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Stochastic Differential Equations (SDE)

A ordinary differential equation (ODE)

dx(t
"D fta), dr(t) = £t w)dt ()
with initial conditions (0) = xg can be written in integral form
¢
o) = 0+ [ £(s,2()ds, )
0
where x(t) = x(t,xq,tg) is the solution with initial conditions x(tg) = xg. An
example is given as
dx(t
di ) =a(t)x(t), =(0) = xq. (3)
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Stochastic Differential Equations (SDE)

When we take the ODE (3) and assume that a(t) is not a deterministic parameter
but rather a stochastic parameter, we get a stochastic differential equation (SDE). The
stochastic parameter a(t) is given as

a(t) = f(t) + h(t)E(t), (4)

where £(t) denotes a white noise process.

Thus, we obtain Ix (s
"D = F@X) + ROXWEW )

When we write (5) in the differential form and use dW (t) = &£(t)dt, where dW (t)
denotes differential form of the Brownian motion,we obtain:

dX (1) = f(t) X (t)dt + h(t) X (t)dW (t) . (6)
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Stochastic Differential Equations (SDE)

In general an SDE is given as
dX(t,w) = f(t, X(t,w))dt + g(t, X(t,w))dW (t,w), (7)

where w denotes that X = X (¢,w) is a random variable and possesses the initial
condition X (0,w) = Xy with probability one. As an example we have already
encountered

dY (t,w) = p(t)dt + o(t)dW (t,w) .
Furthermore, f(t, X(t,w)) € R, g(t, X (t,w)) € R, and W (¢, w) € R. Similar as
in (2) we may write (7) as integral equation

X(t,w) = Xo —I—/O f(s, X(s,w))ds —I—/O g(s, X(s,w))dW (s,w). (8)
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Stochastic Integrals

For the calculation of the stochastic integral fOTg(t, w)dW (t,w), we assume that
g(t,w) is only changed at discrete time points ¢; (i = 1,2,3,..., N — 1), where
O=ts<ti <ty <...<tn_1 <ty <T.We define the integral

S — /O g(t, )dW (¢, w) | (9)
as the RiemannBum
Sw(w) = glti1,w) (W(ti, W) — W (ti1, w)) . (10)

with N — oo.
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Stochastic Integrals

A random variable S is called the Itd integral of a stochastic process g(t,w) with
respect to the Brownian motion W (¢, w) on the interval [0, T'] if

lim E[(s _ EJ_V: g(tio1, w) (W(ti, W) — (W (ti1, w))] —0, (11

N —o0

for each sequence of partitions (tg,t1,...,tx) of the interval [0,T] such that
max;(t; — t;—1) — 0. The limit in the above definition converges to the stochastic
integral in the mean-square sense. Thus, the stochastic integral is a random variable,
the samples of which depend on the individual realizations of the paths W (., w).
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Stochastic Integrals

The simplest possible example is g(t) = c for all ¢t. This is still a stochastic
process, but a simple one. Taking the definition, we actually get

T N
/ cdW(t,w) = ¢ lim (W(ti, w) — W(t;—1, w))
0 N —o0 1

= ¢ lim [(W(t1,w) =W (to,w)) + (W (tz, w) = W (tr1,w)) + ...

+(W(tn, w) =W (ty-1,w))
= ¢c(W{T,w)—W(0,w)),

where W (T, w) and W (0, w) are standard Gaussian random variables. With
W (0, w) = 0, the last result becomes

/Tch(t,w) =cW(T,w).
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Stochastic Integrals

Example: g(t,w) = W(t,w) [} W(t,w)dW (t,w) =

- _1 lim Z(W(tl,w) - (i_l,w))2—|—%W2(T,w), (12)

where we have used the following algebraic relationship y(z — y) = yz — y* +

1o —la® =127 — Ly® — L(z — y)
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Stochastic Integrals

We take now a detailed look at :limpy_, o Zf\il(W(ti, w) — W(ti—1,w))?

llm Z(W(t@,w) — Wi(ti- 1aw)) ]

Var| hm Z(W(t“w) — W (t;- 17‘«0)) ]

N

am . E[(W (i, w) — W (ti—1, w))’]

N
dim, 2 (0 = te)
1=

T
lim Var[(W (t;, w) — W (ti_1, w))’]

N —o00
=1

2&5202“ )
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Stochastic Integrals

By reducing the partition, the variance becomes zero,

N—o00 4

N N
lim Z(tz — ti_1)2 S max(ti — ti_1) A}lm Z(tz — ti_1)
7 —00
i=1 1=1
= maX(tz — ti—l) T
= 0, (13)

since t;_1 — t; — 0. Since the expected value of Zij\il(t@- — t@-_l)2 is T" and the
variance becomes zero, we get

Z(W(ti, w) — W(tic,w))> =T (14)
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Stochastic Integrals

The stochastic integral has the solution
T 1., 1
/ W (t,w) dW (1, w) = SWH(T,w) = T (15)
0

This is in contrast to our intuition from standard calculus. In the case of a deterministic
integral fOT:U(t)d:U(t) = 22%(t), whereas the It integral differs by the term —1T.
— This example shows that the rules of differentiation (in particular the chain rule)
and integration need to be re-formulated in the stochastic calculus.
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Stochastic Integrals

Properties of Ito Integrals.

E[/O gt w) dW (t,w)] = 0.

Proof:

B o(tw)dW(tw)] = Bllim > gltiosw)(W(tw) = W(t1,w))
= lim > Blg(tiy, )] B[(W (6 w) = W(tio,w) )]
= 0.

The expectation of stochastic integrals is zero. This is what we would expect anyway.
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Stochastic Integrals

Properties of Ito Integrals.

Var[/OTg(t,w)dW(t,w)] — /OTE[gQ(t,w)]dt. (16)

Proof:

Var[/OTg(t,w)dW(t,w)] — E:(/OTg(t,w)dW(t,w))z]

= FE :(A}i_rgoig(ti—law) (W(ti,w) - W(ti_l’w)>>2]
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Stochastic Integrals

N N
= lim > > Elg(ti1,w)g(tj-1,w)
i=1 j=1

N—o00 4

(W (ti, w) = W(ti-1, w))(W(tj, w) = W(tj-1,w))]

N

— Nh_rﬂo ‘ Elg*(ti—1, w)] E[(W(ti,w) — W(ti—hw))z]
= lim ‘ Elg*(ti—1, w)] (t; — ti—1)
= /O Elg*(t, w)]dt . (17)
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Stochastic Integrals

The calculation of the variance of the [t6 Integrals shows two important properties:

o E[( S g(t.w)aw (t,w)) | = [T E[g?(t.w)]at
° fOTE[g2(t,w)]dt < 00

The second property is the condition of existence for 1t6 integrals. The next property is
the linearity of Ito integrals:

/O (a1 g1(t, ) + as go(t, w)]dW (£, w)

= a1/0 g1(t, w)dW (t,w) + a2/0 go(t, w)dW (t,w) (18)

for numbers a1, as and stochastic functions g1 (t, w), g2(t, w).
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I1to’s lemma

As mentioned shown in the second example, the rules of classical calculus are not valid
for stochastic integrals and differential equations. It is the equivalent to the chain rule
in classical calculus. The problem can be stated as follows:

Given a stochastic differential equation

dX (t) = f(t, X (t))dt + g(t, X (t))dW (¢t), (19)
and another process Y (t) which is a function of X (%),
Y (t) = ¢(t, X(1))

where the function ¢(t, X (t)) is continuously differentiable in t and twice continuously
differentiable in X, find the stochastic differential equation for the process Y (¢):

dY (t) = f(t, X (¢))dt + §(t, X (¢))dW (t) .
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I1to’s lemma

In the case when we assume that g(t, X (¢t)) = 0, we know the result: the chain rule
for standard calculus. The result is given by

dy(t) = (u(t, x) + ¢ (L, 2) f(T, x))dt . (20)

In the case of stochastic problems, we reason as follows: The Taylor expansion of
d(t, X(t)) yields

dY (t) = u(t, X)dt + %gbtt(t, X)dt? 4+ bu(t, X)dX (1)

2 6ar(t, X)(AX(0) + hot. (1)
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I1to’s lemma

We use (19) for dX (¢) and get

dY (1) = ¢u(t, X)dt + ¢ (¢, X)[f (¢, X(2))dt + g(¢, X(£))dW (¢)]
+u(t, X)dt” + %cbm(t, X)(f2(t, X (0)dt* + g*(t, X (£)dW (1)
F21(t, X (1)) g(t, X (t))dt dW(t)) + hot. (22)

The differentials of higher order (dt,dW) become fast zero, dt* — 0 and
dtdW (t) — 0. The stochastic term dW?(t) according to the rules of Brownian
motion Is given as

dW?(t,w) = dt . (23)
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I1to’s lemma

Omitting higher order terms and using the properties of Brownian motion, we arrive at

AV (8) = [Bilt, X) + Bl X)F(6 X)) + bt X)g(t, X (1))t
(8, X)g(t, X (1))dW (1),

Reordering the terms yields the scalar version of It6's Lemma:

dY (t) =
flt, X)) =

g(t, X(t)) =

Ft, X (0))dt + (&, X (1)dw (1),
¢t(t7 X) + ¢w(t7 X)f(ta X(t))
Fualt, X)g*(t, X (),

Po(t, X)g(t, X(t)) .

(24)

(25)

(26)

(27)
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I1to’s lemma

The term 16, (¢, X)g° (¢, X (t)) is often called the [t6 corretion term, since this
does not occur in the det. case.

We apply Ités formula for the following problem: ¢(t, X) = X? with the SDE
dX (t) = dW (t). From the SDE, we get X (t) = W (t) and calculate the partial

i 09(t.X) _ (8. X) _ 09 (t.X)
derivatives of 55— = 2.X, —~5~ = 2, and —

= 0. The Itd lemma yields

d(W?(t)) = 1dt + 2W (£)dW (¢) . (28)

We rewrite the equation and use W (0) = 0
¢
W2t = 1t+ 2/ W()dW (¢) .
0

/0 W dw () = %W2(t)—%t. (29)
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I1to’s lemma

We now allow that the process X (t) is in R". We let W (t) be an m-dimensional
standard Brownian motion and f(¢, X (t)) € R™ and g(t, X (t)) € R"*™. Consider
a scalar process Y (t) defined by Y (t) = ¢(t, X(t)), where ¢(t, X) is a scalar
function which is continuously differentiable with respect to ¢ and twice continuously
differentiable with respect to X. The Ito formula can be written in vector notation as
follows:

aY(®) = F(t X(0)dt +§lt, X)W (1), (30)
. X@) = ot X(0) + dalt, X(8) - (£, X (1)
ot (Gaat, X(O)9(t, X (09" (6 X)), (D

g(t, X(t)) = ¢(t, X(2)) - g(t, X(1)), (32)

where “tr’ denotes the trace operator.
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I1to’s lemma

Consider the following stochastic differential equation:

dS(t) = p St)dt + o S(t)dW (t), (33)
We want to find the SDE for the process Y related to S as follows: Y (t) = ¢(t,S) =
2
In(S(t)) . The partial derivatives are: % = 1, % = —é, and w = 0.
Therefore, according to I1t6 we get,
04(t, S)  99(t, S) 10°¢(t, S) 2.0
dyY (t = — 4+ ———uS(t — S7(t) )dt
(1) = (T + e nS®) + 5 o S (D)
99(t, S)
+(Theos®)dw (@), (34)
1
dY (t) = (p— 5a2)aht + cdW (t) . (35)
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I1to’s lemma

Since the right hand side of (35) is independent of Y (¢), we are able to compute the
stochastic integral:

Y(t) = Yo+ /Ot(u — %&)dtju /Ot cdW , (36)
V() = Yo+ (n— otk oW (). (37)

Since Y (£) = In S(t) we have found a solution for S(t) -
In(S(1) = I(S(0)) + (5 — o™t + oW (t), (38)

2
S(t) = S(0)eW 37w (39)

where W (t) is a standard BM.
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I1to’s lemma

Show for U (t) = X71(t)X2(t) with

Xm(t> — fl(taXl)dt+gl(t7X1)dW(t) )
ng(t) = fg(t,XQ)dt+gg(t,X2)dW(t) 3

that following formula is valid:
dU(t) = Xm(t)XQ(t) -+ Xl(t)dXQ(t) -+ gl(t, Xl)gg(t, Xg)dt (40)

We show that we obtain the same result as in the previous formula by apply It6's
lemma. By (40) liefert

dU(t) = [Xa2(8)f1(t X1) + Xa(2) f2(t, X2) + g1(¢, X1)g2(¢, Xo)]dt
+[X2(2) g1 (¢, X1) + X1(2)g2(¢, X2)]dW (2)
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I1to’s lemma

The partial derivatives of U are : Y = (Xa(t), X1(t))7', % = [ (1) (1) ] and
& =0.
oUu oU R
dU(t) = £t X1), fat, X
(1) =[5+ e lhlt X0, folt, Xo)]
1 ,0°U t, X1)? t, X1)g2(t, X
41 T( [ g1(t, X1) g1(t, X1)ga( , 2) ] )]dt
2 \0X2| g1(t, X1)g2(t, X2) ga2(t, X2)

—1-2—)(?[91(% X1), ga(t, Xo)] dW (t)

= [Xo(t)f1(t, X1) + X1(2) f2(2, X2) + g1(t, X1)g2(t, X2)]dt
+[Xa2(t)g1(t, X1) + X1(t)g2(t, X2)]dW (1)
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Stochastic Differential Equations (SDE)

We classify SDEs into two large groups, linear SDEs and non-linear SDEs. Furthermore,
we distinguish between scalar linear and vector-valued linear SDEs.
We start with the easy case, the scalar linear linear SDEs. An SDE

dX (t) = f(t, X (t))dt + g(t, X (£))dW (), (41)

for a one-dimensional stochastic process X (t) is called a linear (scalar) SDE if and

only if the functions f(t, X (¢)) and g(t, X (t)) are affine functions of X (¢) € R and
thus

f(t, X(t)) A(t) X (1) + a(t),
g(t, X(t)) = [Bi(t)X(#) +b1(t),- -+, Bm(£) X () + bm ()],

where A(t),a(t) € R, W(t) € R™ is an m-dimensional Brownian motion, and
Bi(t),bi(t) €ER,i=1,---,m. Hence, f(t,X(t)) € Rand g(t, X(t)) € R**™.
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Stochastic Differential Equations (SDE)

The linear SDE possesses the following solution
b m
X() = o (w0 + / 271 (s) [a(s) = 3 Bu(s)bi(s)] ds
0 i=1

+§: /OtCID_l(s)bi(s)dWi(s)) , (42)

where we denote ®(t) as the fundamental matrix, which we obtain from

2 (1) = e /Ot [As) - Zm: BZ(S>] s + Zm: /Ot Bi(s)dWi(s)) . (43)

1=1

The solution is similar to the solution of ODEs.
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Stochastic Differential Equations (SDE)

Let us assume that W (t) € R, a(t) = 0, b(t) = 0, A(t) = A, B(t) = B. We
want to compute the solution of the SDE

dX(t) = AX(t)dt + BX(t)dW (t), X(t) = xo, (44)
We can solve it using (42) and (43):
B(t) = S(A=5B)t+BW (1) ’ (45)
and (42) is easy to calculate since

12
z(t) = ®(t)zo = woe AT 2ENTEWE) (46)
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Stochastic Differential Equations (SDE)

The expectation m(t) = E[X (t)]and the second moment P(t) = E[X?(t)] for

dX(t) = (A()X(t) + a(t))dt + zm:(Bz-(t)X(t) + b(t))dW;(t) . (47)

1=1

can be calculated by solving the following system of ODEs:

m(t) = A@)m(t) +a(t), m(0) = zo, (48)

P(t) = (2A(t) > Bf(t)) P(t) + 2m(t) (a(t) > Bi(t)bz-(t)>

+> b(1)), P(0) = . (49)
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Stochastic Differential Equations (SDE)

The ODE for the expectation is derived by applying the expectation operator on both
sides of (42).

E[AX(¢)] = E[(A(t)X(t) +a(t))dt + > (Bi(t)X(t) + bi(t))dWi(t) ]

EldX(t)] = (A®)E[X ()] +a(t))dt
dm(t) =m(t)

+ 3 EUBi(DX (1) + bi())] E[Wi(t) ]

dm(t) = (A@)m(t) + a(t))dt. (50)
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Stochastic Differential Equations (SDE)

In order to compute the second moment, we need to derive the SDE for Y (t) = X?(¢):

dy (t) = [2X(t)(A(t)X(t) +a()+ > (Bz-(t)X(t) n bi(t)>2] dt

12X (t) Zm: (Bi(t)X(t) n bi(t)) AW (t) (51)
dY (t) = [QA(t)XQ(t) + 2X ()a(t) + zm: (Bf(t)XQ(t) + 2B;(t)b; (t) X ()
+b§(t))] dt + 2X (t) Zm: (Bi(t)X(t) n bi(t)) AW (¢) (52)
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Stochastic Differential Equations (SDE)

Furthermore, we apply the expectation operator to (52) and use P(t) = E[X?(t)] =
E[Y (t)] and m(t) = E[X (¢)].

ElaY ()] = [2AMEXW] + 200EX ()] + 3 (BAOELX* (1)
+2Bi(1)bi(DE[X ()] + 07(1) ) |t
FE[2X () S (B0 X (8) + bi(t) ) awi(o)]

dP(t) = [2A(t)P(t)—|—2a(t)m(t)

5 (BI@®P@) +2Bi(0)bi(t)m (1) + (1) ) | dt
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Stochastic Differential Equations (SDE)

In the case that B;(t) = 0, ¢« = 1, ... ,m, we are able to directly compute the
distribution. The scalar linear SDE

dX (t) = (A#®)X (1) + a(t))dt + Em: by (£)dW(t), (53)

1=1

with X (0) = x¢ is normaly distributed
P(X (t)|xo) ~ N (m(t), V(t)) with expected value m(t) and variance V' (t), which
are solutions of the following ODEs,

m(t) = A@{)m(t) +a(t), m(0) =z, (54)
V() = 2A(t)V(t)—|—§:b?(t), V(0)=0. (55)
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Stochastic Differential Equations (SDE)

There are some specific scalar linear SDEs which are found to be quite useful in practice.
The simplest case of SDE is where the drift and the diffusion coefficients are independent
of the information received over time

dS(t) = pdt + cdW (t), S(0) = So. (56)

This model has been used to simulate commodity prices, such as metals or agricultural
products.

The mean is E[S(t)] = ut + Sp and the variance Var[S(t)] = o°t. S(t) possesses
a behavior of fluctuations around the straight line Sy + pt.The process is normally
distributed with the given mean and variance.
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Stochastic Differential Equations (SDE)

The standard model of stock prices is the geometric Brownian motion as given by
dS(t) = uS(t)dt + o S(t)dW(t,w), S(0)=2S5.

The mean is given by E[S(t)] = Spe"* and its variance by Var[S(t)] = 5362‘”(6“%—
1). This model forms the starting point for the famous Black-Scholes formula for option
pricing. The geometric Brownian motion has two main features which make it popular
for stock

The first property is that S(t) > 0 for all ¢ € [0, T'] and the second is that all returns
are in scale with the current price. This process has a log-normal probability density
function.
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Stochastic Differential Equations (SDE)

Another very popular class of SDEs are mean reverting linear SDEs. The model is
obtained by

dS(t) = k[lp — S(t)]dt + cdW (t,w), S(0) = Sp. (57)

A special case of this SDE where u = 0 is called Ohrnstein-Uhlenbeck process.
Equation (57) models a process which naturally falls back to its equilibrium level of .
The expected price is E[S(t)] = p — (1 — Sp)e™"" and the variance is

2

Var[S(#)] = ;’—m(1 — 6—2“) .
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Stochastic Differential Equations (SDE)

In the long run, the following (unconditional) approximations are valid

lim E[S(#)] = n
and

lim Var[$(8)] = &

Hm Var[SQ@t)] = ——.

: . : 2
This analysis shows that the process fluctuates around p and has a variance of -

which depends on the parameter k: the higher k, the lower the variance.
This is obvious since the higher k, the faster the process reverts back to its mean
value.

This process is a stationary process which is normally distributed.
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Stochastic Differential Equations (SDE)

A popular extension is where the diffusion term is in scale with the current value, i.e.,
the geometric mean reverting process:

dS(t) = k[p — S(t)]dt + o S(t)dW (t,w), S(0)=Sp.
In this model S(¢) > 0, if S > 0, u > 0, and Kk > 0.
The first mean reversion model(57) may produce negative values even for u > O.

Since the second mean-reversion model has always positive realizations, it is also
called log-normal mean reversion. This type of model is used to model interest rate or
volatilities.
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Stochastic Differential Equations (SDE)

In control engineering science, the most important (scalar) case is
dX (t) = (A()X(t) + C(t)u(t)) dt + > bi(t) dW;. (58)
i=1

In this equation, X (t) is normally distributed because the Brownian motion is just
multiplied by time-dependent factors.

When we compute an optimal control law for this SDE, the deterministic optimal control
law (ignoring the Brownian motion) and the stochastic optimal control law are the same.

This feature is called certainty equivalence. For this reason, the stochastics are often
ignored in control engineering.
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Stochastic Differential Equations (SDE)

The logical extension of scalar SDEs is to allow X (t) € R" to be a vector. The rest of
this section proceeds in a similar fashion as for scalar linear SDEs. A stochastic vector
differential equation

dX (t) = f(t, X (¢))dt + g(t, X (£))dW ()

with the initial condition X (0) = x¢ € R" for an n-dimensional stochastic process
X (t) is called a linear SDE if the functions f(t, X (t)) € R" and g(t, X (t)) € R"*™
are affine functions of X (¢) and thus

f, X(t) = A@)X () +a(t),

g(t, X(t)) = [Bi(t)X () +b1(t), -+, Bm(£) X () + bm ()],

where A(t) € R"™*", a(t) € R", W(t) € R™ is an m-dimensional Brownian motion,
and B;(t) € R"™", b;(t) € R".
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Stochastic Differential Equations (SDE)

Alternatively, the vector-valued linear SDE can be written as
dX (t) = (A(t)X (1) + a(t))dt + > (Bi(t) X (t) + bi(t))dW;(t) .  (59)
=1

A common extension of the above equation is the following form of a controlled
stochastic differential equation as given by

dX(#) = (A@)X(t)+ Ct)u(t) + a(t)) dt

+ zmj(Bz-(t)X (t) + Di(t)u(t) + bs(t)) dW;, (60)

1=1

where u(t) € R*, C(t) € R™™*, D;(t) € R™**
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Stochastic Differential Equations (SDE)

The linear SDE (59) has the following solution:
X(t) = () (o + /0 7 (s) [als) = D Bils)bis) | ds

+ in: /Ot cp—l(s)bi(s)dWi(s)) , (61)

where the fundamental matrix ®(¢) € R"*" is the solution of the homogenous
stochastic differential equation.

Stochastic Systems, 2013 42



Stochastic Differential Equations (SDE)

The fundamental matrix ®(t) € R"*" is the solution of the homogenous stochastic
differential equation:

d®(t) = A(t)®(t)dt + zmj Bi(t)®(t)dW(t) , (62)

1=1

with initial condition ®(0) = I, I € R™ "™ e now prove that (61) and (62) are
solutions of (59). We rewrite (61) as

X(t) = Cb(t)(xo—l—/ot@_l(t)dY(t))

dY (1) [a(t) _ Em: Bz-(t)bz-(t)] dt + Em: by (£)dW; (t) .
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X(t) = ®B)Z(), Z(t):(mo—i—/()@_l(t)dY(t))
dZ(t) = @ '(t)dY(t)

We use the Itd formula to calculate X (t) = ®(t)Z(¢t):

dX(t) = ®t)dZ(t) + d®(t)Z(t) + zm: Bi(t)®(t)®(t) "b;(t)dt

1=1

— dY(t) + At)D(t)Z(t)dt + zm: Bi(t)®(t) Z(t)dWi(t) + f: Bi(t)bs(t)dt

=1 =
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Noting that Z(t) = ® ' (¢)X (t) and using the SDE for Y (), we get

dX(t) = dY(t)+ A(t)®(t)Z(t)dt + zm: Bi(t)®(t) Z(t)dWi(t) + zmj Bi(t)bs(t)dt

[a(t) - Zm: Bz’<t)bz'(t)} dt + Zm: bi(t)dW;(t) + A(t)X (t)dt
T Zm: B;i(t) X (t)dWi(t) + i B;(t)b;(t)dt

= la(t) + A() X (t)]dt + Zm:(Bi(t)X(t) + bi(t))dWi(t) .

This completes the proof.
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The expectation m(t) = E[X (t)] € R" and the second moment matrix P(t) =
E[X ()X (t)] € R™" can be computed as follows:

m(t) = A@)m(t) +a(t), m(0) =z, (63)
Pt) = A@®)P®) +PRAT @) + a®)m” (t) + m(t)a’ (t)

+ > _[Bi(t)P(t) B (t) + Bi(t)ym(1)b; (t)
i=1
+bi(t)ym” (1) B; (t) + bi(t)bi(t)"], P(0) = oz, . (64)
The covariance matrix for the system of linear SDEs is given by als

V(t) = Var{z(t)} = P(t) — m(t)m” (t) . (65)
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The special case

dX (t) = (A(#)X(t) + a(t))dt + f: by (£)dW; (t)

=1

with the initial condition X (0) = x¢ € R" is normally distributed, i.e.,

P(X(t)|zo) ~ N(m(t), V(1))

where
() = A@®m) +a(t) m(0) = o
V() = AWV + VAT + 300 V() = 0.
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As first example of a linear vector valued SDE, we consider a two dimensional geometric
Brownian motion:

dS:(t) = p1S1(t)dt + Si(t) (alldwl(t) n algdWQ(t)) , (66)

dSs(t) = paSa(t)dt + Sa(t) (ogldwl(t) n azgdwg(t)) . (67)

Written in matrix form S = (.S, SQ)T, the same SDE is given as:

A(t) = ( %1 /?1 ) a(t) = ( 8 ) By (t) = ( 081 021 ) Bs(t) = ( 052 022 )

Both processes Si1(t) and S3(t) are correlated if o125 = 021 # 0. This model can be
easily extended to n processes.
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The observed volatility for real existing price processes, such as stocks or bonds is itself
a stochastic process. The following model describes this observation:

dP(t) = pdt+ o(t)dWi(t), P(0) =P,
do(t) k(0 —o(t))dt + o(t)o1dWa(t), o(0) = og.

where 0 is the average volatility, o1 a volatility, and xk the mean reversion rate of
the volatility process o (t). If this model is used for stock prices, the transformation
P(t) = In(S(t)) is useful. The two Brownian motions dW7(t) and dWs(t) are
correlated, hence corr[dW1(t), dWas(t)] = p. This model captures the behavior of
real existing prices better and its distribution of returns shows “fatter tails".

Stochastic Systems, 2013 49



Stochastic Differential Equations (SDE)

Die system (68) can be rewritten as linear SDE:

A(t)Z(g _0&> a(t):<:9> Bl(t):<8 oip>

B0 = (o gyi=p )

wobei z(t) = (P(t), o(t))!. The system (68) has the property, that the variance
of P(t) depends on the initial condition oy For the parameters u = 0.1, k = 2,
0 = 0.2, o3 = 0.5 and p = 0.5, we calculate the standard deviation of P(t) with
oo = 0.1 and alternatively with o9 = 0.8. The expected value of o(t) has the

following evaluation over time m(t) = 6 + (oo — 6)e "" and thus the variance of
P(t) depends on oy.
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In comparison with linear SDEs, nonlinear SDEs are less well understood. No general
solution theory exists. And there are no explicit formulae for calculating the moments.
In this section, we show some examples of nonlinear SDEs and their properties.

In general, a scalar square root process can be written as

dX(t) = f(t,X(t))dt+ g(t, X(t))dW (t)
with
[, X)) = A@)X() + a(?)
g(t, X(1) = B/X(1),

where A(t), a(t), and B(t) are real scalars. The nonlinear mean reverting SDEs differ
from the linear scalar equations by their nonlinear diffusion term. For this process, the
distribution and moments can be calculated.
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For a specific square root process with A(t) = 0, a(t) = 1 and B(t) = 2 we are
able to derive the analytical solution: The SDE

dX(t) = 1dt + 24/ X(t)dW(t), X(0)=z,,
has the solution X () = (W (t) 4 x0)*We verify the solution using 1té6 formula. We
use ®(t) = X (t) = (Y (t) +x0)* and dY (t) = dW (t). The partial derivatives are
(Dt = O, (I)y = Q(Y(t) + :130), and (I)yy — 2. Thus
1
dCI)(t) = [CI)t + Py -0+ ECI)YY . 1]dt + Dy - ].dW(t) ,

do(t) = 1dt+ 2(Y(t) + zo)dW (t), = dX(t) = 1dt + 21/ X ()dW (t),

since v/ X (t) = Y (t) + xo.
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Another widely used mean reversion model is obtained by

dS(t) = k[p— S(t)]dt +o1/SE)dW(t), SO)=S,.  (68)

This model is also known as the Cox-Ross-Ingersol processes.The process shows a
less volatile behavior than its linear geometric counterpart and it has a non-central
chi-square distribution. The process is often used to model short-term interest rates or
stochastic volatility processes for stock prices. Another often used square root process
is similar to the geometric Brownian motion, but with a square root diffusion term
instead of the linear diffusion term. Its model is given by

dS(t) = pS(t)dt + o+/S(t)dW(t), S(0) = Sq. (69)
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The expected value for (69) is E[S(t)] = Spe’" and the variance is obtained by
2

Var[S(t)] = UTSO(emt — e“t).

Another widely used mean reversion model is obtained by

dS(t) = kS(t)[u — In(S(t))]dt + S(t)ocdW (t) . (70)
Using the transformation P(t) = In(S(t)) yields the linear mean reverting and
normally distributed process P(t):
2

dP(t) = k[(u — ;7_,9 — P(t)]dt + cdW (1), (71)

Because of the transformation, S(t) is log-normally distributed. This model is used
to model stock prices, stochastic volatilities, and electricity prices. Because S(t) is
log-normally distributed, S(t) is always positive.
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In this part, we introduce three major methods to compute solution of SDEs.

e The first method is based on the It6 integral and has already been used for linear
solutions.

e We introduce numerical methods to compute path-wise solutions of SDEs.

e The third method is based on partial differential equations, where the problem of
finding the probability density function of the solution is transformed into solving a
partial differential equation.
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The stochastic process X (t) governed by the stochastic differential equation

dX(t) = f(t, X(t))dt + g(t, X (£))dW ()
X(0) = X

is explicitly described by the integral form

X(tw) = X0+/0 f(s,X(s))ds—l—/Og(s,X(s))dW(s),

where the first integral is a path-wise Riemann integral and the second integral is an
[t integral.

In this definition, it is assumed that the functions f(t, X (¢)) and g(t, X (t)) are
sufficiently smooth in order to guarantee the existence of the solution X (¢).
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There are several ways of finding analytical solutions. One way is to guess a soluti-
on and use the It6 calculus to verify that it is a solution for the SDE under consideration.

We assume that the following nonlinear SDE
dX(t) =dt 4+ 24/ X(t) dW (),
has the solution

X(t) = (W(t) + V/X0)*.

In order to verify this claim, we use the It6 calculus. We have X (t) = ¢(W') where
(W) = (W (t) + /Xo)? so that ¢'(W) = 2(W () + v/Xo) and ¢ (W) = 2.
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Using It0’s rule, we get

dX (¢) f(t, X)dt + g(t, X)dW ()
Fit.X) = o(W)1+ 6" (W)@2y/X(1)* =1
¢ (W) (24/ X (1)) = 2(W(t) + v/ Xo) -

Since X (t) = (W (t) + v/X0)? we know that (W (t) + v/Xo) = /X (t) and thus

the 1t6 calculation generated the original SDE where we started at.

9(T, X)
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For some classes of SDEs, analytical formulas exist to find the solution, e.g. consider
the following SDE:

dX (t) = f(t, X(£))dt + o(t)dW (t), X(0) = zo (72)

where X (t) € R", f(t, X(t)) € R" is an arbitrary function, o(t) € R"*™ and
dW (t) € R™. This class of SDEs has the following general solution:

X)) = Y@+ F(Q@) (73)
dY () = f(t,Y )+ F(#)dt, Y(0) = o (74)
dF(t) = o(t)dW(t), F(0)=0. (75)

The SDE for F'(t) can be integrated, i.e. F'(t) = fota(s)dW(s). When o(t) = o
than F'(t) = oW (t).
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Since F'(t) is know,, we are able to solve for Y (¢) in in function of F'(t).
Using It lemman, we show that X (t) = Y (t) + F'(t) and this solves the SDE

dX (t) dY (t) + dF(t) = f(t, Y (t) + F(t))dt + o(t)dW (¢)

= f(t, X (¥))dt + o (t)dW (¢) (76)

This solution is not very suprising, since X (t) is the sum of the process of Y (¢) and
the BM of F'(t).
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For another class of SDEs, exist an analytical formula for their solution:
dX(t) = f(t, X(¢))dt + c(t) X (£)dW (t), X(0) = zo, (77)

where f(t, X(t)) € R, ¢(t) € R and dW & R. DThe solution can be derived as
follows:

X(t)=F ()Yt (78)
dF(t) = F(t)2(t)dt — F(t)c(t)dW (t), F(0) =1 (79)
dY (¢) = F(t)f(t, F7'Y (¢))dt (80)

The proof is similar to the first case, sice the diffusion is linear.
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Calculate the analytical solution for

dX (t) L WX (4)dW (), X(0) = .

X(t)
1.2 F(t F?(t
F(t) = eVl  gy@) = ) 4O,
F-1(#)Y Y
1 t
Y (DY (1) = F(t)dt, §Y2(t):/ F2(s)ds + Co
0
2 b a5 20w 3
Y(t) — ($0—|—2/ e 520 (S)d8>
0
5 t o, 1
X(t) = e_%a t+aw<t)(w§+2/ e” S_2aW(S)ds>2
0
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However, most SDEs, especially nonlinear SDEs, do not have analytical solutions so
that one has to resort to numerical approximation schemes in order to simulate sample
paths of solutions to the given equation.

The simplest scheme is obtained by using a first-order approximation. This is called the
Euler scheme

X (te) = X(th-1) + f(Tr—1, X (h—1)) At + g(tr—1, X (Tr—1)) AW (T1) .
The Brownian motion term can be approximated as follows:
AW(tk) — G(tk)‘v At 3

where the €(.) is a discrete-time Gaussian white process with mean 0 and standard
deviation 1.
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