sample 𝒕-tests using the reasoning above to

perform statistical tests. 
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AB / BA Crossover Trial
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 According to Jones & K. (2015)

 Notation: 𝜏 instead of 𝛼.

 Carry-over, interaction and 

sequence effects cannot be 

distinguished in this design!

sequence effects



Example: Peak Expiratory Flow 
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 Hence, in the AB / BA crossover trial, the carry-over effect can be translated as 

a sequence effect or as a period-specific treatment effect (= interaction!).

 Model as a sequence effect:

 Model as an interaction effect:

identical results!



AB / BA Crossover Trial: Conclusions

Although the design looks “nice” at first sight, the AB / BA crossover trial has 

severe drawbacks.
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ABB / BAA Crossover Trial

 A better design for two treatments is the following design based on three 

periods.

 Two possible sequences: 𝐴𝐵𝐵 and 𝐵𝐴𝐴

 Patients get randomly allocated to one of the two sequences.

 The design is called strongly balanced (with respect to first-order carryover 

effects) because every treatment precedes every other treatment and itself 

equally often

 This results in some nice statistical properties.
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Period 1 Period 2 Period 3

Sequence 𝐴𝐵𝐵 𝐴 𝐵 𝐵

Sequence 𝐵𝐴𝐴 𝐵 𝐴 𝐴



ABB / BAA Crossover Trial

 Expected cell means for such a design are

 This design has the nice property that we can “untangle” the different treatment 

effects and the carry-over effects (without derivation).
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Period 1 Period 2 Period 3

Sequence 𝐴𝐵𝐵 𝜇 + 𝜋1 + 𝛼𝐴 𝜇 + 𝜋2 + 𝛼𝐵 + 𝜆𝐴 𝜇 + 𝜋3 + 𝛼𝐵 + 𝜆𝐵

Sequence 𝐵𝐴𝐴 𝜇 + 𝜋1 + 𝛼𝐵 𝜇 + 𝜋2 + 𝛼𝐴 + 𝜆𝐵 𝜇 + 𝜋3 + 𝛼𝐴 + 𝜆𝐴



ABB / BAA Crossover Trial: Analysis

 We use the “standard” ANOVA or mixed effects model approach to fit such 

models.

 Model formula typically looks as follows

 This approach can of course also be used for other designs with more than 

two periods.

 The important “take-home message” is: 
 Adjust for period effects.
 Use carry-over effect if needed.
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Y~ Period + Treatment + Carryover + 1 Subject)



Example Bioequivalence (Chi, 1994)

 Analyze the area under the concentration-time profile (AUC) of a 

bioequivalence study.

 Study design: three-period crossover design ABB, BAA with two different 

formulations 𝐴 and 𝐵 of a compound.

 The following plot shows that there are some special subjects which look like 

outliers (we will ignore this for the moment).
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Example Bioequivalence
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Example Bioequivalence

 We fit a suitable model with the following R-Code

 The first period (without carry-over effect) needs some special initialization (see 

R-Code).
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Disadvantages of Crossover Trials

Besides having many benefits, crossover trials also have disadvantages:

 Carry-over and/or period by treatment interaction.

 Increased burden on individual patient.

 Only possible in certain indications.

 Drop-outs and missing values may be more of a problem than for parallel group 

studies.

 Analysis is more complex.

 Unsuitable for drugs with non-reversible effects or very long half-lives.

 Interpretation of side-effects may be complex.
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 Overview of different designs.

 R-package Crossover to design efficient 

experiments (incl. GUI).
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Further Reading


