
Introduction to 
graph-based 

planning



Duckietown

Overview of graph-based planning

• Graphs	as	the	easiest	representation	for	planning.	

• Warning:	graph	nomenclature	varies	across	7ields.	

• Directed	graph,	labeled	graph,	multigraph,	labeling,	path,	cycles,	cycle	bases.	

• The	basic	graph	formulation	of		

• Nodes	=	states,	edges	=	actions,	paths	=	plans	

• Speci7ic	examples:	

• Road	networks	

• Pose	graphs	(useful	for	SLAM	as	well)	

• Classic	algorithms	for	path	7inding(Dijkstra,	A*)
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Basic graphs definitions

• A	graph	is	a	set	of	nodes	(vertices)	+	a	set	of	edges.	

• In	a	directed	graph,	each	edge	has	a	direction	(it’s	an	arrow).	

• Source	nodes	have	only	outgoing	edges,	sinks	have	only	incoming	edges.	

• In	a	multigraph,	there	might	be	multiple	edges	between	two	nodes	with	the	
same	direction.
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directed		
multigraph

directed	graphgraph
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Loops, paths, cycles

• A	path	is	a	sequence	of	consecutive	edges.	

• A	loop	is	an	edge	for	which	the	starting	and	ending	node	are	the	same.	

• A	cycle	is	a	path	that	starts	and	ends	with	the	same	node.
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Labeled graphs

• A	graph	is	labeled	if	there	is	some	extra	information	(the	“label”)	
associated	to	the	edges	and/or	the	nodes.
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• In	planning,	edge	labels	are	used	to	describe	costs.	

• Example:	nodes	=	places;	label	=	the	length	of	a	trip	from	place	to	place.

♠

♥

♦

unlabeled labeled
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Example: Delta V maps

• Nodes	=	orbits.	

• Edges	=	transfers.	

• Labels	=	cost	in	“Delta	V”.	

• ~=	fuel	to	be	spent
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Forgetful graph transformations
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labeled	directed		
multigraph

directed		
multigraph

directed	graphgraph

forget	the	labels

forget	
number	
of	edges

forget	the	direction

If	a	path	exists	here,	
it	will	exists	here	
(but	not	vice	versa)

♠

♥

♦
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Special graphs

• Directed	acyclic	graph	(DAG):	a	graph	that	contains	no	cycles.	

• Tree:	Connected	acyclic	undirected	graph	

• Polytree:	A	directed	graph	whose	underlying	undirected	graph	is	a	tree.
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PolytreeTreeDAG

source

sinks
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Planar graphs

• Planar	graph:	A	graph	that	can	be	“embedded	in	the	plane”,	in	the	sense	that	it	
can	be	drawn	without	any	intersection	of	edges.
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non-planar	graphs

“utility	graph”		
	

K3,3

pentagon	

K5

“tilings”

dodecahedron

planar	graphs

Kuratowski’s theorem: if a graph is nonplanar, 
it’s because it contains a copy of K3,3 or K5.
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The utilities problem

• Can	you	connect	each	house	to	each	utility	without	any	wires	crossing?	

• Answer:	no,	because	K3,3	is	not	a	planar	graph
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The utilities problem

• Yes,	if	you	live	on	a	torus.

11



Duckietown

Pose graph notebook

• In	duckietown-world	there	
are	several	notebooks	available.	

• They	show	how	to	represent	
and	manipulate	Duckietown	
maps,	road	networks,	pose	
graphs,	etc.
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Pose graph

• A	pose	graph	is	a	graph	where:	

• each	node	is	labeled	with	a	pose	

• each	edge	is	labeled	with	the		
difference	between	two	poses
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Pose graph

• If	there	is	an	edge	from	i	to	j	and	one	from	j	to	k,		
you	can	derive	an	edge	from	i	to	k.	

• Compose	the	differences:	
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Cycles in pose graphs

• Cycles	represent	constraints:	

• The	product	of	the	pose	differences	along	a	cycle	is	the	identity.	

• Think	7irst:	the	sum	of	the	position	difference	is	0,0,0.	Generalize	to	SE(3).
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Road networks

• A	road	network	is	a	directed	graph	where:	

• the	nodes	are	“canonical”	Duckiebot	poses	

• the	edges	are	representative	trajectories		
to	go	from	one	pose	to	another

16

choose	one		
representative



Duckietown

Forgetful graph transformations
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road	network		
with	pose	information

roads	graph	
(with	multiple	edges)

connectivity	graph

forget	the	poses

compress	all	edges	
between	two	nodes		
into	one

If	a	path	exists	here,	
it	will	exists	here	
(but	not	vice	versa)
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Graph-based planning

• The	basic	graph-based	abstract	formalization	of	a	planning	problem:	

• Each	node	is	a	state.	

• Each	edge	represents	the	effect	of	an	action.	

• Edges	are	labeled	with	the	cost	of	actions.
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• Notice:	

• no	uncertainty	for	evolution	

• no	uncertainty	for	observations	

• no	continuous	dynamics

do	nothing
go	left

go	right

go	straight

go	straight

A

B

C

D
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Graph-based planning

• Shortest	path	Iinding:		
	
Find	a	way	to	get	from	a	node	to	
another	in	the	least	amount	of	steps	
(least	total	cost).	

• A	path	is	a	plan.
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do	nothing
go	left

go	right

go	straight

go	straight

A

B

C

D

• The	basic	graph-based	abstract	formalization	of	a	planning	problem:	

• Each	node	is	a	state.	

• Each	edge	represents	the	effect	of	an	action.	

• Edges	are	labeled	with	the	cost	of	actions.
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Example from the 70s: choose your own adventure books
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Example from the 80s: Puzzle dependencies charts

• Liveness	property:	there	is	a	path	
from	each	node	to	one	of	the	endings.	

• That	is,	you	cannot	get	stuck.
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@ gopher repellent to prisoner → cake

buy → shovel

@ troll

talk to important-looking pirates

Part I: The Tree Trials

The Secret o⌦ Monkey Island

train with Captain Smirk

→ chicken

talk to Meathook

talk to Stan about the smallest boat, extras,
walk away, make an offer of 5000

talk to Voodoo Lady

Part II: The Journey

→ pamphlet ("leg up")→ brochure ("arm yourself")

explosion, ship travels to Monkey Island

Part III: Under Monkey Island

→ piece of paper (recipe)→ cinnamon sticks

→ ink

→ feather pen

→ business card (Stan)

→ leaflet ("get ahead")

▸ red hot fire → flaming mass

breath mint

▸ → T-shirt

business card, map, T-shirt,
or 100% cotton T-shirt

red hot fire

pot

red hot fire

red hot fire

→ memos

magnetic compass

▸ noteworthy rock with object near gunpowder on dam

→ cannon ball

→ spyglass

burst dam, get key

dam bursts

→ rope (pond)

→ oars

→ skull

→ 2 bananas (village)
get locked in

 

destroy ship hit banana tree

→ 2 bananas

2 bananas @ monkey@ monkey @ monkey

monkey follows Guybrush

→ wimpy little idol

→ banana picker

@ cannibals

leaflet @ cannibals

leaflet ("get ahead")

cannibals

▸ in gigantic monkey ear

get → minutes

play with rat

 ▸ in grog machine

▸ use head of the navigator, find ghost ship

→ necklace on navigator

talk to navigator about necklace

▸ use, board ghost ship

→ head of the navigator

trick storekeeper → storekeeper's note

magnetic compass

▸ magnetic compass with : key→ ghost feather

▸ with sleeping ghost crew
▸ in hatch

→ jug o'grog

▸ jug o'grog with dish

→ cooking grease

▸ on squeaky door

→ ghost tools

▸ on glowing crate

Last Part: Guybrush kicks butt

get past second ghost

→ root beer

▸ with LeChuck

→ root

banana picker @ Herman → monkey head key

→ banana (beach)

▸ cannon nozzle, arrive at Monkey Island beach

@ Fettucini brothers → pieces of eight

Legend

talk to someone

go to a place

→ take an object

▸ use two objects

do something

@ give an object

automatic action

misc. commands

Nodes
Each node represents something that can be 
done; the colors represents the di�erent types 
of commands supported by the game

Edges
Each link represents a dependency, to be read in a 
top-down fashion:  The action before the link must 
be performed before the action after the link

Normal dependency:  A 
must be achieved before 
B can be achieved

Optional dependency: 
One of A, B, C and D 
must be achieved before 
E can be achieved

Sections delimited by dashed lines 
are individual "game areas" 

between which the player can only 
move by performing an action 
shown at the top of that area.  In 
this example, A is the action that 
enters the area, and C is the action 
that leaves the area.  B and C can 
only be achieved when one is inside 

the area – the implicit 
dependencies A B and A C are → →

not drawn.

(only shown if it triggers 
an action, or if timed)

("action sequences" with 
more complex gameplay)
(used when something 
happens automatically 
with another action)

Names of objects are omitted if they can be inferred from context (e.g. which object to give, because "give" nodes have only a single  
object dependency)  Objects after an arrow ("∘ →") are given to the player after the action

v10 © 2019 Jérôme KUNEGIShttps://networkscience.wordpress.com/2019/01/18/game-dependency-graph-the-secret-of-monkey-island/

die after 10 min

die / get stuck

(only shown if it solves
a puzzle or is otherwise 

important)

Are⇠

learn phrases

→ gopher repellent

→ staple remover

▸ use together or with pot o' stew
→ meat with condiment

or stewed meat

→ fabulous idol, escape water

▸ on cable

→ pot

→ rope (fort)

▸ with strong branch and sturdy stump

▸ with rowboat, reach northern part

open → file

open chest
(bedroom, empty)

open drawer

open chest
(downstairs,
bottom right)
→ fine wine

open cupboard (kitchen)

open → prize

open

push cannon

open → lens

pull nose, monkey hangs from it

open loose board

open door (parrot)

enter Governor's mansion, fight

walk to gaping hole → fabulous idol

walk to door,
get thrown into sea

walk to village, Elaine has been kidnapped → note (from LeChuck)

enter kitchen

touch murderous
winged devil,

Meathook becomes crew

walk to village, begin journey

walk to alley, talk to sheriff

look at → small key

look at

walk to cave, go to cannibals

walk to church

walk to edge, fall down

walk to path, go to cave, back to Mêlée Island™

walk to dock

walk to hole, escape

walk on plank

look at drawer
→ dusty book (captain's log)

→ mugs

▸ use mug o'grog with mug

▸ with barrel → mug o'grog

talk to Sword Master
about becoming crew

→ cereal

kegs → gunpowder

→ chest

▸ pot ▸ pot ▸ pot▸ pot ▸ pot ▸ pot ▸ pot▸ pot

→ giant piece of rope

kegs → gunpowder

▸ in cannon nozzle

▸ with cannon → fuse

▸ flaming mass fuse

rock on top of note
→ noteworthy rock

→ gunpowder

▸ with dam

▸ with the sun

→ hunk of meat

→ plants (yellow)

talk to prisoner

buy → breath mint

▸ use

talk to Stan about credit

→ magnetic compass

▸ with lock
Otis becomes crew

▸ in cabinet

→ Jolly Roger

→ pot

ask storekeeper for 
directions to Sword Master

buy → map

follow storekeeper
to Sword Master

win against
Sword Master

→ 100% cotton T-shirt

find X

enter forest

buy → sword

→ fish

@ deadly piranha poodles

@ prisoner

lose all pieces
of eight

red hot fire

A

B

A B C D

E

A

C

B

(LucasArts, 1990)

Mêlée Island

On the Sea Monkey

Monkey Island

Mêlée Island

https://grumpygamer.com/puzzle_dependency_charts

• Used	to	design	puzzle	games.

https://grumpygamer.com/puzzle_dependency_charts
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How to solve a path finding problem

• There	are	some	classical	algorithms	that	you	will	7ind	implemented	in	all	graph	
libraries.	In	practice:	

• If	your	graph	is	small	(<10,000	nodes),	you’re	done.	

• If	your	graph	is	planar	(2D,	regular	cells),	you’re	done.	

• Dijkstra’s	algorithm:	7ind	the	shortest	path	from	one	node	to	every	other	node	

• In	robotics,	use	the	reverse:	7ind	the	shortest	path	from	any	node	to	the	goal.	

• A*	(“A	star”):	uses	a	heuristics	to	drive	the	search.	

• Very	ef7icient,	single	query.	

• D*:	variation	of	A*	that	allows	replanning	when	the	graph	changes		

• Developed	for	7ield	robotics	(Stentz,	CMU)
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Solving a path-finding problem
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• See	notebook	for	an	example	of	planning	with	the	Duckietown	maps:

start

end path
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Animations of A* and Dijkstra’s algorithm

• Source	code	/	Java	jar	7ile	https://github.com/kevinwang1975/PathFinder	

24

https://github.com/kevinwang1975/PathFinder
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Multi-scale planning

• Planar	graphs	suggest	immediate	approximation	algorithms	
using	a	multi-scale	representations	and	planning.	

• It	works	because	a	planar	graph	is	a	triangulation	of	the	plane.		
It	can	be	extended	to	3D	/	nD.	

• Insight:	Robot	motion	planning	is	inherently	continuous	
(you	cannot	teleport),	therefore	the	graphs	are	triangulations.
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