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Discrete scale invariance and log-periodicity

in

Rupture, growth processes, 
Turbulence, finance…
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TURBULENCE AND DISCRETE SCALE INVARIANCE
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(
)

DIMENSIONAL ANALYSIS



4



5
(Dubrulle, 1997) 

D. Sornette, Discrete scale
invariance in turbulence? U.
Frisch (ed.), Advances in
Turbulence VII, 251-254
(Kluwer Academic
Publishers,  The
Netherlands, 1998)
(http://xxx.lanl.gov/abs/con
d-mat/9802121)
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Different physics at different scales?
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Disorder

Order

Critical

Renormalization group:
Organization of the
description scale by scale
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RG flow near a nontrivial fixed point
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Series of fracture networks
sampled from the field (1:1)
(plate I of size about one
meter across) to the
continental scale
(1:1,000,000) (plate VI of
size about 400 km accross),
based on field mapping,
interpretation (checked on
the ground) and digitization
of photographs taken from a
helicopter, classical aerial
photography and satellite
images on the western
Arabian plate.

G. Ouillon, C. Castaing and D. Sornette,
"Hierarchical scaling of faulting", J.
Geophys. Res. 101, B3, 5477-5487,
March 10 (1996)

Hierarchies: different physics at different scales 
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Discrete scale invariance
Complex fractal dimension
Log-periodicity

1) d ∈ N     Euclid  (ca. 325-270 BC)

2) d ∈ R     Mandelbrot (1960-1980)

3) d ∈ C     

Preferred scaling ratio is 3
D(n) = ln4/ln3  + i 2πn/ln3 

Hierarchy of scales:  FRACTALS
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Grassberger-Procaccia

CANTOR SETS
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Pre-existing hierarchical geometry
-Ising, Potts and other models of statistical physics on
Cayley trees, Diamond and other hierarchical lattices
-Shell models of turbulence

Dynamically generated DSI
-rupture in heterogenous media
-growth processes
-turbulence
-financial stock market prices

Two classes of mechanisms
Continuous scale invariance vs Discrete scale invariance
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Fractal function
Discrete scale invariance
Complex fractal dimension
Log-periodicity

1) d ∈ N     Euclid  (6th BC)

2) d ∈ R     Mandelbrot

3) d ∈ C     



15S. Gluzman and D. Sornette, Log-periodic route to fractal functions, art. no. 036142,
Phys. Rev. E V6503 N3 PT2A:U418-U436  (2002)

Inverse Mellin transform

(Derrida, Eckmann, Erzan, 1983)

=- m + i ω n
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Mechanism for large log-periodic corrections to scaling:
The non-universal function g(K) must be either quasi-
periodic or with compact support



17



18



19



20



21



22J.V. Andersen, D. Sornette and K.-T. Leung
Tri-critical behavior in rupture induced by disorder
Phys. Rev. Lett. 78, 2140-2143 (1997)

Fr/Fs
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26D. Sornette  and C.Vanneste, Dynamics and memory effects in rupture of thermal fuse
 networks, Phys.Rev.Lett.  68, 612-615 (1992)



27A. Johansen and D. Sornette, Evidence of discrete scale invariance by
canonical averaging, Int. J. Mod. Phys. C 9 (3), 433-447 (1998)
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Look for a parameterization of the interface in terms of z as a function of Φ and ψ
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H. Nechad, A. Helmstetter, R. El Guerjouma and D. Sornette, Phys. Rev. Lett. 94, 045501 (2005) 

AE counts

AE energy



31

H. Nechad, A. Helmstetter, R. El Guerjouma and D. Sornette (2004)
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H.  NECHAD, R.  EL GUERJOUMA, A. HELMSTETTER and D. SORNETTE



33



34

Our prediction system is now 
used in the industrial phase
as the standard testing 
procedure.

J.-C. Anifrani, C. Le Floc'h, D. Sornette and B. Souillard
 "Universal Log-periodic correction to renormalization group scaling for rupture stress
prediction from acoustic emissions", J.Phys.I France 5, n°6, 631-638 (1995) 
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als

Nonlinear Processes in Geophysics, 12, 849–861, 2005
A. Pralong, C. Birrer,W. A. Stahel, and M. Funk
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(Sornette et al., 1996)

Diffusion Limited Aggregation

Log-periodic sub-dominant correction to scaling

(Arneodo et al, 1992)
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(Dubrulle, 1997) 

D. Sornette, Discrete scale
invariance in turbulence? U.
Frisch (ed.), Advances in
Turbulence VII, 251-254
(Kluwer Academic
Publishers,  The
Netherlands, 1998)
(http://xxx.lanl.gov/abs/con
d-mat/9802121)

TURBULENCE AND DISCRETE SCALE INVARIANCE
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A. Johansen and D. Sornette,
Evidence of discrete scale invariance by
canonical averaging, Int. J. Mod. Phys.
C 9 (3), 433-447 (1998)

F. Pazmandi, R.T. Scalettar
and G.T. Zimanyi,
Phys. Rev. Lett. 79, 5130 (1997).
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Wei-Xing Zhou and Didier Sornette
Statistical Significance of Periodicity
and Log-Periodicity with Heavy-Tailed
Correlated Noise, Int. J. Mod. Phys. C
13 (2), 137-170 (2002)
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 Wei-Xing Zhou, Didier Sornette and Vladilen Pisarenko, New Evidence of Discrete Scale Invariance in the Energy
Dissipation of Three-Dimensional Turbulence: Correlation Approach and Direct Spectral Detection, Int. J. Mod. Phys. C
in press (http://arXiv.org/abs/cond-mat/0208347)
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Fundamental value strategies

Technical analysis strategies



45Inertia + NL negative feedback + NL positive feedback
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K. Ide and D. Sornette
Oscillatory Finite-Time Singularities
 in Finance, Population and Rupture, 
Physica A  307 (1-2), 63-106 (2002)
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Hong-Kong
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During and after the crash: the market behaves
as a single-degree-of-freedom damped oscillator; 

the whole market Is synchronized
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Long-term relaxation of the implied volatility
can also be accounted for by the LPPL.

It describes the progressive fragmentation of the market
which recaptures its usual heterogeneity



54



55

Various Bubbles and Crashes

Each bubble has been rescaled vertically and translated
to end at the time of the crash

time

price
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Non-parametric analysis of
log-periodicity: we find a strong and

universal log-periodic spectrum 
for all bubbles investigated
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60A. Johansen and D. Sornette, Endogenous versus Exogenous Crashes in Financial Markets,
(http://arXiv.org/abs/cond-mat/0210509)

Demonstration of universal values of z and omega across many different bubbles at different
epochs and different markets

z z
+C
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Why do we have a big brain?
Discrete Hierarchical Organization of Social Group Sizes

Proc. Nat. Acad. Sci. (USA) 272, 439-444 (2005)W.-X. Zhou, D. Sornette, R.A. Hill and R.I.M. Dunbar 
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Preferred scaling

ratio  close to 3

Proc. Nat. Acad. Sci. (USA) 272, 439-444 (2005)

Method 2
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•Sections (squads):  10-12 soldiers
•Platoons (of 3 sections, ≈ 35 soldiers)
•Companies (3-4 platoons, ≈ 120-150 soldiers)
•Battalions (3-4 companies plus support units, ≈ 550-800)
•Regiments (or brigades) (3 battalions plus support,2500+)
•Divisions (3 regiments)
•Corps (2-3 divisions)
•Armies
•Country

A real-life example of a hierarchical network 
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http://www.army.mil/organization/unitdiagram.html
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Towards a methodology 
to identify and predict crash risks

• Development of methods to diagnose bubbles
• Crashes are not predictable
• Only the end of bubbles can be forecasted
• 2/3 ends in a crash
• Multi-time-scales
• Probability of crashes; alarm index

– Successful advanced predictions: Oct. 1997; Aug. 1998,
April 2000, real-estate bubble UK mid-2004, US mid-2006

– False alarms: Oct. 1997
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2000 1997
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Princeton
University
Press
Jan. 2003

http://www.ess.ucla.edu/faculty/sornette/


