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Abstract

The aim of this exercise is to calculate the differential kinematics of an
ABB robot arm. You will practice on the derivation of velocities for a multi-
body system, as well as derive the mapping of between generalized velocities
and end-effector velocities. A separate MATLAB script will be provided for
the 3D visualization of the robot arm.

1 Introduction

The following exercise is based on an ABB IRB 120 depicted in figure It is a
6-link robotic manipulator with a fixed base. During the exercise you will imple-
ment several different MATLAB functions, which you should test carefully since the
next exercises will depend on them. To help you with this, we have provided the
script prototypes at bitbucket.org/ethz-asl-1r/robotdynamics_exercise_1b|
together with a visualizer of the manipulator.



bitbucket.org/ethz-asl-lr/robotdynamics_exercise_1b
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Figure 1: ABB IRB 120 with coordinate systems and joints

Throughout this document, we will employ I for denoting the inertial world coor-
dinate system (which has the same pose as the coordinate system PO in figure
and E for the coordinate system attached to the end-effector (which has the same
pose as the coordinate system P6 in figure [1f).

2 Differential Kinematics

Exercise 2.1

In this exercise, we seek to compute an analytical expression for the twist zwg =
[2vE Iwg]T of the end-effector. To this end, find the analytical expression of
the end-effector linear velocity vector zvgp and angular velocity vector zwrp as a
function of the linear and angular velocities of the coordinate frames attached to
each link. Hint: start by writing the rigid body motion theorem and extend it to the
case of a 6DoF arm.

Solution 2.1
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Figure 2: Linear velocity of a point in a rototranslating frame.

Consider the coordinate frames shown in Fig[2] Frame 0 is fixed with respect to
the inertial frame Z, while frame 1 has a linear velocity 7vg; and angular velocity
zwp1 with respect to frame 0. Thus, one has:

Vi1 = 7Vio + Vo1 = Vo1 (1)

TWr1 = W0 + W01 = W01

Consider a point P that is fixed with respect to frame 1. The linear velocity zvp
of point P with respect to the fixed frame I is given by:

IVIp = V11 + I¥1p + W1 X Ir1p. (2)

If point P is fixed in frame 1, it is zr1p = 0.

With this result in mind, consider now a planar two link robot arm with two revolute
joints. The coordinate frames are chosen as in Fig[2] Reasoning as before, the linear
velocity at the end of the kinematic chain can be found by propagating the linear
velocity contributions from the fixed frame Z. Hence, one has:

IVI1 = IVio + W10 X 7T01
IVie = 7Vl + 7Wwr1 X 712 (3)

IVIE = IVi2 + 7Wr2 X IT2E



o

Figure 3: The kinematic structure of a planar two link robot arm.

Combining these results with the fact the frame 0 is fixed with respect to frame 7
(i.e. zwro =0, zvig = 0), the end-effector linear velocity is given by:

IVIE = IWi1 X 712 + zWi2 X T2k (4)
This result can be extended to the case of the ABB IRB 120, yielding;:

IVIE = 7wyl X zr12 +zWyr2 X 7T23 + - + 7Wi5 X 7¥56 + W16 X IT6E (5)

=7zVi2a+7zVaz + - -+ 1Vs6 + ZV6E

The end-effector rotational velocity zwg is obtained by summing the single joint
velocity contributions:

IWIE = W0 + 7Wo1 + Wiz + - - + TWse + TWeE (6)



Exercise 2.2

This exercise focuses on deriving the mapping between the generalized velocities
q and the end-effector twist zwg, namely the basic or geometric Jacobian 7J.0 =
[IJE IJE]T. To this end, you should derive the translational and rotational
Jacobians of the end-effector, respectively zJp and zJg. To do this, you can start
from the derivation you found in exercise [I] The Jacobians should depend on the
minimal coordinates q only. Remember that Jacobians map joint space generalized
velocities to operational space generalized velocities:

zvie = zJdp(q)q (7)
zwre = zJr(q)q (8)

Please implement the following two functions:

1 function J.P = jointToPosJac (q)

2 % Input: vector of generalized coordinates (joint angles)

3 % Output: Jacobian of the end—effector translation which maps joint
4 % velocities to end—effector linear velocities in I frame.

5

6 % Compute the translational jacobian.

7 J.P = ... ;

8

9 end

10

11 function J_R = JjointToRotJac (q)

12 % Input: vector of generalized coordinates (joint angles)

13 % Output: Jacobian of the end—effector orientation which maps joint
14 % velocities to end—effector angular velocities in I frame.

15

16 % Compute the rotational jacobian.

17 J.R = ... ;

18

19 end

Solution 2.2

The translation and rotation Jacobians can be evaluated starting from the results
that were obtained in the previous exercises. By combining the analytical expres-
sions of the linear and angular end-effector velocities, one has:

IVIE = zVo1 +zViza+ -+ 1Vse + IVeE
=7Ww1 X 7T12 + 7W2 X 7To3 + - -+ + 7Ws5 X 7T56 + TWE X 1¥6E
= zw1 X (zrr2 — 7r1) + zw2 X (273 — 7rr2) + -+ + zWws X (276 — 7T75)
= (zwo + zwo1) X (zrr2 — zT11)
+ (zw1 + zwi2) X (zr13 — 7T12)
+ ...
+ (zws + zwse) X (218 — 7T76)
(9)
Since the joints are of the revolute type, the relative motion between frames k — 1
and k£ will be defined by 7wy, = znify, where tn; is a vector expressed in 7
frame which defines the current rotation direction of joint k£ and 6 is the rate of
change in the angular position of joint k. Recalling that the composition rule of
angular velocities is:
IWE = TWk—1 + ZWk—1,k, (10)




one has:
Vi = (zwo + zwo1) X (zrr2 — 7rr1)

+ (zw1 + zwi2) X (773 — 7712)
+...
+ (zws + wse) X (zT1E — 1T76)
= (In191) X (zr12 — 7711)

+ (In191 + zn292) X (zrr3 — 7rr2)

+

+ (zn10; + - - + 7ng6g) X (7v75 — 77716)

Expanding and reordering the terms in the last equation, one has

Vg = b1 X (zrrg — 7r11)

+ In2é2 x (zrrEg — 1T12)

+... (12)
+ n6s x (zr1E — 77716)s
which, rewritten in matrix from, gives
61
IVIE = [Inl X (ztrp —z7tn1) ... zhe X (zr1E — Ir16)] ' (13)
O
=zJp(q)q,

where 7Jp(q) is the translation Jacobian matrix that projects a vector from the
joint velocity space to the cartesian linear velocity space.

Using the results obtained by solving Exercise[l], and taking into account that 7w o
and zwgp are both equal to zero, one has

IWIE = W01 + zWi2 + -+ - + TWse
= n16; + by + - - + 1ngh
N1ty + 7Nyt 1.66 (14)
=[mi my ... zng]-q
=7Jr(q)-q,
where Jr(q) is the rotation Jacobian matrix that projects a vector in the joint
velocity space to the Cartesian angular velocity space.

1 function J_P = jointToPosJac (q)

2 % Input: vector of generalized coordinates (joint angles)

3 % Output: Jacobian of the end—effector orientation which maps joint
4 % velocities to end—effector linear velocities in I frame.
6 % Compute the relative homogeneous transformation matrices.
7 T_I0 getTransformIO();

8 T_-01 = jointToTransformO1l (g(l));

9 T_.12 jointToTransforml2 (g (2));

10 T_23 = jointToTransform23(q(3));

11 T_34 jointToTransform34 (q(4));

12 T_45 jointToTransform45 (g (5));

13 T_.56 = jointToTransform56 (q(6));

Compute the homogeneous transformation matrices from frame k to the
inertial frame I.
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T_I1 = T_IO+T_01;
T_.I2 = T_I1xT_12;
T_I3 = T_I2+T_23;
T_.I4 = T_I3xT_34;
T_I5 = T_I4xT_45;
T_.I6 = T_I5xT_56;

% Extract the rotation matrices from each homogeneous transformation
% matrix.

R.I1 = T_I1(1:3,1:3);
R.I2 = T_I2(1:3,1:3);
R.I3 = T_.I3(1:3,1:3);
R.I4 = T_.I4(1:3,1:3);
R_.I5 = T_I5(1:3,1:3);
R.I6 = T_.I6(1:3,1:3);

Extract the position vectors from each homogeneous transformation

r.I_I1 = T_I1(1:3,4);
r I.I12 = T_.I12(1:3,4);
r.I_.I3 = T_-I3(1:3,4);
r . I_.14 = T_I4(1:3,4);
r.I_.I5 = T_I5(1:3,4);
r.I_.I16 = T_I6(1:3,4);

% Define the unit vectors around which each link rotates in the

precedent
% coordinate frame.
n.l = [0011";
n2 = [0 101";
n.3 = [0 10]"';
nd = 1[1001";
n.5 = [0 10]"';
n6 = 1[1001";

o

Compute the end—effector position vector.
r_I_IE = jointToPosition(q);

% Compute the translational jacobian.

JP = [ cross(R.I1*xn_1, r_I_IE — r_I_I1)
cross(R.I2*n_2, r_.I_IE — r_I_.I2)
cross(R_.I3xn_3, r_.I_.IE — r_I_.I3)
cross(R_.I4*n_4, r_I_IE — r_I_.14)
cross(R_-I5%«n.5, r_.I_IE — r_I_I5)
cross(R.I6xn_6, r_.I_IE — r_I.16)

end

function J_R = jointToRotJac (q)

Input: vector of generalized coordinates (joint angles)

Output: Jacobian of the end—effector orientation which maps joint
velocities to end—effector angular velocities in I frame.

o o o

% Compute the relative homogeneous transformation matrices.
T_-I0 = getTransformIO();

T_.01 = jointToTransformOl(g(l));

T_12 = jointToTransforml2 (g(2));

T_23 = jointToTransform23(q(3));

T_34 = jointToTransform34 (q(4));

T_45 = jointToTransform45 (q(5));

T_.56 = jointToTransform56 (g (6));

Compute the homogeneous transformation matrices from frame k to the
inertial frame I.
T_.I1 = T_I0OxT_01;
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T_I2
T_I3
T_I4
T_I5
T_I6

T_I1+T_12;
T_I2xT_23;
T_I3xT_34;
= T_I4xT_45;
T_I5+«T_56;

% Extract the rotation matrices from each homogeneous transformation
o

¥ matrix.

R_I1
R_I2
R_I3
R_I4
R_I5
R_I6

’

’

’

’

3
3
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3
3
3
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’

% Define the unit

o
i

:5:3’:5;:?::5:5
oUW NP

o

end

precedent
coordinate frame.

11
01';
01';
01';
01';
01';

R_Ilxn_1
R_.I2xn_2
R_.I3xn_3
R_I4xn_4
R_I5xn_5
R_I6*n_6

:3);
:3);
:3);
:3);
:3);
:3);

vectors around which each link rotates in the

Compute the rotational jacobian.
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