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Abstract

The aim of this thesis is to develop and study mathematical models of financial markets experi-
encing bubbles and crashes. Our study is based on a model structure that combines increasingly
positive returns (the build-up of a bubble) with a sudden reversal and an accumulation of large
negative returns (the crash). The occurrence of financial crashes, fueled by bubbles, are widely
recognized as disruptive events that have significant adverse effects on the performance of mathe-
matical tools in many financial problem settings. However, models that explicitly incorporate the
stylized features of bubble-and-crash dynamics are yet to permeate most areas of (mathematical)
finance.

To address this shortcoming, in the first part of the thesis we develop a general stochastic
model framework based on the dialectic view that build-up and implosion of financial bubbles
are inherently linked. We show that the framework encompasses a wide range of models from
the bubble literature in (financial) economics that focus on market failure as a driver of financial
distress. As such, it functions both as a tool to compare the various assumptions underlying such
models and as a good starting point to robustify financial problem settings that are affected by
bubbles and crashes. Based on this general framework, we pick several specific models combining
(possibly explosive) diffusions and single jump processes, study their stochastic and statistical
properties and show how they can be applied to a common problem in mathematical finance, the
pricing and hedging of European options. Where indicated, we apply our methods to financial
data sets.

The second part of the thesis introduces a class of point processes that combines two well-
established cluster mechanisms, a self-exciting structure commonly referred to as Hawkes pro-
cess, and a shot-noise structure known as Neyman-Scott process. As such, these processes are
useful in modeling the accumulation of points – for example, the clustering of negative returns
during financial crashes within the framework mentioned above. However, given that such point
processes transcend the mostly diffusive setting of the first part and show a similarity to ARMA
time series of counts, which confirms their wide potential applicability beyond finance, this line
of work deserves a distinct part in this thesis. In many cases, missing data complicates statistical
estimation for this type of process, and explicit mathematical expressions exist only for (Marko-
vian) special cases. To address this, we derive an Expectation-Maximization (EM) algorithm that
allows us to estimate general inhomogeneous and non-parametric specifications and marks. We
test the algorithm in a range of simulation and case studies.
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Kurzfassung

Das Studienobjekt dieser Doktorarbeit sind mathematische Modelle von Spekulationsblasen und
Crashs in Finanzmärkten. Die Struktur der Modelle, die wir untersuchen, basiert auf einer Kom-
bination von stark ansteigenden Renditen (der Aufbau einer Blase) und einer überraschenden
Trendumkehr mit grossen Verlusten (Crash). Es wird oft betont, dass das relativ häufige Auftreten
solcher Kursverluste signifikante Auswirkungen auf das reibungslose Funktionieren mathematis-
cher Modelle in finanztheoretischen Problemstellungen hat. Dennoch sind Lösungsansätze, die
solche Blasen-Crash-Dynamiken explizit miteinbeziehen, in vielen Bereichen der Finanzmathe-
matik unterrepräsentiert.

Um dieses Problem zu adressieren, entwickeln wir im ersten Teil dieser Arbeit ein allgemeines
stochastisches Framework, basierend auf dem dialektischen Ansatz, dass der Aufbau einer Fi-
nanzblase und ihr Crash als zwei Seiten einer Medaille betrachtet werden müssen. Aus diesem
Framework lassen sich viele in der Literatur gängige Modelle für Finanzblasen ableiten, die Mark-
tineffizienz als zentrales Merkmal einer Finanzblase sehen. Als solches erlaubt unser Framework
einerseits, zugrunde liegende Hypothesen verschiedener Modelle zu vergleichen, und anderer-
seits, robuste Lösungsansätze für Problemstellungen in der Finanzökonomie zu gestalten. Aus-
gehend von diesem generellen Ansatz untersuchen wir stochastische und statistische Merkmale
mehrerer Modelle, die explosive Diffusionsprozesse mit Sprungprozessen verknüpfen, und wen-
den sie auf ein klassisches Problem in der Finanzmathematik an, der Preisermittlung und Rep-
likation von europäischen Optionen. Die entwickelten Methoden testen wir an Daten.

Im zweiten Teil der Arbeit untersuchen wir eine Art von Punktprozess, die zwei bekannte
Häufungsmechanismen kombiniert: einerseits den Hawkes-Prozess (mit Selbstauslösung) und
andererseits den Neyman-Scott-Prozess (mit Clustering). Als solche können diese Prozesse zwar
nützlich sein, um beispielsweise die Akkumulierung von Kursverlusten während eines Crashs
zu modellieren, gehen allerdings über das Setting mit Diffusionsprozessen im ersten Teil hin-
aus und werden daher in einem separaten Teil der Arbeit behandelt. Die weite Anwendbarkeit
wird durch eine Analogie zu ARMA Zeitreihen angedeutet. Statistische Schlussfolgerungen
für diese Prozesse werden oft durch fehlende Daten erschwert und explizite mathematische
Lösungsansätze gibt es bislang nur für Markov’sche Spezialfälle. Wir entwickeln daher einen
EM-(engl.: expectation maximization) Algorithmus, der statistische Rückschlüsse für eine Vielzahl
von zeitinhomogenen und nicht-parametrischen Spezifikationen und Modelltypen erlaubt. Der
Algorithmus wird in mehreren Simulations- und Fallstudien untersucht.
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Barter economies, financial crises and mathematical models

During the past several decades, the financial sector has become an increasingly substantial part
of most capitalist economies. A common illustration of this phenomenon, which has been termed
financialization, is the profit share of financial firms in the U.S., increasing both in mean and
volatility, as depicted in figure 1a. This development, nevertheless, is dwarfed by the shift in
attention and interest of academic theorists and mathematicians working with economic models.
Mathematical finance, effectively a sub-discipline of mathematical economics, has become a dominant
object of research, see figure 1b. At first, a possible explanation that comes to mind is that
finance, as a growing and “innovative” industry, simply offers a larger playing field for ambitious
modelers.
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(a) Profit share of financial corporations in the
U.S. economy, excluding Federal reserve banks.
Source: bea.gov, U.S. Department of Commerce.
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(b) Relative share of search results for “Math-
ematical finance” as opposed to “Mathematical
economics”. Source: Google scholar.

Upon a closer look, it seems that purely financial problems are a more adequate fit for the
mathematical tools employed, naturally attracting more attention. Indeed, one of the most cel-
ebrated results of mathematical economics, the theory of general equilibrium by Arrow-Debreu
[11] with an extension to a stochastic setting by Radner [206], seems to work better in finance than
it does in economics. This (theoretically) very deep and intriguing result studies what is called
a pure exchange, or barter, economy, which treats money as neutral and has been criticized for
lacking the means to model the labour market or real economic variables like consumption, ag-
gregate demand and the availability of money and credit. Trading in a financial market, however,
can be more adequately modeled as a pure exchange economy. In fact, the most central con-
cepts in (mathematical) finance, the efficient market hypothesis (the hypothesis that asset prices
multiplied by appropriate state price densities follow a martingale – [89, 210]) and the funda-
mental theorem of asset pricing (proving that this martingale property is in fact equivalent to the
absence of riskless gains by trading – [70, 119]) are essentially equivalent to the existence of an
Arrow-Radner equilibrium (see, e.g., [81] or [149]). These concepts and results proved fruitful in
all kinds of financial problem settings – modeling of assets prices, pricing derivatives, managing
risks, utility maximization, (mark-to-market) accounting – and are utilized in areas as diverse as
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risk-adjusted compensation of company executives and funded retirement plans. Finance – espe-
cially the mathematics-infused part of the discipline – does a great job if it can detach itself from
issues that go beyond a pure exchange economy, that is, if real economic variables are sufficiently
well-behaved and market participants are rational.

Unfortunately, over the course of history, several disruptive events – financial crises – have
shown that this detachment can utterly fail. Some economic theorists have studied this possi-
bly toxic co-dependence of financial markets and their underlying economy. Hyman Minsky
[185], extending ideas from John Maynard Keynes, elaborates at length how economic prosperity
(of all things!) can lead to a substantial change in the credit structure and financial instability.
Going a step further, Charles Kindleberger [160] expounds how private money can add to the
(bank-)credit-fueled boom-bust dynamics of Minsky, causing what he calls a speculative mania,
also known as overtrading or simply financial bubble. At a micro-level, this idea of speculative
trading has been made explicit in models of financial market participants, using asymmetric in-
formation, heterogeneous beliefs and positive feedback activity to show that asset prices can rise
beyond reasonable levels, creating the possibility of a sudden crash. A detailed account of many
of these mechanisms, with a focus on positive feedback activity, can be found in [225]. In effect,
these departures from rational pure exchange behavior lead to inhomogeneity, unstable “run-
away” dynamics, disruptive regime changes and singularities in asset prices and financial key
variables, which we will collectively refer to as bubble-and-crash dynamics.

This thesis contributes to the literature in (mathematical) finance by studying properties of
processes that explicitly incorporate such bubble-and-crash dynamics. The main reason for using
these processes is to robustify the use of mathematical models in financial applications. At the
very best, these models can provide a predictive edge and allow one to model the probabilistic
structure of a financial bubble-and-crash episode. At least, they extend the financial economist’s
tool-kit with models that are not oblivious to the possibility of dramatic, disruptive events. Our
main object of interest is a stochastic model for a price time series (St)t2[0,•) of any stock or
financial asset. Chapter 1 introduces a simple framework based on three bubble-characteristics.

• A pre-drawdown process, S̃, which serves as a model for bubble dynamics and can incor-
porate superexponential growth and explosive behavior.

• The random time of the drawdown, tJ , being essentially what has become known as the
Minsky moment, the time when instabilities built up in the background materialize. To call
on Keynes’ analogy of musical chairs, it is the time when the music stops.

• The shape of the drawdown, X, which serves as a model for a financial crash. The simplest
version of a drawdown is an instant drop in asset price values at tJ .

These three bubble characteristics are linked to describe the full stock price S as

St = S̃t1{t<tJ} + Xt1{tJ 6 t}, t 2 [0, •). (1)

Based on this decomposition, subsequent chapters study modeling aspects related to special cases
of (1). Chapters 2 and 3 are concerned with jump-diffusion models of S, where the crash is
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represented by a single jump, while chapter 4 studies a model for a pre-drawdown process S̃
based on momentum and trend-following behavior.

The last chapter 5 concerns point processes, a model class that deals with the accumula-
tion and clustering of point occurrences in time. They are a useful modeling tool in situations
where the occurrence of certain events is believed to trigger further events. As such, they seem
to be a promising tool to model the drawdown X in (1) as the accumulation of large negative
price changes. We introduce a point process analogue of well-established ARMA (autoregressive
moving-average) time series, discuss some of its properties and derive an algorithm for
(non-)parametric statistical inference. Due to the generality of this model class with many appli-
cations beyond finance and the statistical focus of this chapter, it deserves a distinct part in this
thesis, only loosely connected to chapters 1–4.

Before we review in detail the contributions of this thesis, a word of caution is in order. The
models studied here are concerned with behavior of a single asset price. While these dynamics
are often informed by more complex models operating in the background, it should be clear
that, in order to fully understand financial crises, none of these models is sufficiently wholesome
to even remotely substitute for a thorough qualitative analysis as put forward by economists
like Hyman Minsky or Charles Kindleberger. Key drivers of financial systems such as liquidity
structures, credit and debt, leverage, yields, interest rates or the level of interconnectedness of
financial institutions contribute towards a better understanding of financial distress, with signs of
excessive growth in asset prices being only one possible indicator. That said, many applications in
financial engineering start with postulating a certain stochastic model for asset prices. We believe
they can benefit from incorporating bubble-and-crash price dynamics into their model setting.

A detailed overview of the thesis

This is a cumulative thesis, which is based on a series of published, submitted and unpublished
papers, all of which are joint work with Didier Sornette. Chapters 1,2 and 3 are first-authored and
based on the preprint [213], the publication [212] and unpublished work, respectively. Chapter 4
is published in [175] and joint work with Lin Li. My contributions include a major revision of an
earlier model setup, joint writing of the preliminary setting and derivations in section 4.2, writing
of the setting and derivation of the model properties in section 4.3, as well as formulating and
proving the results in section 4.6. Chapter 5 (jointly first-authored with Spencer Wheatley) is an
extension of the preprint [249]. My contributions are substantial in all parts of the paper that go
beyond an early draft in [248].

1 A mathematical framework for inefficient market bubbles. In this chapter we propose a
general framework that encompasses a wide range of financial bubble models, sharing the view
that bubbles are driven by market failure. Possible mechanisms that have been noted in the litera-
ture include asymmetric information, heterogeneous beliefs, noise trading and positive feedback
mechanisms. The object of interest is a stochastic model for the price time series (St)t2[0,•) of
any stock or financial asset. After a discussion of rational expectation bubbles in section 1.2, in
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section 1.3 we present a simple framework based on three bubble-characteristics (S̃, tJ , X) as intro-
duced above (see bullet points preceding equation (1)). We combine this decomposition with the
abstract notion of market efficiency – which will take familiar forms in many examples – and
require that

S̃ violates market efficiency.

This condition makes explicit the understanding that bubbles are driven by market failures.
This leads to two possible interpretations of inefficient market bubbles. Type-I bubbles require

the full stock price S to be an efficient market. This view posits that inefficiencies lead to the
presence of a drawdown at tJ as well as exuberant behavior in S̃, which can, however, be inter-
preted as two sides of the same coin and do in fact balance each other. Type-II bubbles require
the drawdown process X to be an efficient market. This view posits that inefficiencies lead to
irrational behavior and overvaluation that is eventually corrected at tJ .

Sections 1.4 and 1.5 present several examples in both continuous and discrete time and com-
pare our approach to rational expectation bubbles. Section 1.6 discusses implications for bubble
detection and bubble modeling.

2 Uniform integrability of single jump processes. This chapter deals with a special case of a
Type-I inefficient market bubble that can be described by a stochastic differential equation

dSt = b(St)1{t<tJ}dt + s(St)1{t<tJ}dWt �
b(St�)
h(St�)

dJt, (2)

with initial value S0 2 (0, •) and coefficient functions b, s, h : R ! [0, •), where (Wt)t2[0,•) is a
Brownian motion, (Jt)t2[0,•) is a {0, 1}-valued single jump process with

P [dJt = 1|Ft�, Jt� = 0] = h(St�), (3)

such that h is the hazard rate of J, and tJ denotes the time of the jump. By construction, this
process is a so-called supermartingale with the property that E [S•] = E

h
StJ

i
6 S0, and the

essential question of interest is whether or not it is a uniformly integrable martingale, that is,
whether

E [S•] = S0 or E [S•] < S0. (4)

To answer this question, we derive a deterministic condition on the functions b, s and h in section
2.4. Section 2.5 covers examples from the literature and discusses our result from the viewpoint
of rational expectation bubbles.

3 Quadratic hedging during financial bubbles. This chapter starts from the understanding of
a bubble expounded in chapter 1 to tackle a standard problem in mathematical finance using a
well-established bubble model. In particular, we study replication of derivative payoffs through
dynamic trading in a well-known example of a Type-I bubble, the Johansen-Ledoit-Sornette (JLS)
model. It describes a bubbly price process as the solution (St)t2[0,T] of a stochastic differential
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equation
dSt
St

= kh(t)1{t<tJ}dt + sdWt � kdJt, t 2 [0, T], (5)

where W is a real-valued Brownian motion and J is a single jump process that jumps from 0 to
1 at time tJ with deterministic hazard rate h. The essential building block of the JLS model is an
explosive1 structure of the hazard rate, which is derived based on the analysis of herding behavior
and positive feedback in a network of traders. As such, the model is a typical example of a Type-I
bubble in the framework of chapter 1. For a European contingent claim f (ST) with deterministic
payoff function f : [0, •)! [0, •), we study the quadratic hedging problem

min
(V0,q)

E

"✓
f (ST)� (V0 +

Z T

0
qtdSt)

◆2
#

, (6)

over all possible portfolios with initial value V0 2 (0, •) and stock holdings (qt)t2[0,T].
We derive explicit results for the process in (5) in section 3.3, relying heavily on the existing

literature for the quadratic hedging problem (6). In section 3.4, we present a simulation study and
a case study based on S&P500 stock market data of the 1987 Black Monday crash.

4 A simple bubble mechanism: time-varying momentum horizon. In this chapter we develop
a model that makes explicit one of the bubble drivers mentioned above: positive feedback caused
by momentum trading strategies and behavioral characteristics such as over-reaction and herding.
We describe an asset price process S and its momentum X as a two-dimensional stochastic process
(St, Xt)t2[0,•) where S is a exponential diffusion with linear drift and the price momentum X is
calculated by geometric averaging with time horizon 1/qt, that is,

dXt = �qtXtdt + qt
dSt
St

. (7)

An essential feature of the model is that we use a varying time horizon (qt)t2[0,•) that depends
on the momentum in a linear specification

qt = q⇤ + hXt, (8)

for h 2 [0, 1) and q⇤ 2 (0, •). Using the idea that investors focus on the momentum as a leading
indicator of pricing we restrict to the special case St = l(Xt) for a deterministic function l.
Section 4.2 shows that this is the case only if drift and diffusion coefficients of S depend solely on
X and S can be written as

St = const⇥
⇣

1 +
h

q⇤
Xt

⌘1/h
, t 2 [0, •). (9)

In section 4.3 we discuss the behavior of resulting diffusion processes, which foremost depends
on whether h = 0 (mild behavior) or h > 0 (wild behavior and possible explosion). Section 4.4
discusses a calibration procedure and implements statistical tests for bubble detection.

1By explosive, here we mean finite time divergence in the sense that limt!T h(t) = •.
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5 The ARMA point process and its estimation. This chapter introduces a point process that
extends both the well-known Hawkes process and the Neyman-Scott process. In particular, we de-
fine the ARMA point process (ARMApp) as a measure-valued counting process N : W⇥ B(R)!
N0 that combines

• a self-exciting structure, where each point triggers new points with intensity q : [0, •) !
[0, •), and

• a standard cluster structure, where each point of some immigrant process Nµ triggers new
points with intensity f : [0, •) ! [0, •). Nµ is usually a Poisson process with possibly
time-dependent intensity µ.

A useful tool in point process modeling is the intensity function, which for the ARMApp is given
by

l(t) = µ(t) +
Z t

�•
q(t� s)dNµ

s +
Z t

�•
f(t� s)dNs. (10)

Section 5.3 discusses similar processes in the literature and provides integral equations for second
order statistics, with explicit solutions in case of exponential intensities q and f. We justify the
name ARMA point process by comparison with integer-valued autoregressive moving-average time
series in section 5.4. A set of heuristic arguments leads us to a conjecture (without proof) on their
equivalence in terms of limiting distributions. The main part in section 5.5 derives an MCEM
(Monte-Carlo Expectation Maximization) algorithm for the ARMApp and various extensions. We
test the performance of the algorithm in a simulation study in section 5.6 and a case study using
S&P500 E-mini futures data in section 5.7.
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Part II

Modeling financial bubbles and
crashes
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Chapter 1

A mathematical framework for
inefficient market bubbles

1.1 Introduction

The term asset price bubble typically describes a situation where the market price of an asset exceeds
its fair price, referred to as the asset’s fundamental value. Asset price bubble models can essentially
be grouped into two main paradigms – those where bubbles appear in an efficient market and
those that are based on a violation of market efficiency.

The first group has become known as rational expectation bubbles, which tries to square the idea
of asset over-valuation (and thus an inefficiency) with efficient markets. This inherent discrepancy
prohibits the existence of bubbles in rational market equilibria and leads to joint hypothesis issues
and internal inconsistencies in bubble detection; see section 1.2.1 below. While these problems
have been discussed in the literature for discrete time interpretation of the rational expectations
paradigm, we argue, using results from the literature, that they also permeate the more recent
continuous time modeling approach. Despite these issues, presumably because such models can
readily be described in a simple, unified framework, rational expectation bubbles are still used ex-
tensively in both discrete and continuous time models, ranging from economics and econometrics
to mathematical finance.

Meanwhile, we have seen a flurry of models that are based on the understanding that bubbles
are caused by a break of market efficiency in the sense of perfect information rational expectations.
Various mechanisms have been proposed – such as asymmetric information [5, 6], heterogeneous
beliefs [118, 214] and noise trading such as positive feedback activity [69, 221, 225] in combination
with limits to arbitrage [1, 68, 222, 223]. In one way or another, such mechanisms create unsus-
tainable behavior in asset prices and the risk of a crash. To capture the essence of such models,
we propose to dissect the stock price into three so-called bubble characteristics –

1. a pre-drawdown process S̃,

2. the random time of the drawdown tJ and (1.1)
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S̃

S̃ (hypothetical)

X

tJ

Figure 1.1: The Dow Jones stock price bubble and its bubble characteristics (S̃, tJ , X). Source: WSJ
Markets Data Group.

3. the shape of the drawdown X.

These three bubble characteristics allow one to describe the full stock price (St)t2[0,•) as

St = S̃t1{t<tJ} + Xt1{tJ 6 t}, (1.2)

following S̃ up to the crash at tJ and X afterwards. Figure 1.1 shows such a decomposition for the
Dow Jones stock price bubble and crash of 1987. To complement our framework, we need a notion
of market efficiency. We include such a notion through an abstract condition, which distinguishes
efficient from inefficient markets and allows us to classify the bubble characteristics (1.1). The
pre-drawdown process S̃ is understood to show exuberant, excessive behavior, thus we require
that

S̃ violates market efficiency, (1.3)

in a suitable way made precise below. The drawdown (tJ , X) is understood as a mechanism
to restore market efficiency, where two main bubble types can be extracted from the literature,
gradually departing from rational expectation bubbles.

1.1.1 Type-I bubbles.

We can model the risk and shape of a drawdown (tJ , X) being caused by an inefficiency, while
extraordinary (pre-drawdown) returns ensure that this risk is “appropriately” priced it in the
market: in this case,

the full price process S is an efficient market, (1.4)
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while both the pre-drawdown process S̃ and the drawdown process X – seen in isolation – are
inefficient. We call this a type-I bubble.

This understanding of a bubble has been put forward in section (B) of [27] and continued in
[153, 155]. Note that, while originally this type of bubble has been discussed within the rational
expectations framework, the exact valuation of fundamentals plays a minor role here. The essence
of this understanding of a bubble can be captured by a quote from [27], that “during the dura-
tion of the bubble, [the bubble process] is growing faster (...) because asset holders have to be
compensated for the probability of a crash.” What drives a type-I bubble is the mere existence of
the risk of a crash (captured in our framework by tJ and X), compensated by a pre-crash process
that earns abnormal returns (S̃ violating market efficiency) such that the full price process S is an
efficient market.

This conception of a bubble resolves an important methodological issue of (classic) rational
expectation bubbles: a type-I inefficient bubble is verified by the occurrence of a crash and does
not rely on an infinite payoff structure. However, in such models the precise mechanism of how
rational market participants are aware of the crash risk and price it in the market remains unclear. While
a rational, omniscient investor would stay invested in such a market, the underlying stock price
S needs to be postulated a priori.

1.1.2 Type-II bubbles.

In order to avoid this issue of postulating market efficiency for S to accommodate rational in-
vestors, we can either look at markets that are not populated by rational investors with symmetric
information or add limits to arbitrage. In the absence of rational investors going against exu-
berant development, S̃ is driven by some failure of market efficiency. To arrive at a full-fledged
bubble model, we assume that the very cause for this inefficiency disappears/gets resolved at tJ

and price levels collapse to “appropriate” levels: in this case, within the decomposition (1.2),

the drawdown process X is an efficient market, (1.5)

while the full process S is inefficient. We call this a type-II bubble.
This representation captures the view for instance espoused by [90] and [196] (inefficiency: (ex-

post) overestimation of future payoffs), [214] (inefficiency: heterogeneous beliefs and overconfidence) or [1]
(inefficiency: noise trading and synchronization risk). While the underlying mechanisms causing a
break of market efficiency are quite diverse,1 the nature of the crash in each case is captured by
decomposition (1.2) and the time of the crash represents the time where rationality is restored.
Such models avoid the above problem of assuming an efficient market process S, as noted above
for type-I bubbles. However, for type-II bubbles the efficient process X (and thus a model for S)
can in general only be determined under additional assumptions on the assets payoff structure.
Note that in case one is interested only in why market efficiency can fail (that is, only in the

1The reader may be surprised to see [90] in the list of references to underpin inefficient market bubbles, as the author
is essentially arguing that markets are efficient before, during and after the crash. However, a (hypothetical) omniscient
observer with a proper valuation of future payoffs correctly sees a failure of market efficiency, which is restored only after
the crash. For details see section 1.4.3.3.
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process S̃) and not in the specific role of a drawdown, then the distinction between type-I and
type-II bubbles is not relevant. This includes many of the early papers, e.g., [6, 68, 69].

1.1.3 Bubbles as overvaluation.

One may like to think of bubbles as overvaluation, and for both bubble types irrationality in the
pre-drawdown process S̃ leads to a valuation that is too high in the following sense.

1. In a type-I bubble, the asset is overvalued for those who mistake S̃ for the true dynamics
of the price process. Projecting the pre-drawdown stock dynamics to final payoffs (ignoring
the risk of a drawdown)2, one overvalues the true payoff of the asset. An omniscient ob-
server, assessing the correct underlying S, does not see an overvaluation, only the risk of a
drawdown compensated by high returns. A rational, omniscient investor stays invested.

2. In a type-II bubble, the asset is overvalued, even if the true dynamics S are known – X
represents the correct valuation of the final payoff. The omniscient observer sees a bubble
and, consequently, the risk of a drawdown as possible revaluation. A rational, omniscient
investor would exit the market eventually, depending on the likelihood of possible crash
times.

Below we provide a simple framework for such bubble characteristics (S̃, tJ , X) and market
efficiency conditions that allows one to accommodate, compare and ultimately justify several
approaches in the literature. Many of these models have not yet been integrated in a wider
framework and have been perceived as quite diverse attempts to bubble modeling, thus pre-
venting efficient dialogue between research disciplines. Our framework is proposed as a way to
strengthen the understanding of bubbles as a failure of market efficiency and serve as a basis for
simple models that – contrary to rational expectation models – are based on the essential property
of a bubble: the possibility of a drawdown fueled by market failure.

In section 1.2 we discuss alternative approaches in the literature – with a focus on rational
expectation bubbles and their shortcomings.3 In particular, we collect results from the literature
that characterize rational expectation bubbles in both discrete and continuous time. In section
1.3 we provide a general framework for the bubble characteristics (1.1) and the two types of
inefficient market bubbles discussed above. Sections 1.4 and 1.5 discuss applications and examples
of inefficient market bubbles in continuous and discrete time, respectively. We end each section
with a comparison to the rational expectations framework, highlighting the main differences and
possible similarities. Exploiting the simple structure of our framework, we close with a discussion
of issues in bubble detection and bubble modeling and some further research questions in section
1.6. The appendix in section 1.7 summarizes some auxiliary definitions and compiles our technical
results.

2In other words, this means operating under the belief that tJ ⌘ • or X ⌘ S̃, almost surely.
3As the main purpose of the present paper is to introduce a novel framework, the discussion of rational expectation

bubbles is not devised as a comprehensive literature review and limited to general ideas and seminal publications.
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1.2 Review of bubble literature

Besides the literature mentioned in the introduction (modeling a break of market efficiency),
the lion’s share of bubble models emerges from the rational expectations framework. Thus, our
discussion in this section will mainly focuses on this strand of the literature.

1.2.1 Rational expectation bubbles

This approach is based on the theoretical definition of an asset’s fundamental value in rational
expectation markets.

1.2.1.1 Definitions

Setting (Rational expectation bubbles). For simplicity, we assume appropriately discounted
prices and dividend streams and thus 0 interest rate.4 Let (W,F , (Ft)t2[0,•], P) be a filtered
probability space satisfying the usual conditions, t : W ! [0, •] the lifetime of a non-negative
asset (St)t2[0,t] with cumulative dividend stream (Dt)t2[0,t] and a final payoff St . Then, following
[147], one can define the wealth process (Vt)t2[0,t] of the asset by

Vt = St + Dt, t 2 [0, t]. (1.6)

Finally, we assume that both S and D are RCLL semimartingales and that rational expectations
holds in the form of absence of arbitrage opportunities. To describe this in our general continuous
setting, we use the condition of No Free Lunch with Vanishing Risk (NFLVR) and the notion of
self-financing, admissible trading strategies; see [71] for details.5 A general version of the first
fundamental theorem of asset pricing in [71] then implies that there exists a nonempty set Q of
P-equivalent measures such that V is a Q-local martingale for every Q 2 Q.

All definitions above include discrete time models by using t : W ! N [ {•} and the index
set [0, t] \N.

Fundamental values and bubble definition. If we make the additional assumption that the
market generated by S is complete (that is, Q is a singleton), then the fundamental value of an
asset can simply be defined as

S⇤t = EQ

h
(Dt � Dt) + St1{t<•}|Ft

i
, t 2 [0, t], (1.7)

the expectation of future payoff streams under the unique market implied probability Q. In
general, however, the market generated by S is incomplete and the straightforward definition
(1.7) does not extend immediately. We can distinguish two notions of fundamental value and use
the naming from [128].

4This assumption requires the a priori choice of a bank account, which is bounded from below and can be used as a
numeraire. Thus, it is inflicted with a certain loss of generality; see, e.g., the discussion in [123].

5Below we always refer to self-financing, admissible strategies when using the terms trading and replication.
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Definition 1.2.1 (Strong rational expectation bubble). Assume the setting above. Then the fun-
damental value of an asset is defined as

S⇤t = ess sup
Q2Q

EQ

h
(Dt � Dt) + St1{t<•}|Ft

i
, t 2 [0, t]. (1.8)

As above, we say that S has a rational expectation bubble at t if S⇤t < St and call B = S� S⇤ the
bubble component of S.

Definition 1.2.2 (Rational expectation Q-bubble). Assume the setting above. For some Q 2 Q,
we define a Q-fundamental value as

SQ
t = EQ

h
(Dt � Dt) + St1{t<•}|Ft

i
, t 2 [0, t]. (1.9)

We say that S has a rational expectation Q-bubble at t if SQ
t < S⇤t = St and call BQ = S� SQ the

Q-bubble component of S.

Remark 1.2.1.

(a) In the case of a complete market, the definitions collapse to the fundamental value in (1.7). It
is clear that, if S has a strong bubble, then S has a Q-bubble for every Q 2 Q.

(b) The fundamental value in (1.8) has the the superreplication property S. By [165]’s optional
decomposition, it is equal to the cheapest starting capital that allows one to replicate all
payoffs of S on [t, t] and, as such, has a solid economic interpretation as fundamental value.
For a general discussion of fundamental values; see, e.g., section 6.1 in [128]

(c) [211] were among the first to recognize that the fundamental value does not immediately
extend from complete markets and discuss both definitions in incomplete markets; in fact,
many of the early papers on rational expectation bubbles ignore this issue. Subsequently
[179], [130], [180] and [128] use the superreplication price (1.8) and the corresponding bubble
definition,6 while [148] and [21] use a dynamic version of (1.9).

Example 1.2.1.

(a) Special case: discrete time bubbles. The classical framework is based on an infinite time
horizon t ⌘ • and uses a discrete set of trading dates; see, e.g., [98], [27] and [78]. [40]
provides an excellent overview of the early literature, [107] a recent overview. To arrive at
the classical framework in the setting above, we add the structural assumption that for some
R 2 [0, •) there exists a “discounting” measure QR 2 Q with the property that, for all
n, t 2 N,

EQR [Sn+t |Fn] = E


Sn+t

(1 + R)t

���Fn

�
and EQR [Dn+t � Dn+t�1|Fn] = E


Dn+t � Dn+t�1

(1 + R)t

���Fn

�
.

(1.10)
6Let us note that [128] use a dynamic version of (1.8), which allows for the concept of bubble birth.
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The measure QR 2 Q discounts future prices and payoffs and ensures a constant required
rate of return R. Using equation (1.10) and the QR-martingale property of the value process
V = S + D yields the standard one-step No-Arbitrage condition, cf. chapter 7 of [41],

(1 + R)Sn = E [Sn+1 + Dn+1 � Dn|Fn] , n 2 N. (1.11)

Assuming the market is complete, R defines a unique martingale measure QR and the funda-
mental value (1.7) takes the well-known form of future discounted dividend payments, that
is,

S⇤n = EQR [(D• � Dn)|Fn] = E

"
•

Â
k=1

Dn+k � Dn+k�1
(1 + R)k

����Fn

#
, n 2 N [ {•}. (1.12)

The assumption of completeness, however, is often implicit and unjustified; see example 4.4
in [211].

(b) Special case: strict local martingale price process. In the seminal paper of [179], the authors
have realized that the definition of a fundamental value in equation (1.8) allows for bubbles
even when restricting to a finite time horizon t ⌘ T 2 (0, •). This is possible only for
continuous time models and thus a priori excluded in the classical bubble literature. Assume
the setting above, zero dividend payments and, for simplicity, that the market is complete.
Then we have a single payoff ST and the fundamental value is given by S⇤t = EQ [ST |Ft]. The
essential notion is that of a strict local martingale.

Definition 1.2.3 (Strict local martingale). A local martingale S is a strict local martingale if it
fails to be a martingale.

As such, strict local martingales are fair games locally but fail to satisfy the martingale prop-
erty. Thus, if S is a strict local martingale, we have

EQ [ST |F0] < S0 (1.13)

and a strong bubble according to definition 1.2.1.

To understand the underlying mechanism, we can invoke [165]’s optional decomposition the-
orem, which tells us that there exists a trading strategy with initial capital EQ [ST |F0], replicat-
ing ST almost surely. In addition, a trivial buy-and-hold strategy on [0, T] with initial capital
S0 is always a replicating strategy; see figure 1.2 for a visualization. Note that the existence of
two such strategies does not interfere with No-Arbitrage (NFLVR), as exploiting the difference
would require a net short position in the asset, which, as a strict local martingale, is neces-
sarily unbounded. Unbounded portfolio losses, however, are excluded by the admissibility
condition.

1.2.1.2 Modeling rational expectation bubbles

One may be tempted to formulate the following for rational expectation markets.
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EQ[ST |F0]
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dynamic trading

ST

Figure 1.2: Sample paths of two self-financing, admissible strategies with final payoff H = ST in
a strict local martingale model.

Given an asset S with present market price S0 that entitles the holder to a series of diverse payoff
streams during its lifetime, then, if the market is rational in a basic sense, the fundamental price
of this asset should be the market-implied present value of exactly those payoff streams: S0.

A deviation of the fundamental value from an asset’s market price in a rational expectation market
seems thus inconsistent with the notion of a market equilibrium populated by rational traders.
Making precise this inconsistency in a rational equilibrium model of traders, a celebrated result
by [240] for strong rational expectation bubbles is often used in the literature to (theoretically)
dismiss the existence of discrete time bubbles. This reasoning can be extended to bubbles in
continuous time, as we argue below. These arguments do not apply to the case of Q-bubbles that
fail to be strong bubbles, which we discuss in a separate paragraph.

Strong rational expectation bubbles. The fundamental value (1.8) in definition 1.2.1 is the su-
perreplication price associated to S. By [165]’s optional decomposition, S⇤t is equal to the cheapest
starting capital that allows one to replicate all payoffs of S on [t, t]\ [0, •) and, as such, has a solid
economic interpretation as fundamental value (see, e.g., the discussion in section 6.1 in [128]). This
defining property of a strong rational expectation bubble implies that, given S⇤t < St, no investor
preferring more to less would accept a price St for payoffs that may be replicated with strictly
smaller initial capital S⇤t . In discrete time complete markets, this rationale was made precise in
[240] (see the discussion therein and especially propositions 3 and 6).

Proposition 1.2.1. Assume the setting above with a discrete set of trading dates, t ⌘ • and market
completeness. Then in the following situations a strong rational expectation bubble (definition 1.2.1) cannot
emerge as the equilibrium7 price process of an economy populated by rational, utility-maximizing investors.

1. We have a finite number of short-run maximizing investors.
7For definitions of equilibria with short-run maximizing investors (myopic REE) and long-run maximizing investors

(fully dynamic REE) we refer to [240].
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2. We have any (finite or infinite) number of long-run maximizing investors.

In theorem 3.1 of [211], this was extended to a slightly more general equilibrium framework and
incomplete markets. For continuous time models in finite time t ⌘ T 2 (0, •) (which includes
strict local martingales as in example 1.2.1(b)), we can utilize and reformulate theorem 3.2 of [149].

Proposition 1.2.2. Assume the setting above and let t ⌘ T 2 (0, •). Then a strong rational expecta-
tion bubble (definition 1.2.1) cannot emerge as the equilibrium8 price process of an economy populated by
rational, utility-maximizing investors.

While these negative results depend on the specific notion of rational expectations equilibrium em-
ployed and some leave room for bubbles in special types of models,9 they show that strong ratio-
nal expectation bubbles are necessarily driven by market inefficiencies that transcend equilibria
in markets populated by rational, utility-maximizing investors.

In this sense, propositions (1.2.1) and (1.2.2) confirm the intuitive reasoning above that there is
no such thing as a rational (expectation) bubble. To arrive at a price process that follows a strong
rational expectations bubble, the behavior of agents need to depart in one way or another from the
standard assumption – that is, there needs to be at least one agent that is not rational and/or
not utility-maximizing. However, in this case we agree with [240] that “(...) research should be
devoted to the explanation of actual price bubbles by non-rational behavior” and one should strive
to explicitly model such behavior. Eventually, this insight leads to the models discussed in section
1.1 and, thus, is the cornerstone of our general framework introduced in section 1.3.

Rational expectation Q-bubbles. In the above setting, assume for some t 2 [0, t) and Q 2 Q we
have that

SQ
t < S⇤t = St. (1.14)

Then S has a Q-bubble but not a strong bubble. As the superreplication price S⇤ equals the asset
price, in this situation the buy-and-hold strategy is the cheapest way of replicating the payoffs of
S and the arguments for strong bubbles above do not apply.

However, there is a caveat: strict inequality in SQ
t < S⇤t and the superreplication property

imply that any investor seeking to replicate the payoffs of S on [t, t] \ [0, •) with initial capital
SQ

t will fail to do so with positive probability. In other words, no market participant is able to
generate the payoff stream of S with initial capital SQ

t . The argument that the asset is overpriced
at St does not hold in this situation and the relation of processes satisfying (1.14) to asset price
bubbles (understood as mispricing) remains questionable.

1.2.1.3 Detecting rational expectation bubbles

If we choose to sideline these theoretical concerns, failing to explicitly model the generating mech-
anism of a bubble leads to challenges in the empirical detection of rational expectation bubbles.

8A market equilibrium in this setting is defined in section 2.7 of [149].
9See, for example, the overlapping generations model of [241] or examples 4.1-4.4 in [211].
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Discrete infinite time. As mentioned in example 1.2.1(a), classical rational expectation bubbles
rely on an infinite time horizon t ⌘ •. This leads to several requirements on rational expecta-
tion bubbles that do not appear to be essential characteristics of asset price bubbles, but rather
structural requirements of the infinite horizon framework.

1. As noted, assets with bounded lifetime cannot have a bubble. This implies that a test for
bubbles is necessarily inconclusive before the asset has reached the end of its lifetime.

2. If one puts aside the latter point by assuming an infinite payoff structure, a bubble process B
may be any martingale.

These points imply that the infinite horizon framework does not produce testable implications
and additional hypothesis on the price and dividend structure are necessary for bubble detection.
For a more detailed and extensive discussion of such joint hypothesis issues see, e.g., [40], [114] or
[144].

As an example, a popular test for rational expectation bubbles is based on equation (1.11); see,
e.g., [77], [198] or [134]. One assumes that one-period dividend payments (dt)t2N follow a linear
autoregressive process of the form

dt+1 = c + ddt + et, t 2 N, (1.15)

for d < 1, c 2 R and a sequence of normally distributed random variables (et)t2N. Then equation
(1.12) implies that the stock price follows a linear autoregressive process as well. Consequently,
only if there is a bubble component B one will be able to detect non-stationary behavior d > 1 in
a linear model of the form (1.15) for the stock price. Fortunately, such tests for non-stationarity,
based on unit-root tests have been applied and developed for several decades and are very well
understood (Dickey-Fuller, Phillips-Perron, etc.). Unfortunately, however reliably one can detect
d > 1 in a linear specification (1.15), the existence of a bubble is based on a joint hypothesis on re-
quired returns, dividend streams and the stock price. In other words, non-stationary behavior can
be attributed to a misspecified model of future dividends, time-varying/stochastic expected re-
turns or a bubble component. In section 1.5.3.1 we provide a detailed comparison of this approach
with our framework and review some of the issues raised above in greater detail.

Continuous finite time. Example 1.2.1(b) discusses the fact that, for a finite deterministic life-
time t ⌘ T 2 (0, •), S has a bubble if and only if it is a strict local martingale. There have
not been many attempts to apply the strict local martingale approach for the purpose of bubble
detection. One that is worth mentioning is based on the strict local martingale property of homo-
geneous diffusions with explosive volatility; see [145], [146] and chapter 4 of [205]. In this specific
framework, bubble detection is possible if and only if the volatility increases sufficiently before a
crash happens. However, [232] analyzed over 40 bubbles in a model free approach and conclude
that more often than not volatility is low before the crash. Thus, empirically, explosive volatility
does not seem to be a reliable bubble indicator.

A class of diffusion processes with a crash (see section 1.4.4 for details) has been shown to be
a strict local martingale if and only if the process is explosive and its relative jump size increases
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to one as a function of pre-drawdown price levels. While the first condition may well be tested,
the second one seems unobservable even ex-post.

1.2.2 Other approaches

Below we describe two approaches that use a notion of bubbles based solely on stylized (empiri-
cal) facts of the resulting price process. A break of market efficiency is not explicitly modeled and
thus an essential feature of an asset price bubble left out, whence these approaches are not ideal
or fully satisfying – however, they avoid using the fundamental value in a bubble definition.

1.2.2.1 Growth and decline

[219] and [220] consider a geometric Brownian motion with a drift that changes at some random
time t. The asset price in their model follows the stochastic differential equation

dSt
St

=
⇣

µ11{t<t} + µ21{t 6 t}
⌘

dt + sdWt, t 2 [0, T]. (1.16)

The authors define a bubble as a process that satisfies (1.16) with µ1 > 0 > µ2. This translates into
the simple statement that an asset experiences a bubble if initially it has positive expected returns
followed by negative expected returns. In section 1.4.2.3 below we see that this approach can be
included in our framework.

1.2.2.2 Drift burst hypothesis

In a recent article, [51] postulate the so-called drift burst hypothesis to model short-lived flash crashes
in high-frequency tick data. In particular, on a finite time horizon [0, T], in a diffusion model

dSt
St

= µ(t)dt + s(t)dWt, t 2 [0, T], (1.17)

they look at explosive drift µ(t) = (T � t)�a accompanied by explosive diffusion s(t) = (T� t)�b

for a 2 (1/2, 1) and b 2 (0, 1/2). Now, if a � b < 1
2 , a Girsanov measure change, shows that

the process S satisfies No-Arbitrage; see lemma 1.7.3. Explosive drift has already been considered
in [155] and [153] to model asset price bubbles, where the authors use a crash with accelerating
hazard rate to allow for the explosive drift µ(t) = (T � t)�a. While there are interesting parallels
between the two approaches, [51] try to adhere to the No-Arbitrage condition (by imposing a�
b < 1

2 ), whereas adding a crash explicitly allows for arbitrage in the process given by (1.17). We
will see that this difference is an essential feature of our definition of a bubble in the following
section.

1.3 General definition of a bubble

As we have seen in propositions 1.2.1 and 1.2.2 above, rational expectation bubbles are essentially
situations where absence of arbitrage is fulfilled, while the existence of a rational equilibrium in

24



an economy with utility-maximizing investors is violated. This inconsistency is not ruling out
rational bubbles, if one accepts the notion that bubbles represent market failure. However, not
explicitly modeling the underlying mechanism of such market failure seems not satisfactory and
leads to issues in detecting such bubbles, as discussed in section 1.2.1.3. To accommodate models
from the literature that explicitly model market failures to describe bubbles, cf. the literature
cited in section 1.1, we employ a nonlinear decomposition that complies with basic stylized facts
of a bubble and allows one to transcend the rational expectations framework. In particular, we
introduce a general definition of the bubble characteristics (1.1) to decompose the stock price as

St = S̃t1{t<tJ} + Xt1{tJ 6 t}. (1.18)

The use of the pre-crash process S̃ allows (or forces) one to model market failure as the driving
mechanism of a bubble.

1.3.1 Notation

We use the following notation throughout the paper. For two real numbers a, b 2 R let a ^ b =

min{a, b}. For a probability space (W,F , P) and random times t1, t2 : W ! [0, •] we use the
stochastic interval notation

[[t1, t2)) = {(w, t) 2 W⇥ [0, •) : t1(w) 6 t < t2(w)}. (1.19)

Similarly we use [[t1, t2]] and ((t1, t2]]. For a stochastic process (Xt)t2[0,•) we denote its left-
continuous version by (Xt�)t2[0,•), that is, the process with the property that Xt� = lims%t Xs for
all t 2 [0, •). For a stochastic processes (Xt)t2[0,•), (Yt)t2[0,•) and a random time t : W ! [0, •]

we denote by (Xt,Y
t )t2[0,•) the stopped process with the property that

Xt,Y
t = Xt1{t<t} + Yt1{t 6 t}. (1.20)

In the special case of Y = Xt we write Xt
t = Xt,Xt . For a filtered probability space (W,F , F, P)

with a right-continuous filtration F = (Ft)t2[0,•) and an F-stopping time t : W! [0, •) we define
the (itself right-continuous) filtration (Ft^t�)t2[0,•) consisting of the s-algebras Ft^t� given by

Ft^t� = s ({A \ {s < t} : 0 6 s 6 t, A 2 Fs} [F0) . (1.21)

For a probability space (W,F , P), we say that a filtration F = (Ft)t2[0,•) satisfies the usual hy-
pothesis if F0 is trivial and F is right-continuous and P-complete. A filtered probability space
(W,F , F, P) with the property that F satisfies the usual hypothesis is called stochastic basis. For
two filtrations F = (Ft)t2[0,•) and G = (Gt)t2[0,•) we write F ✓ G if Ft ✓ Gt for all t 2 [0, •). We
assume familiarity with the concept of semimartingales and (local) martingales; see, e.g., chap-
ter I of [143].10 We will call X a (P, F)-(semi)martingale or simply F-(semi)martingale if X is a

10While the concepts are introduced to cover rather general processes, the essential mechanism can be understood
entirely without previous knowledge of continuous time stochastic processes. The reason we choose semimartingales is
twofold. For one, they allow for the notion of trading in the sense of an Itô integral. Of course, more general concepts of
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(semi)martingale on a stochastic basis (W,F , F, P).

1.3.2 Market setting

Let (W,G, G, P) be a stochastic basis, let (Dt)t2[0,•) be an RCLL G-semimartingale representing
dividend payments and let (Bt)t2[0,•) be an RCLL G-semimartingale representing a money market
account with the property that

P


inf

t2[0,•)
Bt > 0

�
= 1. (1.22)

We assume that D ⌘ 0 and units are denominated in B such that B ⌘ 1, which corresponds to no
dividends and zero interest rate.11 For simplicity, throughout the rest of the chapter we consider
only nonnegative stochastic processes, although most definitions and results extend to general
stochastic processes (that is, negative prices) with little adaption.

The definitions in the following section can be adapted to discrete time (using piecewise con-
stant processes and filtrations) and a finite time horizon T 2 (0, •) (replacing the intervals [0, •)

and [0, •] with [0, T] and [0, T] [ {•}, respectively.)

1.3.3 Definitions

To describe an asset’s market price, we use semimartingales as the natural class for which the Itô
integral is well-defined and thus provide a concept of trading. To account for possible explosive
behavior in bubble prices, we allow a priori for explosive semimartingales. For the following
(somewhat non-standard) definition, cf. section 2 of [48].

Definition 1.3.1 (Semimartingales with possible explosion (SE)). Let (W,F , F, P) be a stochas-
tic basis, let (St)t2[0,•) be an RCLL, F-adapted stochastic process taking values in [0, •], let
(tn)n2N be the F-stopping times12 with the property that

tn = inf{t 2 [0, •)|St > n}, (1.23)

and assume that Stn is an F-semimartingale for all n 2 N. Then S is called an F-semimartingale
with possible explosion and the predictable F-stopping time13 t given by

t = lim
n!•

tn = inf{t 2 [0, •)|St� = •} (1.24)

is called explosion time of S. We call S explosive F-semimartingale if P [t < •] > 0 and denote by
SE (F) the set of all such possibly explosive F-semimartingales for a given stochastic basis.

stochastic integration (and thus trading) exist. Secondly, semimartingales cover most asset price models in the literature,
especially those in bubble modeling.

11By applying notions of market efficiency to the value process V = S + D instead of a stock price S, the assumption of
zero dividends is made without loss of generality. The a priori choice of a numeraire B, however, is afflicted with a certain
loss of generality as represented by (1.22); see the discussion in [123].

12See, e.g., theorem 1.27 on page 7 of [143].
13See, e.g., proposition 1.2(d) on page 51 of [87].
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Definition 1.3.2 (Efficient market condition). Let the setting in section 1.3.2 be fulfilled and let
SE (G) be the set of possibly explosive G-semimartingales as introduced in definition 1.3.1. Then
a binary operator E : SE (G) ! {0, 1} is called efficient market condition with the following termi-
nology

E(S) = 1() S is an E -efficient market (given the information in G). (1.25)

Definition 1.3.3 (Asset price drawdown). Let the setting in section 1.3.2 be fulfilled, let S̃ 2 SE (G)

with (possibly infinite) explosion time t, let tJ : W ! [0, •] be a random time with tJ < t on
{t < •}, let (Xt)t2[0,•) be an RCLL G-semimartingale and let (St)t2[0,•) be the stopped process

St = S̃tJ ,X
t = S̃t1{t<tJ} + Xt1{tJ 6 t}, t 2 [0, •). (1.26)

Then (tJ , X) is called asset price drawdown for S̃ if for t 2 [0, •) it holds that

P
⇥
tJ 6 t

⇤
> 0 =) E [St] < E

⇥
S̃t
⇤
2 (0, •]. (1.27)

Definition 1.3.4 (Bubble). Let the setting in section 1.3.2 be fulfilled, S be a G-semimartingale and
E be an efficient market condition. Then S has an E -bubble if and only if there exists a filtration
F ✓ G satisfying the usual hypothesis, a possibly explosive semimartingale S̃ 2 SE(F) \ SE(G)

and an asset price drawdown (tJ , X) for S̃ such that

1. S = S̃tJ ,X .

2. 8Y 2 SE(F) \ SE(G) : Y1{·<tJ} = S̃1{·<tJ} =) E(Y) = 0.

3a. E(S) = 1 (type-I bubble).

3b. E(S) = 0 and E(X) = 1 (type-II bubble).

If 1,2,3a hold, we call S an inefficient bubble of type-I; if 1,2,3b hold, we call S an inefficient
bubble of type-II. The triplet (S̃, tJ , X), defining the structure of the bubble, is referred to as bubble
characteristics.

1.3.4 Comments on technical conditions

(a) The definition 1.3.3 of an asset price drawdown is very general and allows for, e.g., upward
jumps in some sample paths, as long as the overall expectation of the stopped process is
declining. The drawdown condition (1.27) could be replaced by a stronger pathwise condition,

P
h

X1{tJ 6 ·} 6 S1{tJ 6 ·}
i
= 1 and P

h
X1{tJ 6 ·} < S1{tJ 6 ·}

i
> 0. (1.28)

We found this condition to be too restrictive to include, e.g., diffusive drawdowns as described
in section 1.4.2.3. On the other hand, the assumption that E

h
StJ ,X

t

i
< • for the stopped

process, implicit in condition (1.27), may be relaxed using the pathwise condition (1.28).

(b) Instead of the notion of a fundamental price – the cornerstone of rational expectation bubbles
– above definitions merely depend on an understanding of market efficiency. Such an efficient
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market condition E can take various forms; see section 1.4.1.3 below for examples. To arrive
at a meaningful definition of a bubble, it is essential to use a meaningful notion of market
efficiency, for example

E(S) = 1() trading in (B, S) using G-predictable trading strategies

does not allow for riskless profits,

or the more restrictive

E(S) = 1() trading in (B, S) using G-predictable trading strategies

does not allow for profits on average.

(c) Condition 2. of definition 1.3.4 ensures that there is no efficient, F-adapted market that is
indistinguishable from S̃ on [[0, tJ)), in which case we can confidently label S̃ – or, more
precisely, the part of S̃ that is relevant in the decomposition of S – an inefficient market. Note
that in the case of a type-I bubble this requires F ( G, otherwise S itself would be such an
F-adapted, efficient market. In most examples below it holds that

Y 2 SE(F) \ SE(G) and Y1{·<tJ} = S̃1{·<tJ} =) Y = S̃, (1.29)

and condition 2. can be succinctly stated as E(S̃) = 0.

1.3.5 Discussion

(a) We understand bubbles as times of irrational exuberance and unsustainable growth – this part
is captured by the break in market efficiency of the pre-drawdown process S̃, the apparent
price development for an observer ahead of the crash. It seems that extraordinary profits are
present in the market. However, the consequence of such price developments is the existence
of a drawdown – this is captured by the stopped process S = S̃t,X , which is the true dynamics
perceived by an omniscient observer. As such, we formalize the minimal criteria a bubble
process should satisfy, based on the following observations.

(i) [185], who bases his Financial Instability Hypothesis on the observation that the “funda-
mental instability of a capitalist economy is a tendency to explode – to enter into a boom
or euphoric state” and that these “sustained economic growth and business cycle booms
(...) generate conditions conducive to disaster for the entire economic system”,

(ii) [160], who, within a more general Anatomy of a Typical Crisis, calls a bubble “an upward
movement of prices that then implodes” as opposed to “(...) the technical language of
some economists, [where] a bubble is any deviation from fundamentals”,

(iii) [38], who describe a bubble through “(i) a run-up phase, in which bubble imbalances
form, and (ii) a crisis phase, during which the risk that has built up in the background
materializes (...)” and “stress that the run-up and crisis phases cannot be seen in isolation
- they are two sides of the same coin.”
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As already discussed in the introduction, there are two types of inefficient bubbles, which
differ in their understanding of how the drawdown counteracts exuberance.

(b) Type-I bubbles: The motivation behind a type-I bubble is as follows: we view a bubble as a
stock price development so exceptional that, in an efficient market, it can only be explained
by the possibility of a crash. Or, looking at the other side of the coin: a bubble is equivalent to
the risk premium of a crash, which leads to exorbitant (inefficient) stock price development.
The essential assumption 3a in the definition of a type-I bubble is efficiency of the full process

S = S̃tJ ,X = S̃1{·<tJ} + X1{tJ 6 ·}. (1.30)

This type of bubble rests on the view that, while instabilities and the risk of a drawdown are
inherently present in the market, as a whole it does a good job in assessing and pricing this
risk.

(c) Type-II bubbles: Alternatively, one may argue that, while a bubble materializes as a tem-
porary departure from market efficiency, once this inefficiency gets resolved, prices return to
efficient levels. In the full price process,

S = S̃tJ ,X = S̃1{·<tJ} + X1{tJ 6 ·}, (1.31)

X represents those efficient levels. During a type-I bubble, market failure creates an inherent
instability that is (efficiently) priced in the market, whereas for type-II bubbles market failure
leads to exuberant prices and a drawdown happens when this inefficiency gets resolved and
prices return to efficient levels. The difference S̃�X may be called the bubble component, while
X (as an efficient process) may be called the fundamental component. While this yields a similar
additive decomposition as for rational bubbles, note that for inefficient bubbles it is not the
case that all components S̃, X and S̃� X are efficient markets.

(d) Processes with explosive dynamics are generally not considered in asset price theory as ob-
viously no frenzy would ever cause a stock to be valued at • at any point in time. However,
adding (the possibility of) a downturn enlarges the picture and allows for more excessive
processes accompanied by a looming crash. This theoretical reasoning has a straightforward
analogy in practice, where ignoring14 the possibility of a drawdown seems to create large risk-
less returns during a bubble that pass most measures of risk.15 We believe that acknowledging
(or forcing to acknowledge) the risk of a drawdown in times of large, accelerating growth can
lead to more robust models for financial applications and risk management.

1.4 Continuous time modelling

While the definitions above can be applied to both continuous and discrete time models, to in-
crease readability we want to treat them separately as there is hardly any overlap of these model
types in the literature.

14Carelessly or deliberately - exposure to bubbles can take various forms.
15See, e.g., [28] for an account on this issue in the setting of financial stability and monetary policy.
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To present a classification of bubbles in sections 1.4.2 and 1.4.3 below, at various points we
make use of propositions. Their proofs are largely trivialities, merely checking the conditions of
our main definition 1.3.4 above, but included for the convenience of the reader.

1.4.1 Examples of bubble characteristics

In this section we provide examples of the essential building blocks of continuous time inefficient
market bubbles, that is, the bubble characteristics (S̃, tJ , X) and a market efficiency condition E .
These building blocks will be used in sections 1.4.2 and 1.4.3 to present a variety of bubble models
from the literature.

1.4.1.1 Examples of semimartingales with explosion S̃

The following examples are intended to serve as illustrations of (possibly) explosive pre-drawdown
processes S̃ in the characteristic description of a bubble S ! (S̃, tJ , X). In continuous time mod-
eling, Itô processes with explosion play an important role.

Definition 1.4.1. Let (W,F , F, P) be a stochastic basis, let (Wt)t2[0,•) be a real valued F-adapted16

Brownian motion, let (St)t2[0,•) be a nonnegative, continuous, F-adapted process and tn, t : W!
[0, •] be F-predictable stopping times given by

tn = inf{t 2 (0, •]|St > n} and t = lim
n!•

tn (1.32)

with the property that there exists a constant S0 2 (0, •) and (Ft^t�)t2[0,•)-predictable processes
a : [[0, t)) ! R and b : [[0, t)) ! (0, •) such that, for all n 2 N, S is a unique17 strong solution
of the stochastic integral equation

St^tn = S0 +
Z t^tn

0
asds +

Z t^tn

0
bsdWs, t 2 [0, •). (1.33)

Then S is called a possibly explosive Itô-process. If t ⌘ •, S is called non-explosive Itô-process or
simply Itô-process.

It is clear that an explosive Itô-process S is an explosive semimartingale with explosion time t.

Geometric Brownian motion. Let t ⌘ • and for µ 2 R, s 2 (0, •) let a : [[0, •))⇥ (0, •) ! R

and b : [[0, •))⇥ (0, •)! (0, •) be given by

at = µSt, bt = sSt. (1.34)

Then S is a geometric Brownian motion given by St = S0 exp
⇣⇣

µ� s

2

⌘
t + sWt

⌘
for t 2 [0, •)

and thus a non-explosive Itô-process.
16Although this will be the case most of the time, we do not a priori assume that F is generated by W.
17Uniqueness here is considered as pathwise uniqueness, in the sense that if there exist two solutions X1 and X2, then

P
⇥
{w|8t : (w, t) 2 [[0, t))) X1

t (w) = X2
t (w)}

⇤
= 1

30



Lipschitz continuous coefficients. Let ã : [0, •)⇥W⇥ [0, •)! R and b̃ : [0, •)⇥W⇥ [0, •)!
[0, •) be real-valued functions that satisfy ã(·, ·, 0) > 0 and b̃(·, ·, 0) = 0, and are locally random
Lipschitz continuous uniformly for t 2 [0, •), that is, for f 2 {ã, b̃} and for every n 2 N there
exists a finite random variable Kn : W! (0, •) such that for all x, y 2 [0, n] and all w 2 W it holds
that

sup
t2[0,•)

| f (t, w, x)� f (t, w, y)| 6 Kn(w)|x� y|. (1.35)

This ensures (see, e.g., chapter 5 in [203]) that there exists a strong solution of equation (1.33) with

at(w) = ã(t, w, St(w)), bt(w) = b̃(t, w, St(w)) (1.36)

up to a predictable stopping time t, the exit time of the domain [0, •) at its upper boundary
•. The boundary conditions on ã and b̃ at the lower boundary 0 ensure that the process is non-
negative. For homogeneous functions ã(t, w, St(w)) = ã(St(w)) and b̃(t, w, St(w)) = b̃(St(w))

one can proceed using Feller’s test for explosion (see, e.g., corollary 4.4 in [50]) to determine whether
the process is explosive. For a specific example see section 1.4.2.2 below.

Stochastic exponential. Assume there exists an F-predictable stopping time t : W ! [0, •)

and predictable processes µ : [[0, t)) ! R, s : [[0, t)) ! [0, •) with P
⇥R t

0 s2
t dt < •

⇤
= 1. Let

a : [[0, t))⇥ (0, •)! R and b : [[0, t))⇥ (0, •)! [0, •) be given by

at(w) = µt(w)St(w), bt(w) = st(w)St(w) for (w, t) 2 [[0, t)). (1.37)

Then theorem 5.3 in [202] ensures that equation (1.33) has a unique strong solution on [[0, t)).
Moreover, for this special form of a and b, one can write S as stochastic exponential of the processR ·

0 µsds +
R ·

0 ssdWs, that is,

St = exp
✓Z t

0

✓
µs �

s2
s

2

◆
ds +

Z t

0
ssdWs

◆
on [[0, t)). (1.38)

The process S is explosive if and only if P
⇥R t

0 µtdt = •
⇤
> 0 and strictly positive if and only if

P
⇥R t

0 µtdt = �•
⇤
= 0. For a specific example see section 1.4.2.1 below.

1.4.1.2 Examples of drawdowns (tJ , X)

Continuous time crash. In many continuous models the drawdown X takes the form of a single
jump (“crash”) happening at a totally inaccessible18 random time tJ with a crash size depending
on the information available at that time. We can adapt a standard approach in the literature to
construct such a random time; see e.g. section 6.5 in [23]. Let (W,F , F, P) be a stochastic basis, let
S̃ be a F-semimartingale with explosion time t, let (Lt)t2[0,•) be an R [ {•}-valued, continuous,
increasing, (Ft^t�)t2[0,•)-adapted process with the property that Lt = •. Then, on a larger
probability space (W,G, P), we can construct a random time tJ : W ! [0, •) and a filtration

18A totally inaccessible random time almost surely avoids predictable stopping times; see, e.g., definition 2.20 in [143]. A
predictable stopping time can be approximated by a sequence (tn)n2N of stopping times tn < t, i.e., it can be “foreseen”.
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G ◆ F with the property that S̃ is a G-semimartingale and

1{tJ 6 t} �Lt^tJ is a G-local martingale; (1.39)

see lemma 1.7.1 for details. To model the crash size, let k : W ! [0, 1] be a GtJ�-measurable
random variable and the drawdown X be given by

Xt = 1{tJ 6 t}S̃tJ� (1� k) 1{tJ 6 t}, t 2 [0, •). (1.40)

Then the stopped process is the single jump process

S̃tJ ,X
t = S̃t1{t<tJ} + S̃tJ� (1� k) 1{tJ 6 t}, t 2 [0, •), (1.41)

and is, by construction, a G-semimartingale. Moreover, (tJ , X) is a drawdown as in definition
1.3.3.

Note that the semimartingale property follows from this construction only due to the con-
tinuity of the hazard process L. See example 3.12 in [125] for a single jump process with a
discontinuous hazard process that fails to be a semimartingale.

Bifurcation. Depending on the dynamics of the underlying markets and its fundamentals, it
can be reasonable to model the asset price drawdown as a crash that only happens with a certain
probability and include an alternative scenario, where the potential positive influence of exuberant
behavior turns out to be sustainable.

Assume the setting of the last paragraph and in addition assume that (W,G, G, P) is rich
enough to support a Bernoulli variable Y on GtJ� with probability of success a 2 [0, 1]. Define the
drawdown X to be

Xt =

8
<

:
S̃tJ�1{tJ 6 t}, if Y = 1

S̃tJ� (1� k) 1{tJ 6 t}, if Y = 0
for t 2 [0, •). (1.42)

Again, the G-semimartingale property of the stopped process S̃tJ ,X follows from construction.

Diffusive drawdown. While a single jump (crash) at tJ can be a reasonable model assumption
if there are liquidity problems during times of market distress, in general a drawdown materi-
alizes in some time interval [tJ , ·], which may be modeled by a diffusive drawdown. For this,
let (W,F , F, P) be a stochastic basis, W be a real-valued F-Brownian motion and S̃ be a possibly
explosive Itô process as in definition 1.4.1 with explosion time t and a > 0. Let tJ be a random
time constructed by a (Ft^t�)t2[0,•)-adapted hazard process as given by equation (1.39). For two
constants µ 2 (�•, 0) and s 2 (0, •) define the drawdown X to be

Xt = S̃t1{t<tJ} + S̃tJ exp
✓✓

µ� s2

2

◆
(t� tJ) + s

⇣
Wt �WtJ

⌘◆
1{tJ 6 t}, t 2 [0, •). (1.43)
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Let G be the filtration generated by F and the stopped process S = S̃tJ ,X and satisfying the usual
hypothesis. Observe that W remains a Brownian motion with respect to G and Wt �WtJ is a
restarted Brownian motion independent of GtJ . In particular, S̃ and S are a G-semimartingale
with continuous sample paths.

1.4.1.3 Examples of efficient market conditions E

Below we present measures of market efficiency in increasing strength that are common in the
literature. Before stating the definitions, let us give a descriptive introduction.

1. Exclude markets that allow for riskless gains: The weakest condition is classical No-
Arbitrage, which is known as No Free Lunch with Vanishing Risk developed for possibly
unbounded processes in continuous time. For a full characterization in a general continuous-
time equilibrium model set-up see [149]. It is similar to the (slightly weaker) law of one price,
which basically means that the same good cannot trade for different prices. [218] calls this
riskless arbitrage.

2. Exclude markets that allow for large gains with little risk: Starting with [54] in an inten-
tion to get reasonable bounds for relative pricing approaches without resorting to strong
assumptions on collective risk preferences, there has been an effort to rule out not only
riskless arbitrage opportunities but also arbitrage opportunities that are afflicted with little
risk, so called Good Deals. A common measure of riskiness employed is the Sharpe-ratio; see
[54], [244] or [25]. Riskiness, however, can be captured by a variety of utility/performance
measures different from the Sharpe ratio; see [162]. We employ the notion of good-deals
not for pricing purposes, but to classify markets with a payoff structure that is “too good
to be true”. [218] calls this type of arbitrage risky arbitrage, although he does not specify a
particular measure to contrast risk and return.

3. Exclude markets with stochastic or time-dependent required returns: In the economics
literature an additional, arguably strong assumption on risk preferences is sometimes em-
ployed to analyze markets and simplify the description of asset prices. It is assumed that
investors have, on average, constant risk-aversion such that the required return on the asset
is constant over time; see, e.g., [27], [155], [228], [199] or chapter 7 of [41] for a textbook treat-
ment. Note that, while this condition is derived from rational expectations or No-Arbitrage by
a priori fixing a risk-neutral measure, it is considerably stronger than the No-Arbitrage con-
dition in point 1. above and one has to be careful when using it, especially in negations.19

A more general version of this condition would be to a priori fix some level of risk premia.
In fact, most absolute asset pricing models essentially use this condition, and the pricing
measure is informed by certain (macro-)economic variables.

Definition 1.4.2 (No Free Lunch with Vanishing Risk (NFLVR)). Let the setting in section 1.3.2
be fulfilled and let S 2 SE (G) be a non-negative semimartingale with possible explosion. Then

19A market with stochastically varying risk premia can hardly be called inefficient, although it violates constant required
rate of return. This lies at the heart of [91]’s joint hypothesis problem and [172]’s (incomplete) critique of the efficient
market hypothesis.
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S is called a (NFLVR)-efficient market if it does not explode and no riskless profits can be made
through trading with self-financing, G-predictable strategies with bounded losses. In continuous
time, this definition involves a limiting description for riskless; see [71] for details.

Remark 1.4.1. The fundamental theorem of asset pricing in [71] implies that a (non-negative) G-
semimartingale S satisfies (NFLVR) if and only if there exists at least one measure Q ⇡ P such
that S is a (Q, G)-local martingale.

For the next definition, we restrict to a finite time horizon to simplify presentation and avoid
additional assumptions.

Definition 1.4.3 (No-Good-Deal (NGD) #1). Let the setting in section 1.3.2 be fulfilled, let S 2
SE (G) be a non-negative semimartingale with possible explosion, let T 2 [0, •), K 2 (0, •], let
QT be the set of local martingale measures for S equivalent to P on GT and let f : (0, •) ! R

be a convex function. Then S is called a static (NGD)K, f -efficient market if there exists a measure

Q 2 QT such that for the density process ZQ
t = E

h
dQ
dP

��Gt

i
, t 2 [0, T], it holds that

sup
t2[0,T]

E

"
f

 
ZQ

T

ZQ
t

! �����Gt

#
< K. (1.44)

Remark 1.4.2. Depending on the choice of the function f , the bound in equation (1.44) allows one
to derive a bound on the expected utilities of Q-valued payoffs, for details and specific choices for
f see [162] and [3]. In the setting of a jump diffusion in the filtration generated by a Brownian
motion and a pure jump process, an instantaneous (or dynamic) version of No-Good-Deal with a
quadratic f has been introduced in [25]. The explicit description of the density of an equivalent
martingale measure in such models allows one to derive instantaneous conditions; see appendix
1.7.2.

Definition 1.4.4 (Constant required return (CR)). Let the setting in section 1.3.2 be fulfilled, let
S 2 SE (G) be a non-negative semimartingale with possible explosion and let r 2 [0, •). Then S
is called a (CR)r-efficient market if S satisfies (NFLVR) and (e�rtSt)t2[0,•) is a (P, G)-local martin-
gale.

Example 1.4.1. We close this section viewing the above definitions from two different angles, a
general and a specific one. Let f (x) = x2 � 1, such that (1.44) is a bound on the variance of the
densities.

1. In terms of the set of P-equivalent local martingale measures Q for a strictly positive G-
semimartingale S on [0, T], T 2 [0, •).

(a) (NFLVR)() Q 6= ? (a pricing measure exists).

(b) (NGD)K, f () there exists a measure Q 2 Q such that its density process satisfies (1.44)
(and thus gives rise to a market without “K-Good Deals”).
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(c) (CR)r () there exists a measure Q 2 Q such that its density process satisfies20

d[S, ZQ]t

StZQ
t

= �r dt, t 2 [0, T]. (1.45)

If e�r·S and S are true P- and Q-martingales, respectively, this condition simplifies to
EQ [ST |Ft] = e�r(T�t)E [ST |Ft], for t 2 [0, T].

Note that if P 2 Q, then S fulfills (NGD)e, f for any e > 0 and (CR)0.

2. In terms of a one-period model starting at S0 with two states of the world W = {w1, w2}
with equal probability P(w1) = P(w2) = 1

2 . At time T = 1 the price either moves to
S1(w1) = S0(1 + u) or to S1(w2) = S0(1 + d) for d < u 2 [�1, •). Then it holds that

(a) (NFLVR)() (d < 0 < u) or (d = u = 0).

(b) (NGD)K, f () (NFLVR) and
⇣

2 + 8ud
(u�d)2 < K

⌘
.

(c) (CR)r () (NFLVR) and r = log
⇣

1 + u+d
2

⌘
.

Condition (2a) describes that riskless profit is possible only if the market moves up or down
almost surely, (2b) is derived from explicitly calculating the variance of the random vari-
able Z = dQ

dP for this simple model. Finally, condition (2c) follows from calculating the
continuously discounted growth rate for the discrete process.

1.4.2 Examples of type-I bubbles

Following definition 1.3.4, a type-I bubble is given by its characteristic triplet (S̃, tJ , X), where
S̃ fails market efficiency, while the full stock price S is an efficient market. We do not focus
on the generating mechanism of inefficiency (for which we refer to the original papers), but
classify resulting processes as inefficient market bubbles for various market efficiency conditions.
A stronger market efficiency condition E leads to a weaker notion of a bubble.

1.4.2.1 JLS model

The setting considered here is a simple version the classical model of [155],[153], which is based
on an analysis of a hierarchical system of traders. Let the setting in section 1.3.2 be fulfilled with
a finite time horizon [0, T] for some T 2 [0, •), let a 2 [0, •), µ0, s0 2 (0, •) be constants, let
µ : [0, T)! [0, •) be given by

µ(t) =
µ0

(T � t)a . (1.46)

For a constant k 2 (0, 1), consider a random time tJ given by a (deterministic) hazard process

Lt =
Z t

0

µ(s)
k

ds, t 2 [0, T] (1.47)

20Here we use the quadratic variation [X, Y], defined for any two semimartingales X, Y; see, e.g., section II.6 in [203].

35



as in (1.39). The probability that there is no crash on [0, T] is 1� e�LT and nonzero if and only if
a 2 [0, 1). Moreover, let (Wt)t2[0,T] be an F-Brownian motion and let the pre-drawdown process S̃
be an Itô process as in section 1.4.1.1 with (possible) explosion time T that satisfies the stochastic
differential equation

dS̃t

S̃t
= µ(t)dt + s0dWt. (1.48)

It is easy to see that S̃ explodes to • at T if and only if a 2 [1, •). Finally, to complement the
drawdown (tJ , X), let X be a crash as defined in (1.40) with a relative jump size k.

Then the stopped process S = S̃X,tJ satisfies a stochastic differential equation of the form

dSt
St�

= µ(t)1{t<tJ}dt + s01{t<tJ}dWt � kdJt, t 2 [0, T] (1.49)

where (Jt)t2[0,T] is the single jump process J = 1{tJ 6 ·}. Our simple formulation implies in
particular that the process is constant after tJ .

Proposition 1.4.1. Let the setting above be fulfilled, let K 2 (µ0/s0, •], S be given as in (1.49) with
bubble characteristics (S̃, tJ , X) and (NGD) refer to the dynamic No-Good-Deal condition from section
1.7.2.3. Then it holds that

(a) a > 1
2 () S has a (NFLVR)-bubble.

(b) a > 0() S has a (NGD)K-bubble.

(c) a = 0 =) S has a (NGD) µ0
s0

-bubble.

Proof of proposition 1.4.1 . Lemma 1.7.3 implies that S̃ violates (NFLVR) if and only if a 2 [ 1
2 , •).

By definition 1.7.1, S̃ violates (NGD)K if for some t 2 [0, T] we have

µ0
s0(T � t)a > K. (1.50)

Thus, S̃ violates (NGD)K if and only if a > 0 and (NGD) µ0
s0

if a = 0. On the other hand, the full

price process S in (1.49) is a P-martingale by definition and satisfies (NFLVR) and (NGD)K for all
K > 0. ⇤

Remark 1.4.3.

(a) While the behavior of the random time tJ is derived from analyzing a hierarchical network of
traders, the pre-drawdown process S̃ in equation (1.48) is chosen to ensure market efficiency.
It is not a priori clear why S̃ should follow this behavior with instantaneous return µ. As
noted in the introduction, it needs to be postulated to ensure rational investors do not exit the
market.

(b) In particular, S̃ is chosen such that S is a P-martingale, which is a considerably stronger
assumption than dictated by market efficiency (NFLVR) or (NGD). One possibility is to extend
the JLS model as in [126], where the authors assume that the crash only accounts for some part
of the drift in the pre-drawdown process. Another possibility is to focus on the behavior close
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to explosion time T, in which case mild additional assumptions suffice; see the discussion in
section 1.7.3 in the appendix.

1.4.2.2 Andersen-Sornette model

The following model has been introduced in [228] and [8]. Let the setting in section 1.3.2 be
fulfilled and W be an F-Brownian motion, let m 2 (1, •), µ0, s0 2 (0, •) be constants, let

s : [0, •) ! [0, •) and µ : [0, •) ! [0, •) be functions given by µ(x) =
ms2

0
2 x2m�2 + µ0xm�1

and s(x) = s0xm�1 for x 2 [0, •) and let the pre-drawdown process S̃ be the Itô-process given by
the stochastic differential equation

dS̃t

S̃t
= µ(S̃t)dt + s(S̃t)dWt, t 2 [0, •). (1.51)

Feller’s test for explosion shows immediately that S̃ is an explosive Itô-process with a predictable
explosion time t : W ! [0, •). Alternatively it is rather straightforward (see [228]) to derive an
explicit solution for S̃ with t(w) = inf{t 2 (0, •) : µ0t + s0Wt(w) = µ0Tc} for some Tc 2 (0, •)

depending on the starting value S̃0 2 (0, •). For a constant relative jump size k 2 (0, 1), consider
a drawdown (tJ , X) with random time tJ given by a hazard process

Lt =
Z t

0

µ(Ss)
k

ds, t 2 [0, •). (1.52)

as in (1.39) and a crash X as in (1.40). Then we get that the stopped process S = S̃tJ ,k satisfies the
stochastic differential equation

dSt
St�

= µ(St)1{t<tJ}dt + s(St)1{t<tJ}dWt � kdJt, t 2 [0, •), (1.53)

where (Jt)t2[0,•) is the single jump process J = 1{tJ 6 ·}.

Proposition 1.4.2. Let the setting above be fulfilled and S be given as in (1.53). Then S has a (NFLVR)-
bubble.

Proof of proposition 1.4.2 . As argued above, S̃ has an explosion time t with P [t < T] > 0 for all
T > 0 and thus, in particular, S̃ violates (NFLVR). Lemma 1.7.2 confirms that S is a P-local
martingale21 and satisfies (NFLVR). The proof of proposition 1.4.2 is thus completed. ⇤

Remark 1.4.4. Mirroring the situation discussed in remark 1.4.3 above, here µ and s are chosen
to model a simple form of inefficiency: nonlinear growth of the pre-drawdown process S̃. The
subsequent definition of L as in equation (1.52), however, needs to be postulated to ensure that
S is an efficient market. Moreover, its specific form is not necessary for S to satisfy (NFLVR) and
other choices are possible; see the discussion in section 3 of [228] and the ideas in section 1.7.3
below.

21In fact, S is even a true martingale, as shown in chapter 2.
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1.4.2.3 Growth and decline

In section 1.2.2.1 we have discussed an approach by [219], who model a bubble by a process S
given by an Itô process of the form

dSt
St

=
⇣

µ11{t<tJ} + µ21{tJ 6 t}
⌘

dt + sdWt, t 2 [0, T], (1.54)

for a random time of tJ : W ! (0, T), uniformly distributed on (0, T) and independent of the
F-Brownian motion W. They say there is a bubble if µ1 > 0 > µ2. To capture this definition in
our framework, we need to define its bubble characteristics (S̃, tJ , X). Let S̃ be an Itô process as
in definition 1.4.1 given by at = µ1S̃t and bt = sS̃t. Then S̃ is a geometric Brownian motion.
Moreover, let (tJ , X) be a diffusive drawdown as defined in section 1.4.1.2 with X associated
with the parameters µ2 and s and a filtration G, being the smallest filtration satisfying the usual
hypothesis that S is adapted to. The process S in (1.54) is then equal to the stopped process
S = S̃tJ ,X . While the decomposition of a bubble can be readily be applied to this understanding
of a bubble, its derivation is based merely on stylized facts and does not a priori allow for an
interpretation using market efficiency. A (rather ad-hoc) possibility would be to choose a dynamic
(NGD)K-condition as in definition 1.7.2, with a constant K = µ1

s .22 Then S̃ violates (NGD)K while
S fulfills (NGD)K and S has a (NGD)K-bubble in the sense of definition 1.3.4.

Remark 1.4.5. As for the examples of type-I bubbles in sections 1.4.2.1 and 1.4.2.2 above, the
behavior of S needs to be postulated. If S is given as above, the return µ1 may be seen as
remuneration for negative returns to follow. However, while even an informed investor cannot
observe tJ and thus cannot pinpoint the exact time when the instantaneous returns turn negative
(µ2 < 0), the unconditional expected return eventually turns negative on [0, T], and it needs to be
argued why market participants stay invested in such an environment, an argument that seems
to be missing in [219].

1.4.3 Examples of type-II bubbles

Following definition 1.3.4, a type-II bubble is given by its characteristic triplet (S̃, tJ , X), where S̃
fails market efficiency, while the drawdown X is an efficient market. Below we discuss examples
of type-II bubbles featuring overconfidence, limits to arbitrage or overestimation of future payoffs
to derive S̃ as the (partial) equilibrium price process emerging under these inefficiencies. As in
section 1.4.2.1, it should be clear that extracting the pre-crash S̃ is a simplification of the under-
lying model and may omit important additional features, but allows us to concisely describe the
resulting bubble process.

1.4.3.1 Heterogeneous beliefs on dividend payments

Following the seminal paper by [118], there has been an effort to describe a deviation from rational
prices in a dynamic partial equilibrium framework using heterogeneous beliefs. This includes

22To apply the (NGD) condition in this setting, we need to invoke theorem 7.13 in [177], which clarifies the structure of
P-equivalent measures on GS

T .
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the models in [192, 214]. As elaborated in chapter 1 of [118], instead of a homogeneous set
of investors (the representative investor) we look at several investor classes with subjective beliefs
about the distribution of future dividends. All investors are assumed rational and risk-neutral. To
describe this model in our framework (and ensure that the correction is downward), we need to
assume that at least one investor class is overconfident, that is, they overestimate future dividend
payoffs. Then the bubble characteristics can be described as follows (here we omit, for simplicity,
a description of the filtrations involved).

1. The pre-crash process S̃ is derived as (partial) equilibrium price if investors’ beliefs are
distinct and short-selling is prohibited (cf. proposition 2 in [118]).

2. One way to represent the fundamental value X in these models is to take an objective
position and define X as the (risk-neutral) expectation of future dividends (cf. proposition
3 in [118]).23 As described in section 5 of [214], a crash may be represented as a random
time where investor beliefs collapse or fundamentals become observable, whence the new
equilibrium price should settle at X.

3. The models work with risk neutral agents, such that the market efficiency condition is con-
stant required returns as given by definition 1.4.4.

To sum up, the price process is given by

S = S̃tJ ,X = S̃1{·<tJ} + X1{tJ 6 ·} (1.55)

and has a type-II bubble in the sense of definition 1.3.4: the process S̃ exceeds risk-neutral valua-
tion, while at time tJ the bubble collapses and S follows the efficient process X.

1.4.3.2 Noise trading and synchronisation risk

The following model is from [1] and seeks to describe bubbles that persist due to a synchronization
problem among informed, rational traders, which is introduced through an unknown starting date
of the mispricing. In particular, in the model it is assumed that the price grows deterministically
with a growth rate g 2 (0, •). The fundamental uncertainty in the model is introduced by the
random time t0 : W ! [0, •), which is used to specify risk premia24 given by g1[0,t0) + 01[t0,•).
However, t0 is unknown to the market participants and the mispricing can persist. Information
about t0 is sequentially revealed to informed investors over some time window [t0, t0 + h], who
then, maximizing their payoff, try to ride the bubble for a while but sell-out not too late. After a
fraction k 2 [0, 1] of informed traders wants to sell out, a crash happens. The model is completed
with an exogenous bursting of the bubble at a time t0 + t if a crash does not happen before. The
bubble characteristics can be described as follows.

1. Let the pre-crash S̃t be an Itô process on a stochastic basis (W,F , F, P) as in definition 1.4.1
given by at = gS̃t and bt ⌘ 0. Then S̃ is the deterministically growing process S̃t = egt.

23Alternatively, one can use subjective fundamental values, that is, the risk-neutral expectation of future dividends
under subjective beliefs of one of the investor classes, cf. footnote 7 on page 1186 of [214]. The (overconfident) belief in
being able to resell the asset to other market participants leads investor to pay more than their subjective fundamental
value.

24Recall that, for simplicity, we assume discounted prices and thus r = 0.
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2. Let the drawdown (tJ , X) be given by a process X with Xt = egt1[0,t0) + egt01[t0,•) and a
random time tex/end

J with

(a) tex
J = t0 + t if we have an exogenous crash as in section 5.1 of [1] or

(b) tend
J = t0 + hk + t⇤ for some uniquely specified t⇤ 2 (0, t � hk) if we have an endoge-

nous crash as in section 5.2. of [1].

3. The market efficiency condition E is a version of constant required return (definition 1.4.4),
where the required return, by definition, is given by g1[0,t0) + 01[t0,•).

Assume that G is generated by F and t0. Then the stopped process S = S̃tJ ,X has a type-II bubble
in the sense of definition 1.3.4: the G-semimartingales S̃ and S violate efficiency and grow at the
exuberant return g beyond t0, while at time tJ the bubble collapses and S follows the efficient
G-semimartingale X.

1.4.3.3 An efficient inefficient bubble

Here we deal with a mechanism that was initially discussed by [90] and appears in a similar
form in [196]. Both argue that agents are rational during boom and crash and thus dismiss the
claim that the Dow Jones 1987 drop and the Nasdaq 1997-2003 epsiode, respectively, were bubbles
characterized by a deviation from fundamentals. Let us describe the essence of such models in a
simplified example to show how this can be described as an inefficient market bubble.

Setting. Let T 2 [0, •), let (W,F , F = (Ft)t2[0,T], P) be a stochastic basis, let (Wt)t2[0,T] be an F-
Brownian motion and µ 2 R, s 2 (0, •) be constants and assume dividend payments (Dt)t2[0,T]
given by Dt = 0 for t < T and a final payoff

DT = exp
✓

µT � s2

2
T + sWT

◆
. (1.56)

A standard way to model misperceptions about future payoffs would be to introduce a measure
Q representing perceived distribution of the final payoff (or, as in [196], of the excess profitability).
For simplicity, we will instead just assume that rational agents belief the final payoff to be

D̃T = d exp
✓

µT � s2

2
T + sWT

◆
(1.57)

for some d > 1. Within this setting, we can now define the characteristic triplet of our bubble.

Characteristic triplet.

1. A drawdown process (Xt)t2[0,T], given by the conditional expectation of the true (dis-
counted) final payoff,

Xt = EP

h
e�µ(T�t)DT |Ft

i
, t 2 [0, T), (1.58)

and XT = 0.
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2. A random time tJ : W ! (0, T), independent of W. This represents the time when agents
realize that their beliefs about the final payoff were incorrect. We assume that the filtration
G is generated by W and tJ .

3. A pre-crash process (S̃t)t2[0,T] derived under belief that the final payoff equals D̃T , that is,

S̃t = EP

h
e�µ(T�t)D̃T |Ft

i
, t 2 [0, T), (1.59)

and S̃T = 0.

Finally, we assume investors (on average) require a return µ and let E be the market efficiency
condition given by

E(S) = 1() St + Dt satisfies (CR)µ,

for a G-semimartingale S. Here we have to adjust definition 1.4.4 for nonzero dividends.

Proposition 1.4.3. Assume the setting above and let S be the stopped process

St = S̃tJ ,X
t = S̃t1{t<tJ} + Xt1{tJ 6 t}, t 2 [0, T]. (1.60)

Then S has a type-II inefficient market bubble.

Proof of proposition 1.4.3 . From 1.58 we can infer that X is given by

Xt = exp
✓

µt� s2

2
t + sWt

◆
, t 2 [0, T). (1.61)

Similarly, from 1.59,

S̃t = d exp
✓

µt� s2

2
t + sWt

◆
, t 2 [0, T). (1.62)

Then, clearly, e�µt(Xt + Dt)t2[0,T] is a (P, G)-martingale and X satisfies (CR)µ, while e�µt(S̃t +

Dt)t2[0,T] and e�µt(St + Dt)t2[0,T] fail to be (P, G)-martingales, respectively. The conditions of
definition 1.3.4 are fulfilled and S has an inefficient market bubble (of type-II). ⇤

Remark 1.4.6.

(a) As argued in [90], this effect of overvaluing future payoffs may be amplified by a change in
risk premia. A sudden increase in risk aversion lowers today’s discounted expected value even
further.

(b) Given their beliefs, agents act rational all the time. Upon realizing overconfidence, the market
efficiently adjusts to the value X of true expected payoffs. Thus, objectively, agents behave
irrational prior to tJ , which allows for the interpretation of bubbly behavior (overvaluation),
verified by the crash. In this sense, there is an analogy between the “efficient” model here and
models based on market failures: this analogy is covered by the decomposition (S̃, tJ , X). The
existence of a bubble is a question of perspective.
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1.4.4 Comparison to rational expectation bubbles

We present a model class that allows for partly overlapping occurrence of rational expectation and
type-I inefficient market bubbles. A range of bubble models in the literature (see, e.g., sections
1.4.2.1 to 1.4.2.2) are based on single jump processes of the form

dSt = a(t, St)1{t<tJ}dt + b(t, St)1{t<tJ}dWt �
a(t, St�)
h(t, St�)

dJt, t 2 [0, •), (1.63)

where (Wt)t2[0,•) is a Brownian motion, a and b are suitably regular coefficient functions, (Jt)t2[0,•)

is a {0, 1}-valued single jump process, whose jump time tJ = inf{t > 0 : Jt = 1} is associated with
a hazard process

Lt^tJ =
Z t^tJ

0
h(s, Ss)ds, for t 2 [0, •). (1.64)

Within our framework, this amounts to using a possibly explosive Itô process as in definition 1.4.1
given by a and b and a crash (tJ , X) as in section 1.4.1.2 where X as in (1.40) is given by

Xt ⌘ S̃tJ� (1� k) on [[tJ , •)). (1.65)

with a relative jump size

k =
a(tJ , StJ�)

StJ�h(tJ , StJ�)
. (1.66)

Based on their examination of single jump processes with a deterministic hazard rate in [125],
[126] consider (within a more general setting) a solution to the SDE (1.63) assuming a finite time
horizon T 2 [0, •) and coefficients

a(t, St) = f0(t)St, b(t, St) = s0St and h(t, St) = h(t) (1.67)

for s0 2 (0, •) and continuously differentiable functions f, h : [0, T) ! (0, •). They show, in
particular, that the process (St)t2[0,T] is a strict local martingale if and only if

Z T

0
h(t)dt = • and

Z T

0

�
h(t)� f0(t)

�
dt < •. (1.68)

Similarly, in chapter 2 we consider the setting of a homogeneous diffusion with

a(t, St) = a(St), b(t, St) = b(St) and h(t, St) = h(St) (1.69)

for suitably regular functions a, b and h and show that S fails to be a uniformly integrable mar-
tingale if and only if

lim
x!•

a(x)
h(x)x

= 1 or lim
x!•

h(x)x2

b2(x)
= 0. (1.70)

Comparison and discussion. Note that single jump processes as above generate an incomplete
market, and the choice of fundamental value in the rational expectations literature is not unique,

42



cf. the discussion in section 1.2.1. For simplicity, in the proposition below we content ourselves
with diagnosing a bubble using either of the two fundamental values.

Proposition 1.4.4. Let the setting in section 1.3.2 be fulfilled and assume that the asset follows (1.63) with
one of the following specifications under some P-equivalent measure Q.

1. The specification in section 1.4.2.1 with a 2 [1, •) and asset lifetime t = T.

2. The specification in section 1.4.2.2 with asset lifetime t = tJ .

Then S has both a rational expectation bubble25 and an inefficient market bubble (definition 1.3.4).

Proof of proposition 1.4.4 . For 1, we can check that (1.68) is fulfilled and thus S a Q-strict local
martingale. As such, it holds that EQ [ST |F0] < S0 and we have two (and only two) possibilities:

(a) the superreplication price (1.8) is equal to S0, in which case we have a rational expectation
Q-bubble as in definition 1.2.2, or

(b) the superreplication price (1.8) is strictly smaller than S0, in which case we have a strong
bubble as in definition 1.2.1.

In any case, S has a rational expectations bubble. Being a (strict) local martingale, we know that
S satisfies (NFLVR). At the same time, the pre-drawdown process S̃, given by

dS̃t =
µ0

(T � t)a dt + s0dWt, t 2 [0, T], (1.71)

explodes P-a.s. on [0, T] and thus violates (NFLVR), whence S has a (NFLVR)-inefficient market
bubble of type-I. This proves 1. Using the setting of section 1.4.2.2 and the results implied by
(1.70), the second part follows analogously. ⇤

Remark 1.4.7. Although there is some overlap, following our discussion in section 1.2.1 we sug-
gest this is coincidental: if one accepts that single jump processes of the form (1.63) are reasonable
models for financial bubbles, then differentiating between bubble or no bubble solely based on the
behavior of the relative size of the crash as suggested by (1.68) and (1.70) seems far-fetched. The
analysis in section 4 in [126], specifically table 4.4, supports this statement, as for this type of sin-
gle jump processes we see no fundamental differences in optimal investment strategies for strict
local martingales and martingales.

1.5 Discrete time modelling

In this section we assume the setting in section 1.3.2, but restrict to discrete time, which simplifies
the definitions in section 1.3.3 and allows us to state the following succinct definition of a bubble.

25Either a strong rational expectation bubble (definition 1.2.1) or a rational expectation Q-bubble (definition 1.2.2).
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1.5.1 Discrete time inefficient market bubble

Definition 1.5.1. Let the setting in section 1.3 be fulfilled, (Sn)n2N be a G-adapted discrete time
stochastic process and E be an efficient market condition. Then S has a E -bubble if and only if
there exists a process (S̃n)n2N adapted to a filtration F ✓ G, a random time tJ : W! N [• and
a G-adapted process (Xn)n2N such that

1. S = S̃1{·<tJ} + X1{tJ 6 ·}.

2. P
⇥
tJ 6 n

⇤
> 0 =) E

h
Xn1{tJ 6 n}

i
< E

h
S̃n1{tJ 6 n}

i
for n 2 N.

3. For every F-adapted processes Y it holds that Y1{·<tJ} = S̃1{·<tJ} =) E(Y) = 0.

4a. E(S) = 1 (type-I bubble).

4b. E(S) = 0 and E(X) = 1 (type-II bubble).

The pair (tJ , X) is called drawdown. The bubbly stock price is fully described by its bubble charac-
teristics (S̃, tJ , X).

To see that this is equivalent to the general definition 1.3.4 when restricted to discrete time, we
need to note the following.

1. Any discrete semimartingale with explosion as in definition 1.3.1 has explosion time t = •.
A discrete process can reach infinity in finite time if and only if it jumps to • at some
random time t while being finite at t � 1. Then Stn , the sequence of stopped processes in
definition 1.3.1, cannot be a sequence of non-explosive processes.

2. Any adapted discrete process is of finite variation and a (discrete time) semimartingale.

1.5.2 Examples

Below we provide examples of the essential building blocks of discrete time inefficient market
bubbles (the bubble characteristics (S̃, tJ , X) and a market efficiency condition E ) and an example
of a bubble model from the literature.

In discrete time, as any adapted process S̃ is a valid pre-drawdown process and explosion
cannot occur, we omit stating examples for pre-drawdown processes.

1.5.2.1 Drawdown as a discrete time crash

Let (W,F , F = (Fn)n2N, P) be a stochastic basis and (pn)n2N be a sequence of [0, 1]-valued F-
predictable random variables. Then we can define a random time tJ : W ! N with the property
that

P
⇥
tJ = n|Fn�1, tJ > n

⇤
= pn, n 2 N. (1.72)

For an F-adapted pre-drawdown process (S̃n)n2N we may choose a process (Xn)n2N with X0 = 0
and the property that, for n 2 N,

Xn 2 [0, S̃n�1), if tJ = n,

Xn ⌘ Xn�1, else.
(1.73)
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If we let G be the filtration generated by F, tJ and X, the crashed process S = S̃1{·<tJ} + X1{tJ 6 ·}
is a G-semimartingale and (tJ , X) is a drawdown as in definition 1.3.3.

1.5.2.2 Efficient market condition

For examples of market efficiency conditions we refer to section 1.4.1.3, which covers discrete time
models without adaption. Very common in the literature is the condition of constant required
returns introduced in definition 1.4.4. In discrete time, it can be stated using a one-step condition.

Definition 1.5.2 (Constant required return (CR)). Let the setting in section 1.3.2 be fulfilled in
discrete time, let (Sn)n2N be an G-adapted stochastic process that satisifies (NFLVR), and let
r 2 R. Then S is a (CR)r-efficient market if for R = er � 1 we have

E [Sn+1|Gn] = (1 + R)Sn, n 2 N. (1.74)

With a slight abuse of notation, we use (CR)R to refer to constant required return with simple
return R as given by the one-step condition (1.74). Note that we have assumed zero dividends
and the wealth process is equal to the stock price. In the presence of a cumulative dividend
process (Dn)n2N, equation 1.74 has to be replaced with

E [Sn+1 + Dn+1 � Dn|Gn] = (1 + R)Sn, n 2 N. (1.75)

1.5.2.3 The periodically collapsing bubble of Evans

As a classical example of a bubble model in the literature that has originally been used to show
the shortcomings of early cointegration tests, the periodically collapsing bubble of [88] can be
described in our framework and represents arguably the simplest model of a type-I bubble as
in definition 1.5.1. Given parameters R, d 2 R, a 2 (d/(1 + R), •), p 2 (0, 1) and a sequence
(un)n2N of positive, iid random variables with E [u1] = 1, the bubble process (Sn)n2N is defined
as

Sn+1 = (1 + R)Snun+1 for Sn 6 a

Sn+1 =

8
<

:

⇣
d + 1+R

p

⇣
Sn � d

1+R

⌘⌘
un+1 with probability p

dun+1 else
for Sn > a

To identify the bubble characteristics, we define a pre-drawdown process S̃ given by

S̃n+1 = (1 + R)S̃nun+1 for S̃n 6 a

S̃n+1 =

✓
d +

1 + R
p

✓
S̃n �

d

1 + R

◆◆
un+1 for S̃n > a
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and a drawdown (tJ , X) as in definition 1.3.3 given by

P
⇥
tJ = n|S̃n, tJ > n

⇤
=

8
<

:
1� p for S̃n > a

0 else

Xn = dun for n 2 N,

(1.76)

to get S = S̃tJ ,X . With a market efficiency condition of constant required returns given by (1.74)
above,

E(S) = 1$ S satisfies (CR)R, (1.77)

then S has a (CR)R-bubble according to definition 1.5.1: the pre-drawdown process S̃ grows at
a rate 1+R

p while the full process S grows at rate 1 + R. To arrive at the periodically collapsing
model with a series of crashes

⇣
t
(n)
J

⌘

n2N
, simply restart the process after a crash t

(i)
J until the

next crash at t
(i+1)
J .

Remark 1.5.1. Note that the model was originally described in the rational expectations frame-
work, discussed in section 1.2.1, with an additive decomposition where a fundamental component
F was added to the bubble S. This can be mimicked without changes in our framework. To see
the difference of the two approaches, consider the case p ⌘ 1: in the rational expectations frame-
work, this is a valid bubble model. In our approach, however, the existence of a crash (and higher
growth countering it) is an essential feature of a bubble and p ⌘ 1 would not be an inefficient
market bubble. Moreover, a bubble in our approach can naturally end after a crash, whereas
within the rational expectations framework the bubble continues ad infinitum.

1.5.3 Comparison to rational expectation bubbles

As we have discussed in the introduction, (discrete time) rational expectation bubbles satisfy a
one-step no-arbitrage condition, thus they cannot meaningfully be described in our framework,
whose main characteristics is a break of market efficiency in the pre-drawdown process.

1. In section 1.5.3.1 we compare the two approaches and discuss the joint hypothesis issue
mentioned in section 1.2.1.3 in a simplified setting.

2. In section 1.5.3.2 we discuss, using examples from the literature, how researchers seem to
implicitly add natural elements of our framework to rational expectations bubbles.

1.5.3.1 Efficient vs. inefficient market bubbles

Consider the standard discrete time set-up from section 1.2.1 given by a stock price (Sn)n2N, a
cumulative dividend stream (Dn)n2N and the constant-return No-Arbitrage condition (1.74). Our
goal is to illustrate the joint hypothesis issue discussed in section 1.2.1.3 in a simplified setting.
For this, assume we want to model a technology stock that does not pay dividends in the near
future [0, T] for some T 2 N and possibly experiences a bubble.26

26Take, for instance, the case study of Zynga in [103] or the recent development of the Bitcoin price.
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Rational expectation bubble. Then, as in discussed in example 1.2.1(a), the standard description
of a stock price S = S⇤ + B with fundamental value S⇤ given by

S⇤n =

8
>>><

>>>:

•

Â
i=T�n+1

✓
1

1 + R

◆i
E [Dn+i � Dn+i�1|Fn], n 2 {0, . . . , T},

•

Â
i=1

✓
1

1 + R

◆i
E [Dn+i � Dn+i�1|Fn] , n 2 {T + 1, . . . },

(1.78)

it holds that
E
⇥
S⇤n+1|Fn

⇤
= (1 + R)S⇤n, n 2 {0, . . . , T}. (1.79)

Using the standard argument in the rational bubble literature, from equations (1.75) and (1.78) we
can derive that the bubble component B = S� S⇤ necessarily satisfies the martingale property on
[0, •),

E [Bn+1|Fn] = (1 + R)Bn, n 2 N. (1.80)

We can conclude that the process with or without a bubble grows at the same rate and fails
to cover the intuitive notion that the expected return is larger if the stock price experiences a bubble.
Even if the true required return R is known (e.g., inferred from a consumption model for the
pricing kernel), a bubble cannot be detected. This reasoning extends to the situation of multiple
dividends, in the sense that the only way to derive testable hypothesis on bubble processes are
assumptions on future dividends.

Inefficient market bubble (type-I). Assume instead there is the possibility of disclosure of bad
news leading to a lower expected valuation of future dividends and a drop by a multiplicative
fraction of k 2 (0, 1). At a date n 2 [0, T] this occurrence can be described by a random time
tJ with P

⇥
tJ = n + 1|tJ > n

⇤
= p. There is a probability (1 � p)T that there is no downward

correction on the whole time interval and high payoffs are realized. Then the full price process
up to and including the crash can be written as

StJ ,k
n = Sn1{n<tJ} + (1� k)Sn�11{tJ=n}, n 2 {0, . . . , tJ}, (1.81)

where S represents the high payoffs in case of no downward correction and is assumed to grow
at some constant (conditional) return R0,

E [Sn+1|Fn, no drop at n + 1] = (1 + R0)Sn, n 2 {0, . . . , T}. (1.82)

The unconditional expected growth (that is, the expected return that a rational trader requires to
hold the asset) is thus equal to

E
h

StJ ,k
n+1

���Fn, tJ > n
i
= [(1 + R0)(1� p) + p(1� k)]StJ ,k

n , n 2 {0, . . . , tJ}, (1.83)

with a growth rate 1 + R = (1 + R0)(1� p) + p(1� k) < 1 + R0. The objective market efficiency
condition is therefore No-Arbitrage with expected return R. The full model consists of
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1. a pre-drawdown process S growing with expected return R0,

2. a crash described by the random time tJ and a fraction k, and

3. an objective price process StJ ,k growing with (true) expected return R < R0.

In other words, the pre-drawdown process may grow at a significantly higher rate R0, remunerat-
ing for the possibility of a crash (that is, revaluation) and violating market efficiency, while the de
facto price process StJ ,k grows at R. Contrary to the rational expectations framework, if we know
the true required return is equal to R0, we can detect a bubble.

Remark 1.5.2.

(a) For the uninformed investor that ignores the possibility of a crash (i.e., trades in the belief
that pre-drawdown process S is the true underlying), the high returns given by R0 seem like a
marvelous deal. However, even for rational, informed traders (think of hedge funds, banks or
other large players) that correctly assess the probability of a crash, p and require a return R0,
it is fully rational to stay invested. In this conception of a bubble, the question in the rational
bubble literature of why informed traders are not deflating a bubble is naturally answered:
they don’t have a reason to do so.27

(b) To conclude this section, note that, while the above simplified examples show the theoretical
difference of the two frameworks, neither of the above descriptions allows one to detect a
bubble before the crash if the required rate of return is unknown – all processes (including the
bubbly pre-drawdown process) are assumed to have constant expected return and measuring
that return (in the absence of dividends) will be inconclusive.28 One possible remedy is
provided by the observation that pre-drawdown trading behavior of noise traders is often
characterized by positive feedback mechanisms, frenzy, overoptimism and thus increasing
returns; see, e.g., [69, 137, 186, 221, 230] and section 1.4.2.1 to 1.4.2.2 for continuous time
models of increasing (accelerating) returns.

1.5.3.2 Sidelining rational expectations in the literature

Below we show that some of the additional assumption and slight departures from rational ex-
pectations applied in the literature are, essentially, not too different from the basic ideas of our
framework. We hope that this strengthens the case for our inefficient markets approach to bub-
bles introduced in section 1.3, which explicitly incorporates these ideas. For this, recall the bubble
characteristics (S̃, tJ , X) as introduced in definition 1.5.1, where S̃ is a pre-drawdown process that
violates market efficiency and (tJ , X) represents the possibility of a drawdown. These departures from
the rational expectations paradigm seem to be further indications for its inadequacy in constitut-
ing a reasonable theoretical framework – explicitly including those stylized features can improve
the modeling process significantly.

27This may be important to keep in mind in view of the growing amount of empirical bubble literature that present
short sale bans/constraints as a driving mechanism of a bubble build-up. While short sale constraints will naturally have
an influence on the shape of the bubble and are a driving force in many type-II bubble models (see, e.g., section 1.4.3.1),
they seem not essential to generate the exuberant returns & crash-pattern that is characteristic for bubbles.

28Apart, of course, from a fundamental analysis, that can be highly uncertain if expected payoffs are in the distant
future.
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A pre-drawdown process that violates market efficiency. Some authors study log-prices instead
of prices, e.g., among others, [199] or [198]. The main idea is to take a log-linear approximation
of the constant-return No-Arbitrage condition

(1 + R)Sn = E [Sn+1 + Dn+1 � Dn(1 + R)|Fn] , n 2 N, (1.84)

for a stock price (Sn)n2N and cumulative dividend payments (Dn)n2N , as elaborated in [42] or
section 7 of [41]. Then it is argued that non-stationary behavior in an autoregressive specification
for log-prices implies the existence of a bubble. However, this leads to behavior transcending the
rational expectations framework, which can be seen as follows. Assume that the bubble component
is large compared to single-period dividends D̃n = Dn � Dn�1(1 + R), that is,

Sn ⇡ Bn � D̃n = Dn � Dn�1(1 + R), n 2 N (1.85)

and assume that, as in [199], the log stock price s = log(S) follows a linear autoregressive process

sn+1 = c + dsn + en, n 2 N (1.86)

with c, d 2 (0, •). For simplicity of the argument, assume that en ⌘ 0 for all n. Then, by recursion,
we get for the price S that

Sn+1 = esn+1 > S(dn+1)
0 , n 2 N. (1.87)

Now the standard approach in such bubble tests is to look for an explosive root (() d > 1) in
equation (1.86). However, for d > 1, S cannot fulfill (1.84), violating the original model assump-
tions and one would detect a bubble precisely in situations where the No-Arbitrage condition
(1.84) is violated. This test is thus close in spirit to point 2 in definition 1.3.4 : the pre-drawdown
process shows exuberant behavior and violates market efficiency.

Introducing a drawdown through the backdoor. Therefore, to ensure that the one-step No-
Arbitrage condition (1.84) can still be satisfied in case of so-called mildly explosive log-prices,
[199], [169] and [198] specify a stock market crash (or, rather, an end date of the bubble) by a
random time of regime change. We refer to section 2.3 in [169] for a detailed discussion. The
rational expectation framework requires that the crash is completely exogenous – imposed by
the modeler – and rational market participants are unaware of its possibility, otherwise it would
reflect earlier in the price process. Imposing such a regime change with a crash to a more reasonable
price level can be viewed as the acknowledgement of the fact that a bubble will not last forever
(that is, until infinity), violating the prediction of the rational expectations framework. Thus, this
model assumption is close in spirit to point 3 in our definition 1.3.4: there exists the risk of a crash
and the price process including the crash constitutes a reasonable price process. However, in the
present case, the (necessarily) exogenous description of a crash does not allow for the possibility
that the pre-drawdown behavior of the stock price be related to the probabilistic structure of the
crash.
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1.6 Discussion

Let us close with a few lessons learned for the two essential tasks of bubble detection and bubble
modeling within our framework. Bubble detection essentially refers to the binary decision bubble
or no bubble, informed by pre-drawdown data; bubble modeling refers to an attempt at giving
a full (probabilistic) description of an asset’s price evolution in a bubbly episode, either pre- or
post-drawdown.

Rational expectation models try to square the idea of overvaluation with market efficiency,
which results in bubble models that are consistent with utility-maximizing investors only in a
rather special situation: propositions 1.2.1 and 1.2.2 imply that a payoff at infinity and infinitely
many market participants are necessary to allow for rational expectation bubbles.29 As discussed
in section 1.2.1.3, this type of models entirely relies on additional hypotheses, as, by construction,
a payoff at infinity cannot be verified. One may well, of course, reverse the logic of proposition
1.2.1 and 1.2.2 and define a bubble as a process that does not emerge as the equilibrium price
process of an economy populated by utility-maximizing investors. This means, however, that
some kind of market failure drives the evolution of the stock price. To arrive at sensible models
of bubbles, this implies that one should strive to explicitly model this inefficiency.

In an attempt to do so, we define inefficient market bubbles in section 1.3 based on a violation
of efficiency, in accord with the possibility (risk) of a drawdown. Based on the bubble character-
istics (S̃, tJ , X), we introduce two types of bubbles (definition 1.3.4), which both are based on an
inefficient pre-drawdown process S̃ and differ in their interpretation of the drawdown (tJ , X). A
type-I bubble can be understood as a first (partial) departure from rational expectations: while
we acknowledge and model the existence of an instability (tJ , X), the full stock price process
S = S̃tJ ,X is still an efficient market. More severely, in a type-II bubble the stock price S departs
from efficient levels (represented by X) and returns to efficiency with a crash at tJ . That said, in
general, without additional information on the probabilistic structure of tJ , we will not be able to
distinguish type-I and type-II inefficient bubbles by looking at a single bubble episode.

Bubble detection, however, should take place on [0, tJ) and thus merely concerns detecting
inefficiency of S̃, irrespective of the type. This simpler task still exposes us to well-known joint
hypothesis problems. Recall the discussion in section 1.4.3.3, suggesting that efficiency in price
levels – and thus also the existence of a bubble – is a matter of perspective, as high valuation may
a priori always be explained by high expected future payoffs (or profitability) and a drawdown
as a result of changes in expectations and risk aversion. Instead, for bubble detection, we have
to focus our attention on models that generate testable signals of inefficiency. Notable examples
are situations characterised by heterogeneous beliefs and overconfidence (e.g., [214]), leading to
increased trading volume, or momentum trading (e.g., [175]), imitation and herding (e.g., [155]),
leading to accelerating returns. These testable signals in price evolution and variables such as
trading volume allow for bubble detection, verified by the occurrence of a crash. Such models have
the potential to avoid joint hypothesis problems in testing for market efficiency, first comprehensively
described by [91] and still open for discussion; see, e.g., [109]. As a straightforward example,
if we find the dynamics of price or return to be explosive in finite time (e.g., the models in

29As demonstrated in the overlapping generations model of [241].
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sections 1.4.2.1 and 1.4.2.2), then at some point we can expect a regime change. We know the
exuberant/explosive/accelerating behavior necessarily has to end and can constitute a bubble
without further assumptions (see example 1.6.2 below).

Having said that, the second task of bubble modeling is even more ambitious. If we aim for
an accurate prediction of a drawdown or, more generally, increase robustness of financial problem
formulations vis-à-vis asset price bubbles, the full structure of a bubble will become important.
The decomposition (S̃, tJ , X) is a good starting point, but will likely require choosing between
type-I and type-II bubble as well as additional assumptions on the probabilistic structure of the
drawdown.30

Further research. Apart from an immediate extension of the framework in section 1.3 to

1. a higher dimensional setting including several price processes and market instruments,

2. other types of market efficiency such as statistical arbitrage or macroeconomic specifications
of risk premia, and

3. a more detailed description of the correction mechanism in type-II bubbles (in the present
setting merely a jump from S̃tJ� to XtJ ), which is not always as immediate as during the
1987 Dow Jones market crash (cf. figure 1.1),

let us give two examples of research questions induced by the decomposition of inefficient market
bubbles that may be promising to investigate.

Example 1.6.1 (Explosive processes with a jump.). The breakdown of an asset price with a bub-
ble within the framework of section 1.3 provides a solid theoretical justification for using explo-
sive processes (in combination with a random time of a crash) in asset price modeling; see the
processes in sections 1.4.2.1-1.4.2.2 above for applications in the literature. Such processes have
received only little attention in the stochastic processes literature, with the notable exception of
[124] and [126], who study single jump processes with deterministic, explosive jump intensity in
combination with an independent Brownian motion. In particular, absolutely continuous changes
of measure, which are essential to arbitrage theory and option pricing, have not been investigated
yet in situations such as

1. section 1.7.3, which is similar to [126] but allows for a more general relation of drift and
jump intensity, and

2. section 1.4.2.2, where the jump intensity depends on the Brownian evolution.

Example 1.6.2 (Bubble detection.). Detecting a bubble with bubble characteristics (S̃, tJ , X) in a
market obeying a market efficiency condition E (cf. the definitions in section 1.3) in its build-up
phase (that is, prior to tJ) amounts to asserting whether the pre-drawdown process S̃ violates
market efficiency. One may use the weak market efficiency condition E = (NFLVR) and a homo-
geneous diffusion of the form

dS̃t = µ0S̃adt + s0S̃bdWt, t 2 [0, •), (1.88)
30E.g., an assumption on S̃ in section 1.4.2.1, cf. remark 1.4.3, an assumption on tJ in section 1.4.2.2, cf. remark 1.4.4, a

distributional assumption on tJ in section 1.4.3.1 or an assumption on t0 influencing tJ in section 1.4.3.2.
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for parameters µ0, s0, a, b 2 (0, •) and a Brownian motion (Wt)t2[0,•). Then a version of Feller’s
test for explosion (see, e.g., corollary 4.4 in [50]) can be used in combination with a sufficient
condition for S̃ to violate (NFLVR),

9t 2 [0, •) : P
⇥
S̃t = •

⇤
> 0 =) S̃ violates (NFLVR). (1.89)

Thus, the problem is reduced to estimating (µ̂0, ŝ0, â, b̂) from data – for which an adaption of
classic results for non-explosive diffusions, cf. [2] and references therein, may be warranted.
While it seems rather extreme to use what is essentially a relative pricing approach on a single
asset, this is very robust and avoids joint hypothesis problems.

1.7 Appendix

1.7.1 Technical results

Below we collect results from the literature that are used above; applied/extended to our setting
of explosive processes.

Lemma 1.7.1. Let (W,F , F, P) be a stochastic basis, let S be an F-semimartingale with explosion as in
definition 1.3.1 with explosion time t and let (Lt)t2[0,•) be a continuous, F-adapted, increasing process
with

L < • on [[0, t)),

L ⌘ • on [[t, •)).
(1.90)

Then there exists a filtered probability space (Ŵ,G, G, P̂) and a random time tJ with hazard process L such
that the compensated jump process

1{tJ 6 t} �Lt^tJ , t 2 [0, •), (1.91)

is a G-martingale and S is a G-semimartingale with explosion.

Proof of lemma 1.7.1 . We follow a standard approach in the literature (see, e.g., section 6.5 in [23])
and take (Ŵ,G, P̂) to be the product extension of (W,F , P) that supports a uniformly [0, 1]-
distributed random variable x, define

tJ = inf{t 2 [0, •)|e�Lt 6 x} (1.92)

and let G be the smallest right-continuous filtration generated by F and 1{tJ 6 ·}. Then, by con-
struction, tJ is a G-stopping time with P

⇥
tJ < t

⇤
= 1 and the compensated jump process

1{tJ 6 t} �Lt^tJ , t 2 [0, •), (1.93)

is a G-martingale. Moreover, by construction and continuity of L, any F-local martingale is a G-
local martingale (this is the so-called martingale invariance property) and hence any F-semimartingale
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(with explosion) is a G-semimartingale (with explosion). This completes the proof of lemma
1.7.1. ⇤

Next we show that a class of strictly positive semimartingales with explosion, whose stochastic
logarithm is a quasi-left-continuous local submartingale with explosion, allows for a straightfor-
ward construction of a crash such that the crashed process is a local martingale. The result can in
principle be extended to processes that may hit zero (and stay there), however then more care is
needed in describing the stochastic exponential and logarithm; see [167] for a note on stochastic
exponentials and logarithms on stochastic intervals.

Lemma 1.7.2. Let (W,F , F, P) be a stochastic basis, let (St)t2[0,•) be an F-semimartingale with explosion
as in definition 1.3.1 with explosion time t such that S > 0 and S� > 0, let (Yt)t2[0,•) be the stochastic
logarithm31 of S, assume that there exists a continuous, F-adapted, increasing process (At)t2[0,•) with
A ⌘ • on [[t, •)) such that, for every n 2 N, there exists some decomposition Ytn = Y0 + Mn + Atn

for a local martingale Mn and an F-stopping times tn, and let k 2 (0, 1) be a constant. Then A/k is the
hazard process of a random time tJ with the property that the stopped process

StJ ,k
t = St1{t<tJ} + StJ� (1� k) 1{tJ 6 t}, t 2 [0, •) (1.94)

is a (P, G)-local martingale, where G is the filtration generated by F and 1{tJ 6 ·}.

Proof of Lemma 1.7.2 . Continuity of A and the assumption on Y imply that, for every n 2 N, there
exists a unique (up to indistinguishability) local martingale Mn and continuous finite variation
process An such that Ytn = Y0 + Mn + An. By definition, S fulfills the stochastic integral equation

St =
Z t

0
Ss�dYs =

Z t

0
Ss� (dMn

s + dAn
s ) , on [[0, tn]]. (1.95)

This implies that the crashed process StJ ,k solves the integral equation

StJ ,k
t =

Z t

0

⇣
StJ ,k

s�

⌘
1{s<tJ}

⇣
d (Mn

s ) + d (An
s )� kd1{tJ 6 s}

⌘
, on [[0, tn]]. (1.96)

The construction in lemma 1.7.1 ensures that for the filtration G, generated by F and 1{tJ 6 ·}, it
holds that 1

k AtJ � 1{tJ 6 ·} and Mn are G-local martingales. Then, using A = An on [[0, tn]] and
equation (1.96), we know that, for every n, (StJ ,k)tn is a G-local martingale. We can conclude,
using the result of theorem 44(e) in [203], that StJ ,k is a G-local martingale. The proof of lemma
1.7.2 is thus completed. ⇤

With a straightforward application of Girsanov’s theorem, we get a characterization of strictly
positive Itô-processes that satisfy (NFLVR).

Lemma 1.7.3. Let the setting in section 1.3.2 be fulfilled on a time horizon [0, T] for some T 2 [0, •), let
S be a strictly positive Itô-process with explosion time t : W! [0, •] as defined in definition 1.4.1, assume
that the filtration F ✓ G is generated W and assume that every F-local martingale is a G-local martingale.
Then S is a (NFLVR)-efficient market on [0, T] if and only if the following properties are fulfilled.

31The stochastic logarithm L of a strictly positive process X with explosion is a process that, for any n 2 N, is given as
the solution of the integral equation dLt = 1/XtdXt on [[0, tn]]. It is thus well-defined on [n2N [[0, tn]] = [[0, t)).
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Proof of Lemma 1.7.3 . Below we write gs for a process g that may depend on (s, Ss). First assume
that S satisfies No Free Lunch with Vanishing Risk on [0, T]. By the fundamental theorem of asset
pricing in [71], there exists a measure Q equivalent to P such that S is a (Q,G)-local martingale
on [0, T]. This implies that S does not explode Q-a.s., hence P-a.s. on [0, T]. Moreover, a result
in [237]32 shows that S is a (Q,F )-local martingale. Then, by the martingale representation
theorem33 there exists a predictable, square-integrable process f : [0, T]⇥W ! R such that the

martingale density process (Zt)t2[0,T] given by Zt = E


dQ

dP

����Ft

�
has the form

Zt = exp
✓
�
Z t

0
fsdWs �

1
2

Z t

0
f 2
s ds
◆

, t 2 [0, T]. (1.97)

By the Girsanov-Meyer theorem34 we know that Z defines a Q-local martingale (Nt)t2[0,T] through

Nt =
Z t

0
bsdWs +

Z t

0
bs fsds, t 2 [0, T]. (1.98)

As S is a Q-local martingale, so is S� N =
R ·

0 (as � bs fs) ds, which is the case if and only if we
have a

b = f . This implies that a
b is a square integrable process with probability 1 and that
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ds

!
(1.99)

is a well defined random variable with expected value 1.
Conversely, assume that conditions 1–3 hold. Then we can define a measure Q equivalent to

P by its Radon-Nikodym derivative on FT ,

dQ

dP
= exp

 
�
Z T

0

as
bs

dWs �
1
2

Z T

0

✓
as
bs

◆2
ds

!
. (1.100)

Again we apply the Girsanov-Meyer theorem to get that the process

Z t

0
bsdWs +

Z t

0

as
bs

bsds = St, t 2 [0, T] (1.101)

is a (Q, F)-local martingale and hence, by assumption, a (Q, G)-local martingale, completing the
proof of lemma 1.7.3. ⇤

32See theorem 3.6 in [101].
33See, e.g., corollary 4 in chapter IV of [203].
34See, e.g., theorem 20 in chapter III of [203]
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1.7.2 Measure change and No-Good-Deal (NGD) for jump diffusions

Below we extend No-Good-Deal bounds introduced in section 1.4.1.3 above to a jump diffusion
setting, where a useful instantaneous formulation can be derived. For simplicity we restrict our-
selves to a finite time horizon [0, T] for some T 2 (0, •).

1.7.2.1 Jump diffusion with integrable intensity

The following is a standard construction, details of which can found in, e.g., chapter III.5 of [143]
or chapter 6.6 of [23]. Let the setting in section 1.3.2 be fulfilled, let F ✓ G be a filtration satisfying
the usual hypothesis, let W be an F-Brownian motion, let (lt)t2[0,T] be an F-progressively mea-
surable, locally integrable process, (Nt)t2[0,T] be a conditional Poisson counting process with in-
tensity l, further assume that the filtration G is generated by W and N, let µ, s, k be G-predictable
processes with k > � 1, suitably integrable, such that the equation

St = S0 +
Z t

0
Ss� (µsds + ssdWs + ksdNs) , (1.102)

has a unique strong solution (St)t2[0,T] and let (gt)t2[0,T] be an G-predictable process with values
in (�1, •) satisfying

Z T

0

1
s2

s
(ks(1 + gs)ls)

2ds < • and
Z T

0
(1 + gs)ls < •, P-a.s. (1.103)

Then the process (Zt)t2[0,T] given by

Zt = 1 +
Z t

0
Zs�

✓
� 1

ss
(µs + ks(1 + gs)ls)dWs + gs (dNs � lsds)

◆
(1.104)

defines a measure Q ⇡ P if E [ZT ] = 1, in which case S is a Q-local martingale. In fact, all
measures Q ⇡ P such that S is a local Q-martingale admit a density of the form (1.104).

1.7.2.2 A single jump diffusion with possibly explosive intensity

The local integrability of the process l above is essential to have a well-defined Poisson process
N. If we restrict ourselves to the first jump of N, we can allow for a possibly non-integrable
intensity and explosive behavior up to the jump. This has been rigorously elaborated in [126] in
the setting of deterministic hazard rate. In particular, let the setting in section 1.3.2 be fulfilled,
let h : [0, T) ! [0, •) and k : [0, T) ! (0, 1] be differentiable functions, let µ0 2 R, s0 2 (0, •)

be constants, let J be a single jump process with hazard rate h, let tJ = inf{t 2 [0, •)|Jt = 1}
be the random time of the jump, let W be a Brownian motion and assume that G is the filtration
generated by W and J, let (St)t2[0,T] be the solution of the integral equation

St = S0 +
Z t

0
Ss�

⇣
(µ0 + k(s)h(s)1{s 6 tJ})ds + s0dWs � k(s)dJs

⌘
, (1.105)
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and let g : [0, T)! (�1, •) be a differentiable function that is uniformly bounded away from �1
such that Z T

0
(k(t)h(t)g(t))2dt < • and

Z T

0
1{P[T 6 J]>0}h(t)(1 + g(t))dt < •. (1.106)

Then the process (Zt)t2[0,T] given by

Zt = 1 +
Z t

0
Zs�

✓
� 1

s0
(µ0 � k(s)h(s)g(s)1{s 6 tJ})dWs + gs

⇣
dJs � h(s)1{s 6 tJ}ds

⌘◆
(1.107)

satisfies E [ZT ] = 1 and defines a measure Q ⇡ P; with S being a Q-local martingale. Note that
µ and h might not be defined at T, which is negligible in the integral. This is a straightforward
(though non-trivial) extension of equation (1.104) to the single jump setting. The first condition of
(1.106) ensures that a Girsanov change of measure is well-defined, whereas the second condition
ensures that, in case there is non-negligible probability that the jump does not happen on [0, T],
this persists under the new measure.

1.7.2.3 No-Good-Deal

From equations (1.104) and (1.107) one can derive straightforward bounds on the instantaneous
Sharpe ratios of S and Sharpe ratios of derivatives and portfolios derived from S. See appendix
A in [25], where the seminal work in [115] is extended to the jump diffusion setting. In a slight
abuse of notation (recall that we used an absolute bound on the price in equation (1.44), such a
bound is called instantaneous or dynamic No-Good-Deal bound. [162] have generalized this to Lévy
models.

Definition 1.7.1 (No-Good-Deal (NGD)). Let the setting in 1.7.2.1 be fulfilled and K 2 (0, •].
Then S satisfies dynamic (NGD)K if there exists a measure Q ⇡ P with a density of the form
(1.104) for a G-predictable process g such that for almost every t 2 [0, T] it holds that

1
s2

t
(µt + kt(1 + gt)lt)

2 + g2
t lt < K. (1.108)

For a single jump diffusion with possibly explosive intensity, as a direct extension of definition
1.7.1, the No-Good-Deal condition accounts for the fact that the process follows a Geometric
Brownian motion after the first jump.

Definition 1.7.2 (No-Good-Deal (NGD) for a single jump diffusion). Let the setting in 1.7.2.2 be
fulfilled and and K 2 (0, •]. Then S satisfies dynamic (NGD)K if there exists a measure Q ⇡ P with
a density of the form (1.104) for an G-predictable process g such that for almost every t 2 [0, T] it
holds that

1
s2

0
(µ0 � k(t)h(t)gt1{t 6 tJ})

2 + g2
t h(t)1{t 6 tJ} < K. (1.109)

As quantities given by the market implied measure Q, the two quantities in the sum of (1.108)
and (1.109) represent the diffusion risk and g2h represents the jump risk of the instantaneous market
price of risk.
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1.7.3 Beyond the bubble framework – further assumptions

As noted above in sections 1.4.2.1-1.4.2.2, the framework presented in this paper allows – necessar-
ily – for a great deal of slack in the modeling process. We have criticized the rational expectations
framework for its additional assumptions necessary in bubble detection (constant expected return
and stationary dividend payments; see section 1.2.1.3) – here we want to discuss (considerably
weaker) additional assumptions within our framework that implicitly have been used in the lit-
erature. For our discussion we need to use straightforward extensions of section 1.7.2 that have
NOT been rigorously presented in the literature yet.

General setting. For this purpose, we generalize the setting of the section above. Assume the
setting in section 1.3.2 and let T 2 [0, •) be a finite time horizon, let s0 2 (0, •) be a constant, let
µ : [0, T) ! [0, •) be a continuous function with limt!T µ(t) = • and let S̃ be an Itô process as
in section 1.4.1.1 with (possible) explosion time T that satisfies the stochastic differential equation

dS̃t

S̃t
= µ(t)dt + s0dWt. (1.110)

Assume we want to model a (NGD)•-bubble with a crash as in section 1.4.1.2 given by a constant
relative crash size k and a random time tJ with hazard process L given by

Lt =
Z t

0
h(s)ds, t 2 [0, T], (1.111)

for a positive continuous function h : [0, T)! R. Then the crashed process S is given by

dSt
St�

= µ(t)1{t<tJ}dt + s01{t<tJ}dWt � kdJt, t 2 [0, T], (1.112)

where (Jt)t2[0,T] is the single jump process J = 1{tJ 6 ·}. In our setting, the pre-drawdown process
S̃ violates (NGD)•, as µ is unbounded. To get a bubble as in definition 1.3.4, we need to specify
µ and h such that the crashed process S satisfies (NGD)•.

No-Good-Deal bounds and additional assumptions. In section 1.4.2.1 we made the choice µ =

kh, which implies that S is a martingale (under the probability measure P). However, for the
crashed process to satisfy (NGD)• we have a much weaker sufficient condition: that there exists a
function g : [0, T)! (�1, •), as in section 1.7.2.1, bounded away from �1 and suitably integrable,
such that the No-Good-Deal bound (1.108) up to the first jump is fulfilled. Let us look at this a
little more closely. If we define f : [0, T)! R by

f(t) =
1
s0

(µ(t)� k(1 + g(t))h(t)) , t 2 [0, T), (1.113)

then S fulfills (NGD)• if

1. f is square integrable

2. (1 + g)h is integrable if h is and
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3. the No-Good-Deal bound
⇣

f(t)2 + g(t)2h(t)
⌘

1{t 6 tJ} < •, t 2 [0, T]. (1.114)

is fulfilled. We can write the expected instantaneous returns process (Rt)t2[0,T] as

R(t) = µ(t)� kh(t) = s0f(t) + kh(t)g(t). (1.115)

This formulation allows for the interpretation of f as being the market price of diffusion risk and g

the market price of jump risk, cf., e.g., [25]. The conditions imposed by (NGD)• are rather weak, so
one might want to add additional assumptions on risk-preferences of investors in the market (via
assumptions on R, f, and g). For example, in increasing generality,

(a) Arguably quite restrictive, one can assume that investors are risk-neutral on average during
the bubble and thus the required return satisfies R ⌘ 0. This is implies immediately that
µ = kh.

(b) One may impose a No-Good-Deal bound K 2 (0, •) on S, such that equation (1.114) is fulfilled
with bound K.

(c) No additional assumption, merely that S has a (NGD)•-bubble.

A specific model – JLS model. To analyze the implications of above assumptions (a)–(c) for a
specific model choice, we consider the JLS model; see [225] and references therein. In this model,
a network of traders is analyzed to find that herding, positive feedback and imitative behavior in
the market leads to systemic instability and thus a possible financial crash given by a hazard rate

h(t) = B1(T � t)�a + B2(T � t)�a cos (w ln(T � t)� y) (1.116)

for parameters a, B1, B2, w, y 2 (0, •) chosen such that h is non-negative. For a detailed derivation
we refer to [225] and [217]. This is a so-called risk-driven bubble, as the possibility of a crash (as
opposed to the price process) is specified; see section 5 in [225] for details on this terminology.

Using the assumptions above, we seek to derive conditions on the price S (or, equivalently, its
return µ) to yield reasonable bubble models given by equation (1.112) based on a crash given by
the hazard rate h.

(a) If we assume risk-neutral investors we get that µ = kh and thus µ necessarily behaves like h
in equation (1.116).

(b) If we assume a finite No-Good-Deal bound K, equation (1.114) implies that

lim
t!T

|µ(t)(T � t)a � k(B1 + B2 cos (w ln(T � t)� y))| = 0 (1.117)

Thus, with speed of convergence depending on a and K, µ eventually shows explosive behav-
ior and log-periodic oscillations around the critical time T.
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(c) If we only assume that S satisfies (NGD)• then little can be said about the exact behav-
ior of µ. As an example, we may have market prices of risk given by g(t) = 1/(B1 +

B2 cos (w ln(T � t)� y)) and f ⌘ 0 and, from equation (1.115), µ(t) = (T � t)�a. Thus,
although market prices of risk f and g are both bounded, µ may show no log-periodic os-
cillations (while S still satisfies No-Arbitrage!). As another example, in the case a 2 (0, 1

2 )

we could have g ⌘ 0 and f = (c � kh)/s0 for some constant c 2 (0, •). Then f is square
integrable and an admissible market price of risk while µ = c� kh + kh ⌘ const on [0, T].

Discussion. In the papers that introduced the JLS model (see [153], [154] or [225] for an overview)
it is assumed that the No-Arbitrage condition holds and investors are risk-neutral, thus µ = kh and
the price mimics the explosive behavior and log-periodic oscillations of h. With this assumption,
an analysis of the price process leads to a detailed knowledge about the hazard of a crash.

Responding to criticism from [142] regarding the assumption of risk-neutrality, in [155] it is
claimed that changing risk preferences within a bounded expected return R or some bounded
market price of crash risk g35 cannot prevent that explosive behavior and log-periodic signatures
are apparent in the price. [96] extends the criticism presented in [142], pointing out that the
expected required return need not be constant. In response to this, [233] and [255] introduce
the general case of assuming only No-Arbitrage36, however the discussion is reduced to the case
g ⌘ 0; in this case it is claimed that log-periodic signatures of h persist. Long story short, the
issue that additional assumptions are necessary to derive a relationship µ$ h is well known and
has been discussed in the literature, but a comprehensive study has not been presented yet.

The above can be seen as a first step37 towards such a comprehensive study, with a full descrip-
tion of possible discount factors and a clear framework that allows one to accurately determine
the assumptions that are necessary to reach the desired conclusions. We have seen that, in gen-
eral, No-Arbitrage (or the stronger (NGD)•) alone does not ensure that explosive behavior and
log-periodic signature of h is observable in the price (see the examples in point (c) above) – in
contradiction to some claims in the literature. In particular, it is possible that an extreme change
in risk premia could lead to a situation where the increasing risk of a crash is not reflected in the
price (resp. µ) until the crash happens. However, with reasonably weak additional assumptions
(see point (b) – (NGD)K for some K 2 (0, •) or, e.g., imposing a bound on required return R) one
can infer that µ behaves like h around the critical time T and thus show explosive and log-periodic
behavior.

To close the section, we want to note that similar conclusions, within the respective model
framework, can be drawn for return-driven bubbles as defined in [225], where an analysis of (or
assumptions on) market structures leads to a model for µ and one wants to infer information
about the hazard of a crash h.

35Called n and K, respectively, in [155].
36In the sense of (NFLVR) – the existence of an equivalent measure Q with associated density process ZQ . In [233] the

equivalent terminology of a stochastic discount factor M = ZQ is used.
37Note that we make the restrictive assumption that g (and thus f) are deterministic functions and thus, although

covering a large variety, we can only apply our statements to a subclass of pricing kernels.
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Chapter 2

Uniform integrability of single jump
processes

2.1 Introduction

Local martingales that are not uniformly integrable martingales have recently gained increased
attention in the stochastic processes and mathematical finance literature, being linked to special
cases in arbitrage pricing theory ([83], [72], [113]) and to the occurence of bubbles ([179], [57],
[130], [147], [148], [128], [22]). Based on the seminal paper of Loewenstein and Willard [179],
theorem 4.1 in [148] characterizes three types of local martingales that can be used to model
bubbles1, depending on the model horizon:

(a) General local martingales on an infinite time horizon.

(b) Local martingales that are not uniformly integrable martingales on a stochastically unbounded,
but finite time horizon.

(c) Strict local martingales on a bounded time horizon.

The result is based on the fact that local martingales, while being instantaneous fair games, may
show a drop in expectation in the long term. Table 2.1 summarizes such a classification of local
martingales. To date most of the literature is limited to a finite time horizon, thereby immediately
excluding processes in (a) and (b). While processes in (a) rely on an infinite time horizon and
seem somewhat ill-suited for financial modeling, processes in (b) are readily conceivable.2 In
the present paper we introduce a natural class of candidates for bubble processes on a finite
but stochastically unbounded time horizon. We combine a homogeneous diffusion with a single
jump (characterized by state dependent hazard rate and jump size) and provide a necessary and
sufficient deterministic criterion to decide whether they are uniformly integrable martingales.

1Below, we refer to such processes as mathematical (finance) bubbles.
2One may argue, for example, that the finite model horizon for a stock price of a large corporation is more realistically

described by an unbounded random rather than a bounded deterministic lifetime.
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Table 2.1: Characterization of RCLL non-negative local martingales by martingale property and uniform
integrability (UI). The uniform integrability property has explanatory power on the loss of mass only for
true martingales. Strict local martingales are true supermartingales even if they are uniformly integrable.

Non-UI UI
Strict local martingale 9t 2 [0, •) : E [Mt] < M0
Martingale E [M•] < M0 E [M•] = M0

While many models of mathematical bubbles lack a well-defined empirical basis, a single jump
has a straightforward interpretation as a financial drawdown.

In particular, we look at processes (St)t2[0,•) defined on a filtered probability space (W,F , (Ft)t2[0,•), P)

that satisfy a homogeneous version of the stochastic differential equation

dSt = b(t, St)1{t<tJ}dt + s(t, St)1{t<tJ}dWt �
b(t, St�)
h(t, St�)

dJt, (2.1)

with coefficient functions b, s, h : [0, •)⇥R ! [0, •), where (Wt)t2[0,•) is an (Ft)t2[0,•)-Brownian
motion, (Jt)t2[0,•) is a {0, 1}-valued single jump process with

P [dJt = 1|Ft�, Jt� = 0] = h(t, St�), (2.2)

such that h is the hazard rate (also known as intensity process) of J, and tJ denotes the time of
the jump. For most reasonable choices of b, s and h such that b(t, x) 6 h(t, x)x for all (t, x) 2
[0, •)⇥ [0, •) (see specific examples in section 2.5 and the detailed setting in section 2.3 below)
the resulting process S is non-negative and a local martingale. Intuitively, the local martingale
property can be seen from the fact that S is the sum of a Brownian integral and a single jump
process that grows instantaneously by b(t, St�) and has an expected instantaneous decline of
�(b(t, St�)/h(t, St�))P [dJt = 1|Ft�, Jt� = 0] = �b(t, St�). For tJ < t, it remains constant at StJ .
Above questions on uniform integrability and strict local martingality have been answered in
various special cases of (2.1). As a simple example, assume that for constants l 2 [0, •) and
k 2 (0, 1] we have

b(t, St) = klSt, s(t, St) ⌘ 0 and h(t, St) ⌘ l. (2.3)

One can directly calculate the expected value of S• = StJ as

E[S•] = E[StJ ] = (1� k)S0E
h
ekltJ

i
= (1� k)S0

Z •

0
le�ltekltdt = S0 (2.4)

for k < 1 and E[S•] = E[0] = 0 for k = 1. In this simple case S is a uniformly integrable
martingale if and only if k < 1. Similarly, it is easy to check that S is indeed a martingale. Let us
present three variants of equation (2.1) in somewhat increasing generality, the last illustrating the
setting in this article, where the question of interest is whether a process can be used as a model
of mathematical bubbles in (stochastic) finite time.

Linear characteristics and time-dependent hazard rate. Based on their examination of single
jump processes with a deterministic hazard rate in [125], the authors in [127] consider (within a
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more general setting) a solution to the SDE (2.1) assuming a finite time horizon T 2 [0, •) and
coefficients

b(t, St) = f0(t)St, s(t, St) = s0St and h(t, St) = h(t) (2.5)

for s0 2 (0, •) and continuously differentiable functions f, h : [0, T) ! (0, •). They show, in
particular, that the process (St)t2[0,T] is a strict local martingale if and only if

Z T

0
h(t)dt = • and

Z T

0

�
h(t)� f0(t)

�
dt < •. (2.6)

Due to the finite time window (S• = ST), any true martingale in this setting is immediately
uniformly integrable.

Driftless homogeneous diffusion. There has been a lot of interest in the strict local martingale
property of stochastic exponentials based on diffusions, see, e.g., [73], [164], [135], [184] and
references therein. One can apply those results to a special case of (2.1) with a homogeneous
diffusion function and zero drift,

b(t, St) ⌘ 0, s(t, St) = s(St) and h(t, St) ⌘ 0. (2.7)

In particular, for diffusion coefficients s with s(·) 6= 0 and s�2(·) locally integrable on (0, •), one
can show that the process (St)t2[0,•) is

1. a strict local martingale on any interval [0, T] or [0, •) if
R •

c x/s2(x)dx < • for some
c 2 (0, •) and

2. a martingale that is not uniformly integrable if
R •

c x/s2(x)dx = • for all c 2 (0, •),

see, e.g., corollary 4.3 in [184]. Note that, as in the last example, for such pure diffusion processes
the question whether (St)t2[0,•) is a uniformly integrable martingale is trivial, as almost surely
we have S• = 0.3

Objectives in this chapter - state-dependent drift and diffusion coefficients. Below we consider
homogeneous, state-dependent coefficient functions

b(t, St) = b(St), s(t, St) = s(St) and h(t, St) = h(St) (2.8)

for locally Lipschitz continuous b, s and locally Hölder continuous h. As such we (partly) extend
the homogeneous, state-dependent setting of a pure diffusion as in [184] and others to a single
jump framework as in [126]. Our main result in section 2.4 below is concerned with a determin-
istic necessary and sufficient criterion on b, s and h to decide whether (St)t2[0,•) is a uniformly
integrable martingale.

If one accepts that local martingales that are not uniformly integrable martingales are suitable
processes to model bubbles, our result contributes to the financial literature on bubbles in several
dimensions:

3One can see this by applying the classification of chapters 2 and 4 in [50] to the case of a driftless diffusion.
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1. Single jump processes as in (2.1) (where the single jump J represents a financial crash of rel-
ative size b/h) are a simple and tractable alternative to include crash risk in financial models
and serve as simple tool to integrate empirical features of bubbly markets into mathematical
models. The main result below allows us to bridge one of the gaps between

(a) the literature on bubbles based on explosive processes and a crash as in [228] with

(b) the mathematical finance notion of bubbles as non-uniformly integrable martingales or
strict local martingales discussed in section 2.5.2.

See section 2.5.1.2 below for a specific example.

2. The classification of mathematical bubbles can be extended from single jump processes with
deterministic intensity as in [126] to jumps whose hazard rate is random (state-dependent),
allowing for more realistic description of crash risk. Moreover, we (partly) extend the setting
of a pure diffusion as in [184], covering various models in the literature,4 to include the
financially relevant case of a crash, see sections 2.5.1.1 and 2.5.1.3 below for examples.

3. Equation (2.6) implies that single jump models with a deterministic hazard rate as in [126]
can be mathematical bubble models only if there is an almost sure jump on a finite time
interval [0, T]. Models based on a homogeneous diffusion as considered below feature a
crash distributed on [0, •). For an investor with deterministic finite investment horizon (as
is standard in the literature) there is a nonzero probability that the crash does not happen
within his investment horizon, a reasonable assumption in financial problem settings.

We close with a discussion of assumptions and open questions in section 2.5.3.

2.2 Notation

The following notation is used throughout the chapter. Unless stated otherwise, we consider
stochastic processes unique up to indistinguishability and require stochastic integral equations on a
probability space (W,F , P) to hold P-a.s. We assume familiarity with the notions of a martingale,
supermartingale and local martingale.5 A stochastic process (Xt)t2[0,•) is uniformly integrable if

lim
n!•

sup
t2[0,•)

E
h
|Xt| 1{n<|Xt |}

i
= 0. (2.9)

For a probability space (W,F , P) and random times s, t : W! [0, •] we use the stochastic interval
notation

[[s, t]] = {(w, t) 2 W⇥ [0, •] : s(w) 6 t 6 t(w)}
[[s, t)) = {(w, t) 2 W⇥ [0, •] : s(w) 6 t < t(w)}.

(2.10)

4For example, the CEV model or geometric Brownian motion.
5For an introduction, see, e.g., chapter 1 in [204].
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For a stochastic process (Xt)t2[0,•) we denote its left-continuous version by
(Xt�)t2[0,•), that is, the process with the property that Xt� = lims%t Xs for all t 2 [0, •]. For a fil-
tered probability space (W,F , (Ft)t2[0,•), P) with a right-continuous filtration and an (Ft)t2[0,•)-
stopping time t : W ! [0, •) we define the (itself right-continuous) filtration (Ft^t�)t2[0,•)

consisting of the s-algebras Ft^t� given by

Ft^t� = s ({A \ {s < t} : 0 6 s 6 t, A 2 Fs} [F0) . (2.11)

2.3 Setting

2.3.1 Definitions

Let b : [0, •) ! [0, •) and s : [0, •) ! [0, •) be locally Lipschitz continuous functions with
s�1(0) = {0}, let B0 2 (0, •), (W,F , (Ft)t2[0,•), P) be a filtered probability space with a right-
continuous and P-complete filtration, let (Wt)t2[0,•) be a real valued (Ft)t2[0,•)-Brownian motion,
let B : [0, •)⇥W! (0, •] be the unique strictly positive process with the property that

1. for (Ft)t2[0,•)-stopping times (tn)n2N : W! [0, •) given by
tn = inf{t > 0 : Bt > n}, for all n 2 N on [[0, tn]] we have

Z t

0

⇣
b(Bs)ds + s2(Bs)

⌘
ds < • and

Bt = B0 +
Z t

0
b(Bs)ds +

Z t

0
s(Bs)dWs,

(2.12)

and

2. for the predictable (Ft)t2[0,•)-stopping time t : W! [0, •] given by t = supn2N tn it holds
that B is (Ft^t�)t2[0,•) -adapted,

let h : [0, •)! [0, •) be a locally Hölder continuous function with the property that6

b(x)
h(x)x

2 [0, 1] for all x 2 (0, •) and

lim
x!•

b(x)
h(x)x

exists,
(2.13)

let J : [0, •]⇥W ! {0, 1} be an RCLL stochastic (“single jump”) process with the property that
for all t 2 [0, •) we have

P[Jt = 1|Ft^t�] = 1� e�
R t^t

0 h(Bs)ds, (2.14)

let tJ : W ! R be the P-a.s. unique random time with the property that for all t 2 [0, •) it holds
that P [Jt^t = 1] = P

⇥
tJ 6 t ^ t

⇤
, let (Gt)t2[0,•) be the filtration generated by (Ft^t�)t2[0,•) and

6In the following, we employ the convention that 0/0 = 0 to allow for b(x) = h(x) = 0, for some x 2 [0, •), while
retaining notational convenience. The quantity b(x)/h(x)x is the relative jump size and thus not relevant in cases where
h(x) = 0. Let us also note here that assumption (A) below excludes the case b ⌘ h ⌘ 0.
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J and let S : [0, •)⇥W ! [0, •) be the (Gt)t2[0,•)-adapted RCLL process with the property that
for all t 2 [0, •) we have

St = B0 +
Z t

0
b(Ss)1{s<tJ}ds +

Z t

0
s(Ss)1{s<tJ}dWs �

Z t

0

b(Ss�)
h(Ss�)

dJs. (2.15)

2.3.2 Assumptions

Moreover, we assume that

(A) 8n 2 N \ [B0, •) : P [tn < •] = 1, and

(B) limx!• h(x)x2/s2(x) exists and is finite.

2.3.3 Comments to the setting

Uniqueness of solutions of SDEs is understood as pathwise uniqueness. The local Lipschitz as-
sumption on b and s ensure that the integral equation (2.12) has a unique strong solution up
to the random time t, see, e.g., theorem 4.3 in [202]. The time t is called explosion time of B.
Local Lipschitz conditions on b and s, b > 0 and s(0) = 0 ensure strict positivity of B, see, e.g.,
theorem 4.1 in chapter 9 of [104]. The s-algebra (Ft^t�)t2[0,•) includes precisely the information
of the trajectories of B up to its explosion time t. Uniqueness holds in law and pathwise, see, e.g.,
chapter 1 in [50].

The process J is a single jump process that jumps from 0 to 1 at time tJ , for construction
(and thus existence) see section 6.5 in [23]. For a measurable function h : [0, •) ! [0, •) the
process (h(Bt)1{t<t})t2[0,•) can be understood as the (Ft^t�)t2[0,•)-martingale intensity process
of J (cf., e.g., chapter 6 of [23]). The additional requirement of local Hölder continuity is used
in the application of the Feynman-Kac formula. We show below (equation (2.34) in the proof of
theorem 2.4.1) that strict positivity of B and assumption (A) imply that P

⇥
tJ < t

⇤
= 1 and thus

in particular that J• = 1. Similarly, assumption (B) is needed in the proof and clearly restricts the
choice of s and h, whereas equation (2.13) merely implies the natural condition that the relative
jump size is in [0, 1] and excludes the special case of periodic behavior at infinity (and is therefore
not listed as a distinct assumption in section 2.3.2).

Existence and uniqueness of the solution to equation (2.15) is guaranteed by the semimartin-
gale property of the integrator (cf. Section 3 of [48] for a discussion of the semimartingale prop-
erty of a stopped, time-inhomogeneous jump diffusion). Proposition 3.2 in [48] (for X = S
and TD = tJ) implies that (St)t2[0,•) is a non-negative local martingale and thus, by Fatou’s
lemma, a non-negative supermartingale with the property that for all (Gt)t2[0,•)-stopping times
r : W! [0, •) it holds that E

⇥
Sr
⇤
6 S0. Alternatively, one can

1. check that W is still a Brownian motion with respect to (Gt)t2[0,•) and

2. use the local martingale property of the compensated jump process⇣
Jt �

R t^t
0 h(Bs)ds

⌘

t2[0,•)
(cf. section 6.5 of [23]).
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Then S can be expressed as integrals with respect to the local martingales J �
R ·^t

0 h(Bs)ds and
W and is itself a local martingale. The process S can be called a single jump local martingale as it
follows the diffusion B and has a single jump at tJ ; thus obeying the equation

S = B1{·<tJ} +

 
1�

b(BtJ )

h(BtJ )BtJ

!
BtJ 1{tJ 6 ·} . (2.16)

2.4 Main result

Proposition 2.4.1. Assume the setting in section 2.3, P[tJ < t] = 1 and let f : [0, •) ! [0, 1] be a
measurable function. Then it holds that

E
h⇣

1� f (BtJ )
⌘

BtJ

i
= E

Z t

0
h(Bt) (1� f (Bt)) Bte�

R t
0 h(Bs)dsdt

�
. (2.17)

Proof. We observe that (tn)n2N and t are (Ft^t�)t2[0,•)-stopping times and thus t an (Ft^t�)t2[0,•)-
predictable stopping time. Moreover, B has continuous trajectories on [[0, t)) and is (Ft^t�)t2[0,•)-
adapted. We can conclude that

(1� f (B)) B 1{·<t} : [0, •)⇥W! [0, •) (2.18)

is an (Ft^t�)t2[0,•)-predictable process. Then the claim follows from

E
h⇣

1� f (BtJ )
⌘

BtJ 1{tJ<t}
i
= E

h⇣
1� f (BtJ )

⌘
BtJ

i
(2.19)

and part (ii) of Corollary 6.3. in [150]. The proof of proposition 2.4.1 is thus completed. ⇤

Lemma 2.4.1. Assume the setting and the assumptions in section 2.3, let v : (0, •) ! [0, •) be a twice
differentiable function with the property that it satisfies the ordinary differential equation

1
2

s(x)2 ∂2v
∂x2 (x) + b(x)

∂v
∂x

(x) = h(x)v(x), x 2 (0, •) (2.20)

with boundary condition limn!• v(n) = •, n 2 N. Then it holds that

lim
n!•

n
v (n)

= 0()
✓

lim
x!•

b(x)
h(x)x

< 1
◆

and
✓

lim
x!•

h(x)x2

s2(x)
> 0

◆
. (2.21)

Proof. First we note that
b(x)x
s2(x)

=
b(x)

h(x)x
h(x)x2

s2(x)
. (2.22)

Using assumption (B) and the existence of limx!• b(x)/(h(x)x) 2 [0, 1], there are constants
p0, q0 2 [0, •) with the property that

lim
x!•

����
b(x)x
s2(x)

� p0

���� = 0, lim
x!•

����
h(x)x2

s2(x)
� q0

���� = 0. (2.23)
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Equation (2.22) implies that p0 6 q0 and

p0 < q0 ()
✓

lim
x!•

b(x)
h(x)x

< 1
◆

and
✓

lim
x!•

h(x)x2

s2(x)
> 0

◆
. (2.24)

As elaborated in Chapter 9.12 of [24], a substitution y = 1/x transforms the solution of the ODE
(2.20) to a solution w : (0, •)! [0, •) of the ODE

∂2w
∂y2 (y) +

0

@2
y
� 2

y2

b
⇣

1
y

⌘

s2
⇣

1
y

⌘

1

A ∂w
∂y

(y)� 2
y4

h
⇣

1
y

⌘

s2
⇣

1
y

⌘w(y) = 0, y 2 (0, •), (2.25)

with boundary condition

lim
n!•

w
✓

1
n

◆
= lim

n!•
v(n) = •. (2.26)

The continuity theorem for solutions of ODEs, see theorem 3 on page 177 in [24], and equation
2.23 ensures that the behavior of the solution w of (2.25) at 0 does not change if we substitute the
coefficient functions using p0 and q0 to arrive at the ODE

∂2w
∂y2 (y) +

✓
2
y
� 2

y
p0

◆
∂w
∂y

(y)� 2
y2 q0w(y) = 0, y 2 (0, •), (2.27)

which has a regular singular point at 0. To analyze the behavior of w around 0, we have to look at
the solutions r2 < r1 2 R of the indicial equation of the ODE (2.27), r(r� 1) + 2(1� p0)r� 2q0 = 0,
with solutions

r2,1 = p0 �
1
2
± 1

2

q
4p2

0 � 4p0 + 8q0 + 1. (2.28)

Applying the corollary after theorem 7 and theorem 8 of chapter 9 in [24], we get that in a small
enough neighborhood of 0, the function w can be written as

w(y) = aw1(y) + bw2(y), with

w1(y) = yr1

 
1 +

•

Â
k=1

akyk

!
and

w2(y) = yr2

 
1 +

•

Â
k=1

bkyk

!
+ Cw1(y) ln(y)1{r12r2+N}.

(2.29)

Now we look at two separate cases.

• For p0 = q0 = 0, equation (2.28) shows that r1 = 0, r2 = �1. Then (2.29) implies that
limn!• n/w(1/n) > 0.

• For q0 > 0, equation (2.28) shows that r1 > 0, r2 = �1 for p0 = q0 and r2 < �1 for p0 < q0.
As r1 > 0, using equation (2.26) and w1(0) = 0 we get that b > 0. Now (2.29) shows that
limn!• n/w(1/n) = 0 if and only if p0 < q0.

In both cases, we have that limn!• n/v(n) = limn!• n/w(1/n) = 0 if and only if p0 < q0.
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Now we can conclude with referring to equation (2.24) above. The proof of lemma 2.4.1 is thus
completed. ⇤

Theorem 2.4.1. Assume the setting and the assumptions in section 2.3, then it holds that

E

"
BtJ �

b(BtJ )

h(BtJ )

#
= B0 ()

✓
lim

x!•

b(x)
h(x)x

< 1
◆

and
✓

lim
x!•

h(x)x2

s2(x)
> 0

◆
. (2.30)

Proof. Recall the (Ft)t2[0,•)-stopping times (tn)n2N given by tn = inf{t > 0 : Bt > n} for n 2 N

and t = limn!• tn. Let t 2 [0, •), fix n 2 N \ [B0, •), and let T = t ^ tn. Then integration by
parts and Itô’s formula show that

BTe�
R T

0 h(Bs)ds = B0 �
Z T

0
Bsh(Bs)e�

R s
0 h(Bu)duds

+
Z T

0
e�
R s

0 h(Bu)dub(Bs)ds +
Z T

0
e�
R s

0 h(Bu)dus(Bs)dWs.
(2.31)

For fixed n, the integrand in the stochastic integral is bounded. Taking expectations, we get

E
h

BTe�
R T

0 h(Bs)ds
i
= B0 �E

Z T

0

✓
1� b(Bs)

h(Bs)Bs

◆
h(Bs)Bse�

R s
0 h(Bu)duds

�
. (2.32)

Using P [tn < •] = 1, bounded convergence and monotone convergence, respectively, we get
with t! • that

E
h

Btn e�
R tn

0 h(Bs)ds
i
= B0 �E

Z tn

0

✓
1� b(Bs)

h(Bs)Bs

◆
h(Bs)Bse�

R s
0 h(Bu)duds

�
. (2.33)

Equation (2.33), Btn = n and monotone convergence imply that

P
⇥
tJ < t

⇤
= 1�E

h
e�
R t�

0 h(Bs)ds
i

= 1�E
h
e�
R t

0 h(Bs)ds
i

= 1� lim
n!•

E
h
e�
R tn

0 h(Bs)ds
i

> 1� lim
n!•

B0
n

= 1.

(2.34)

In particular, equation (2.34) shows that the jump happens with probability 1 on [[0, t)). Using
again monotone convergence and proposition 2.4.1 we let n! • in equation (2.33) to arrive at

lim
n!•

nE
h
e�
R tn

0 h(Bs)ds
i
= B0 �E

" 
1�

b(BtJ )

h(BtJ )BtJ

!
BtJ

#
. (2.35)
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Let vn : (0, n)! [0, 1] be the function with the property that for x 2 (0, n) it holds that

vn(x) = E
h

e�
R tn

0 h(Bs)ds
��� B0 = x

i
, (2.36)

and let Dn = (0, n) an open domain with boundary dDn = {0} [ {n}. Note that the setting
in section 2.3 ensures that b, s are continuous and h is Hölder continuous on [0, n]. Using the
Feynman-Kac-formula for a degenerate second order differential operator on Dn and attainable
boundary n,7 we get that vn is twice differentiable, satisfies the ordinary differential equation

1
2

s(x)2 ∂2vn
∂x2 (x) + b(x)

∂vn
∂x

(x) = h(x)vn(x), x 2 (0, n), (2.37)

and is uniquely determined by the boundary condition

vn(n) = E
h

e�
R tn

0 h(Bs)ds
��� B0 = n

i
= 1. (2.38)

For all n 2 N, x 2 (0, n), equation (2.33) implies that

vn(x) = E
h

e�
R tn

0 h(Bs)ds
��� B0 = x

i
6 x

n
(2.39)

and thus limn!• vn(x) = 0 for all x 2 (0, •), which is used in equation (2.44) below. Now, let
v : (0, •)! [0, •) be the function given by

v(x) =
vn(x)

v2(1) · · · vn(n� 1)
for x 2 (0, n]. (2.40)

The boundary condition vn(n) = 1 implies the equality

vn+1(n)
v2(1) · · · vn(n� 1)vn+1(n)

=
vn(n)

v2(1) · · · vn(n� 1)
, n 2 N, (2.41)

and thus, together with uniqueness of vn, we can conclude that v is well-defined, independent of
n. Moreover, v is a twice differentiable function with the property that

v(n) > 0 and
v(x)
v(n)

= vn(x) for all n 2 N, x 2 (0, n]. (2.42)

By definition, v satisfies the ordinary differential equation

1
2

s(x)2 ∂2v
∂x2 (x) + b(x)

∂v
∂x

(x) = h(x)v(x), x 2 (0, •), (2.43)

and, using equations (2.39) and (2.42) for arbitrary x, the boundary condition

lim
n!•

v(n) = lim
n!•

v(x)
vn(x)

= •. (2.44)

7See, e.g., theorem 1.1 in chapter 13 of [105].
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Using equations (2.35), (2.36) and (2.42) we get that

B0 �E

" 
1�

b(BtJ )

h(BtJ )BtJ

!
BtJ

#
= lim

n!•
nE
h
e�
R tn

0 h(Bs)ds
i

= v(B0) lim
n!•

n
v(n)

.
(2.45)

Finally, lemma 2.4.1 implies that

B0 �E

" 
1�

b(BtJ )

h(BtJ )BtJ

!
BtJ

#
= 0 (2.46)

if and only if limx!• b(x)/(h(x)x) < 1 and limx!• h(x)x2/s2(x) > 0. The proof of theorem 2.4.1
is thus completed. ⇤

Corollary 2.4.1. Assume the setting and the assumptions in section 2.3. Then the process S is a uniformly
integrable martingale if only if limx!• b(x)/(h(x)x) < 1 and limx!• h(x)x2/s2(x) > 0.

Proof. The single jump process S is a positive local martingale and, thus, by Doob’s martingale
convergence theorem, a supermartingale with

E [S•] 6 B0. (2.47)

Thus S is a uniformly integrable martingale if and only if

E

" 
1�

b(BtJ )

h(BtJ )BtJ

!
BtJ

#
= B0.

Theorem 2.4.1 completes the proof of corollary 2.4.1. ⇤

The following corollary covers a special case that is very common in the literature, see, e.g.,
the examples in sections 2.5.1.1 and 2.5.1.2 below.

Corollary 2.4.2. Assume the setting and the assumptions in section 2.3 and let
limx!• b(x)x/s2(x) > 0. Then the process S is a uniformly integrable martingale if and only if

lim
x!•

b(x)
h(x)x

< 1. (2.48)

Proof. From limx!• b(x)x/s2(x) > 0 and 8x : b(x)/(h(x)x) 2 [0, 1] we know that
limx!• h(x)x2/s2(x) > 0. Then the claim follows from corollary 2.4.1. ⇤
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2.5 Applications and Discussion

2.5.1 Examples

2.5.1.1 Geometric Brownian motion

First we discuss the situation where the underlying process B is a geometric Brownian motion.
In contrast to processes with deterministic jump intensity given by equation (2.5) and the exam-
ple in section 2.5.1.2 below, this allows to construct a process that is not a uniformly integrable
martingale (and thus a mathematical bubble), while the underlying diffusion is not explosive.

To see this, let s0, c, e 2 (0, •), µ0 2 [s2
0 /2, •) and let b(x) = µ0x, s(x) = s0x and

h(x) =
⇣

µ0

⇣
1 +

c
e

⌘⌘
1{x 6 e} +

⇣
µ0

⇣
1 +

c
x

⌘⌘
1{e<x} (2.49)

for x 2 (0, •). Then the process B given by equation (2.12) is transient geometric Brownian motion
with explosion time t ⌘ •. Let us check the assumptions of section 2.3.2. From the discussion
on page 197 in [158] we know that P [tn < •] = 1 for all n > B0. Moreover, it holds that

h(x)x2

s2(x)
=

µ0

s2
0

⇣
1 +

c
x

⌘
, x 2 (e, •) . (2.50)

Thus assumptions (A) and (B) are satisfied and corollary 2.4.2 shows that the resulting single
jump process S is not a uniformly integrable martingale. S follows a geometric Brownian motion
until the time of the jump that is distributed according to the hazard rate (h(Bt))t2[0,•). Note that
for µ0 < s2

0 /2 it holds that P [tn = •] > 0 for n > B0 and assumption (A) is not satisfied.

2.5.1.2 Andersen-Sornette model

In [228] and [8] a model of bubbles has been introduced that is based on super-exponential diffu-
sive growth and a crash represented by a single jump. The process satisfies the above assumptions
and can thus be shown to be a mathematical bubble for a suitable jump intensity, highlighting a
possible link between the two approaches of

1. bubbles driven by positive feedback mechanisms, superexponential growth and a failure of
market efficiency as in [228] and

2. mathematical bubbles as discussed in the introduction and section 2.5.2 below.

A similar link for processes based on deterministic jump intensity has been discussed in [126]. To
replicate the setting from [228], assume the setting in section 2.3, let m 2 (1, •), µ0, s0 2 (0, •),
let b : [0, •) ! [0, •) and s : [0, •) ! [0, •) be given by b(x) = (ms2

0 /2)x2m�1 + µ0xm and
s(x) = s0xm for x 2 [0, •), let Tc 2 (0, •). In [228] it has been shown that for a = 1

m�1 the
process B of (2.12) is given by

Bt = aa 1
(µ0(Tc � t)� s0Wt)

a , for (w, t) 2 [[0, t)), (2.51)
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with explosion time t : W ! [0, •) given by t(w) := inf{t 2 (0, •) : µ0t + s0Wt(w) = µ0Tc}. As
described in [228], the very form of µ and s can be deduced from the Stratonovich formulation of
a non-linear SDE

dBt = µ0Bm
t dt + s0Bm

t � dWt, (2.52)

where � denotes the Stratonovich integral.8 This has been introduced as a straightforward ex-
tension of a non-linear differential equation dx = xmdt for m > 1 as a means of describing self-
reinforcing behavior, leading to super-exponential growth. From equation (2.51) we can deduce
that assumption (A) is fulfilled. Let k : [0, •) ! [0, 1], the relative jump size, be any measurable
function such that

1. limx!• k(x) = 1 and

2. h(x) = b(x)
xk(x) is locally Hölder continuous and fulfills assumption (B).

Then corollary 2.4.2 implies that S is not a uniformly integrable martingale. In [228] it has been
assumed that the relative jump size k(·) ⌘ k 2 (0, 1) is constant, and corollary 2.4.2 shows that in
this case S is a uniformly integrable martingale.

2.5.1.3 Jump (to default) extended CEV model

Extending diffusive models with jumps can enhance their ability to capture defaults, crashes or
market anomalies. An example of this is the jump to default extended CEV model, introduced in
[44]. Let us discuss a similar jump extended model and its classification as a mathematical bubble
based on the results above. For this, assume the setting in section 2.3, let µ0 2 [0, •), s0 2 (0, •),
a, b 2 R, b(x) = µ0xa and s(x) = s0xb. For a = 1 the process B (usually defined with absorption
at 0) given by equation (2.12) is called the constant elasticity of variance (CEV) model, introduced in
[60] and [84]. In [44] they allow for the parameter range b 2 (�•, 1) and a = 2b� 1 and include
a possible default (a jump to 0) to arrive at a local martingale in the form of (2.15), which they
called jump to default extended CEV model. Due to the fixed relative jump size of 1, the resulting
process is a non-uniformly integrable martingale. Note that the latter parameter range fails to be
included in section 2.3.1, as the resulting diffusion coefficient is not Lipschitz continuous at 0.

Instead consider the parameter range b 2 (1, •), a 2 (1, 2b� 1]. Then example 4.4 in [184]
and its preceding remark show that the discounted process

Bte�
R t^t

0
b(Bs)

Bs ds, t 2 [0, •) (2.53)

is a strict local martingale and thus not a uniformly integrable martingale. Similar to [44], instead
of discounting with the drift µ0xa�1, let us add a jump to the model with h(x) = µ0

k xa�1 for some
k 2 (0, 1). Then corollary 2.4.1 shows that the local martingale S, given by (2.16), is

1. not a uniformly integrable martingale for a 2 (1, 2b� 1) and

2. a uniformly integrable martingale for a = 2b� 1 and µ0 > s2
0 /2.

8Introduced in [236].
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Note that assumption (A) for the CEV model with a = 2b � 1 > 1 is fulfilled if and only if
µ0 > s2

0 /2, see theorem 5.1 in [50]. In particular, corollary 2.4.1 does not apply to the case µ0 = 0
and b = 2, in which the underlying diffusion (Bt)t2[0,•) is given by the inverse Bessel process

Bt = B0 +
Z t

0
B2

s dWs, t 2 [0, •), (2.54)

a classical example of a strict local martingale.

2.5.2 Comments on mathematical bubble models

Based on the seminal paper [179], several authors (see, e.g., [57], [130], [147], [148] and [128]) have
contributed towards the attempt to describe financial bubbles through a deviation of a continuous
stock price from its fundamental value.

To describe the essential idea of these approaches (see, e.g., [205] for a comprehensive in-
troduction to mathematical bubble modeling), assume that some process S on a probability
space (W,F , (Ft)t2[0,•), P) describes a stock market (accompanied by the usual bank account
as numéraire) on some time interval [0, t], where t : W ! [0, •) is a P-a.s. finite, but possi-
bly unbounded stopping time. Requiring the absence of arbitrage opportunities,9 we know that
in a complete market there exist a unique equivalent measure Q ⇡ P such that S is a local Q-
martingale. Further assuming a complete market and the absence of dividends, one can define
the fundamental price of an asset at time 0 as the expected value of the final payoff St , that is,
EQ [St |F0]. Then it becomes clear that corollary 2.4.1 above gives necessary and sufficient condi-
tions to classify single jump processes of the form (2.15) (with the choice t = tJ) as mathematical
bubbles.

This reasoning is complicated by the fact that a market generated by single jump processes is,
in general, incomplete. Therefore, it is not immediately clear how to define the fundamental value
of an asset and there exist several competing approaches in the literature, see, e.g., [148] and [128]
or the discussion in section 1.2. For a definite classification as either of the two approaches it will
be necessary to examine how the processes studied in this chapter behave under an equivalent
change of measure.

Models of mathematical bubbles to date have mostly been considered on a finite time horizon
[0, T] for some deterministic T 2 (0, •). While this is generally rationalized in many finan-
cial problems by a finite time investment horizon of the agent, this immediately excludes non-
uniformly integrable martingales studied in corollary 2.4.1. If we distinguish, however, investment
horizon – constraining the trading activity of a market participant – and model horizon – the life-
time of a financial asset –, then non-uniformly integrable martingales are readily conceivable as
mathematical bubble models.

9In the form of No free lunch with vanishing risk, developed by Delbaen and Schachermayer in [70] and [71].
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2.5.3 Discussion

2.5.3.1 Relaxing assumptions on characteristics

Processes as defined by (2.15) in the setting in section 2.3 are well defined for very general co-
efficient functions b, s, h. The local Lipschitz condition on b and s can be significantly relaxed,
see theorem 4.53 in [86] or proposition 2.2 in [50], yielding a so-called weak solution B for (2.12).
Moreover, the Hölder condition on h can be relaxed to mere measurability, see, e.g., section 6.5 in
[23]. The additional assumptions we make are in order to apply the Feynman-Kac formula and
analyse the expectation of equation (2.34) in theorem 2.4.1. Very recently there has been an effort
by [94, 95] to extend the stochastic representation of Dirichlet boundary problems for a degenerate
differential operator to more general10 diffusion processes. Using these results, one may be able
to extend the analysis in this chapter to such processes.

2.5.3.2 Relaxing the assumptions in section 2.3.2

Assumption (B) in section 2.3.2 is necessary to guarantee that the ordinary differential equation
appearing in lemma 2.4.1 has at most regular singular points and can be analyzed using Frobenius
series. There exist some results on the (asymptotic) behavior around irregular singular points, see,
e.g., sections 3.4 and 3.5 in [20] for a textbook treatment. However, there is no unified treatment
of such equations and an extension may only be fruitful for particular examples, if at all.

Assumption (A) in 2.3.2 ensures that

P


lim
t!•

Bt = 0
�
= 0 (2.55)

for the process B given by equation (2.12). If we drop this assumption, we cannot conclude that
the jump happens with probability 1 on [0, •) and additional terms appear in the probabilistic
representation of equation (2.37),11 thus leading to a non-trivial extension of the approach in this
chapter.

2.5.3.3 Analysis of the martingale property

Let us close with a revisit of the discussion in the introduction. Assume we know that a process
S is not a uniformly integrable martingale. Then the obvious next question to ask is whether
the process is a strict local martingale or a martingale that is not uniformly integrable. To make
this point clear, consider the following simple example. Assume the setting in section (2.3), let
s0, µ0 2 (0, •) and let b(x) = µ0x, s(x) = s0x and h(x) = µ0 for x 2 (0, •). Then the process B
given by equation (2.12) is a geometric Brownian motion and the process S follows B up to the
jump, where it jumps to 0 (we have a relative jump size b(x)/(h(x)x) ⌘ 1). It is clear that S is not

10They allowed for s that is not Lipschitz continuous to cover, e.g., the Heston stochastic volatility model, the SABR model
and the CEV model.

11For details, see equation (1.17) and theorem 1.1 on page 311 of [105].
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a uniformly integrable martingale. However, as h is not state-dependent it holds that

E [St] = E
h

Bt1{t<tJ}
i
= E [Bt]E

h
1{t<tJ}

i
= B0, (2.56)

which implies that the supermartingale S is a true martingale. It is crucial to have this simple,
state-independent form of h to evaluate the expectation, in general one is confronted with a
parabolic problem (cf. chapter 15 in [105]) as opposed to the elliptic problem we encountered in
theorem 2.4.1. Thus it is not immediately clear in general whether the process is a true martingale.
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Chapter 3

Quadratic hedging during financial
bubbles

3.1 Introduction

We study possibilities to price and hedge European options, below referred to as the option prob-
lem, in a market that experiences a financial bubble. A financial market will be described by a
two-dimensional stochastic process (Bt, St)t2[0,T], where B ⌘ 1 is a bank account and S repre-
sents the price process of a financial asset. Trading in this market can be represented by a pair⇣

V0, (qt)t2[0,T]

⌘
with initial value V0 2 R and predictable asset holdings q, such that the total

value (Vt)t2[0,T] of the trading strategy is given by

Vt = V0 +
Z t

0
qsdSs, t 2 [0, T]. (3.1)

Such a strategy is called self-financing, as holdings in the bank account are implied by condition
(3.1). For simplicity, we are interested in path-independent European options with a payoff f (ST)

for some suitable payoff function f . As an example, in the well-known Black-Scholes model,
where S follows a Brownian motion and generates a complete market, any payoff is perfectly
replicable by some self-financing trading strategy (V0, q) with

f (ST) = V0 +
Z T

0
qsdSs. (3.2)

By no-arbitrage arguments, this solves the hedging problem with a fair option price V0 and a
hedging strategy q. Instead of a geometric Brownian motion, below we use a single jump diffu-
sion, where the single jump ought to represent a financial crash. This will create an incomplete
market, where we can only hope to approximate the final payoff with a strategy (V0, q), that is,

f (ST) ⇡ V0 +
Z T

0
qsdSs. (3.3)
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A solution to the option problem is a pair (V0, q) that best approximates the final payoff under a
suitable error norm.

The study below is based on the Johansen-Ledoit-Sornette (JLS) model of [153, 155], which
describes a bubbly price process as the solution (St)t2[0,T] of a stochastic differential equation

dSt
St�

= kh(t)1{t<tJ}dt + sdWt � kdJt, (3.4)

where W is a real-valued Brownian motion, J is a single jump process that jumps from 0 to 1 at
time tJ with deterministic hazard rate h, and k 2 (0, 1) is the constant relative jump size. The
essential building block of the JLS model is an explosive1 yet integrable version of the hazard rate
h, which is derived based on the analysis of herding behavior and positive feedback in a network
of traders. Both herding and positive feedback mechanisms have been argued to contribute to
the formation of financial bubbles. We are aware that describing a financial crash with a single
jump is rather simplistic, however, can be seen as a good first order approximation, especially
when trading halts, short sale restrictions or funding restrictions impede trading during financial
drawdowns, cf. the discussion in [53].

It should be stressed that our approach to the option problem is inextricably linked to the
understanding that an asset price during a financial bubble can be described (or at least reasonably
approximated) by the JLS model in (3.4). There exist other approaches to model financial bubbles,
leading to a different formulation of the option problem and applicable solution techniques. In
mathematical finance, a popular approach is the so-called strict local martingale approach, which
models bubbles as processes that show a deviation from their theoretical fundamental value.2 For
such models, there exist a range of results concerned with option pricing, see, e.g., [57, 58, 129,
130, 208]. These results are, besides the bubble-terminology, unrelated to the approach taken here.

Much closer in their modeling approach is a series of papers by [17, 18, 19] concerned with
a stochastic volatility jump diffusion, where the jump intensity is proportional to the stochastic
volatility of the process. Theoretical option prices are determined by using a given investor
utility function. Inferring parameter values from market prices of options, they find that jumps
have a negative expected value and interpret this possibility of downward jumps as crash risk.
While [178] discuss an optimal investment problem in a combined portfolio of stock and options,
hedging-by-replication of option payoffs has not been dealt with in this model class.

To solve the option problem in our setting, we utilize the framework of quadratic hedging and
choose a strategy (V0, q) that minimizes the quadratic loss function

E

"✓
f (ST)� (V0 +

Z T

0
qtdSt)

◆2
#

, (3.5)

first introduced and studied by [102] and [30]. The price process (3.4) is a martingale by definition,
in which case the optimal hedging strategy is equivalent to the so-called risk-minimizing strategy
of [102], see [216] or [197] for an introduction to quadratic hedging approaches. While for our

1By explosive, we mean finite time divergence in the sense that limt!T h(t) = •.
2See [205] for an introduction, [128] for an overview and chapter 1 for a discussion and comparison to bubbles as

understood in this thesis.
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setting it suffices to start from the ideas in [102], extensions to (3.4) may benefit from [157], who
provide semi-explicit results on quadratic hedging ideas for time-inhomogeneous Lévy processes.
Unrelated to the notion of financial bubbles, a result that is similar to ours is covered in chapter 7
of [166],3 where the option problem is solved for a jump diffusion with dynamics

dSt
St�

= kldt + sdWt � kdNt, (3.6)

for drift and diffusion coefficients µ, s and N being a Poisson process with constant intensity l.
Our result is not covered by the solution in [166] due to two important differences of (3.4) as
compared to (3.6), which lie at the heart of our understanding of a financial bubble, see chapter 1
for an extended discussion.

1. The jump intensity h in (3.4) is time-dependent and explosive, which leads to (highly) inho-
mogeneous behavior of pre-crash returns and crash risk.

2. We stop the compensated Poisson process kldt� kdNt at its first jump, whence return in-
crements cease to be independent (large, increasing returns – the bubble build up – stopped
abruptly at the time of the crash featuring a large negative return).

This chapter is organized as follows. Sections 3.2.1 and 3.2 introduce some relevant nota-
tion and the setting used in this chapter, respectively. Section 3.3 studies the application of the
quadratic hedging framework to the model in 3.4 and gives explicit formulas for European call
options. Section 3.4 applies these results to a specific form of the hazard rate h used in the litera-
ture and combines the theoretical hedging results with a fitting method for financial bubbles in a
(preliminary) case study on simulated and real data. Finally, section 3.5 concludes and gives an
overview of possible extensions and further research.

3.2 Setting

3.2.1 Notation

We use the following notation throughout this chapter. On a probability space (W,F , P) we con-
sider stochastic processes unique up to indistinguishability and require stochastic equations to hold
P-a.s. In a slight misuse of notation, for random times t1, t2 : W! [0, •) we say that a stochastic
equation holds on [t1, t2] if it holds for all (w, t) 2 W⇥ [0, •] such that t1(w) 6 t 6 t2(w). We
denote by L2(F ) the space of all F -measurable random variables X with E

⇥
X2⇤ < •. For a

stochastic process (Xt)t2[0,T] we denote its left-continuous version by (Xt�)t2[0,T], that is, the pro-
cess with the property that Xt� = lims%t Xs for all t 2 [0, T]. For a semimartingale (Xt)t2[0,T] we
denote by (E(X)t)t2[0,T] the stochastic exponential of X, satisfying

dE(X)t = E(X)tdXt, E(X)0 = 1. (3.7)
3And which, in turn, follows from a special case of the material in section 10.4 of [55].
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We denote the distribution function of standard normally distributed random variable with F(·).
At several occasions below we use the signifier Black-Scholes or simply BS to refer to various pro-
cesses and properties related to the well-known results of [26], who solved the hedging problem
for a geometric Brownian motion.

The following definitions and notations are related to the formulation of the hedging problem
and are taken from sections 2 and 3 of [197], which we refer to for details. On a filtered probability
space (W,F , (Ft)t2[0,T], P) let M2(P) be the space of square integrable (Ft)t2[0,T]-martingales. For
two square integrable martingales X, Y 2M2(P) let (hX, Yit)t2[0,T], the predictable covariation, be
the unique predictable process associated to X and Y such that XY � hX, Yi is a martingale on
[0, T]. We use hXi = hX, Xi. For a price process S 2M2(P), let L2(S) be the space of predictable
processes (qt)t2[0,T] such that the stochastic integral

Z t

0
qsdSs, t 2 [0, T] (3.8)

is in M2(P). For a market (1, S), where 1 represents a deterministic bank account, a so-called ad-
missible self-financing trading strategy can be described by a pair (V0, q) 2 R⇥L2(M). Due to the
self-financing property (no cash in- or outflow apart from initial endowment V0), the associated
wealth process (Vt)t2[0,T] is given by

Vt = V0 +
Z t

0
qsdSs, t 2 [0, T]. (3.9)

3.2.2 Definitions

Price process. Let T 2 [0, •), let (W,F , (Ft)t2[0,T], P) be a filtered probability space with a right-
continuous and P-complete filtration, let (Wt)t2[0,•) be a real-valued (Ft)t2[0,T]-Brownian motion,
let h : [0, T] ! [0, •) be an integrable function with primitive G· =

R ·
0 h(s)ds, let J : [0, T]⇥W !

{0, 1} be an RCLL (Ft)t2[0,T]-adapted stochastic (“single jump”) process with the property that
for all t 2 [0, T] we have

P [Jt = 1|Ft�] = 1� e�
R t

0 h(s)ds, (3.10)

let tJ : W ! [0, T] be the P-a.s. unique (Ft)t2[0,T]-random time with the property that for all
t 2 [0, T] it holds that P [Jt = 1] = P

⇥
tJ 6 t

⇤
, let S0 2 (0, •), k 2 (0, 1) and s 2 (0, •) be

constants, let S : [0, T]⇥W ! (0, •) be the (Ft)t2[0,T]-adapted RCLL process with the property
that

St = S0 +
Z t

0
Sskh(s)1{s<tJ}ds +

Z t

0
SssdWs � k

Z t

0
Ss�dJs, t 2 [0, T], (3.11)

and let S̃ : [0, T]⇥W! (0, •) be the (Ft)t2[0,T]-adapted RCLL process with the property that

S̃t = S0 +
Z t

0
S̃skh(s)ds +

Z t

0
S̃ssdWs, t 2 [0, T]. (3.12)

European payoff. Moreover, let f : [0, •]! [0, •] be a payoff function of a European option on
S with the property that f (ST) 2 L2(FT), and let V f : [0, T] ⇥W ! [0, •) be the value process
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associated with f , that is, for all t 2 [0, T] it holds that

V f
t = E [ f (ST)|Ft] . (3.13)

3.2.3 Comments to the setting

An example of a filtration (Ft)t2[0,T] in the above setting would be the filtration generated by a
Brownian motion W and the single jump process J. Note that in this case, as J jumps at a totally
inaccessible stopping time, the Brownian motion remains a Brownian motion under the larger
filtration. The process S is a single jump diffusion and has an explicit solution given by

St = S0 exp
✓Z t^tJ

0
kh(s)ds� s2

2
t + sWt

◆⇣
1� k1{tJ 6 t}

⌘
, t 2 [0, T], (3.14)

while S̃ denotes its crash-free analogue

St = S0 exp
✓Z t

0
kh(s)ds� s2

2
t + sWt

◆
, t 2 [0, T], (3.15)

which is well-defined due to integrability of h and used below to simplify derivations and calcu-
lations.

3.3 Hedging in a single jump framework

3.3.1 General results

The following lemma examines the structure of the value process in a our single jump setting and
follows immediately from the properties of a random time with deterministic hazard rate, see,
e.g., corollary 5.1 in [23].

Lemma 3.3.1. Assume the setting in section 3.2. Then it holds that

V f
t = 1{tJ 6 t}E

h
f
⇣
(1� k)S̃tJE

⇣
s(WT �WtJ )

⌘⌘
|Ft

i

+ 1{t<tJ}

Z T

t
E
⇥

f
�
(1� k)S̃uE (s(WT �Wu))

�
|Ft
⇤

eGt�Gu h(u)du

+ 1{t<tJ}E
⇥

f (S̃T)|Ft
⇤

eGt�GT .

(3.16)

The next result concerns an optimal hedging strategy in a market (1, S). The problem formu-
lation (3.17) has been introduced in [102].

Proposition 3.3.1. Assume the setting in section 3.2. Then the process S is a square integrable martingale
and the quadratic hedging problem

min
(V0,q)2R⇥L2(S)

E

"✓
f (ST)� (V0 +

Z T

0
qtdSt)

◆2
#

(3.17)
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has a minimum at (V⇤0 , q⇤) given by V⇤0 = V f
0 and a strategy q⇤ which solves

hV f , Sit =
Z t

0
q⇤s dhS, Sis, t 2 [0, T] (3.18)

A proof of proposition 3.3.1 is given in section 3.6. Due to linearity of (3.18), we can expect the
optimal hedge to be

• a version of the optimal hedging strategy for a jump diffusion (3.6) up to the crash time tJ

and

• equal to the Black-Scholes delta after the crash.

The following result confirms this intuition and will be the basis for more explicit formulas below.

Theorem 3.3.1. Assume the setting in section 3.2 and assume there exists a real-valued function F 2
C1,2([0, T]⇥ [0, •)) such that the pre-crash value process can be written as

V f
t 1{t<tJ} = F(t, St)1{t<tJ} (3.19)

Then the optimal hedging strategy is given by

q⇤t =

 
∂F
∂S

(t, St) +
kk

f
t h(t)

St(s2 + k2h(t))

!
1{t<tJ} +

∂V f

∂S
(t, St)1{tJ 6 t}, (3.20)

where the process k f : [0, T]⇥W! R is given by

k
f
t = �kSt

∂F
∂S

(t, St)� E [ f ((1� k)StE (s(WT �Wt))) |Ft] + F(t, St), t 2 [0, T]. (3.21)

A proof of theorem 3.3.1 is given in section 3.6.

3.3.2 European Call option

Corollary 3.3.1. Assume the setting in section 3.2 and assume that f (x) = (x � K)+ is the payoff
function of a European call with strike K 2 (0, •). Then, with

d1,2(u) =
k(Gu � Gt)± s2

2 (T � t) + ln (1�k)St
K

s
p

T � t
,

d̂1,2 =
k(GT � Gt)± s2

2 (T � t) + ln St
K

s
p

T � t
,

d1,2 =
± s2

2 (T � t) + ln (1�k)S̃t
K

s
p

T � t
,

(3.22)
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and

ft = (1� k)
Z T

t
e(1�k)(Gt�Gu)F(d1(u))h(u)du + e(1�k)(Gt�GT)F(d̂1),

yt =
Z T

t
eGt�Gu F(d2(u))h(u)du + eGt�GT F(d̂2),

(3.23)

the value process of the call is given by

V f
t = 1{t<tJ} [Stft � Kyt] + 1{tJ 6 t}

h
StF(d1)� KF(d2)

i
(3.24)

A proof of corollary 3.3.1 is given in section 3.6.

Corollary 3.3.2. Assume the setting in section 3.2 and assume that f (x) = (x � K)+ is the payoff
function of a European call with strike K 2 (0, •). Then, using the notation in (3.22), (3.23) and

k
f
t = (1� k)St

⇣
ft �F

⇣
d1

⌘⌘
� K

⇣
yt �F

⇣
d2

⌘⌘
, (3.25)

the optimal hedging strategy can be expressed as

q⇤ =

 
ft +

kk
f
t h(t)

St(s2 + k2h(t))

!
1{t<tJ} + F(d1)1{tJ 6 t}. (3.26)

A proof of corollary 3.3.2 is given in section 3.6.

3.4 Hedging in the Johansen-Ledoit-Sornette model

Below we apply the results from section 3.3 to a model introduced in [153, 154, 155], which
is known as the JLS (Johansen-Ledoit-Sornette) or LPPLS (Log-Periodic-Power-Law-Singularity)
model. In this model, price dynamics are specified up to a critical point Tc. To embed the JLS
model in the hedging problem of section 3.2 with given maturity T, in the case Tc < T we assume
that the price follows a geometric Brownian motion on (Tc, T], cf. the model setting in [127]. The
next section reviews the existing methodology of describing the JLS model.

3.4.1 Setting

Assume the setting in section 3.2, let Tc 2 (0, •), B0 2 (0, •), C0 2 (�B0, B0), a 2 (�1, 0),
w 2 (0, •), r0 2 R and assume that

h(t) =
⇥
B0(Tc � t)a + C0(Tc � t)a cos

�
w ln(Tc � t)� r0

�⇤
1{t<Tc}, t 2 [0, T]. (3.27)
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3.4.2 Comments to the setting

The choice of parameters ensures that h is non-negative, see the discussion in [243]. The associated
hazard process G =

R ·
0 h(s)ds is given by

Gt = [B(Tc � t)m + C(Tc � t)m cos (w ln(Tc � t)� r)] 1{t 6 Tc}, t 2 [0, T]. (3.28)

for parameters m = 1 + a 2 (0, 1), r 2 R,

B =
�kB0

m
2 (�•, 0) and C =

�kC0p
m2 + w2

2 (
Bmp

m2 + w2
,
�Bmp
m2 + w2

). (3.29)

In the literature, equation (3.28) is the most common way to describe the JLS model. The resulting
stock price follows equation (3.11), which, in differential notation, reads

dSt
St�

= kh(t)1{t<tJ}dt + sdWt � kdJt, t 2 [0, T]. (3.30)

In particular, before the crash, the log-price follows

ln(St) = A + Gt �
s2

2
t + Wt, t 2 [0, tJ), (3.31)

for a constant A = ln(S0)� G0. Equation (3.31) is the cornerstone of most JLS fitting procedures,
where the Itô term �(s2/2)t is generally ignored.

3.4.3 Performance on generic data

To confirm the feasibility of the quadratic hedging strategy in (3.26), we test its performance on
simulated data. To this end, we choose some arbitrary time horizon T = 200 and look at a Eu-
ropean call option with maturity T and payoff function f (x) = (x� K)+ for varying strike levels
K 2 (0, •).

Data generation. We simulate a set of daily price time series according to (3.31) with parameters
given by

k = 0.25, s = 0.0086, A = 6.0763 B = �0.0253,

C = 0.0015, m = 0.5099154 w = 8.4173 r = 3.01937,
(3.32)

and time of explosion Tc = T = 200, which we set for simplicity to be equal to option maturity.
For each price time series, the time of the crash is simulated in [0, Tc] with hazard rate (3.27). Note
that there is a non-zero probability that the crash does not happen. Figure 3.1 shows sample paths
of S along with

exp (A + [B(Tc � t)m + C(Tc � t)m cos (w ln(Tc � t)� r)]) , t 2 [0, Tc], (3.33)
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Figure 3.1: Simulated sample paths based on the specification (3.31) with parameter values in
(3.32). The red (smooth) line shows deterministic pre-crash returns.

the deterministic compensator of the crash. For simplicity, we assume that all parameters are
known. As we see below in section 3.4.4, all parameters can be inferred from the pre-crash stock
price data, except for k.

Mean squared hedging error. For simulated sample paths (S(i))i2{0,...,M} and a given (dis-
cretized) daily trading rule (V0, (qi)i2{0,...,T�1}), we approximate the expected squared hedging
error

E

"✓
f (ST)� (V0 +

Z T

0
qtdSt)

◆2
#
⇡ 1

M

M

Â
i=1

 
f
⇣

S(i)
T

⌘
�
 

V0 +
T�1

Â
t=0

qt

⇣
S(i)

t+1 � S(i)
t

⌘!!2

(3.34)

for both the JLS strategy (V⇤0 , q⇤) given by Corollaries 3.3.1 and 3.3.2 and the Black-Scholes hedg-
ing strategy (VBS

0 , qBS). Figure 3.2a shows these errors for a wide range of possible strike values
K 2 [50, 500] and M = 15000 sample paths.

Note that the right-hand side of (3.34)

• includes a discretization error along with the replication error on the left-hand side of (3.34),
and

• an additional model error for the Black-Scholes strategy, which is based on the assumption
that S follows a geometric Brownian motion (with square integrable drift).
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(a) Generated with M = 15000 simulated price
time series.
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(b) Generated with a subset of M = 3033 crash-
free price time series. Black-Scholes shows no
model error in this case and consists of dis-
cretization error only.

Figure 3.2: The square root of the mean square hedging error (3.34) for JLS and Black-Scholes
hedging specifications, respectively.

As an (approximate) upper bound on the discretization error for qBS, figure 3.2b shows the hedg-
ing error (3.34) conditional on no crash happening, in which case there should be no replication
error for the Black-Scholes strategy.

Some comments on hedging behavior. Let us take a crude qualitative look at the behavior of
the optimal strategies (V⇤0 , q⇤) given by corollaries 3.3.1 and 3.3.2 and the Black-Scholes hedging
strategy (VBS

0 , qBS) for a single price time series. Below we differentiate between the (theoretical)
option value process given by (3.24) for the JLS model and

StF

 
s2

2 (T � t) + ln St
K

s
p

T � t

!
� KF

 
� s2

2 (T � t) + ln St
K

s
p

T � t

!
, t 2 [0, T], (3.35)

for the Black-Scholes model, and the value process of a replicating strategy given by

V0 +
btc�1

Â
s=0

qs (Ss+1 � Ss) , t 2 [0, T]. (3.36)

Referring to figures 3.3a and 3.3b, we can note the following qualitative behavior, consistent
with known properties of the so-called Black-Scholes Greeks.

• For out-of-the-money options, the increased variability in the stock price leads in general to
q⇤ > qBS. Similarly, for in-the-money options, in general we see q⇤ < qBS.

• Increased variability in the stock price and convexity of the payoff function implies that the
JLS value process (3.24) is an upper bound of the BS value process (3.35), in particular we
have V0 > VBS

0 and options are priced higher in the JLS model.
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Figure 3.3: Hedging a call option on a simulated price time series for JLS and Black-Scholes
hedging specifications, respectively.

• Figure 3.3a shows that, before the crash, the Black-Scholes strategy closely follows its the-
oretical value process. On the other hand, the JLS strategy “insures” against the crash by
holding more cash relative to Black-Scholes, which results in a smaller loss when the crash
finally happens.

These effects depends on the values of k and h, which introduce non-diffusive randomness into
the model through adding the risk of a single crash. As the bullet points above explain, the JLS
hedging strategy accounts for this increased randomness. A statistical analysis using a jump-
diffusion setting while avoiding the model assumptions in section 3.4.1 will not allow for that, as
the crash is the first and only jump in our methodology.

3.4.4 Performance during historic bubble episodes

Here we employ a fitting method from [75] to dynamically infer the parameters in (3.27) from
a given price time series and derive a quadratic hedging strategy. In particular, we look at the
S&P500 index price process during the 1987 crash episode, see figure 3.4. We study the perfor-
mance of hedging a European call, choose a maturity date T =1987/12/01 and set the origin (start
of hedging) at t0 =1986/07/01. For every t 2 [t0, T], we fit the price process (Ss)s<t as in [75]
based on equation (3.31), and calculate the optimal hedge q⇤t using (3.26). To this end, additional
to the parameters (B0, C0, a, w, r0), we need to set an (expected) crash size k⇤ 2 (0, 1) a-priori and
decide dynamically when the crash has happened, that is, for which t it holds that t > tJ . This
leads to two main complications that are dealt with as follows.

1. A financial crash does in general not show as a single jump, but unfolds over several days
or even months. Two immediate (naive) approaches to deal with this come to mind.4

4As noted in the introduction, short sale restrictions, trading halts or borrowing issues may in some cases exogenously
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Figure 3.4: Price time series of the S&P500 Index before and during the 1987 Black Monday crash
episode.

(a) We halt rehedging after a critical relative loss k 2 (0, 1) has materialized. To be precise,
we set

tJ = inf

(
t : 1� St

sups 6 t St
> k

)
(3.37)

and do not hedge on [tJ , T]. Below we use k = 0.1, which yields an a-posteriori crash
size

k⇤ = 1� ST
StJ�1

= 24%. (3.38)

(b) We ignore a materializing drawdown and assume t < tJ in the optimal strategy (3.26),
for all t 2 [0, T]. In a sense, we only hedge against daily drawdowns, and assume a
decent hedging performance for

k⇤ = sup
t2[0,T�1]

✓
1� St

St+1

◆
= 20.4%. (3.39)

Both approaches violate the original model assumption, do not incorporate all available
information and can likely be improved upon.

determine a crash period that is, in effect, a single jump.
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Figure 3.5: Hedging a call option during the 1987 S&P500 bubble episode for JLS and
Black-Scholes hedging specifications. Grey lines show results of hedging strategy for k 2
(0.1, 0.2, 0.3, 0.4, 0.5) in decreasing intensity (0.1 in dark gray – 0.5 in light grey).

2. The size of the drawdown, k⇤ as given in the two latter approaches, is not known a-priori.
We do not deal with this issue directly but report performance of hedging strategies for
varying values of k to show robustness against mis-specification.

Figures 3.5a and 3.5b show the quantity

V0 +
Z T

0
qsdSs � f (ST) (3.40)

for a range of possible strike values K 2 [50, 600]. For both specifications mentioned in 1 above, we
see that the quadratic hedge does a good job in replicating the option value across strike ranges,
provided the a-priori chosen crash size is not too far from k⇤.

3.5 Discussion and further research

Above we have shown that the quadratic hedging approach for the martingale process

dSt
St�

= kh(t)1{t<tJ}dt + sdWt � kdJt, t 2 [0, T], (3.41)

leads to explicit results in corollaries 3.3.1 and 3.3.2, defining a strategy (V⇤0 , q⇤) that optimally
hedges the payoff of a European call option. Using simulated data and perfect parameter knowl-
edge, we quantify the edge over a simple Black-Scholes strategy in section 3.4.3. Applying the
result to a historic bubble episode (the 1987 S&P500 bubble and crash), in section 3.4.4 we dis-
cussed two of our simplified model assumptions.

Besides an obvious extension to European puts and other option types, there are several other
assumptions that can be dropped and interesting research questions that can be dealt with, loosely
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collected below.

1. Proposing equation (3.41) together with a bank account B ⌘ 1, we have implicitly assumed a
risk-free rate r ⌘ 0. To account for, e.g., some constant risk free rate r 2 R, we can start with
a price process S̃ and a bank account B̃t = ert, and assume that equation (3.41) describes
the discounted price process S̃/B̃, cf. the elaborations in chapter 7 of [166], which can be
adapted to our setting.

2. More generally, we can drop the martingale assumption altogether and assume the (dis-
counted) asset price follows

dSt
St�

= (µ(t) + kh(t)) 1{t<tJ}dt + sdWt � kdJt, t 2 [0, T], (3.42)

for a suitable function µ : [0, T] ! R. As elaborated in [216], quadratic hedging in this case
becomes more involved and there exist different approaches. If, instead of (3.17), we look
for a so-called risk-minimizing strategy, then in case we have kµ(t) > �(s2 + k2h(t)) for all
t 2 [0, T], this can be solved using the minimal martingale measure, see [215]. In particular, for
g(t) = (kµ(t))/(s2 + k2h(t)) > �1 the minimal martingale measure Q ⇠ P is given by a
density (ZQ

t )t2[0,T] with

ZQ
t = E

✓Z ·

0
kh(s)g(s)sdWs +

Z ·

0
gs (dJs � h(s)ds)

◆

t
, t 2 [0, T], (3.43)

and the stock price can be written as

dSt
St�

= khQ(t)1{t<tJ}dt + sdWt � kdJt, t 2 [0, T], (3.44)

for hQ(t) = (1 + g(t))h(t), the Q-hazard rate of J. Then the results in [215] imply that the
risk-minimizing strategy (V⇤0 , q⇤) is given by

V⇤0 = EQ [ f (ST)|Ft]

q⇤t =
dhV f , SiPt
dhS, SiPt

, t 2 [0, T].
(3.45)

It is rather straightforward to check that corollary 3.3.1 extends to this case with hQ substi-
tuted for h. Based on this updated result, corollary 3.3.2 extends unchanged.

While this flexible model description may allow for a better fit to option market data, for
(reasonable) values of constant excess drift µ(t) ⌘ µ 2 (0, •) we did not see a significant
change in the optimal strategy (V⇤0 , q⇤).

3. Another possible step towards more flexible model dynamics is to simply substitute your
favourite stochastic volatility process (st)t2[0,T] for the constant s in (3.41). An analogy of
proposition 3.3.1 for this extension can be found in [157]. However, this will in general not
yield an explicit solution as in corollaries 3.3.1 and 3.3.2.
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A much more straightforward extension is to allow for a (suitably well-behaved) stochastic
process (kt)t2[0,T] as model for the relative crash size. This can both improve fit to empirical
option data as well as incorporate statistical knowledge on the crash size (which is, a-priori,
inherently unquantifiable in our model, see the discussion in section 3.4.4 above).

4. As already suggested above, relative pricing approaches are essentially a two-way street,
and can be utilized as in section 3.4.4, deriving parameter values from historical stock prices
to calculate option prices; or by inferring parameter values from option price data. In our
setting, a combined approach may be utilized as follows. As a first step, using common JLS
fitting methods to infer parameter values based on (3.31), followed by a fit to option market
data to infer (kt)t2[0,T] and a possible excess drift µ as in (3.42). This can be used to derive
interesting tests on joint hypotheses regarding the martingale assumption of the JLS model
and the crash awareness of the market.

3.6 Proofs

Proof of proposition 3.3.1 . Theorem 3.6 (a) in [127] shows that S is P-martingale. Moreover, it holds
that

E
h
S2

t

i
6 E

h
S̃2

t

i
= S2

0e2
⇣R t

0 kh(s)ds
⌘
+s2t, (3.46)

and square integrability of S follows from integrability of h. Finally, the Galtchouk-Kunita-
Watanabe decomposition of the payoff f (ST) 2 L2(FT) implies that the self-financing strategy
(V⇤0 , q⇤) with V⇤0 = E [ f (ST)] and

q⇤t =
dhV f , Sit
dhS, Sit

(3.47)

is the unique minimizer of (3.17), which completes the proof of proposition 3.3.1. ⇤

Proof of theorem 3.3.1 . In view of proposition 3.3.1, we need to calculate

q⇤t =
dhV f , Sit

dhSit
, (3.48)

where V f = E [ f (ST)|F·] is the value process associated to the payoff function f . On [tJ , T],
the stock price S follows a geometric Brownian motion, and equation (3.48) shows, by standard
Black-Scholes arguments, that

q⇤t =
∂V f

∂S
(t, St), on [tJ , T]. (3.49)

To derive the optimal hedging strategy on [0, tJ), we apply Itô’s formula to F(t, S̃t),5 which gives

dF =

✓
∂F
∂t

+
s2

2
∂2F
∂2S̃

◆
dt +

∂F
∂S̃

dS̃ (3.50)

5Alternatively, we could apply Itô’s formula to F(t, St) for the discontinuous process S. We chose the present derivation,
which utilizes the single jump nature of S more explicitly.
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For DV f given by

DV f
t = E

h
f
⇣
(1� k)S̃tJ^tE

⇣
s(WT �WtJ^t)

⌘⌘
|Ft

i
� F(t, S̃t), t 2 [0, T], (3.51)

the (predictable) jump size of the value process, let us define

k
f
t = �kS̃t

∂F
∂S̃

(t, S̃t)� DV f
t , t 2 [0, T]. (3.52)

By assumption on the function F, on [0, tJ) it holds that V f
t = F(t, S̃t). Thus, omitting below the

argument (t, S̃t) of F, we get the dynamics

1{t<tJ}dV f
t = 1{t<tJ}dF + DV f

t dJt

=

✓
∂F
∂t

+
s2

2
∂2F
∂2S̃

◆
1{t<tJ}dt +

∂F
∂S̃

1{t<tJ}dS̃ + DV f
t dJt

=

✓
∂F
∂t

+
s2

2
∂2F
∂2S̃

◆
1{t<tJ}dt +

∂F
∂S̃

1{t<tJ}dS + (kS̃t
∂F
∂S̃

+ DV f
t )dJt

=

✓
∂F
∂t

+
s2

2
∂2F
∂2S̃

◆
1{t<tJ}dt +

∂F
∂S̃

1{t<tJ}dS� k
f
t dJt.

(3.53)

As V f and S (stopped at tJ) are P-martingales, so is the process (Mt)t2[0,T] given by

Mt =
Z t

0

✓
∂F
∂t

+
s2

2
∂2F
∂2S̃

◆
1{t<tJ}ds� k

f
s dJs

�
, t 2 [0, T], (3.54)

which is the case only if for all t 2 [0, tJ) we have

✓
∂F
∂t

+
s2

2
∂2F
∂2S̃

◆
= k

f
t h(t). (3.55)

Combining (3.53) and (3.55) implies for all t 2 [0, tJ ] that

V f
t =

Z t

0

∂F
∂S̃

dSs +
Z t

0
k

f
s (h(s)ds� dJs) . (3.56)

Using equations (3.11) and (3.56) we get for all t 2 [0, tJ ] that

hVH , Sit = h
Z ·

0

∂F
∂S̃

dSs, Sit + h
Z ·

0
k

f
s (h(s)ds� dJs) , Sit

=
Z t

0

∂F
∂S̃

dhSis +
Z t

0
kk

f
s Ssdh

Z ·

0
h(u)du� dJuis

=
Z t

0

∂F
∂S̃

dhSis +
Z t

0
kk

f
s Ssh(s)ds.

(3.57)
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and equation (3.48) implies

q⇤t =
dhVH , Sit

dhSit
=

∂F
∂S̃

dhSit + kk
f
t Sth(t)dt

dhSit

=
∂F
∂S̃

+
kk

f
t h(t)

St (s2 + k2h(t))
, t 2 [0, tJ).

(3.58)

Together with (3.49) this shows

q⇤t =

 
∂F
∂S

(t, St) +
kk

f
t h(t)

St(s2 + k2h(t))

!
1{t<tJ} +

∂V f

∂S
(t, St)1{tJ 6 t}, t 2 [0, T], (3.59)

and we can conclude with noting that, on [0, tJ), we have

k
f
t = �kS̃t

∂F
∂S̃

(t, S̃t)�E
h

f
⇣
(1� k)S̃tJ^tE

⇣
s(WT �WtJ^t)

⌘⌘
|Ft

i
+ F(t, S̃t)

= �kSt
∂F
∂S

(t, St)�E [ f ((1� k)StE (s(WT �Wt))) |Ft] + F(t, St).
(3.60)

The proof of theorem 3.3.1 is thus completed. ⇤

Proof of corollary 3.3.1 . We use the following fact that for a lognormally distributed random vari-
able X ⇠ logN (µ, s2) it holds that

E
h
(X� K)+

i
= eµ+ s2

2 F
✓

µ + s2 � ln K
s

◆
� KF

✓
µ� ln K

s

◆
, (3.61)

where F denotes the cumulative distribution function of the standard normal distribution. Recall
from lemma 3.3.1 that the value process of a European call with payoff function f (x) = (x� K)+

is given by

V f
t = 1{tJ 6 t}E

⇣
(1� k)S̃tJE

⇣
s(WT �WtJ )

⌘
� K

⌘+
|Ft

�

+ 1{t<tJ}

Z T

t
E
⇥
((1� k)S̃uE (s(WT �Wu))� K)+|Ft

⇤
eGt�Gu h(u)du

+ 1{t<tJ}E
⇥
(S̃T � K)+|Ft

⇤
eGt�GT .

(3.62)

Below we use equation (3.61) to calculate the conditional expectations in (3.62). For t 2 [0, T]
and an F -measurable random variable Y we use the notation Et [Y] = E [Y|Ft]. For the second
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summand in (3.62) it holds that

Et

Z T

t

�
(1� k)S̃uE (s(WT �Wu))� K

�+ eGt�Gu h(u)du
�

=
Z T

t
Et

h�
(1� k)S̃uE (s(WT �Wu))� K

�+i eGt�Gu h(u)du

=
Z T

t
(1� k)S̃tEt

"✓
S̃uE (s(WT �Wu))

S̃t
� K

S̃t(1� k)

◆+
#

eGt�Gu h(u)du.

(3.63)

From (3.12) we know that

S̃uE (s(WT �Wu))

S̃t
⇡ logN

✓Z u

t
kh(s)ds� s2

2
(T � t), s2(T � t)

◆
(3.64)

and we can apply equation 3.61 to see that, for t 2 [0, T], equation (3.63) can be written as

(1� k)S̃t

Z T

t
e�(1�k)(Gu�Gt)F(d1(u))h(u)du� K

Z T

t
e�(Gu�Gt)F(d2(u))h(u)du (3.65)

with

d1,2(u) =
k(Gu � Gt)± s2

2 (T � t) + ln (1�k)S̃t
K

s
p

T � t
, u 2 [t, T]. (3.66)

Moreover, for every t 2 [0, T],

S̃T

S̃t
⇠ logN

✓Z T

t
kh(s)ds� s2

2
(T � t), s2(T � t)

◆
(3.67)

implies that

Et

h
(S̃T � K)+eGt�GT

i
= S̃tEt

"✓
S̃T

S̃t
� K

S̃t

◆+
#

eGt�GT

= e(1�k)(Gt�GT)F
⇣
bd1

⌘
� KeGt�GT F

⇣
bd2

⌘
,

(3.68)

with

bd1,2 =
k(GT � Gt)± s2

2 (T � t) + ln S̃t
K

s
p

T � t
. (3.69)

Adding equations (3.65) and (3.68) confirms that f and y in (3.24) are given by (3.22). Finally, on
[tJ , T] the price process S follows a geometric Brownian motion started as StJ , whence the value

process (V f
t )t2[tJ ,T] is equal to the Black-Scholes value process StF(d1)� KF(d2) with

d1,2 =
± s2

2 (T � t) + ln (1�k)S̃t
K

s
p

T � t
. (3.70)

The proof of corollary 3.3.1 is thus completed. ⇤
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Proof of corollary 3.3.2 . Let F : [0, T]⇥ [0, •)! [0, •) be a function given by

F(t, St) = Stft � Kyt (3.71)

with f and y as in equation (3.23). A short direct calculation using (3.22) and (3.23) shows that

∂F
∂S

(t, St) = ft, t 2 [0, T]. (3.72)

In order to use theorem 3.3.1 to derive the optimal hedging strategy, we first observe that, for all
t 2 [0, T],

E
h
((1� k)StE (s(WT �Wt))� K)+ |Ft

i
= (1� k)StF(d̃1)� KF(d̃2), (3.73)

with d1,2 given by (3.70). Combining this with (3.72) implies that

k
f
t = �kSt

∂F
∂S

(t, St)�E [ f ((1� k)StE (s(WT �Wt))) |Ft] + F(t, St)

= �kStft � (1� k)StF(d1) + KF(d2) + Stft � Kyt

= (1� k)St

⇣
ft �F(d1)

⌘
� K

⇣
yt �F(d2)

⌘
, t 2 [0, T].

(3.74)

Recall from (3.24) that

V f
t 1{tJ 6 t} =

h
St

⇣
ft �F(d1)

⌘
� K

⇣
yt �F(d2)

⌘i
1{tJ 6 t}, t 2 [0, T], (3.75)

which implies by standard Black-Scholes arguments that

∂V f
t

∂S
1{tJ 6 t} = F(d1)1{tJ 6 t}, t 2 [0, T]. (3.76)

Finally, plugging equations (3.72), (3.74) and (3.76) into (3.20) shows that

q⇤t =

 
∂F
∂S

(t, St) +
kk

f
t h(t)

St(s2 + k2h(t))

!
1{t<tJ} +

∂V f

∂S
(t, St)1{tJ 6 t}

=

 
ft +

kk
f
t h(t)

S(s2 + k2h(t))

!
1{t<tJ} + F(d1)1{tJ 6 t}, t 2 [0, T],

(3.77)

for
k

f
t = (1� k)St

⇣
ft �F

⇣
d1

⌘⌘
� K

⇣
yt �F

⇣
d2

⌘⌘
. (3.78)

The proof of corollary 3.3.2 is thus completed. ⇤
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Chapter 4

A simple bubble mechanism:
time-varying momentum horizon

4.1 Introduction

We provide a simple model that builds on the fundamental assumption that financial markets
continuously exhibit transitions between phases of growth, exuberance (conventionally called
bubbles) and crises [226]. In this framework, most crises are actually endogenous and the conse-
quence of procyclical (also called positive) feedbacks [229, 230, 231]. In our stylized framework,
the excess return and volatility of the price generating process are assumed to be functions of
the momentum only, which is estimated over a time horizon that may vary as a function of the
momentum itself. The intermittent positive feedbacks between momentum and the time horizon
over which momentum is estimated leads to regime shifts from non-bubble to transient bubble
phases. As a result, the obtained price process exhibits the major known stylized facts of em-
pirical financial time series. In particular, the model provides a straight-forward mechanism for
the formation and evolution of bubbles, which combines the concept that momentum trading is
ubiquitous amongst investors and the perversive occurrence of bubbles.

Indeed, momentum or trend following strategies constitute one of the most popular technical
investment techniques used by hedge-funds, mutual funds and individual investors in general
[9, 10]. Momentum, the tendency for rising asset prices to rise further, and falling prices to keep
falling, enjoys strong empirical support [111, 112, 151, 152] and provides an improved explana-
tory power of risk premia in factor model regressions [43, 92]. Momentum effects have been
documented in the US, Europe and Asia Pacific markets [92], and across different asset classes
[12]. In addition, momentum is not only present in cross-sectional investigations for individual
firms but also detected from the aggregated time series like stock indices and futures contracts
[121, 189].

Momentum is often attributed to investors’ behavioral characteristics represented by their be-
liefs, such as over-confidence, self-attribution and confirmation biases [64], and under-reaction/over-
reaction [15], or to preferences, such as the disposition effect derived from prospect theory and
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mental accounting operations [110]. Yet antoher explanation for momentum effects is based on
herding [74, 133]. [195] promoted the concept of convention to emphasize that prices reflect
investor’s beliefs. In self-fulfilling prophecies, investors make these beliefs come true through.
Building on this understanding, [253] formulated a simple model for self-referential behavior in
financial markets where agents build strategies based on their belief about the existence of corre-
lation between some flow of information and price changes. Through their market impact, their
strategies ensure those beliefs materialize, leading to excess volatility and regime shifts. [93] ar-
gued that trend-following strategies cause both short-term trends in prices, as well as longer-term
oscillations and boom-bust cycles.

Previous models developed by our group implementing the concept of positive feedbacks to
characterize bubbles have emphasized mostly the influence of past prices level on future returns
[56, 138, 174, 176, 228, 230] and the reinforcing role of social influence of the price formation
process [156]. The role of a nonlinear response to momentum [140] has been suggested to be at
the origin of the super-exponential price growth characterising bubbles [170, 230] and also as a
model of hyperinflation [234]. Here, we take a different route by constructing the simplest contin-
uous price process whose expected returns and volatility are functions of momentum only. The
momentum is measured as a simple continuous moving average of past prices over a given time
horizon. This momentum is then used to surmise future returns by the investors. We formu-
late a simple self-consistent framework to embody the market impact of momentum strategies.
The key idea is that investors use momentum strategies because they believe that these strate-
gies have value. Due to their market impact, the momentum strategies in turn modify the price
structure, leading to a reinforcement of the price momentum. In addition, taking into account the
fact that competition between momentum traders make them decrease their time horizons as the
price momentum develops, this leads to transient self-fulfilling bubbles via the positive feedback
mechanism between the triplet of price, momentum and the time horizon at which momentum is
estimated.

The organization of this chapter is as follows. Section 4.2 presents a derivation of our model,
introducing and discussing the essential underlying assumptions. Section 4.3 presents a unified
precise setting, which summarizes the derivation of section 4.2, and investigates the properties
of the solutions to our model. Section 4.4 describes a quasi-likelihood methodology to calibrate
the model to synthetic and empirical financial time series data and a hypothesis test for bubbles.
Section 4.5 concludes. Proofs are given in the appendix in section 4.6.

4.2 Derivation of the momentum driven price model

4.2.1 General formulation of momentum dynamics

Consider a price series {St, t = 0, 1, 2, ...} in discrete time and its associated returns {rt :=
ln(St/St�1), t = 1, 2, ..}. The exponential moving average momentum Xt over a typical time
horizon t = 1/q, with q 2 (0, 1), is defined as

Xt = (1� q)Xt�1 + q rt . (4.1)
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Let L be the lag operator defined by L[x(t)] = x(t� 1). Then, equation (4.1) can be reformulated
as

[ 1� (1� q)L ]Xt = qrt = q ln
✓

St
LSt

◆
(4.2)

Its solution reads

Xt = [ 1� (1� q)L ]�1
✓

q ln
St

LSt

◆
= q

•

Â
k=0

(1� q)k ln
St�k

St�k�1
. (4.3)

This shows that the average momentum Xt is nothing but the geometric moving average of the
historical log price increments.

Equation (4.1) can be reformulated in terms of the increments DXt := Xt �Xt�1 and D ln St :=
ln(St/St�1) to obtain

DXt = �qXt�1 + q D ln St . (4.4)

This suggests the following extension to continuous times of the average price momentum, ob-
tained as the solution of the following stochastic differential equation

dXt = �qXtdt + q
dSt
St

, (4.5)

which can be interpreted as the continuous limit of the difference equation (4.4).

Example. Let us first consider the simplest example of a constant time horizon t = 1/q and an
asset price S that follows a geometrical Brownian motion (GBM),

dSt
St

= µ dt + sdWt . (4.6)

Replacing this process in (4.5) shows that the average price momentum X must be the Ornstein-
Uhlenbeck process

dXt = �q(Xt � µ)dt + qsdWt , (4.7)

whose solution reads
Xt = µ + (x0 � µ)e�qt + qs

Z t

0
e�q(t�s)dWs . (4.8)

This solution can be transformed into the more convenient form

Xt = µ + s

r
q

2
e�qt · eW(e2qt) , (4.9)

for a Brownian motion eW. This shows that, while the GBM price process (4.6) is non-stationary,
its moving average X is a stationary process with a stationary distribution given by

Xt ⇠ N
✓

µ,
q

2
s2
◆

. (4.10)
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The longer the time horizon t(q) = 1/q over which the average price momentum is estimated,
the smaller is its variance qs2/2. This is nothing else but the statement that the average price mo-
mentum is a consistent estimator of the price drift µ, which converges with a standard deviation
scaling as the inverse square root 1/

p
t(q) of the time horizon t(q) used for its estimation.

4.2.2 Preliminary setting

Let (W,F , (Ft)t2[0,•), P) be a filtered probability space with a right-continuous and P-complete
filtration, let (Wt)t2[0,•) be a real valued (Ft)t2[0,•)-adapted Brownian motion, let f : [0, •) ⇥
W ! R be adapted and g : [0, •) ⇥ W ! [0, •) be predictable be suitably regular1 stochastic
processes, let (St)t2[0,•) be an Itô process with the property that

dSt
St

= ftdt + gtdWt . (4.11)

Further, following the reasoning in section 4.2.1 above, let q : [0, •) ⇥ W ! R be a stochastic
process describing the inverse time horizon and (Xt)t2[0,•) be the average price momentum of S
given by

dXt = �qtXtdt + qt
dSt
St

. (4.12)

To impose further structure on our model, we will make two major additional assumptions that
are discussed below, a structural assumption on the impact of momentum on the price and an
explicit mechanism allowing for positive feedback of increasing momentum on itself.

4.2.3 Assumption I: Impact of momentum on absolute price level

Assuming the preliminary setting 4.2.2 and based on the intuition that investors focus in aggregate
on the momentum as the leading indicator of pricing, we introduce

A . There exists a C2-function l : [0, •) ! [0, •) with strictly positive first and second derivative such
that the price can be written as a function of the momentum X, in the sense that

St = l(Xt), t 2 [0, •). (4.13)

Lemma 4.6.1 in section 4.6.1 shows that assumption (A) naturally implies that the time-varying
horizon qt and the volatility represented by g2

t satisfy

qt =
l(Xt)
l0(Xt)

and g2
t =

2l(Xt)Xt

q2
t l00(Xt)

, for all t 2 [0, •). (4.14)

1Below we will allow for processes with explosion and thus deal with solutions S and coefficient functions f , g being
defined only on stochastic intervals [0, z) for a random time z : W! [0, •).

98



Comments. The impact of momentum on price has been considered in the literature by letting
its drift and volatility functions depend on X to arrive at a specification of the form

dSt
St

= f (Xt) dt + g(Xt) dWt . (4.15)

This kind of structure has been employed in the stochastic volatility model of [132], which builds
the price process as depending on an exponentially weighted moving average of some past price
reference level, similar to equation (4.15). However, in their model, Xt is the price change surprise,
defined as the difference between the current log-price and an exponentially weighted average of
past log-prices, rather than the price momentum itself used in our model. [159] and [106] develop
models of the impact of trading strategies and portfolio allocation on prices that have similar
forms as (4.15).

Note that the above assumption (A) is a somewhat stronger assumption than (4.15) and im-
poses a lot of structure on our model. To see this, recall the example of Brownian motion discussed
in section 4.2.1 above: S is a geometric Brownian motion while its exponential moving average
X is an Ornstein-Uhlenbeck process. Consequently, there can be no function l with the prop-
erty that St = l(Xt) for t 2 [0, •), indicating that assumption (A) a priori restricts feasible asset
price dynamics. Viewed from a different perspective, we start from the inherently non-Markovian
structure given by equations (4.11) and (4.12) (the price increments depend on the momentum,
which itself depends on the price history) and look for a Markovian special case that still satisfies
the momentum equations. Also note that assumption (A) does not impose a specific form of the
drift ft of S.

4.2.4 Assumption II : Positive feedback of momentum on momentum time-
horizon

Assuming again the preliminary setting 4.2.2 and based on the possible effect of positive feedback
of momentum on its own time horizon t = 1/q during a bubble, we introduce

B . There exist constants q⇤ 2 (0, •) and h 2 [0, 1) such that the random time horizon (qt)t2[0,•) can be
written as

qt = q(Xt) = q⇤ + hXt. (4.16)

Together with assumption (A) (in the form of equation (4.14)), this implies that there exists a
constant S 2 (0, •) such that

St = S
⇣

1 +
h

q⇤
Xt

⌘ 1
h
= S

✓
qt
q⇤

◆ 1
h

. (4.17)

and

gt = g(Xt) =

s
2

1� h
Xt. (4.18)
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Note that the case h = 0 is embedded in this formulation via its pointwise limit

St = lim
h!0

⇣
1 +

h

q⇤
Xt

⌘ 1
h
= exp

✓
Xt
q⇤

◆
. (4.19)

Comments. Statistical tests of the performance of momentum or trend-following strategies sug-
gest that they have delivered significant positive performance through very different economic
and financial environments and over very long time horizons [136, 171]. This is reflected in their
broad use by hedge-funds and professional investors. However, their implementation in general
involves time-varying exposures to manage the highly variable risk of momentum [16, 82, 239].
Moreover, they exhibit periods with weak performance [139], as for instance since 2011 for most
developed financial markets. Pressured by the need to provide positive risk-adjusted return,
many professional investors periodically tinker the parameters of their trend-following strategies
to adapt to the recent past. For this purpose machine learning algorithms are often employed,
with the rational to approximate best the unknown price generating process by adapting the pa-
rameters of the momentum strategies. This tends to create destabilising feedback loops in the
form of bubble-corrections cycles [29, 93].

Thus, during a typical financial cycle, the time horizon used in momentum strategies is pro-
gressively reduced as an adaptation to the increasing price levels and to the accelerating volatility
dynamics. In a reflexive race to forerun competitors, trend-followers attempt to adjust their po-
sition before the herd. They believe that, by decreasing the time horizon of their momentum
indicators, they will be able to forerun their peers2. In general, this culminates in a bubble peak,
followed by a high volatility regime, possibly a crash and the subsequent detuning of trend-
following strategies. And it is only after a recovery period that they become again usable when a
new trend appears.

The goal of assumption (B) is to include this effect in the momentum driven price model. To
represent the attempt by trend-followers not to be left behind by their peers, we introduce this
second-order trend following in the sense that the parameter q, introduced in section 4.2.1 to
estimate the price momentum, is itself a function of the observed momentum X. Specifically, we
assume that, for every t, qt is a linearly increasing function of Xt. The representative investor
thus becomes more and more myopic for increasing momentum, as his time horizon t = 1/q is
shrinking.

4.2.5 Complementary Assumption: linear impact of momentum on the drift

Finally, to complement assumptions (A) and (B) of sections 4.2.3 and 4.2.4 and for practical ease,
we add the following assumption on the drift ft in the preliminary setting 4.2.2. In analogy with
earlier assumptions, we assume that the drift can be written as a function of the momentum,
specifically

C . There exist constants c 2 R, d 2 (0, •) such that the drift f of S can be written as the following linear
2This description reflects information provided by professionals through many private communications.
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function
ft = f (Xt) = cXt + d. (4.20)

While all arguments and classification obtained below apply to both c < 0 and c � 0, we will
focus on the later case c � 0, corresponding to the more natural positive relationship between
momentum and average growth rate.

Collecting assumptions (A), (B) and (C) leads us to the following final model setting for the
momentum driven price model.

4.3 Precise model setting and solutions

4.3.1 Setting

Let (W,F , (Ft)t2[0,•), P) be a filtered probability space with a right-continuous and P-complete
filtration, let (Wt)t2[0,•) be a real valued (Ft)t2[0,•)-adapted Brownian motion, let h 2 [0, 1),
q⇤ 2 (0, •), c 2 [0, •), d 2 (0, •) be constants, let f : [0, •) ! R, g : [0, •) ! [0, •) and
q : [0, •)! (0, •) be functions given by

f (x) = cx + d, (4.21)

g(x) =

s
2x

1� h
, (4.22)

q(x) = q⇤ + h x, (4.23)

and X0, S 2 (0, •). Then, following the discussion in section 4.2 above, there exists3 a unique
two-dimensional diffusion (St, Xt)t2[0,•), describing a stock price S and its momentum X, with
the property that

dXt = �q(Xt)Xtdt + q(Xt)
dSt
St

and X(t = 0) = X0, (4.24)

dSt
St

= f (Xt)dt + g(Xt)dWt, (4.25)

St = S
⇣

1 +
h

q⇤
Xt

⌘ 1
h . (4.26)

4.3.2 Classification based on boundary behavior

The setting above allows for diverse behavior of the stock price S and its momentum X. To further
differentiate this, we need some terminology.

3Up to a random time, at which the processes may explode. For (pathwise) uniqueness and (strong) existence of
solutions see, e.g., theorem 3.1 and 3.2 in [141]. For details on explosion see comments below.

101



Definition 4.3.1. Let the setting in section 4.3.1 be fulfilled and X : [0, •) ⇥ W ! [0, •) be a
strong solution of the SDE (4.24) with initial value X0 2 (0, •) up to its explosion time t =

inf{t 2 (0, •]|St = •}. Then X is called

(a) explosive, if P [t < •] > 0,

(b) diffusive-transient,4 if P [t = •] = 1 and limt!• Xt = •,

(c) recurrent, if 8a 2 (0, X0) it holds that P [Xt = a for some t 2 (0, •)] = 1,

(d) strictly positive, if P [Xt > 0 for all t 2 (0, •)] = 1,

(e) instantaneously reflected at 0, if P [Xt = 0 for some t 2 (0, •)] > 0 and for all t, e 2 (0, •) we
have P

h
X1[t,t+e] ⌘ 0

i
= 0.

The notions (a)-(c) describe the behavior of X at the upper boundary infinity, while the notions
(d)-(e) describe the behavior at the lower boundary 0. We will see below that the full parameter
range of section 4.3.1 can be covered with these descriptions.

4.3.2.1 The case h = 0.

In this special case, the characteristic time-horizon used by the representative investor to gauge
momentum is constant, qt = q⇤, and the governing equation (4.24) for the momentum X reads

dXt = q⇤ (Xt (c� 1) + d) dt + q⇤
p

2XtdWt , (4.27)

and

St = lim
h!0

S
⇣

1 +
h

q⇤
Xt

⌘ 1
h
= S exp

✓
Xt
q⇤

◆
, (4.28)

Using theorems 5.1, 5.5 (for the case c = 1) and theorems 5.3, 5.7 (for the case c 6= 1) in [50],
the behavior of X can be distinguished by

1. X is diffusive-transient for c 2 [1, •) and c = 1^ d > q⇤

2. X is recurrent for c 2 [0, 1) and c = 1^ d 2 (0, q⇤]

3. X is strictly positive for d > q⇤ and instantaneously reflected at 0 if d 2 (0, q⇤).

Comments and classification

• In the recurrent case, as (i) there is no positive feedback of increasing momentum on the
momentum time-horizon, and (ii) the momentum is roughly mean-reversal with shrinking
volatility, we will refer to this case as the non-bubble regime. Indeed, here X is equal to the
well known CIR model [61], which can thus be motivated as the dynamics of a variable X
that averages over a fixed memory length the past realizations of an underlying process S.

4To avoid confusion with the term transient as used in economics for temporary phenomena, we explicitly add diffusive.
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• In the diffusive-transient case, equation (4.27) suggests that X has a stochastic exponential
growth rate bounded from below by q⇤(c� 1) and with shrinking volatility. In particular,
ignoring the stochastic term, for large S we have St ⇠ exp(exp(q⇤(c� 1) t)), and S grows
double-exponentially. As S shows super-exponential growth but is not explosive, we will
refer to this case as mild bubble regime.

4.3.2.2 The case h 2 (0, 1).

Here, the characteristic time-horizon of the representative investor is an decreasing function of
the momentum and equation (4.24) reads

dXt = (q⇤ + hXt) (Xt (c� 1) + d) dt + (q⇤ + hXt)

s
2Xt

1� h
dWt. (4.29)

Lemma 4.6.2 in section 4.6.1 shows that

1. X is explosive for c 2
⇣

1
1�h , •

⌘
and recurrent for c 2

h
0, 1

1�h

i
,

2. X is strictly positive for d 2
h

q⇤
1�h , •

⌘
and instantaneously reflected at 0 if d 2

⇣
0, q⇤

1�h

⌘
.

As the self-referential influence of the momentum on its own time horizon creates the possibility
of large hikes of X (and thus S), we will refer to both these cases as the bubble regimes.

We can make the following further distinction for two kinds of bubbles, given h 2 (0, 1).

Comments and classification

• In the recurrent case c 2
h
0, 1

1�h

i
, X will experience periodical rallies with rapid growth

followed by sharp declines. S, the exponential of X, will thus experience similar but steeper
rallies that mimic the pattern of bubbles. For details see section 4.3.3.2 below. We refer to
this case as recurrent bubble regime.

• In the explosive case c 2
⇣

1
1�h , •

⌘
, X and S both experience super-exponential growth,

faster than double exponential, with a stochastic finite-time-singularity. We refer to this case
as the wild bubble regime.

4.3.2.3 Interpretation of model parameters

Based on the model derivation in section 4.2, let us discuss the model parameters (q⇤, h, c, d) and
their interpretation, before we tackle the calibration of the model.

1. The parameter 1/q⇤ determines the characteristic time-horizon of the exponential moving
average momentum in the regime h = 0, cf. section 4.2.1. For h 2 (0, 1), q⇤ sets the
scale ⇠ q⇤/h for the minimum momentum that can influence the time horizon with which
momentum is estimated by investors.
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2. The parameter h represents the impact per unit of momentum on the time-horizon that is

used to measure momentum. The term
q⇤

h
is the characteristic momentum necessary to

influence the time horizon q in the bubble regime: ranging from ⇠ • for h ⇠ 0 (no feedback
of momentum on the time horizon) to q⇤ for h ⇠ 1 (small momentum creates considerable
feedback on time horizon). Consistent with our view of bubbles being characterized by the
influence of momentum on its on time-scales, h can be understood as a bubbliness parameter.

3. The parameter c quantifies the linear dependence of stock returns on unit momentum. For
given h 2 [0, 1), it allows one to distinguish the four main regimes discussed in sections
3.2.1 and 3.2.2 above, non- and mild, recurrent, or wild bubble. As such, c, together with h,
determines the bubble type.

4. The parameter d represents an intrinsic return independent of momentum and is thus not
related to any notion of bubbliness. However, it determines the nature of price or momen-
tum dynamics near zero, in particular whether the momentum can vanish or not. As such,
it has a considerable influence on the stylized dynamics of the process.

h = 0 ?

c < 1 or c = 1^ d 6 q⇤? c 6 1
1�h ?

Yes No

non-bubble mild-bubble

Yes No

recurrent-bubble wild-bubble

Yes No

Figure 4.1: Different types of bubbles distinguished by the relationship
between h and c

4.3.3 Nondimensionalization

Below we investigate the role of different parameters in our model and propose a reparameter-
ization yielding a standardized set of parameters, which will simplify calibration and further
discussion.

4.3.3.1 Change of time horizon

Here, we conduct a time change using the characteristic time horizon of the momentum, 1/q⇤.
This shows how X can be derived from a time-dimensionless process Y and reduces the charac-
teristic parameters (q⇤, h, c, d) to (h, c, d).

Let the setting in section 4.3.1 be fulfilled and (S, X) the corresponding diffusion, additionally
let dY 2 (0, •) be a constant and let f Y : [0, •) ! R and qY : [0, •) ! (0, •) be functions given
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by

f Y(y) = cy + dY, (4.30)

qY(y) = 1 + hy. (4.31)

As above, there exists a two-dimensional Itô process (SY
t , Yt)t2[0,•) with initial value (S0, X0),

describing a stock price SY and its momentum Y, with the property that

dYt = �qY(Yt)Ytdt + qY(Yt)
dSY

t
SY

t
, (4.32)

dSY
t

SY
t

= f Y(Yt)dt + g(Yt)dWt, (4.33)

SY
t = S (1 + h Yt)

1
h . (4.34)

Then we have the following result.

Proposition 4.3.1. Let the setting above be fulfilled and assume d = dYq⇤. Then it holds (in the sense of
pathwise uniqueness) that

q⇤Ytq⇤ = Xt and SY
tq⇤ = St. (4.35)

The proposition follows immediately from corollary 3 in [194], which shows equivalence in distri-
bution, and the fact that the involved stochastic differential equations have strong solutions. We
can conclude that the parameter q⇤ acts as a time change in our model and the behavior of X can
be fully characterized in the reduced parameter space (h, c, d).

4.3.3.2 Reparameterization

Following our classification of bubbles based on boundary behavior in section 4.3.2 above, we
introduce two reduced parameters C 2 [0, •), D 2 (0, •) as

C = c(1� h), D =
d(1� h)

q⇤
. (4.36)

As mentioned in subsection 4.2.5, we focus on the case c 2 [0, •) and thus C 2 [0, •) correspond-
ing to the normal relationship between momentum and average growth rate. By plugging (4.21),
(4.22) into (4.24) and (4.25), the dynamics of X and S can be rewritten as follows. For initial values

X(t = 0) = X0 and S(t = 0) = S
⇣

1 +
h

q⇤
X0

⌘ 1
h , we have

• h = 0:

dXt = [ (C� 1)q⇤Xt + Dq⇤2 ] dt + q⇤
p

2Xt dWt, (4.37)

dSt = Stq
⇤(C ln St + D) dt + St

p
2 q⇤ ln St dWt . (4.38)
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• h 2 (0, 1):

dXt = (q⇤ + hXt)

✓
C� 1 + h

1� h
Xt +

Dq⇤

1� h

◆
dt + (q⇤ + hXt)

s
2Xt

1� h
dWt (4.39)

dSt =
q⇤

h(1� h)
[C Sh+1 + (Dh � C)St ] dt +

s
2 q⇤

(1� h)h
·
q

Sh+2
t � S2

t dWt . (4.40)

This reparameterization allows for a standardized categorization of bubble types in the pa-
rameter space (C, D) across different values of h. Figure 4.2 illustrates these categories.

C

D

•

0 1

1
(1, 1)

Non-bubble
Non-negative
momentum

Non-bubble
Positive momentum

Mild-bubble
Positive momentum

Mild-bubble
Non-negative
momentum

h = 0

(a) The two types of bubble and two types
of non-bubble when h = 0.

C

D

•

0 1

1
(1, 1)

Recurrent-bubble
Non-negative
momentum
Ghost FTS

Recurrent-bubble
Positive momentum

Ghost FTS

Wild-bubble
Positive momentum

FTS

Wild-bubble
Non-negative
momentum

FTS

h > 0

(b) The four types of stronger bubble when
h 2 (0, 1).

Figure 4.2: Bubble classification using the standardized parameters C and D. FTS
refers to a finite-time singularity (explosive). The term Ghost FTS refers to transient
explosive behavior, see section 4.3.3.3 below for details.

Note that, for fixed parameters q⇤, C 2 [0, •), D 2 (0, •), the growth rate of a bubble increases
with h 2 [0, 1). This can be seen directly from the drift terms of equations (4.38) and (4.40), noting
that the function h(h) = Sh�1

h(1�h) is monotonically increasing for S > 0. This justifies the use of h

as a measure of bubbliness and confirms the terminology introduced in section 4.3.2,

• wild bubbles as opposed to mild bubbles for C 2 (1, •) and

• recurrent bubbles as opposed to non-bubbles for C 2 (0, 1).

Below we will show that recurrent bubbles (h 2 (0, 1), C 2 [0, 1]) experience volatility-driven
so-called ghost-finite time singularities followed by sharp declines. This means that both bubble
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types with h 2 (0, 1) show a certain type of explosive behavior, which motivates us to test for the
hypothesis of h = 0 in bubble detection, see section 4.4.4.

4.3.3.3 Recurrent bubbles and ghost-finite time singularities

The recurrent bubble case, h 2 (0, 1) and C 2 [0, 1], is characterized by solutions that are reminis-
cent of the so-called ghost finite-time-singularity introduced in [224]. Indeed, the explosive volatility
term leads to transiently explosive growth phases followed by decline phases, these two regimes
alternating and repeating themselves endlessly. Section 4.6.2 presents a detailed explanation and
description of the properties of the recurrent bubble case in the light of the ghost finite-time-
singularity.

4.3.4 Simulation of price trajectories

In order to illustrate the behavior of solutions for different parameters as discussed above, we
present several simulations. Each set of simulations is organized in four subfigures, constructed
by fixing two of the parameters (h, C, D) and plotting trajectories varying the third parameter.
Each set uses a single random seed for all paths, identical observation length of 1000, same initial
values X0 = 0.001 and S = 1 and the same discrete time increment Dt = 0.01 in the simulation
algorithm. Based on the discussion in section 4.3.3.1, without loss of generality we fix the time-
horizon q⇤ to be 0.002.

Figure 4.3 shows non-bubble (h = 0, C = 0.5) and mild-bubble (h = 0, C = 1.5) regimes with
positive momentum (D = 1.5) and non-negative momentum (D = 0.5) for each regime. The
trajectories in the top graphs experience recurrent fluctuations while the two trajectories in the
bottom graphs show persistent super-exponential growth.
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Figure 4.3: Simulated price time series for S with fixed C, D and h = 0. Note the different
vertical scales in the top compared with bottom graphs.

Figure 4.4 demonstrate the four types of bubbles classified in fig. 4.2 (b) with nine simulated
trajectories corresponding to different sizes of h. As shown, larger values of h generate stronger
bubble for both type of recurrent bubble and wild bubble, indicated by the higher volatility and
shorter life for the bubble to be fully pumped up to infinity.
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Figure 4.4: Simulated price time series for S with fixed C, D and h 2 [0.1, 0.9].
Note that (increasing) h represents (increasing) bubbliness strength, as q⇤/h is
the characteristic momentum necessary to influence the time horizon 1/q. Note
also the different vertical scales in the top compared with bottom graphs.

Figure 4.5 shows how the shape of bubbles changes for different values of C. The top sub-
figures show simulated trajectories of bubbles with non-negative momentum, while the bottom
subfigures show simulated trajectories of bubbles with strictly positive momentum. The simu-
lated bubbles on the right are stronger (more explosive) than the ones in the left, due to the larger
size of h. A distinct phase transition happens for C less than 1 to larger than 1, moving from
recurrent to explosive behavior. For larger values of D, the bubble characteristics are more pro-
nounced. Larger values of h, besides earlier explosion times, seems to increase the number of
rallies on a given time interval.
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Figure 4.5: Simulated price time series for S with fixed D, h and C 2 [0, 2]. Note
that X (and thus S) is explosive for C 2 (1, •). Note the different vertical scales
in the top compared with bottom graphs.

Figure 4.6 shows how the shape of bubble changes with different values of D. The top sub-
figures show simulated trajectories of recurrent bubbles, while the bottom subfigures show sim-
ulated trajectories of wild bubbles. The simulated bubbles on the right are stronger (more ex-
plosive) than ones in the left, due to the larger size of h. There is no distinct phase transition of
bubble shape around D = 1. However, larger D allows for larger relative price levels of S. We can
also confirm the observation that larger values of h lead to shorter time intervals between distinct
rallies, as mentioned for fig. 4.5.
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Figure 4.6: Simulated price time series for S with fixed C, h and D 2 [0, 2]. Note
that X is strictly positive ( and thus S strictly larger than its lower bound S ) for
D 2 [1, •).

4.4 Statistical inference and calibration for the bubble model

4.4.1 Formulation of the quasi-likelihood calibration method

In the present study, we adopt the maximum quasi-likelihood method to calibrate the model,
partly because there is no available closed-form solution for the transition density of our bubble
model. As the dynamics specification for h = 0 is different from that for h 2 (0, 1), these two
cases are treated separately.

• Conditional on h = 0 , the dynamics of St follows eq.(4.38). The Euler discretization for
such SDE reads

St+Dt � St = Stq
⇤(C ln St + D)Dt + St

p
2 q⇤ ln St (Wt+Dt �Wt) . (4.41)

As Wt+Dt �Wt ⇠ N (0, Dt), the approximate transition densities in this case is

St+Dt | St ⇠ N (St[1 + q⇤(C ln St + D)]Dt, 2 q⇤S2
t ln St Dt ) . (4.42)

Therefore, the conditional log quasi-likelihood for a series of observations {St}T
t=0 can be
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expressed as

lnLQ =
T�1

Â
t=0

ln PrQ (St+1 | St)

=
T�1

Â
t=0
�1

2
ln 2p � ln

q
2 q⇤S2

t ln St �
[ St+1 � St � Stq⇤(C ln St + D) ]2

4 q⇤S2
t ln St

. (4.43)

Thereafter, we denote Qne = {q⇤, C, D} and re-express equation (4.43) as lnLne
Qne . The su-

perscript ne indicate the case where the dynamics of St and Xt is of a non-explosive nature
(h = 0).

• Conditional on h 2 (0, 1), the dynamics of St follows equation (4.40). In this case, the Euler
discretization for such SDE can be written as

St+Dt � St =
q⇤

h(1� h)
[C Sh+1 + (Dh � C)St ]Dt

+

s
2 q⇤

(1� h)h
·
q

Sh+2
t � S2

t (Wt+Dt �Wt) .
(4.44)

As Wt+Dt �Wt ⇠ N (0, Dt), the approximate transition densities in this case is given by

St+Dt | St ⇠ N ( St +
q⇤

h(1� h)
[C Sh+1 + (Dh � C)St ]Dt,

2 q⇤(Sh+2
t � S2

t )

h(1� h)
Dt ) . (4.45)

Therefore, the conditional log quasi-likelihood for a series of observations {St}T
t=0 can be

expressed as (Dt = 1)

lnLQ =
T�1

Â
t=0

ln PrQ (St+1 | St)

=
T�1

Â
t=0
�1

2
ln 2p � 1

2
ln

2 q⇤(Sh+2
t � S2

t )

h(1� h)

� [ h(1� h)(St+1 � St)� q⇤(C Sh+1 + (Dh � C)St) ]2

4 q⇤ h(1� h)(Sh+2
t � S2

t )
. (4.46)

To distinguish from the case h = 0, we use Qe = {q⇤, h, C, D} for the set of parameters and
re-express eq.(4.46) as lnLe

Qe , The superscript e refers to the possibility that the dynamics of
St and Xt can be explosive with the existence of a (ghost) finite-time-singularity.

The conditional quasi-likelihood maximization problem to determine the optimal parameters
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in each case can be written respectively

max
Qne

lnLne
Qne = max

q⇤ ,C,D
lnLne({St}t=T

t=0 , q⇤, C, D) conditional on h = 0 (4.47)

max
Qe

lnLe
Qe = max

,q⇤ ,h,C,D
lnLe({St}t=T

t=0 , , q⇤, h, C, D) conditional on h 2 (0, 1). (4.48)

The corresponding variance for each estimated parameter can be obtained from the diagonal
terms of the following Fisher information matrix

Var(bQne) =

✓
∂2Lne

∂Qne∂Qne

◆�1����
Qne=bQne

, conditional on h = 0 (4.49)

Var(bQe) =

✓
∂2Le

∂Qe∂Qe

◆�1����
Qe=bQe

, conditional on h 2 (0, 1). (4.50)

Given a financial time series of daily close prices {St}t=T
t=0 , we use the L-BFGS-B method to opti-

mize the log-likelihood. The limited-memory BFGS optimization algorithm belongs to the family
of quasi-Newton methods that approximates the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algo-
rithm using a limited amount of computer memory. The L-BFGS-B extends L-BFGS to handle
simple bound constraints in the search of the optimal parameters [39].

4.4.2 Calibration of synthetic price time series

In order to employ the L-BFGS-B optimization algorithm and taking into account computation
efficiency, we explicitly assign a prior searching space for all four parameters {q⇤, h, C, D} before
performing their estimation.

• For parameter q⇤, we assign its search to be in the interval [10�8, 0.004]. Recall that q⇤ has
two roles. In the case h = 0, it is the inverse time horizon over which the momentum is
supposed to be evaluated by traders. For h 2 (0, 1), it is the characteristic momentum value
above which a given realized momentum has an impact on the time horizon over which it
is itself estimated (see expression (4.23) with (4.24)). Thus, the lower bound encompasses
the cases where there is essentially an almost infinite memory (compared to the longest
existing historical financial time series) of how past price changes influence momentum.
10�8 corresponds approximately to 10 million days⇡ 400 thousand years. It also allows for
a full feedback of momentum on its time horizon. For the upper bound, we are informed by
a large body of literature mentioning that momentum trading typically make profit when
using times scales from one to five years (See [121, 189] and the literature therein). We thus

assign the upper search bound for q⇤ to be
1

250
= 0.004, where one time unit corresponds

to one trading day.

• For h, we search in what is essentially the whole possible interval [10�8, 1� 10�8], with the
exclusion of tiny portions at the two boundaries for the sake of computational precision.
We indeed want to avoid the divergence of the log likelihood function lnLe at the lower
boundary h = 0.
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• The search interval for parameter C is chosen to be [0, 5]. First, the condition that C is non-
negative just means that a positive momentum tends to self-perpetuate itself (contrarian
behaviors are excluded from the model in the present work). Since C has the meaning of
an expected return per unit of momentum adjusted by the bubbliness h, the upper bound
5 is likely to be more than large enough: given some momentum, which reflects the belief
by investors on the average price trend over a given time horizon modified by the inverse
of the bubbliness 1� h, the coefficient C transforms this momentum into an actual average

price that is C
1

1� h
times larger over the same time horizon; it is thus reasonable that C

should be larger than a few units. Thus the upper bound of 5 is largely sufficient.

• Last, the search interval for parameter D is chosen to be [0, 500]. Given that D =
d(1� h)

q⇤
,

the upper bound D is amply sufficient as it would correspond to more than 100% return in
one time unit (one day in the subsequent synthetic time series and in the real life applications

below) for momentum trading strategy with a typical time-horizon memory of
1

0.002
= 200

days during the bubble with only small bubbliness.

We test our calibration algorithm on synthetic simulated price time series. For h = 0 and
h 2 (0, 1), tables 4.1 and 4.2 respectively list the true parameters used to generate the price
time series, the values of calibrated parameters, as well as the values of the logarithmic quasi-
likelihood calculated for each simulated series with those parameters. Table 4.1 gives the results
for 4 synthetic time series shown in fig. 4.3. Table 4.2 gives the results for 8 synthetic time series
with positive bubbliness (h 2 (0, 1)) shown in fig.4.4, which cover the different regimes for C and
D and contrasts the cases h = 0 and h 2 (0, 1).

C bC D bD q⇤ bq⇤ �2 lnLne �2 lndLne

0.5 1.003 0.5 1.038 0.002 0.0021 358.6 355.9

( 0.905 ) ( 0.702 ) (¡0.0001)

0.5 1.068 1.5 1.058 0.002 0.0021 3842 3840

( 0.723 ) ( 1.297 ) (¡0.0001)

1.5 1.284 0.5 1.119 0.002 0.0022 4696 4693

( 0.587 ) ( 0.917 ) (¡0.0001)

1.5 1.864 1.5 1.372 0.002 0.0024 10640 10639

( 0.428 ) ( 1.282 ) (¡0.0001)

Table 4.1: Estimation of the 4 synthetic series shown in figure 4.3 with h = 0. The true
parameter values used to generate the synthetic time series are indicated without the hat
ˆ . The estimated parameters are shown with the ˆ . The values in brackets below the
estimated values give the corresponding standard errors.
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h bh C bC D bD q⇤ bq⇤ �2 lnLne �2 lndLne

0.9 0.936 0.5 0.194 0.5 0.127 0.002 0.004 769.5 355.3

( 0.005 ) ( 0.168 ) ( 0.008 ) (0.0002)

0.9 0.873 0.5 0.319 1.5 0.923 0.002 0.004 2094 1996

( 0.010 ) ( 0.171 ) ( 0.186 ) (0.0003)

0.9 0.942 1.5 0.694 0.5 0.084 0.002 0.004 247.3 187.9

( 0.009 ) ( 0.470 ) ( 0.013 ) (0.0005)

0.9 0.893 1.5 0.499 1.5 0.750 0.002 0.004 608.1 564.7

( 0.019 ) ( 0.470 ) ( 0.358 ) (0.0007)

0.5 0.224 0.5 0.294 0.5 0.140 0.002 0.004 2760 2472

( 0.05 ) ( 0.849 ) ( 0.018 ) (0.0003)

0.5 0.464 0.5 0.910 1.5 1.109 0.002 0.002 479.5 480.8

( 0.019 ) ( 0.543 ) ( 0.547 ) (¡0.0001)

0.5 0.384 1.5 0.989 0.5 0.098 0.002 0.004 3357 3243

( 0.022 ) ( 0.228 ) ( 0.029 ) (0.0002)

0.5 0.588 1.5 1.703 1.5 1.224 0.002 0.002 229.0 109.0

( 0.020 ) ( 0.417 ) ( 0.581 ) (¡0.0001)

Table 4.2: Estimation of 8 synthetic series shown in fig. 4.4. The true parameter values
used to generate the synthetic time series are indicated without the hat ˆ . The estimated
parameters are shown with the ˆ. The values in brackets below the estimated values give
the corresponding standard errors.

From the above two tables, we can draw the following conclusions concerning the performance
of our conditional quasi-likelihood estimation method.

• The estimation of q⇤ conditional on h = 0 (non-bubble or mild-bubble cases) is quite ac-
curate. The estimation of q⇤ conditional on h 2 (0, 1) (recurrent or wild bubbles) is less
precise but still in a reasonable range. In particular, for moderate bubbliness (h = 0.5) and
strictly positive momenta (D 2 [1, •)), the estimation of q⇤ is good. For other bubble types,
h is overestimated. It compensates the underestimation of both C and D, at the cost of an
overestimation of the volatility (recall eq.(4.38) and eq. (4.40)), as we will discuss soon.

• The estimation of h looks quite reliable for both recurrent or wild bubbles, except for the
cases with h = 0.5 and D 2 (0, 1), for which h are underestimated. Nonetheless, the
estimator is able to identify correctly the range of the bubbliness, as the estimations of true
values h = 0.5 are all well separated from those with true values h = 0.9.

• The estimations of C are quite far from their true values for all bubble types. Moreover,
the standard deviation of these estimations are quite large, so that the estimations of C fall
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within two standard deviations of the true value. In other words, given the rather large
standard deviations, the estimated values can be deemed compatible with the true values.
It is encouraging to observe that the larger the true value of C, the largest its estimator,
inter alia. The source of the discrepancy between estimated and true values of C is likely to
be found in the Euler discretization scheme, which has used a time step Dt = 1 to match
the daily observation scale. With this choice Dt = 1, we are quite far from the consistency
condition that the Euler discretization converges in the limit Dt ! 0. For the stronger
bubbles (h 2 (0, 1)), the parameters are underestimated (except for h = 0.5 and D 2 (0, 1)
for which the parameters are slightly overestimated), which leads to an underestimation of
the real strength of the positive feedbacks between momentum and time scale. Actually,
as the drift and diffusion coefficients have q⇤ as a common parameter, the quasi-likelihood
approach tend to give more weight on such a shared parameter, which thus leads to an
underestimation of C.

• For the non-bubble and mild-bubble cases, the estimations of D fall within two standard
deviations of the true value. As for C, the larger the true value of C, the largest its estimator,
inter alia. The origin of the discrepancy between estimated and true values of D is also
likely to be found in the Euler discretization scheme, as discussed for C. For the stronger
bubbles, the estimation biases are approximately the same, around �0.4 for all cases.

In order to investigate in detail the performance of this estimation method based on Euler
quasi-likelihood approximation, the empirical density of the estimated value of each parameter is
created by repeating the estimation procedure on an ensemble of 200 synthetic time series gener-
ated with fixed specific model parameters but different random seeds. The following figures 4.7
-4.10 summarize the results. The solid line shows the empirical density function, and the vertical
dashed line gives the empirical first moment (statistical mean value).

Figure 4.7 confirms the relatively good performance of the estimation of h, with the empirical
density function of ĥ peaking close the true value. However, the empirical density function is
quite broad, exhibiting a significant half-width of about 0.1� 0.2, which is much larger than the
standard error 0.01 ⇠ 0.03 estimated on each calibration using the Fisher information matrix, as
reported in figure 4.8. Moreover, one can observe a significant skewness and a fat-tailed structure
of the density functions. This reflects the strong sensitivity of the estimation of h to the specific
realization of the stochastic innovations associated with a given price path trajectory, such that
the ensemble standard deviation is much larger than the single realization standard deviation.
This phenomenon is typical of time series without ergodicity, which is the case here given the
relatively small sizes of time windows and the nature of the bubble dynamics in our model.
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(a) C = 0.5, h = 0.5 (b) C = 0.5, h = 0.9

(c) C = 1.5, h = 0.5 (d) C = 1.5, h = 0.9

Figure 4.7: Empirical density functions of estimated h on an ensemble of 200
synthetic time series with different random seeds, generated with fixed specific
model parameters D = 1.5, q⇤ = 0.002 and C indicated below each graph. The
vertical dashed line gives the empirical first moment (statistical mean value).
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(a) C = 0.5, h = 0.5 (b) C = 0.5, h = 0.9

(c) C = 1.5, h = 0.5 (d) C = 1.5, h = 0.9

Figure 4.8: Empirical density functions of estimated standard deviations of h
obtained from the Fisher information matrix for each fit within an ensemble
of 200 synthetic time series with different random seeds, generated with fixed
specific model parameters D = 1.5, q⇤ = 0.002 and C indicated below each
graph. The vertical dashed line gives the empirical first moment (statistical
mean value) of the estimated standard deviations of h.

Figure 4.9 shows that smaller (resp. larger) values of bubbliness tend to yield an over-
estimation (resp. under-estimation) of C. The shown empirical density functions of C over an
ensemble of 200 synthetic time series are quite broad with half-widths comparable to the Fisher
matrix based estimation of the standard deviation for each individual time series, as illustrated by
the empirical density functions of C, corrected, respectively, by + and � two times the standard
deviation of C obtained from the estimated Fisher matrix for each calibration. Figure 4.10 shows
that the modes and means of the empirical density functions of D are smaller than the true value
for all shown values of C and h parameters. The dispersion of the estimated D is also quite broad
and similar across the ensemble of synthetic time series, as estimated for each time series with
the Fisher information matrix. In all cases, the estimated values of both C and D fall within two
standard deviations of their true values.
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(a) C = 0.5, h = 0.5 (b) C = 0.5, h = 0.9

(c) C = 1.5, h = 0.5 (d) C = 1.5, h = 0.9

Figure 4.9: Empirical density functions of C over an ensemble of 200 synthetic
time series with different random seeds, generated with fixed model param-
eters D = 1.5, q⇤ = 0.002 and C and h as indicated below each graph. As
indicated in the graphs, the two other curves are the empirical density func-
tions of C corrected respectively by + and � two times the standard deviation
of C obtained from the estimated Fisher matrix for each calibration. For each of
the three obtained density functions, the vertical dashed line gives its statistical
mean value.
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(a) C = 0.5, h = 0.5 (b) C = 0.5, h = 0.9

(c) C = 1.5, h = 0.5 (d) C = 1.5, h = 0.9

Figure 4.10: Empirical density functions of D over an ensemble of 200 synthetic
time series with different random seeds, generated with the same fixed specific
model parameters D = 1.5, q⇤ = 0.002 and C and h as indicated below each
graph. As indicated in the graphs, the two other curves are the empirical den-
sity functions of D corrected respectively by + and � two times the standard
deviation of D obtained from the estimated Fisher matrix for each calibration.
For each of the three obtained density functions, the vertical dashed line gives
its statistical mean value.
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4.4.3 Binary classification of recurrent (C < 1) versus wild (C > 1) bubbles

Given the biases and broad statistical distributions of estimated parameters C for h 2 (0, 1), we
seek to reliably characterize a given time series as being either in the recurrent (C 2 (0, 1)) or wild
(C 2 (1, •)) bubble class, using some combination of estimated parameters.

To achieve this, we construct a classifier metric defined by bC + h · ŝC, where h is a parameter
to be determined to ensure maximum sensitivity and specificity of the resulting classification, as
defined below. The proposed classification rule is shown in figure 4.11.

bC + h · ŝC > 1 ?

recurrent-bubble wild-bubble

No Yes

Figure 4.11: Classification scheme to decide if a given time series is in the
recurrent or wild bubble regime (conditional of h 2 (0, 1)). The parameter
h is chosen to optimize sensitivity and specificity properties (see text).

We consider two populations of 200 time series of 1000 time steps each, with 200 different ran-
dom seeds. Both populations share the same initial momentum and parameters q⇤ = 0.002, h =

0.9, D = 1.5. The two populations are distinguished by one having C = 0.5 (recurrent bubbles)
and the other having C = 1.5 (wild bubbles).

For each value of h, we estimate the probability Prh(No|R) that a time series will be qualified as
a recurrent bubble (answer ‘No’ to the question in figure 4.11), given that the time series has been
generated in the recurrent bubble regime C = 0.5 < 1. Prh(No|R) is determined as the fraction
among the 200 time series generated with C = 0.5 that answer ‘No’ to the question in figure 4.11
for that given h value. Similarly, for each value of h, we estimate the probability Prh(No|W) that
a time series will be qualified as a recurrent bubble (answer ‘No’ to the question in figure 4.11),
given that the time series has been generated in the wild bubble regime C = 1.5 > 1. Prh(No|W)

is determined as the fraction among the 200 time series generated with C = 1.5 that answer ‘No’
to the question in figure 4.11 for that given h value.

Since the classification proposed in figure 4.11 is binary, we have

Prh(Yes|R) = 1� Prh(No|R) and Prh(Yes|W) = 1� Prh(No|W) . (4.51)

Knowing Prh(No|R) and Prh(No|W), for an unknown time series, the probability Pr(R|No)
that it is a recurrent bubble, given that the answer to the question in figure 4.11 is ‘No’ is obtained
as

Prh(R|No) =
Prh(No|R) p(R)

Prh(No|R) p(R) + Prh(No|W) p(W)
, (4.52)

where p(R) (resp. p(W) is the unconditional probability that the time series is a recurrent (resp.
wild) bubble. The probability Prh(W|No) that it is a wild bubble, given that the answer to the
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question in figure 4.11 is ‘No’ is then

Prh(W|No) = 1� Prh(R|No) , (4.53)

since, for a given answer ‘No’, the state of the time series is binary, either recurrent or wild.
Similarly, using Prh(Yes|R) and Prh(Yes|W) given in (4.51), we can derive Prh(R|Yes), the

probability that the time series is in a recurrent bubble, given that the answer to the question in
figure 4.11 is ‘Yes’:

Prh(R|Yes) =
Prh(Yes|R) p(R)

Prh(Yes|R) p(R) + Prh(Yes|W)p(W)
, (4.54)

where Prh(Yes|R) and Prh(Yes|W) are known from (4.51). The probability Pr(W|Yes) of being a
wild bubble, given that the answer to the question in figure 4.11 is ‘Yes’, then reads

Prh(W|Yes) = 1� Prh(R|Yes) , (4.55)

since, for a given answer ‘Yes’, the state of the time series is binary, either recurrent or wild.
As an illustration, assuming that we have no prior information on the relative frequencies

of recurrent vs wild bubbles, we assign the no-informative priors p(R) = p(W) = 1/2 and
expressions (4.52) and (4.54) reduce to

Prh(R|No) = 1� Prh(W|No) =
Prh(No|R)

Prh(No|R) + Prh(No|W)
, (4.56)

and
Prh(R|Yes) = 1� Prh(W|Yes) =

Prh(Yes|R)
Prh(Yes|R) + Prh(Yes|W)

. (4.57)

For instance, let us assume Prh(No|R) = 0.7 (true positive rate of 70% for recurrent bubbles)
and Prh(Yes|R) = 0.3 (false negative rate of 30% for recurrent bubbles) and Prh(No|W) = 0.2
(false negative rate of 20% for wild bubbles) and Prh(Yes|W) = 0.8 (true positive rate of 80% for
wild bubbles). Expressions (4.56) and (4.57) yields

Prh(R|No) = 78% ; Prh(R|Yes) = 27% ; Prh(W|No) = 22% ; Prh(W|Yes) = 73% . (4.58)

Thus, if the answer is ‘No’ and this is the only information we have, we will attribute a probability
of 78% that the time series is recurrent and 22% that it is wild. If the answer is ‘Yes’ and this is
the only information we have, we will attribute a probability of 73% that the time series is wild
and 27% that it is recurrent.

In sum, the complete information of the binary classifier defined in figure 4.11 for a given
h value is contained in just two conditional probabilities Prh(No|R) and Prh(No|W), which are
plotted as a function of h in figure 4.12. These two probabilities are obtained as explained above
from two populations of 200 time series of 1000 time steps each, with 200 different random seeds,
one population being in the recurrent bubble regime, while the other one is in the wild bubble
regime. One can observe that the true positive rate Prh(No|R) for recurrent bubbles is all the

122



large, the smaller h is. In contrast, the false negative rate Prh(No|W) for wild bubble decreases
with h. This leads to conflicting requirements: to have the largest possible Prh(No|R), we need
h small, while to have the smallest possible Prh(No|W), we need to have a large h. We can thus
expect that the correct identification rates Prh(R|No) and Prh(W|Yes) depends nonlinearly and
non-monotonously on h. Indeed, figure 4.13 shows that choosing h = 0 would lead to a perfect
classification score Prh(W|Yes) = 1 for the identification of wild bubbles at the cost of a modest
performance Prh(R|No) = 0.57 for the identification of recurrent bubbles. Choosing h = 3.5 gives
the maximum possible score Prh(R|No) = 0.8 for the identification of recurrent bubbles together
with a quite honorable Prh(W|Yes) = 0.85 for the identification of a wild bubble.

As h can be varied, the optimal classification scheme applied to an unknown time series is the
following. One should first try the value h = 0 and check what is the answer to the question in
figure 4.11 for h = 0. If it is ‘Yes’, then we know with 100% certainty that the time series is in the
wild bubble regime. If the answer is ‘No’ for h = 0, one idea is to choose h = 3.5 to ask again
the question in figure 4.11. If the answer is ‘No’ with h = 3.5, we conclude that the time series is
recurrent with 80% probability. If the answer is ‘Yes’ with h = 3.5, we deduce that the time series
is wild with 85% probability. We can actually do better. If the answer is ‘No’ for h = 0, we can
scan all the values of h from 0 to 3.5 to check if there is a value h < 3.5 for which the answer is
‘Yes’. Since Prh(W|Yes) is monotonically decreasing from 1 for h = 0 to 0.85 for h = 3.5, the first
time we get a ‘Yes’ for the smallest h < 3.5 gives us a success probability Prh(W|Yes) larger than
85%. If there is no ‘Yes’ found for h < 3.5, the best conclusion is that the time series is recurrent
with a probability of 80%.
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Figure 4.12: The two conditional probabilities, Prh(No|W) (true positive) and
Prh(No|R) (false negative), as a function of h.
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Figure 4.13: The two derived posterior probabilities Prh(R|No) and Prh(W|Yes)
given by expressions (4.52) and (4.55) as a function of h, with the assumption
that both of the unknown priori probabilities p(R) = p(W) = 1/2. Prh(R|No)
(resp. Prh(W|Yes)) is the probability or success score for the correct identifica-
tion of a recurrent (resp. wild) bubble, given that the answer to the question
figure 4.11 is ‘No’ (resp. ‘Yes’) for a given h.

4.4.4 Bubble detection based on Wilks’ Test

Wilks’ Theorem [251] provides a simple and efficient test to compare two nested models using
their log-likelihood ratio. For the proposed time-varying momentum horizon bubble model, the
bubble type of h = 0 with dynamics given by (4.38) is indeed nested into the model characterized
by (4.40) with h 2 [0, 1). Given a price time series, we can thus subject it to the Wilks’ test with
the following null and alternative hypotheses, based on the :

H0 : h = 0, no bubble or mild-bubble (without finite-time-singularity).

H1 : h 2 (0, 1), recurrent or wild bubble (with ghost- or true finite-time-singularity and likely
decline/regime-change).

The Wilks statistics Tne:e is usually defined as

Tne:e := �2 ( max
q⇤ ,C,D

lnLne � max
h,q⇤ ,C,D

lnLe) . (4.59)
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Under the hypothesis that the null H0 holds, Tne:e is distributed according to the chi-square dis-
tribution with a number of degrees of freedom equal to the number of parameters that needs to
be fixed to go from H1 to H0, here 1, since the parameter space for H0, i.e., (q⇤, C, D) 2 R+3

lies on a 3-dimensional hyperplane within the 4 dimensional space represented by (h, q⇤, C, D) 2
[0, 1)⌦R+3. However, there is a correction needed to account for the fact that H0 is recovered
from H1 by fixing h on the boundary 0 of the interval h 2 [0, 1). In this case, rather than Tne:e

being distributed according to c2(1), the distribution of Tne:e needs to be adjusted (see [49])

Tne:e := �2 ( max
q⇤ ,C,D

lnLne � max
h,q⇤ ,C,D

lnLe) ⇠ Mixed(0, c2(1);
1
2
) . (4.60)

where Mixed(0, c2(1); 1
2 ) denote the mixed law such that the statistic is 0 with one chance out

of two and follows a c2(1) with the other one chance out of two. Under the null hypothesis
H0, this statistic T should be distributed according to the above mixed distribution: the number
of parameters to fix in the general model (4.40) to arrive at the particular model (4.38) in the
nested hypothesis testing is 1 (parameter h), while h = 0 is on the border of h 2 [0, 1). Thus, the
q�quantile for c2(1) is equivalent to the 1+q

2 �quantile for the distribution of Tne:e.
Figure 4.14 and fig. 4.15 illustrate the results obtained by implementing the Wilks’ test on

synthetic price time series to examine the capability of differentiating the regimes h = 0 and
h 2 (0, 1). As shown in fig. 4.14, for all 400 simulated price time series generated with h 2 (0, 1),
the null H0 (h = 0) can be rejected with significance level of 2.5%. By and large, for the time
series with larger bubbliness (larger h), the null H0 is easier to reject, regardless of whether they
are recurrent or wild bubbles. For bubble with moderate bubbliness (left panel with h = 0.5),
the null H0 is easier to reject for the wild bubbles (triangle) than for the recurrent bubbles (small
circle). For bubbles with strong bubbliness (right panel with h = 0.9), the easier rejection of the
null for wild bubbles than for recurrent bubble can be attributed to the explosive behavior and
short duration of some of the wild bubble time series.

As shown in fig. 4.15 for time series generated with h = 0, the Wilks’ test performs well as
there is only two false alarm at the 97.5% confidence level and, for all other time series, the null
cannot be rejected.
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Figure 4.14: Wilks’ statistics (4.59) calculated for synthetic price time series gen-
erated for two types of strong bubbles, with h 2 (0, 1). There are 400 time
series in total. All time series are generated with the fixed parameter values
q⇤ = 0.002, D = 1.5. For each pair (h, C), there are 100 synthetic time series to
test. The number 3.84 correspond to the 95%�quantile for the c2(1) distribution
and indicates the 97.5% confidence level to reject H0.

127



●

●

●●●

●

●●

●

●●●●
●●●●●●●●●

●●●●●●●●●●●●●
●
●●
●

●

●

●●
●
●●

●

●●

●

●●

●

●●

●

●
●●●

●
●

●

●●●●●●●●●●

●

●●●●
●

●

●
●●●

●

●●●●●

●

●●
●

●

●

●

●

●●

●

●
●
●

●●●●

●

●●●●

●

●
●●
●

●

●●
●●●●

●

●

●

●
●●●●●

●

●●●●
●

●

●●●●●●●●●

●

●●

●

●●●●●●
●
●●

●

●●●●●●●●●●●●●●●●●●●●●●●●

●

●

●●●●●●●

●

●●

●

Figure 4.15: Wilks’ statistics (4.59) calculated on synthetic price time series gen-
erated with h = 0. There are 200 time series in total. All time series are gen-
erated with fixed parameter values q⇤ = 0.002, D = 1.5. For each value of
C, there are 100 synthetic time series to test. The number 3.84 corresponds to
the 95%�quantile for the c2(1) distribution and indicates the 97.5% confidence
level to reject H0.

We implement the test on two historical financial price trajectories. They are indices con-
structed with the 505 stock prices that entered in the composition of the S&P 500 stock index from
the beginning of 1998 to the end of 2002. The first Internet stock index is an equally weighted
portfolio of the firms related to the Internet sector according to GICS. The second “brick and
mortar” index is an equally weighted portfolio of the remaining “brick and mortar” firms listed
as S&P 500 components. Figure 4.16 shows that the “brick and mortar” index fluctuated by not
more than ±25% over the 5 years. In contrast, the Internet stock index was multiplied by a factor
more than 11 (corresponding to a return of more than > 1100% from 1998 to its peak in the first
quarter of 2000). This index then shrunk with a great crash from a value above 150 to below 50 is
March-April 2000, followed by a jumpy decay to achieve a level at the end of 2002 below its value
in January 1998. The contrast between the behavior of these two indices over the same 5 years
horizon cannot be more striking.

Table 4.3 demonstrates that the Wilks’ test can cleanly classify the two indices into two different
classes. For the Internet index, H0 is very strongly rejected, while it is not for the “brick and
mortar” stock index.
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Figure 4.16: Logarithm of the price level of the Internet (top panel) and of the
“brick and mortar” (bottom panel) stock indices. The time periods goes from
the beginning of 1998 to the end of 2002. Note the difference in vertical scales
in the two plots.
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h = 0 h > 0
Tne:e p�Value

C D q⇤ �Lne h C D q⇤ �Le

Internet 0.5 < 0.01 5.32⇥ 10�4 1663.4 0.281 0.719 0.538 1.31⇥ 10�4 1567.7 191.5 < 0.001
Non-internet 0.5 4.84 2.06⇥ 10�5 235.08 < 0.01 0.442 5.98 2.06⇥ 10�5 235.08 0.017 0.948

Table 4.3: Estimation of the two models h = 0 and h 2 (0, 1) and Wilk’s test on two stock
indices during the dot-com bubble and following crash from 1998 to 2002.

Table 4.4 is the same as Table 4.3, with the difference of restricting the time interval from the
beginning of 1998 to the end of 1999, i.e. only during the run-up of the bubble and before the
crash occurs and following bearish regime develops. This is important to disentangle the impact
of the bubble regime that has not yet revealed the underlying finite time singularity from the
crash regime in distinguishing the two classes of dynamics. Again, we find that, for the Internet
index, the null hypothesis H0 is rejected at the 95% confidence level (with a p-value of 0.018). In
contrast, the null is not rejected for the “brick and mortar” stock index.

The class of h = 0 The class of h > 0
Tne:e p�Value

C D q⇤ �Lne h C D q⇤ �Le

Internet 0.007 10.54 3.7⇥ 10�4 858.9 0.099 0.452 22.5 2.4⇥ 10�4 856.7 4.42 0.018
Non-internet 5.210 12.33 1.51⇥ 10�5 5.653 < 0.001 4.75 10.54 1.51⇥ 10�5 5.648 0.01 0.960

Table 4.4: Same as table 4.3 from the beginning of 1998 to the end of 1999.

4.5 Concluding remarks

In this work, we have introduced a reduced form model of financial bubbles, based on a simple
specification of the stochastic dynamics of the price momentum of a financial asset. The model
assumes that the price is a deterministic function of the instantaneous momentum, a quantity that
constitutes one of the most popular technical indicators powering investment techniques used by
hedge-funds, mutual funds and individual investors in general. In our model, the instantaneous
momentum was constructed by a simple continuous moving average of past prices over a given
time horizon. One key feature is to consider that this time horizon is not fixed but tends to shrink
as a bullish market develops, reflecting the race of trend-following agents to forerun their com-
petitors. The feedback of momentum onto its time horizon, namely the stronger the momentum,
the shorter the time horizon, leads to several interesting market dynamics that can be classified
in terms of an index h of bubbliness and of the dependence of stock returns on momentum. We
have identified four main classes of market behavior: non-bubble regime (an exponential of a CIR
process), a mild bubble regime characterized by a transient exponential of an exponential growth
of the price, a recurrent bubble regime with transient stochastic ghost-singularity and a wild bub-
ble regime with a genuine stochastic finite-time singularity. We have shown how to test for the
presence of these different regimes through intensive tests on synthetic time series. Finally, we
have presented a bubble detection test based on our model, which we have applied to the Internet
bubble regime. This has allowed us to confirm the reasonable performance of our proposed cali-
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bration method to qualify the Internet stocks as being described by the recurrent bubble regime
compared with the non-Internet stocks well characterized by the non-bubble class.

We end by pointing out two limits of our model, which should be addressed in future work.
First, since only positive momenta are allowed, the model does not describe negative bubbles
characterized by downward accelerating prices spiraling towards a bottom followed by a rebound
or rally. Second, the model assumes representative momentum investors with a single typical
time scale. This should be improved in the future by accounting for the multiple time scales
characterizing the universe of trading strategies, from high-frequency trading, intra-day trading,
to long term investment horizons. Re-introducing these multiple time scales can offer in principle
the possibility to account for price jumps.

4.6 Appendix

4.6.1 Proofs

Lemma 4.6.1. Assume the setting in section 4.2.2 and let l : [0, •) ! [0, •) be a C2-function with
strictly positive first and second derivative such that St = l(Xt), t 2 [0, •). Then it holds that

qt =
l(Xt)
l0(Xt)

and g2
t =

2l(Xt)Xt

q2
t l00(Xt)

, for t 2 [0, •). (4.61)

Proof of lemma 4.6.1 . Equations (4.11) and (4.12) imply that the quadratic variation of X is given
by

[X]t = q2
t g2

t dt. (4.62)

Assume that S satisfies St = l(Xt) for t 2 [0, •). Then Itô’s formula shows that

dSt = l0(Xt)dXt +
1
2

l00(Xt)d[X]t

= l0(Xt)dXt +
1
2

l00(Xt)q
2
t g2

t dt
(4.63)

Rearranging equation (4.12) we get

dSt =
St
qt

dXt + StXtdt, (4.64)

and comparing the (P-a.s.unique) Itô-equation terms in (4.63) and (4.64), we conclude that

qt =
l(Xt)
l0(Xt)

and g2
t =

2l(Xt)Xt

q2
t l00(Xt)

. (4.65)

The proof of lemma 4.6.1 is thus completed. ⇤

Lemma 4.6.2. Assume the setting in section 4.3.1 and let b < •. Then the process X is given by the SDE
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dXt =

✓
q⇤ +

Xt
b

◆
(Xt (c� 1) + d) dt +

✓
q⇤ +

Xt
b

◆s
2bXt
b� 1

dWt (4.66)

and it holds that

(a) X is explosive for c 2
⇣

b
b�1 , •

⌘
and recurrent for c 2

h
0, b

b�1

i
, and

(b) X is strictly positive for d 2
h

q⇤b
b�1 , •

⌘
and instantaneously reflected at 0 if d 2

⇣
0, q⇤b

b�1

⌘
.

Proof of lemma 4.6.2 . The form of X in (4.66) follows immediately from equations (4.21)-(4.25).
For some a 2 (0, •), define the functions b : [0, •)! (�•, •), s : [0, •)! [0, •), r : [a, •)!

[0, •] and s : [a, •)! [0, •] by

b(x) =
c� 1

b
x2 +

✓
(c� 1)q⇤ +

d
b

◆
x + dq⇤, (4.67)

s(x) =

s
2

b(b� 1)
x

3
2 + q⇤

s
2b

b� 1
x

1
2 , (4.68)

r(x) = exp
✓
�
Z x

a

2b(y)
s(y)2 dy

◆
, (4.69)

s(x) =
Z •

x
r(y)dy. (4.70)

Theorem 4.1 in [50] shows that X is recurrent if for some a 2 (0, •) it holds that s(a) = •.
Observe that there exists a constant K 2 (0, •) such that, for (c� 1)(b� 1) 6 1, we have

Z •

a
r(x)dx > K

Z •

a
exp

✓
�
Z x

a

(c� 1)(b� 1)
y

dy
◆

dx = K
Z •

a

⇣ a
x

⌘(c�1)(b�1)
dx = •. (4.71)

This proves that X is recurrent for c 6 b/(b� 1). Theorem 4.3 in [50] shows that X is explosive if
for some a 2 (0, •) it holds that

s(a) < • and
Z •

a

s(x)
r(x)s2(x)

dx < •. (4.72)

To see this, we assume that c > b/(b� 1) and choose

e 2

0

B@0, min

8
><

>:
2c
b
� 2

b� 1
,

⇣
2

b(b�1)

⌘2

2(c�1)
b � 2

b(b�1)

9
>=

>;

1

CA (4.73)

and a = a(e) 2 (0, •) such that

 s
2

b(b� 1)
y

1
2 + q⇤

s
2b

b� 1

!2

<

✓
e +

2
b(b� 1)

◆
y2, for all y 2 [a, •). (4.74)
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This implies that, for an exponent

E =
2(c� 1)

b
⇣

e + 2
b(b�1)

⌘ > 1, (4.75)

it holds that

s(a) =
Z •

a
r(x)dx <

Z •

a
exp

0

@�
Z x

a

2 c�1
b y

⇣
e + 2

b(b�1)

⌘
y2

dy

1

A dx =
Z •

a

⇣ a
x

⌘E
dx < •. (4.76)

To verify the second part of inequalities (4.72), we first note that, from equation (4.76), we get

s(x) 6
Z •

x

✓
a
y

◆E
dx =

aE

E� 1
1

xE�1 , (4.77)

and thus, in combination with the inequality on r(x) used in equation (4.71), we can conclude
that there exists a constant C0 2 (0, •) such that

Z •

a

s(x)
r(x)s2(x)

dx 6 C0
Z •

a

1
xE�1

1
x3 x(c�1)(b�1)dx, (4.78)

which is finite, as by choice of e in (4.73) we have

E + 2� (c� 1)(b� 1) > 1. (4.79)

The prove of claim (a) is thus completed.
To analyze the behavior of X at 0, define, for a 2 (0, •), the functions r̃ : [a, •) ! [0, •] and

s̃ : [a, •)! [0, •] by

r̃(x) = exp
✓Z a

x

2b(y)
s(y)2 dy

◆
, (4.80)

s̃(x) =
Z a

x
r̃(y)dy, (4.81)

with b and s as in equations (4.67)-(4.68). Note that there exist constants K, K0, K00 2 (0, •) and
a = a(K00) 2 (0, •) such that

r̃(x) 6 K
⇣ a

x

⌘ (b�1)d
q⇤b and (4.82)

r̃(x) > K0
0

@
a
⇣

K00x + (q⇤)2 2b
b�1

⌘

x

1

A

(b�1)d
q⇤b

for x 2 (0, a]. (4.83)

Theorem 2.12 in [50] shows that X is instantaneously reflected at 0 if there exists some a 2 (0, •)
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such that Z a

0
r̃(x)dx < •,

Z a

0

1 + |b(x)|
r̃(x)s2(x)

dx < • and
Z a

0

|b(x)|
s2(x)

dx = •. (4.84)

Assume that d < q⇤b/(b � 1). Then, the first inequality of (4.84) follows immediately from
equation (4.82). For the second inequality of (4.84), we use estimate (4.83) and note that there
exists a constant K 2 (0, •) such that

s2(x) > (q⇤)2 2b

b� 1
x and |b(x)| 6 Kdq⇤, x 2 (0, a]. (4.85)

To derive the third inequality of (4.84), it suffices to note that there exists a constant K0 2 (0, •)

and some a = a(K0) 2 (0, •) such that

Z a

0

|b(x)|
s2(x)

dx > K0
Z a

0

1
x

dx = •. (4.86)

Thus the sufficient condition of theorem 2.12 in [50] is fulfilled.
Theorem 2.16 in [50] shows that X is strictly positive if there exists some a 2 (0, •) such that

Z a

0
r̃(x)dx = • and

Z a

0

1 + |b(x)|
r̃(x)s2(x)

s̃(x)dx < •. (4.87)

Assume that d > q⇤b/(b� 1). Then, the first condition in (4.87) follows immediately from equa-
tion (4.83). To derive the second inequality of (4.87), we use estimates (4.82), (4.83), (4.86) and note
that there exists a constant K00 2 (0, •) and a = a(K00) 2 (0, •) such that

s̃(x) 6 K00

x
(b�1)d

q⇤b �1
, x 2 (0, a]. (4.88)

This completes the proof of claim (b) and lemma 4.6.2. ⇤

4.6.2 Explanation of the notion of ghost finite time singularities applied to the
recurrent bubble regime

Here, we make precise the concept of a ghost finite-time singularity mentioned in subsection
4.3.3.3 as applied to the recurrent bubble case h 2 (0, 1) and C 2 [0, 1]. In a nutshell, the term ghost
finite-time singularity describes processes that follow explosive dynamics temporarily, shadowing
a true finite time singularity dynamics up to a time when it departs from it and saturates as a
result of an inherent stabilizing mechanism that takes over and prevents the divergence.

Following section 4.3.3.1, we set q⇤ ⌘ 1 without loss of generality. First, we introduce a
bounded process

Zt =
1

gh
tan�1

✓q
Sh

t � 1
◆

, Zt 2 [ Z, Z ] = [ 0,
p

2gh
] , (4.89)
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where g =

s
2

h(1� h)
. Conversely,

St = [tan2(ghZt) + 1]
1
h = sec

2
h (ghZt). (4.90)

With Itô’s lemma, we can check that Z is a unitary diffusion process with

dZt = g


2(C� 1)� h

4
tan(ghZt) +

h(2D� 1)
4

cot(ghZt)

�
dt + dWt . (4.91)

The drift coefficient of Z depends on the balance of power between the tangent and cotangent

terms, being
2(C� 1)� h

4
tan(ghZt) and

h(2D� 1)
4

cot(ghZt), respectively. If C 6 1 and D > 1
2 ,

the tangent term is always negative and the cotangent term is always positive. For this set of
parameters, the evolution of S can be described in three consecutive stages.

• When St is close to 1+, i.e., ghZt ⇡ 0+, the positive cotangent term dominates the drift of
Zt and contribute a strong impetus to blow up the bubble.

• After this initial pumping up, at some point the effect from the cotangent term will be
offset by the negative effect of the tangent term. Then the drift of Z may be neglected, and
Zt ⇠Wt. Hence,

St ⇠ sec
2
h (ghWt) ⇠

⇣p

2
� ghWt

⌘� 2
h , (4.92)

which gives an hyperbolic (stochastic) growth for St. The above approximate dynamics for
S indeed show a finite-time-singularity with a theoretical random critical time point eTc. If
we solve for the first p

2 -passage time of the diffusion ghW, we get a Levy distribution for
eTc, in particular

eTc ⇠ Levy(0,
p2

4g2h2 ) . (4.93)

• When S becomes large, the negative tangent term will eventually dominate the cotangent
term and act as a strong repeller to prevent explosion of S. This mechanism drives the
recurrent behavior, such that the finite time singularity only serves as an approximate, ghost-
like reference.

The case D 6 1
2 evolves analogously, without the initially contributing positive drift term.
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Part III

Statistical inference of point
processes
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Chapter 5

The ARMA point process and its
estimation

5.1 Introduction

Here we introduce the ARMApp (auto-regressive-moving-average point process), and provide
means for its maximum likelihood estimation. Motivation of this model and its use benefit
from embedding it in a conceptual framework: Activity in a system can be decomposed into
exo(genous) – having external origin – and endo(genous) – having internal origin. Given obser-
vation of the overall activity of the system, the statistical problem is to identify its exo and endo
parts. Endo processes concern the memory, conditional dynamics, and mechanisms within the
system – which is also subjected to exo processes, which may introduce shocks, cycles, and trends
into the dynamics. Mixtures of exo and endo processes pervade science and nature [227]: In seis-
mology after-shocks are triggered endo events [122]. In epidemiology, basic incidence of diseases
are followed by contagious outbreaks. In financial markets, there are events that lack (identifi-
able) precursors as well as positive feedbacks and self-excited trading activity [13, 14, 97, 116].
On the Internet, diverse content – tweets, Youtube videos, ideas/memes, and so on – ’go viral’
via epidemic-type spreading [47, 62]. Indeed a general problem, of crucial importance for infer-
ence and prediction, is to capture the roles of endo and exo processes in a model or via some
other metric or test. We call this the endo-exo problem, for which testing for unit-roots, or long
memory are clear examples. To further illustrate: an exo impulse applied to a system generates a
response, which identifies endo characteristics of the system. Additionally, an endo process may
generate bursty behavior on its own, which may appear similar to an exogenously driven event.
The problem is to untangle these fundamentally different classes of activity.

In the case of point type observations, e.g, having a sample of points with time and/or space
coordinates, burstiness or clustering may be observed and the endo-exo problem consists in iden-
tifying and modeling the underlying nature of such clustering.1 Point-process models featuring

1In the following we will use basic terminology from the point process literature, see appendix 5.9.1 for a short
introduction.
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a specific generating process can be considered, often with a causal structure and interpretation.
In the literature, two cluster mechanisms have been very prominent, based on a sensible starting
point for exo activity, the memoryless Poisson process. The Hawkes process, on the one hand, builds
on this via self-excitation of the activity level, which is a reasonable endo process where positive
feedback exists. It has been widely used to model the role of endo activity in financial markets,
with important consequences for market stability and risk management [14, 32, 46, 97]. Alterna-
tively, shot noise builds on the Poisson process by having each of its points generate a burst of
additional points, forming a cluster. This could be a reasonable model for the response to external
shocks. Shot noise processes have been the scope of insurance risk-theoretic analysis [4, 65, 163].
As argued in [67], credit default claims and insurance claims are subject to both exo shocks as well
as endo contagion. Combinations of bursty and contagious dynamics for information diffusion
on Twitter have been proposed [47].

To classify these cluster mechanisms and profit from familiar notions, we exploit analogies
between point process and time series models. General parallels were explored in [35]. Here
we consider that point processes aggregated on a grid (i.e., taking bin-counts) form a time series
of non-negative integers. In fact, the Hawkes process has been shown to be equivalent to the
INAR (integer valued auto-regressive) as the coarseness of the grid goes to zero [161]. The same
equivalence between shot noise and the INMA (integer valued moving-average) time series model
is apparent. We introduce the ARMA point process (ARMApp) as the analogue of the INARMA
(integer valued ARMA) time series [99, 182, 246, 247]. Although the analogy is striking, we
do not prove equivalence. Rather, we focus on developing statistical estimation of the ARMApp.
The richness of the ARMA time series framework is well known. Similarly, the ARMApp contains
regular Poisson type flow and both of the fundamental cluster types mentioned above (that is, shot
noise bursts and self-excited dynamics), which seem to provide a basic set of elements relevant
for endo-exo modeling in practice.

To compare with the literature, the ARMApp can be considered as a special case of the Hawkes
process with general immigration, whose spectral measure formula was derived in [34], and fur-
ther analyzed in [31]. In terms of more concrete applied models, the ARMApp is quite similar to
the dynamic contagion point process of [67], which also combines flow, bursts, and self-excitation.
The dynamic contagion process with exponential memory functions has been studied, and ap-
proximate estimation developed by Kalman filter [66]. Our contribution, aside from the intuitive
analogy and perhaps incremental novelty of the model, is the advance of allowing for maximum
likelihood estimation of the ARMApp with time-varying exo flow, and diverse memory functions.
Note that such an approach could also be applied to the dynamic contagion process. The practical
value of this is worth emphasizing: As recently shown for the Hawkes process [250], seminally
encountered in hydrology [131], and pervasive in econometrics [108], it is crucial to account for
variation in the exo process (whether it be flow rate or trend). Indeed, mis-treating the exo part
e.g., as constant when actually trending or cyclical is well known to lead to spurious long and
strong memory.

Statistical estimation of models with a moving average (shot noise) component with MLE
(maximum likelihood estimation) is complicated when innovations are not observed. Less effi-
cient or approximate methods are often relied upon [33, 36, 66, 201, 238]. To overcome this for
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the ARMApp, we derive an MCEM (Monte-Carlo expectation-maximization) algorithm, extended
from the spatial point process literature [187, 188]. In simulation studies, estimation is shown to
perform well and select the correct submodel (full ARMA, Hawkes or Neyman-Scott).

In terms of structure: First we define the ARMApp, derive its basic properties, and discuss
connections to related models from the point process literature (section 5.3). Then we establish
a formal analogy to the INARMA time series (section 5.4) and develop MLE via the MCEM al-
gorithm (section 5.5). A simulation study demonstrates performance of the estimation procedure
(section 5.6), and a practical example highlights its strengths and limitations in addressing the
endo-exo problem (section 5.7).
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5.2 Notation

The following notation and terminology is used throughout this chapter. On a probability space
(W,F , P) we will work with point processes N : W ⇥ B(R) ! N0 [ {•} defined as random
measures on R. For a point process N and a Borel set A ✓ R, let N(A) denote the (random)
number of points in A. Throughout we will exclude multiple occurrences of points, that is,
N({t}) 6 1 for all t 2 R. In this case, N can be described by an ordered random sequence (Tj)j2Z

with T0 < 0 6 T1, denoting the distinct jump times of N.
In the special case of a half open interval (a, b], we will write N((a, b]) = N(a, b). We will

use Nt = N(0, t) for t 2 [0, •) and Nt = �N([t, 0)) for t 2 (�•, 0). For a process N defined
on a probability space (W,F , P), we will denote by s(N) the history of the process N given by
s(N) = (Ft)t2(�•,•), where Ft ✓ F is the s-algebra generated by the evolution of N up to and
including t, that is, Ft = s(Ns, s  t).

Moreover, below we assume familiarity with the notions of (in)homogeneous Poisson process,
immigrant/offspring point, Poisson cluster process (Neyman-Scott process) and Galton-Watson
cluster process (Hawkes process). For a short introduction to these concepts, see appendix 5.9.1.

5.3 The ARMA point process

5.3.1 Setting and definition

x

θ

x

θ

μt

φ φ

Figure 5.1: A realization of the ARMApp with innovation (immigration) intensity µ, MA (shot
noise) intensity q, and AR (Hawkes) intensity f. Immigrants, q-offspring and f-offspring are
denoted by x, triangle, and dot, respectively. A point is connected to the intensity that it triggers
by a vertical dashed line. All points are projected onto the horizontal axis, with parenthood
indicated by arrows, forming the full realization. The figure is adapted from [248].

Let (W,F , P) be a probability space, let µ 2 (0, •), let Nµ : W⇥B(R)! N0 be a homogeneous
Poisson process on R with rate µ, let h 2 [0, 1), g 2 [0, •), let q, f : [0, •) ! [0, •) be integrable
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functions with the property that

Z •

0
q(t)dt = g and

Z •

0
f(t)dt = h , (5.1)

and let NI : W⇥ B(R) ! N0 be a Poisson cluster process with Poisson offspring distribution q

based on immigrants Nµ.2 Then the ARMA point process (ARMApp) is defined as the Galton-
Watson cluster process N : W ⇥ B(R) ! N0 with Poisson offspring distribution f based on
immigrants NI .3 This process is visualized in Figure 5.1.

5.3.2 Properties

Lemma 6.3.II and Exercise 6.3.5 in [63] ensure the existence and stationarity of NI and N. The
main point here is that, for a stationary immigration process, there exists a stationary cluster
process if clusters are i.i.d. distributed (given the cluster center) and the cluster size is finite,
which is ensured by h 2 [0, 1) and g 2 [0, •). The construction of a point process as a collection
of Galton-Watson branching processes with Poisson offspring distribution was initially used in
the point process representation of the Hawkes process in [120], see also Example 6.3(c) in [63].

For the full filtration F = s(Nµ, N), it holds that the F -conditional intensity function is given
by

l(t) = µ +
Z t

�•
q(t� s)dNµ

s +
Z t

�•
f(t� s)dNs. (5.2)

With respect to the filtration F = (Ft)t2(�•,•), the intensity function can be seen as a conditional
hazard function in the sense that

l(t) = limD#0 D�1E [N(t, t + D)|Ft�] . (5.3)

For details see Chapter 7 of [63]. Note that the conditional intensity function uniquely defines the
probability structure of a point process only if it is measurable with respect to its internal history.4

Thus, unlike the case for the classical Hawkes process, the F -conditional intensity function (5.2)
is not a defining property of N.

Alternatively, one can use a random sequence of indicator variables depending on N and Nµ

to concisely describe the conditional intensity and the information flow. For t 2 R, we can define
the random sequence Zt = (Zi)i2N where, for i 2 Z \ (�•, Nt], Zi = 1 if the (Nt � i + 1)-th last
point was an immigrant and Zi = 0 otherwise. Then the full history is generated by N and Z ,

2That is, NI is the collection of Nµ and Poisson clusters generated by Nµ, see definition 5.9.4.
3That is, N is the collection of Galton-Watson clusters triggered by points in NI , see definition 5.9.5.
4See Chapter 7 and Proposition 7.2.IV. in [63] for details.
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that is F = s(Nµ, N) = s(Z , N) and the F -conditional intensity can be written as

l(t) = µ +
Nµ

t

Â
j=�•

q(t� Tµ
j ) +

Nt

Â
k=�•

f(t� Tk)

= µ +
Nt

Â
j=�•

Zµ
j q(t� Tj) +

Nt

Â
k=�•

f(t� Tk) ,

(5.4)

where (Tµ
j )j2Z and (Tj)j2Z denote the jump times of Nµ and N, respectively.

5.3.3 First and second order statistics

Using stationarity of the process, we can take the expectation of the F -conditional intensity func-
tion in (5.2) to get the expected intensity,

l̄ =
µ(1 + g)

1� h
, (5.5)

which defines the first moment measure of N, that is, for any Borel set A ✓ R, we have E[N(A)] =R
A l̄dt. By stationarity of the process, the covariance measure, if it exists, is fully defined by its

density c(u) = Cov(dNt, dNt�u),5 see 6.1.I. in [63]. The covariance measure has a singular Dirac
component at 0 and thus c can be written as

c(u) = ld(u) + lh(u)� l
2 (5.6)

with the symmetric function h : (�•, •)! [0, •), called palm-intensity in [59], given by

h(u) = P [dNt+u = 1|dNt = 1]
1

du
= E [dNtdNt�u]

1
ldtdu

, u 2 (0, •)

h(0) = 0.
(5.7)

To derive an expression for h utilizing equation (5.2), we first need to derive an equation for
the function t : (�•, •)! [0, •) given by the defining equation

E
h
dNtdNµ

t�u

i
= (d(u)µ + t(u)) dtdu. (5.8)

We multiply equation (5.2) with dNµ
t�u/du and take expectations to arrive at

t(u) = µ2 +
Z t

0
q(t� s)

1
du

E
h
dNµ

s dNµ
t�u

i
+
Z t

�•
f(t� s)t(s� t + u)ds, u 6= 0. (5.9)

5Hereafter, we will use artificial objects like Cov(dNt, dNt�u) for simplicity. What we actually mean here is that c is a
density in the sense that for Borel sets A, B ✓ R it holds that Cov(N(A), N(B)) = Cov(

R
A dNt,

R
B dNt) =

R
A⇥B c(u� t)dudt.

For a rigorous definition of moment measures and their densities, we refer to Chapter 5.4 in [63].
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Using E
h
dNµ

s dNµ
t�u

i
=
�
µd(s� t + u) + µ2� dsdu we get

t(u) = µ2(1 + g) + µ(q(u) + f(u)) +
Z •

0
f(s)t(u� s)ds, u 2 (0, •),

t(0) = lµ.
(5.10)

Now we are concerned with calculating the full conditional intensity function h. To this end, let
r : [0, •) ! [0, •) be the function given by r = lh. Multiplying equation (5.2) with dNt�u/du,
taking expectations and using identities (5.7) and (5.10) gives

r(u) = µl + µq(u) +
Z t�u

�•
q(t� s)t(t� u� s)ds + lf(u) +

Z •

0
f(s)r(u� s)ds

= µl + µq(u) + lf(u) +
Z •

0
q(s + u)t(s)ds +

Z u

0
q(s)t(s� u)ds

+
Z •

0
f(u + s)r(s)ds +

Z u

0
f(s)r(u� s)ds.

(5.11)

If equation (5.11) has a solution, the covariance measure exists and has density c defined in
(5.6). As f and q are integrable functions, by L1-theory for Fredholm integral equations, see, e.g.,
chapter 2.3 in [200], there exist locally integrable solutions to equations (5.10) and (5.11). For
exponential densities, equation (5.11) can be solved explicitly. To this end, let q0, q1, f0 2 (0, •),
f1 2 (f0, •) and let q(t) = q0e�q1t and f(t) = f0e�f1t = hf1e�f1t (from the definition of the
branching ratio h given by (5.1), which shows indeed that the condition h < 1 is equivalent to
f1 = f0/h > f0). Then, as we show in appendix 5.9.2, there exist constants K1, K2 2 (0, •)

depending on (q0, q1, f0, f1) such that the palm intensity h is given by

h(t) = l + K1e�(f1�f0)t + K2e�q1t = l + K1e�(1�h)f1t + K2e�q1t, t 2 (0, •). (5.12)

This, in particular, shows that estimation based on second order statistics alone will not be satis-
factory. The term e�(1�h)f1t recovers the standard renormalization of the characteristic time scale
1

f1
to 1

f1
1

1�h by counting over all generations of the f-process.
For the special cases of a Hawkes or a Neyman-Scott (NS) processes, the above expression

reduces to the respective well-known palm intensities, in particular it holds that K1 = 0 for f0 = 0
and K2 = 0 for q0 = 0. As for the Hawkes and the NS processes, we have limt!• h(t) = l.

5.3.4 Comments

Branching interpretation. The explicit construction of the ARMApp brings great insight, as
visualized in Fig. 5.1: µ introduces immigrants, which may then trigger a single generation of
q-offspring with intensity q(·), and then all existing points (µ-immigrants and their q-offspring)
trigger a generation of f-offspring with intensity f(·), which may, in turn, trigger the subsequent
generation of f-offspring in the same way. The sum of these independent inhomogeneous Poisson
processes provides the F -conditional intensity (5.2), and the set of immigrant and (q- and f-
)offspring points forms the ARMApp realization. The branching ratio g is the expected number of
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q-offspring of a single immigrant, and the branching ratio h is the expected number of immediate
f-offspring of any point. Further, counting all generations, a single point is expected to produce
h + h2 + · · · = 1/(1 � h) � 1 f-offspring. Thus, as in the Hawkes process, h is the expected
proportion of all points that are f-offspring. From the ARMApp defined above, by setting g = 0
one recovers the Hawkes process, and by setting h = 0 one recovers a modified Neyman-Scott
(NS) process6 (see [191]). It can thus be regarded as an extension of both a self-exciting and an
i.i.d. cluster process.

Extensions/Modifications.

1. The ARMApp can be extended by using an inhomogeneous Poisson process Nµ in definition
5.3.1 for a locally integrable rate function µ : (�•, •)! [0, •). The resulting cluster process
of immigrants, NI , can be extended to marked point process with the marks (Yi)i2N being
i.i.d. non-negative valued random variables, such that the cluster generated by the jth point
of Nµ at tj 2 R is distributed according to an inhomogeneous Poisson process with rate
yjq(·� tj) for a realization yj of Yj. Moreover, the ARMApp N can be extended to a marked
point process with the marks (Zi)i2N being i.i.d. non-negative valued random variables,
such that the cluster generated by the kth point of N at tk 2 R is distributed according to
an inhomogeneous Poisson process with rate zkf(·� tk) for a realization zk of Zk. Then the
F -conditional intensity of N in the form of (5.4) can be written as

l(t) = µ(t) +
Nµ

t

Â
j=�•

Yjq(t� Tµ
j ) +

Nt

Â
k=�•

Zkf(t� Tk) . (5.13)

2. We will also show how to estimate a variant of the process (5.13) with background immi-
gration, that is, where the immigrants Nµ are not included in the sample. In this case, the
F -conditional intensity of the process takes the form (5.13) without the first term µ(t) in the
r.h.s.

l(t) =
Nµ

t

Â
j=�•

Yjq(t� Tµ
j ) +

Nt

Â
k=�•

Zkf(t� Tk) . (5.14)

While the inclusion of the immigrants can be argued to be natural due to its similarity
with the Hawkes process or INARMA time series (introduced below), which both count
immigrants, their exclusion – i.e., the use of background immigration – can be argued to be
natural by interpreting it as a Hawkes process with Neyman-Scott immigration. In practice
the application may clarify which specification makes sense.

Dynamic contagion process. A similar Hawes process with general immigrants has been in-
troduced as the dynamic contagion process in [67]. The authors define a point process that has a

6I.e., an NS process where the immigrant is included in the counts.
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stationary7 conditional intensity function, with respect to a suitable history,

l(t) = n +
Nµ

t

Â
j=�•

Yjq(t� Tµ
j ) +

Nt

Â
k=�•

Zkf(t� Tk) . (5.15)

for n 2 [0, •) that corresponds to a (“background”) immigration Poisson process Nn, a Poisson
process Nµ defined as above and independent from Nn and (respectively) identically distributed
marks (Yj)j2Z, (Zk)k2Z. This process is similar to but different from the ARMApp, where immi-
gration and external shocks to the intensity are identical.8 The next section provides a justification
for our (different) choice of the specific structure of N and the label ARMApp.

5.4 The relationship to integer-valued time series

The ideas in this section are based on Kirchner [161], who considers the framework of a classic
Hawkes process.

5.4.1 The INARMA model

The discrete valued analogues of classical time series models [37] have seen a flurry of recent
development [99, 182, 246, 247] and enjoy many current and potential applications. Here we con-
sider the INARMA(p, q) process, an integer-valued ARMA process for counts. For its definition,
we will need the Poisson thinning operator � to preserve the count value of the process. In all
of the following, we assume an underlying probability space (W,F , P). For some count variable
Z : W ! N, a non-negative real number a 2 [0, •), a sequence of i.i.d. Poisson distributed

random variables (Yi)i2Z
i.i.d⇠ Pois(a), we define the count variable a � Z : W! N by

a � Z =
Z

Â
i=1

Yi, a > 0, and a � 0 := 0. (5.16)

Definition 5.4.1. Let p, q 2 N, let eµ 2 [0, •), let (ei)i2Z be a sequence of i.i.d. random variables

ei
i.i.d⇠ Poisson(eµ), let (eqk)k=1,...,p and (efj)j=1,...,q be real-valued, non-negative sequences with the

property that Âp
j=1
efj < 1. Then an integer-valued time series X : W⇥Z ! N is an INARMA(p, q)

process if it satisfies the difference equation

Xl = el +
q

Â
k=1

eqk � el�k +
p

Â
j=1

efj � Xl�j, l 2 Z, (5.17)

7In [67], they work in a non-stationary framework starting from an initial value at l0 at 0, whose influence diminishes
over time t! •.

8By using a mixture distribution for the marks (Yi)i2N in (5.13), the ARMApp can mimic the structure that some
immigrants (cf. Nn) do not trigger a cluster but some do (cf. Nµ). However, every immigrant (Nn and Nµ) will be
counted. In this sense, a very similar but not the exact same process can be estimated with the algorithm presented here.
For the special case n = 0, the dynamic contagion process is identical to modification (2) of the ARMApp mentioned
above.
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Figure 5.2: Representation of a cluster generated by the ARMApp (left plot), and the
INARMA(2, 3) process (right plot) which approximates the ARMApp with grid D. Only in-
tensities that generated a point are shown. The immigrant and total counts are given which form
the INARMA realization rather than the points. The origins of the axes framing the AR and MA
triggering coefficients are located at the time values of the points that triggered them to highlight
a source of approximation error: the INARMA can only trigger across bins, not within them. The
figure is adapted from [248].

where all thinning operations are mutually independent.9

5.4.2 Comments

The INARMA process (5.17) exists as a multi-type branching process that is stationary for Âp
j=1
efj <

1, see corollary 2 in [79].
The autocovariance function g : Z ! [0, •) of the INARMA process (5.17) is the function

g(u) = Cov(Xl , Xl�u), often equivalently used via the rescaled autocorrelation function (ACF).
It is explicitly understood for INAR(p) and INMA(q) processes with Bernoulli thinning, see [80]
and [181], respectively. The case of Poisson thinning is covered by a general result in [168] for
INAR(p) and can be extended directly from [181] for INMA(q) processes. To our knowledge, an
explicit description of the ACF for the full INARMA(p, q) process (5.17) has not been established
yet and is left for future research. Given the autocovariance g, we can find best linear conditional
predictors for X in the space of real-valued time series and one might extend the notion of partial
autocorrelation (PACF) to INARMA(p, q)-processes.10

From the difference equation (5.17), assuming a time distance D 2 [0, •) between the counts,
it is straightforward to deduce a discrete conditional intensity function l(D) given by

l(D)(l) =
1
D

E[Xl |X(l�1):(l�p), e(l�1):(l�q)] =
1
D

 
eµ +

q

Â
k=1

eqkel�k +
p

Â
j=1

efjXl�j

!
, l 2 Z. (5.18)

9There exist other interpretations for the serial dependence of thinning operations in the literature, see, e.g., chapter 5
of [100] for a specific interpretation in the general case or [33] for an overview of interpretations in the INARMA(0, q)-case.

10See, e.g., sections 3.4 and 5.2 [37] for a derivation of the partial autocorrelation for real-valued time series in terms of
optimal linear predictors, using the Durbin-Levinson algorithm.
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The branching interpretation of the INARMA process (5.17) is the same as for the ARMApp:
the innovation count el introduces immigrants, and thinning (5.16) has the interpretation that
each of the Xj points in the jth bin is expected to produce efl�j offspring in the lth bin, where
l > j. Thus the INARMA process introduces a burst of offspring triggered by immigrants, via
thinning with eq coefficients, and an autoregressive tree of offspring triggered by all past events,
via thinning with ef coefficients.

Observe that the thinning operator defined in equation (5.16) has the property that a � Z|Z = z
is a sum of z independent Poisson variables with parameter a, and has distribution Pois(az). Thus,
given that both all thinnings in (5.17) are independent of each other, and of the Poisson innovation
el , then the conditional df of Xl |X(l�p):(l�1), e(l�q):(l�1) is also Poisson. The unconditional df of Xl ,
on the other hand, is not Poisson. In this sense, we maintain structural similarities to ARMApp,
whose distribution, given the full history, is that of an inhomogeneous Poisson process. It is
important to note that the standard thinning used in integer time series is Binomial thinning,
where the variable Y has a Bernoulli distribution. In this case, the unconditional distribution of
Xl is Poisson, but the conditional one is not. A survey of the different thinning specifications
employed within the literature are summarized in [247].

5.4.3 Connection to the ARMApp

As discussed above, the branching interpretation of the INARMA time series and the ARMApp
are identical. Next, a formal argument is made to suggest an asymptotic equivalence between
the process from section 5.3.1 and INARMA time series, motivating the term ARMApp. For this,
let N be an ARMApp as defined in section 5.3.1 given by an immigration rate µ 2 (0, •) and
integrable intensities q, f : [0, •) ! [0, •). If one aggregates the ARMApp N on bins of width
D > 0, one obtains the counting variables {N(D)

l = N (Dl, D(l + 1)) , l 2 Z} for all points and

{e
(D)
l = Nµ (Dl, D(l + 1)) , l 2 Z} for innovations, see Fig. 5.2 for an example. Then, for mild

assumptions on q and f, we P-a.s. have the convergence

q

Â
k=1

q(kD)e(D)bt/Dc�k �!
p,q!•,D!0

Z t

�•
q(t� s)dNµ

s ,

p

Â
j=1

f(jD)N(D)
bt/Dc�j �!

p,q!•,D!0

Z t

�•
f(t� s)dNs.

(5.19)

Thus, for the aggregated model N(D), using (5.2) and (5.19), we expect a discrete conditional
intensity function

l(D)(l) = µ +
q

Â
k=1

q(kD)e(D)l�k +
p

Â
j=1

f(jD)N(D)
l�j + err(D, p, q) , (5.20)

where err(D, p, q) consists of approximation of the integral in (5.19) with finite step functions of
length p, q and the influence of offspring that are triggered by points N or Nµ in the same interval
(of length D). Thus, we expect err(D, p, q) ! 0 for p, q ! • and D ! 0 and the aggregated
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ARMApp to (approximately) follow an INARMA process. This formal reasoning leads us to the
conjecture that the finite dimensional distributions of a sequence of INARMA processes converge
to the finite dimensional distributions of the ARMApp.

Conjecture. 1. (The INARMA(•, •) process.) Let eµ 2 [0, •), let (ei)i2Z be sequence of i.i.d. ran-
dom variables ei

i.i.d⇠ Poisson(eµ) and let (eqk)k2N and (efj)j2N be real-valued, non-negative sequences
with the property that Â•

k=1
eqk < • and Â•

j=1 efj < 1. Then there exists an integer-valued stationary
time series X : W⇥Z ! N that satisfies the difference equation

Xl = el +
•

Â
k=1

eqk � el�k +
•

Â
j=1

efj � Xl�j, l 2 Z. (5.21)

2. (Approximation of the ARMApp.) Let N be an ARMApp as defined in section 5.3.1 with a
piecewise continuous intensity f, then there exists d 2 (0, •) such that

• for D 2 (0, d) equation (5.21) with eµ = µD, eqk = Dq(kD), and efj = Df(jD) defines a
stationary INARMA process X(D) and

• the family of point processes (ND)D2(0,d) given by

ND(A) = Â
n : nD2A

XD
n , for a Borel set A ✓ R (5.22)

converges weakly11 to N for D! 0.

A rigorous proof goes beyond the scope of this article. As special cases, the aggregated Hawkes
process is approximated by the INAR process, and the aggregated Neyman-Scott process is ap-
proximated by an INMA process. The weak convergence of the INAR process to the Hawkes
process was established in [161].

5.4.4 Implications

In case the above conjecture, as suggested by the formal argument, turns out to be true, it verifies
the already useful analogy between time series models and (binned) point processes.

As an important example, the autocorrelation (ACF) and partial autocorrelation (PACE) func-
tions, which have been thoroughly studied for real-valued time series and are extendible to
integer-valued time series (see the comments in section 5.4.2 above), can be used to characterize
the ARMApp. The ACF, being defined as the covariance between two lagged random variables
for time series, is directly related to the palm intensity (5.7), which defines the covariance measure
of the point process. An analogy to the PACF, whose definition involves the notion of linear (best)
predictors given a sub-s-algebra, is not as readily defined for a point process, and leaves room for
further research.

Moreover, as is the case for the ARMApp, the INARMA model cannot be directly/ simul-
taneously estimated by MLE due to missing information – here being the innovation counts

11Weak convergence of point processes is understood as vague convergence of their induced measures and equivalent to
a convergence of their finite dimensional distributions, see, e.g., [207].
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e
(D)
l�1, e

(D)
l�2, . . . where only the complete counts X(D)

l�1, X(D)
l�2, . . . are observed. The EM algorithm

provided in section 5.5 to estimate the ARMApp may also be applied to the INARMA model and
thus provides a powerful approach to fitting INARMA time series models.

5.5 Estimation of the ARMApp with EM algorithms

5.5.1 Motivations for the EM scheme

Unlike the Hawkes process, the conditional intensity functions of the NS, the ARMA, and marked
extensions (5.13) depend on (knowing) the immigrants. These processes are Poisson, given the
conditional intensity, which is itself stochastic. For such processes, in general [188], the likelihood
is given in terms of an expectation with respect to the unobserved random intensity function. The
typical solution in this case is to perform likelihood inference by MCMC (Markov Chain Monte
Carlo) sampling [188]. In the case of univariate temporal point processes, this turns out to be
rather simple to implement, and works well.

Also, practically speaking, it is crucial in applications to consistently estimate trends in im-
migration µ(t) to avoid mistaking deterministic trends for stochastic fluctuations. For reasonable
models with such features, moment-based estimation is not useful, and “direct” MLE via nu-
merical maximization of the loglikelihood may perform poorly due to joint estimation of a large
number of parameters perhaps along with non-parametric µ(t). In such a setting, the EM algo-
rithm [183] for maximum likelihood estimation is powerful as it decomposes otherwise unwieldy
multi-parameter estimation into sub-estimations – specifically here into very simple problem of
density estimations from iid samples with weights.

Regarding scope, this EM framework for ARMA point-processes allows for the estimation of
a range of model specifications, e.g.:

• Submodels, including the Hawkes, NS, and SNCP.

• Immigrant points are observed (included in the sample) or unobserved, cf. (5.14).

• Trends in immigration and/or the branching ratios (as well as other parameters).

• Without or with marks (as in (5.13)) that are either observed, or unobserved and thus must
be simulated within the EM algorithm.

• And, last but not least, INARMA time series with Poisson thinning (5.17) can be estimated
by a simple and obvious modification of the EM algorithm.

Below, the EM algorithm for the case of the ARMA with marks and inhomogeneous immigra-
tion will be presented. Section 5.5.2.2 will be concerned with the simpler case where immigrants
and marks are observed, section 5.5.2.3 will treat the case of unobserved immigrants. Section 5.5.3
concludes with a step-wise description of the algorithm and section 5.5.4 discusses convergence
properties.
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5.5.2 Derivation of the the EM algorithm

5.5.2.1 Notations

We are concerned with the ARMApp introduced in section 5.3.1 on a finite observation window
[0, t]. For ease of presentation, we will look at the induced random sequence T : W ! RN

consisting of all the times s 2 [0, t] where DNs 6= 0. A single realization of T will then be a vector
denoted by T(w) =: t = (t1, . . . , tn) for a realization w 2 W and n = Nt(w). We will allow
for inhomogeneous immigration with intensity µ(·) and marks (Yi)i2N, cf. the discussion before
equation (5.13). For ease of presentation, we will introduce some notation.

1. Let C be the random sequence induced by the marked immigrant process Nµ on [0, t],
with realization c = (c1, . . . , cnc) of length Nµ

t = nc. Each element has the time and mark
cj = (sj, yj) 2 (0, t]⇥ [0, •). Separately, denote the points s = (s1, . . . , snc) that are iid on
window (0, t] with density µ(·)/µ((0, t]), and the marks as y = (y1, . . . , ync), where marks
are iid with pdf m(·).

2. Similarly, denote by o = (o1, . . . , ono ) the realization of the offspring process with no = n� nc

and t = c [ o.

3. Finally, let f , g : [0, •) ! [0, •) be the density function of the AR and MA kernels, that is,
q = gg and f = h f . Due to the presence of marks, without loss of generality we can assume
that g ⌘ 1.

Then T has a realized s(Nµ, N)-conditional intensity

l(s) ⇡ µ(s) +
nc

Â
j=1

yjq(s� sj) +
n

Â
k=1

f(s� tn), s 2 [0, t]. (5.23)

5.5.2.2 Description of the EM algorithm for observed immigrants and marks

We will start with the simpler but less realistic case of where we observe a realization of the
random sequence Ct(w) = c = (c1, . . . , cnc) and show how the EM algorithm can be applied
in this situation to derive parameter estimates based on a conditional expectation of the full
likelihood (E-step) for the parameter vector

b = (µ, f , m, g, h).

The parametric form or non-parametric subclass of the densities µ, f , m, g has to be specified in
the maximization step (M-step) to yield a well-defined maximization problem.

Likelihood expectation (E-step) To derive a likelihood function, we will use the fact that, given
the full branching structure Z, the ARMA process decomposes into three independent inhomoge-
neous Poisson processes (density pr for intensity r) and the density of the marks m. In particular,
the density factorizes

p(t|Z) = pµ(s)pm(y)pq(oq)pf(of), (5.24)
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where of and oq denote the AR and MA offspring, respectively. The branching structure Z is
therefore a highly useful unknown, and will be treated as our EM “missing data”. Formally
define the missing data by indicator variables

Z = {Zq
i,j , i = 1, ..., n, j = 1, ..., nc} [ {Zf

i,j , i = 1, ..., n, j = 1, ..., n} , (5.25)

which are zero except Zq
i,j = 1 if ti is triggered by q(· � sj), and Zf

i,j = 1 if ti is triggered by
f(·� tj).

Given the missing data (5.25), the “complete data” likelihood can be derived by using the
missing data variables to rewrite (5.24),

L(b | t, c, Z) =
nc

’
i=1

µ(si)Exp{�
Z t

0
µ(s)ds}m(yi)⇥

n

’
i=1

nc

’
j=1

h
yjq(ti � sj)

iZq
i,j Exp{�

nc

Â
j=1

yj

Z t

0
q(s� sj)ds}⇥

n

’
i=1

n

’
k=1

h
f(ti � tk)

iZf
i,k Exp{�

n

Â
j=1

Z t

0
f(s� tj)ds} ,

(5.26)

where an intensity is only evaluated at the times agreeing with the branching structure encoded
within the missing data. Instead of optimizing the (inaccessible) complete data likelihood (5.26),
the EM algorithm uses the objective function

Q(b | bb) = EZ| bb,t,c[log L(b | t, c, Z)] , (5.27)

the expectation of the log-likelihood over the missing data, given the complete observations (t, c),
and a parameter estimate bb, where at the r + 1th iteration,

bb(r+1) = arg max
b

Q(b | bb(r)) . (5.28)

The function Q then contains the probabilities

pq
i,j = P{Zq

i,j = 1|t, c, b} =

8
><

>:

yjq(ti � sj)

Ânc
j=1 yjq(ti � sj) + Ân

j=1 f(ti � tj)
for ti 2 o

0 else

p
f
i,j = P{Zf

i,j = 1|t, c, b} =

8
><

>:

f(ti � tj)

Ânc
j=1 yjq(ti � sj) + Ân

j=1 f(ti � tj)
for ti 2 o

0 else

(5.29)

in place of the missing data indicator variables (5.25), while decoupling of the components in
the likelihood (5.26) is preserved. These probabilities follow from the thinning [63] whereby the
probability that ti comes from one of the independent (sub-)processes is equal to that process’
share of the total conditional intensity function at ti. For specified model components with given
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parameter estimate bb, these probabilities (5.29) can be computed.

Maximization (M-step) The maximization of the expected log-likelihood (5.27) has the structure
of probability density estimation with sample weights (5.29) in place of the indicator variables
encoding the missing data. This decoupling into iid density estimation enables the estimation of
relatively complex, as well as non-parametric densities. Specifically,

1. g is estimated on iid positive interevent times { ti � sj, sj < ti } with weights pq
i,j,

2. f is estimated on iid positive interevent times { ti � tj, tj < ti } with weights p
f
i,j,

3. µ/µ((0, t]) is estimated on immigration times s,12

4. m is estimated on the iid sample y.

The branching ratio estimator bh is

bh =
Âi,j p

f
i,j

Ân
j=1
R t�tj

0 f (s)ds
, (5.30)

with cumulative distribution in the denominator to correct for expected offspring truncated by
the end of the observation window.

The E-step and M-step may then be iterated, and the estimates taken when the parameter
estimates and log-likelihood have converged.

5.5.2.3 MCMC extension for unknown immigrants and marks

If we want to apply the EM algorithm in the more realistic case where we do not observe a sample
c of the immigrant process C – i.e., we neither know which points are immigrants nor the values
of their marks – the missing data (5.25) becomes (Z, C) and the objective function (5.27) takes the
form

Q(b | bb) = EZ,C| bb,t [log L(b | t, C, Z)]

= EC| bb,t

h
EZ| bb,t,C[log L(b | t, C, Z)]

i
.

(5.31)

Assume we are able to generate samples c(1), . . . , c(K) from a density pC(· | bb, t), we can then
approximate the outer expectation with respect to C to approximate the objective function by

Q(b | bb) ⇡ 1
K

K

Â
k=1

h
EZ| bb,t,c(k) [log L(b | t, c(k), Z)]

i
. (5.32)

To evaluate the inner expectation, we assume immigrants and marks are known (C = c(k)) and
the procedure of section 5.5.2.2 applies. In particular, for the probabilities p

f,k
i,j and pq,k

i,j calculated

12To recover the estimated intensity, this density is multiplied by nc to satisfy
R nc

0 µ(s)ds = nc.
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according to (5.29) for c(k), then

Q(b | bb) ⇡ 1
K

K

Â
k=1

nc(k)

Â
i=1

log
⇣

µ
⇣

s(k)i

⌘⌘
�
Z t

0
µ(s)ds +

1
K

K

Â
k=1

nc(k)

Â
i=1

log
⇣

m
⇣

y(k)i

⌘⌘
+

1
K

K

Â
k=1

n

Â
i=1

nc(k)

Â
j=1

pq,k
i,j log

h
y(k)j q

⇣
ti � s(k)j

⌘ i
� 1

K

K

Â
k=1

nc(k)

Â
j=1

y(k)j

Z t

0
q
⇣

s� s(k)j

⌘
ds+

n

Â
i=1

n

Â
j=1

 
1
K

K

Â
k=1

p
f,k
i,j

!
log
h
f(ti � tj)

i
�

n

Â
j=1

Z t

0
f(s� tj)ds .

(5.33)

Thus, as before in section 5.5.2.2, maximization over parameters b is decoupled into (weighted) iid
density estimation and g, f , µ, m and h can be estimated separately. The estimation of q involves a
pooling of interevent times {ti � s(k)j } for k = 1, . . . , K; while the estimation of f merely requires
weights averaged over the ensemble.. However, the density of the immigrants

p(c | t) =
p(t | c)p(c)

p(t)
(5.34)

is not known analytically due to the lack of an expression for the denominator of (5.34).

Conditional simulation of MCMC sample. Instead, we employ a simple MCMC algorithm to
simulate immigrant realizations from this distribution. The algorithm is extended from [187] and
[188] (sections 7.1.2 and 10.2.1) and uses a Metropolis Hastings algorithm to generate a Markov
chain sample from the unnormalized density pC|T(· | t)pT(t).

Note that the joint probability p(t, c) = 0 if c 6✓ t and thus

p(c | t) = K1(t)p (t | c) ’
si2s

µ(si) = K2(t)p (o | c) ’
si2s

µ(si), (5.35)

with constants K1, K2 depending on t. Given the marked immigrants, the offspring o are a real-
ization from a modified ARMA (cf. section 5.3.4) with (realized) conditional intensity

lO|C(s) ⇡ Â
sj2s

yjq(s� sj) + Â
tj2t

f(s� tj) , (5.36)

ignoring the influence of points on (�•, 0). Then, using proposition 7.2 III in [63],

p (o|c) = ’
ti2o

lO|C(ti)Exp{�
Z t

0
lO|C(s)ds}. (5.37)

Metropolis-Hastings iteration. Given the current state of the Markov chain, c(k) = c = (s, y),
our Metropolis-Hastings iteration consists of proposing either the birth or death of an immigrant
with probability 1/2. In the case of birth, choose s⇤ 2 o uniformly among offspring o = t \ s
and generate a mark y⇤ from m(·). Then, using equations (5.35)-(5.37) and c⇤ = (s⇤, y⇤), the
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Metropolis-Hastings birth ratio13 reads

rb(c, c⇤) =
n� nc
nc + 1

p(c [ c⇤ | t)
p(c | t)

=
n� nc
nc + 1

µ(s⇤)Exp{�
Z t

0
y⇤q(s� s⇤)ds}⇥

’
ti2o

ti 6=s⇤

 
1 +

y⇤q(ti � s⇤)
Âsj2s yjq(ti � sj) + Âtj2t f(ti � tj)

!,0

@Â
sj2s

yjq(s⇤ � sj) + Â
tj2t

f(s⇤ � tj)

1

A ,

(5.38)

and we accept and move to the new state c(k+1) = c[ c⇤ with acceptance probability min{1, rb(c, c⇤)}.
In the case of death, we choose s⇤ 2 s uniformly and arrive at a death ratio

rd(c, c⇤) =
1

rb(c \ c⇤, c⇤)
(5.39)

and move to the new state c(k+1) = c \ c⇤ with acceptance probability min{1, rd(c, c⇤)}.

13C.f. equation (7.6) in [188].
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5.5.3 Step-wise description of the EM algorithm

We use the notation of section 5.5.2.

0. Start with initial parameter ”guess” b(0) and a set of immigrants c(0) ✓ t.
For every iteration r 2 N, repeat E and M step as follows.
I. E-Step (MCMC)
Generate Markov chain of immigrants c(r,1), . . . , c(r,K) given b(r�1). In every iteration k
1. Flip a coin to choose birth or death.
2a. In case of birth, choose s⇤ 2 o(r,k�1) uniformly and generate y⇤ from m(r�1), calculate
the birth ratio rb(c(r,k�1), c⇤) in (5.38) and accept c(r,k) = c(r,k�1) [ (s⇤, y⇤) with probability
min{1, rb}.
2b. In case of death, choose c⇤ 2 c(r,k�1) uniformly, calculate the death ratio rd(c(r,k�1), c⇤) in
(5.39) and accept c(r,k) = c(r,k�1) \ c⇤ with probability min{1, rb}
3. In case of non-acceptance in 2a. or 2b., set c(r,k) = c(r,k�1)

4. Calculate the probabilities pq,k
i,j , p

f,k
i,j as defined in (5.29) for c(r,k) and b(r�1)

5. Set k! k + 1 6 K and return to 1.
II. M-step (Decoupled density estimation)
6. Based on the MCMC-generated set of immigrants and probabilities,⇣

c(r,k), pq,k
i,j , p

f,k
i,j

⌘K

k=1
, maximize the decoupled objective function (5.33) to get

b(r) = arg max
b

Q(b | b(r�1))

7. Set r ! r + 1 and return to step 1.

The algorithm may terminate after the parameters have converged, according to the selected
criterion. Modifications of the algorithm for the unmarked case, and for immigrants excluded,
are relatively straightforward and discussed in Appendix 5.9.3.

5.5.4 Comments

The algorithm requires storage and computation with matrices that are O(n2). On a standard PC,
this makes computation prohibitive for samples with n > 104. However this implementation is
crude as, in this case, even the largest interevent time tn � t1 is considered as an interevent time
by which tn could be triggered via q(tn � t1) or f(tn � t1), despite the fact that the probability of
this could be effectively 0. Thus, for window size t large relative to the support of q and f, one
can safely omit interevent times above a certain threshold. The result of this is banded/sparse
matrices which reduce storage and computation from n2 to n⇥ m, potentially with m << n. In
the case of the INARMA model, storage is less of an issue as only counts in bins need to be stored,
rather than the location of each point.
Technically, the use of MCMC in the E-step of the EM algorithm makes it a Monte-Carlo EM
(MCEM) algorithm, having slightly weaker properties than the pure EM [245]. Regarding the
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convergence of the EM algorithm [76, 209, 252], one first needs that the necessary MLE regularity
conditions are satisfied [193], for instance having smooth distributions that are not too heavy
tailed. Next, it must be ensured that the sequence of parameter estimates does not reach the
boundary of the parameter space. For instance, if estimates µ, h, or g are equal to zero at any
iteration, or equivalently, if the support of f (.) or g(.) is smaller than the smallest interevent
time, then the estimates will remain zero (5.30). However, given non-zero starting estimates,
the EM algorithm estimates satisfy the constraints of the model parameters. Regarding speed
of convergence, there is the general result of [76, 252] that the algorithm will not worsen the
likelihood with each iteration. Further, from [209], given that Q (5.27) is differentiable in b and
the M-step has a unique solution, then the EM algorithm iterates in a positive direction on the
true likelihood surface. Finally, when the missing information is small compared to the complete
information, EM exhibits approximate Newton behavior with superlinear convergence near the
true optimum. In terms of the ARMApp, as well as other mixture type models, this means that,
when clusters are overlapping, convergence will be slow, as has been shown for the Hawkes
process with exponential offspring distribution [173, 235], as well as other mixture models [209,
254]. In particular for the NS process with immigrants included, since the number of offspring
in a cluster is Poisson distributed, it will be difficult to distinguish heavily overlapping clusters
from a single homogenous Poisson process. Exactly deriving the convergence properties of the
ARMApp model for a given parameterization would add no general insight.
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5.6 Simulation study

Here a range of simulation studies are given to demonstrate performance and some relevant is-
sues. Using the notation from section 5.3.1 , simple model specifications are employed: we use
both unmarked or exponentially distributed marks, moderate self-excitation, constant immigra-
tion and exponential kernels with scale parameters q�1

1 and f�1
1 , that is,

q(t) = gq1e�q1t and f(t) = hf1e�f1t . (5.40)

Simulation is very fast, with details in appendix 5.9.4.
First is a demonstration of the performance of MCEM estimation of the simplest specification of
the marked ARMApp (5.13): exponential kernels with short memory, exponential mark distribu-
tion, moderate self-excitation, and constant immigration. The results of the repeated simulation
and estimation are summarized in Tab 5.1. The main insight is that the estimation performs well.
Further, as a robustness test, allowing for the immigration to be too flexible – having up to 20
degrees of freedom, where the true immigration has only 1 – has little impact on the estimated
parameters. However, estimation is likely to be less robust to such an error when the immigration
can better approximate the clusters (e.g., when clusters are larger and longer).

p 0 3 5 10 15 20

µ 0.979 0.0999 0.0995 0.1010 0.1014 0.1019
g 4.21 4.27 4.27 4.16 4.13 4.03
h 0.51 0.51 0.50 0.50 0.51 0.50

Table 5.1: Average parameter estimates of the marked ARMA, excluding memory scale parame-
ters, averaged over 300 independent replications (simulations and estimations) done for a range
of degrees of freedom (p) of the estimated immigration, using the R:logspline estimator. The stan-
dard deviation of the estimated parameters are about 0.008, 0.38, and 0.02 resp. (for all p). The
simulated data is from the marked ARMA with parameters µ = 0.1, g = 4, q�1

1 = 0.1, h = 0.5,
f�1

1 = 1, with average sample size of 2000. In this case, g is the scale parameter of the exponential
mark distribution. Estimation is done by the MCEM algorithm, with K=50 MC samples taken
from the chain of 300’000 Metropolis Hastings iterations.

Next, acknowledging the lack of accessible likelihood as well as residuals to perform model se-
lection or testing, the ability of the MCEM algorithm to “select” the correct (sub-)model within
the ARMA framework is important. E.g., on an AR simulation, the fitted ARMA should converge
to have negligible g and consistently recover the AR part. To test this consistency, pure AR, pure
MA, and the full ARMA are fit to AR, MA, and ARMA simulations, respectively, with results
summarized in Tab. 5.2. For both AR and MA simulated data, the fitted ARMA converges well to
the true sub-model. And for the full ARMA model, both AR and MA parts are well estimated. Of
course, the range of misspecified models (e.g., the AR fit to the ARMA simulation) also provide
estimates. Without an objective criterion to compare these different fits, it is therefore best to start
with the broadest overall model – in this case the ARMA – and allow the MCEM algorithm to
converge and select the relevant nested model. However, better methods to compare and test
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models are highly desirable.

Fitted µ g q�1
1 h f�1

1

ARMA sim.

ARMA 0.095 (0.00025) 5.52 (0.288) 2.03 (0.12) 0.47 (0.0024) 0.097 (0.00019)
NS/MA 0.21 (0.004) 4.84 (1.62) 0.67 (0.049) – –

Hawkes/AR 0.27 (0.003) – – 0.77 (0.0014) 0.22 (0.0015)

MA sim.

ARMA 0.10 (0.00016) 6.98 (0.10) 1.96 (0.017) 0.01 (0.0001) 2.06 (5.55)
NS/MA 0.10 (0.002) 7.06 (0.09) 1.98 (0.016) – –

Hawkes/AR 0.16 (0.001) – – 0.81 (0.0007) 0.83 (0.0066)

AR sim.

ARMA 0.09 (0.0002) 0.13 (0.10) 5.58 (54.2) 0.79 (0.003) 0.099 (0.0001)
NS/MA 0.13 (0.002) 2.73 (0.33) 0.18 (0.0006) – –

Hawkes/AR 0.10 (0.0001) – – 0.79 (0.0023) 0.10 (0.00001)

Table 5.2: Average (and standard deviation) of parameter estimates over 100 independent repli-
cations. The first set are for data simulated from the ARMA with parameters (µ = 0.1, g =
5, q�1

1 = 2, h = 0.5, f�1
1 = 0.1) with the same unmarked ARMA (5.2), and nested MA, and AR

sub-models fit respectively. The second set are for data simulated from the MA with parame-
ters (µ = 0.1, g = 7, q�1

1 = 2), and the final set for data simulated from the AR (Hawkes) with
parameters (µ = 0.1, h = 0.8, f�1

1 = 0.1). All simulations contain 500 points, and the MCEM
estimation is done with K=50 MC samples taken from a chain of length 300’000 generated by the
Metropolis-Hastings algorithm.

Finally, the effect of cluster overlap is briefly examined, by fitting the unmarked ARMA, with
exponential kernels, and varying the immigration intensity. It is intuitive that more heavily over-
lapping clusters are more difficult to distinguish from immigration. As summarized in Table 5.3,
as the clusters becomes more overlapping, indeed the immigration intensity becomes increasingly
overestimated and in particular g underestimated.
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µsim 0.10 0.31 0.52 0.73 0.94 1.16 1.37 1.58 1.79 2.00

µ 0.10 0.32 0.57 0.78 1.05 1.33 1.62 1.80 2.04 2.23
g 6.17 5.97 5.76 5.19 4.76 4.36 4.21 4.23 3.89 3.74

q�1
1 0.54 0.54 0.52 0.47 0.44 0.42 0.40 0.40 0.37 0.34
h 0.39 0.39 0.40 0.47 0.47 0.49 0.49 0.54 0.55 0.60

f�1
1 0.24 0.24 0.25 0.28 0.29 0.31 0.31 0.31 0.31 0.30

sd(µ) 0.011 0.041 0.085 0.165 0.258 0.342 0.435 0.542 0.605 0.773
sd(g) 0.426 0.740 0.956 1.288 0.994 1.284 1.091 1.350 1.103 1.734

sd(q�1
1 ) 0.041 0.060 0.072 0.095 0.092 0.097 0.075 0.078 0.052 0.066

sd(h) 0.059 0.096 0.107 0.115 0.105 0.132 0.113 0.126 0.137 0.134
sd(f�1

1 ) 0.033 0.040 0.042 0.071 0.078 0.104 0.072 0.068 0.072 0.064

Table 5.3: Average (top rows) and standard deviation (lower rows) for estimated parameters,
computed over 500 independent replications for each value of immigration intensity used in the
simulation, µsim. The data are simulated from the unmarked ARMA with parameters (µsim, g =
5, q�1

1 = 0.5, h = 0.5, f�1
1 = 0.25) and with each realization containing 1000 points. The MCEM

estimation is done with K=50 MC samples taken from a chain of length 300’000 generated by the
Metropolis-Hastings algorithm.
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5.7 Exemplary case study: endogeneity in financial markets

To briefly illustrate the use and limitations of the ARMApp methodology developed here, we
consider modelling the event times of price changes of financial time series. This is an important
application of point processes, due to regulatory and risk management interest in the potential
of large financial losses due to clustering of extreme price fluctuations. Hawkes processes have
been applied here (e.g., see [45]). However, in principle, inhomogeneities, shocks and contagious
dynamics may be present, and thus a more general ARMA model worth considering.
In particular, here we analyze price changes of a single trading day for S&P 500 E-mini futures.
We can utilize the powerful EM framework and allow for flexible (time-dependent) immigration
intensity µ(t). To estimate µ on interevent times of the immigrant process (see section 5.5 for
details), we use the R:logspline estimator with p = 1, . . . , 15 degrees of freedom. A value of p = 1
corresponds to constant immigration µ(t) ⌘ µ. Fig. 5.3 shows the fitted parameters for a Hawkes
process with conditional intensity function

l(t) = µ(t) +
Nt

Â
k=�•

hf1e�f1(t�Tk) . (5.41)

Allowing a flexible immigration intensity µ(t) is highly consequential, as the estimates for h drop
substantially. In the Hawkes process framework, this has been discussed in [250]. To illustrate the
effect of the ARMA model, fig. 5.4 shows the fitted parameters for an ARMApp with conditional
intensity function

l(t) = µ(t) +
Nµ

t

Â
j=�•

Yjq1e�q1(t�Tµ
j ) +

Nt

Â
k=�•

hf1e�f1(t�Tk) , (5.42)

where (Yj)j2N is a sequence of i.i.d. exponentially distributed marks with E
⇥
Yj
⇤
= g. Allowing

the immigrant process to trigger shot-noise bursts (that is, moving from Hawkes to ARMApp)
further reduces the parameter h and thus the estimated endogeneity. To demonstrate the flexibility
of the estimation algorithm, we implement a mixture distribution for the marks, where only some
immigrants cause an exogenous burst of points. In particular, fig. 5.5 shows the fitted parameters
of an ARMApp with conditional intensity function

l(t) = µ(t) +
Nµ

t

Â
j=�•

Yjq1e�q1(t�Tµ
j ) +

Nt

Â
k=�•

hf1e�f1(t�Tk) , (5.43)

where (Yj)j2N is a sequence of i.i.d. distributed marks that are either zero or equal to an expo-
nentially distributed random variable with mean tm, that is,

Yj =

8
<

:
0 with propability 1� q,

Exp(1/tm) with propability q.
(5.44)

Following the discussion in section 5.5.4, the fact that the EM algorithm increases the likelihood of
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parameter estimates (for p arbitrary but fixed), we can conclude on a maximum-likelihood basis
that the ARMApp model is superior (in a descriptive sense) to the Hawkes process and allows for
a better estimate of endogeneity in the price evolution in S&P 500 E-mini futures. To assess the
size and significance of this improvement and to objectively choose the appropriate flexibility p
of immigration, a comparison of (unconditional) likelihoods across models will be necessary. One
possibility is to estimate likelihood ratios and observed Fisher information using MCMC algorithms
as discussed in, e.g., chapter 8 of [188], and is left for future research.
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Figure 5.3: Estimated parameter values of the Hawkes point process with exponential kernel,
fitted to time points of price changes of S&P 500 E-mini futures. The time scale of the memory
kernels is seconds.
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5.8 Discussion

Here the ARMApp was introduced, being the point process analogue of the INARMA time se-
ries model, combining bursty (shot noise) and auto-regressive dynamics (the Hawkes process).
By simulation study, an MCEM algorithm was shown to reliably perform MLE for this model,
also consistently converging to sub-models – performing a selection among the models nested
within the ARMA. To assess significant differences and choose a suitable model for immigration,
likelihood ratios and confidence intervals can be estimated with MCMC, which is left for future
research (cf. the discussion in the section 5.7 above). Further, the estimation algorithm allows
for a variety of parametric specifications, which need not be confined to the Markovian case, nor
to fixed immigration intensity. Model applicability was argued based on the known presence of
both bursty phenomena and auto-regressive self-excitation in various fields, as well as by anal-
ogy to the INARMA. This work may benefit from developments on the time series side, such as
reversible jump MCMC for model selection [85, 190], as well as techniques for likelihood quantifi-
cation [7, 242], which has been shown to be important for distinguishing exogenous fluctuations
in immigration from bursts and endogenous contagion dynamics [250].
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5.9 Appendix

5.9.1 Point process essentials

For convenience of the reader, we introduce basic terminology and processes from the point
process literature, using the notation from section 5.2. For a thorough introduction to point
processes, we refer to [59] or [63].
The essential building block is the Poisson process, and the only object for which distributional
properties are specified.

Definition 5.9.1 (Poisson process). Let r : (�•, •) ! [0, •) be a locally integrable function.
Then a point process N : W⇥ B(R) ! N0 is called Poisson process if for every finite collection
of disjoint, bounded Borel sets {A1, . . . , Ak} and nonnegative integers {n1, . . . , nk} we have

P [N(Ai) = ni, i = 1, . . . , k] =
k

’
i=1

⇣R
Ai

r(s)ds
⌘ni

ni!
e�
R

Ai
r(s)ds. (5.45)

The function r is called intensity or rate function of N. If r ⌘const, then N is called homoge-
neous, otherwise inhomogeneous Poisson process.

Using this notion, we introduce a Poisson cluster of points that is centered at some (random)
cluster center, with subsequent points being distributed according to an inhomogeneous Poisson
process with a given intensity.

Definition 5.9.2 (Poisson cluster). Let r : [0, •) ! [0, •) be a locally integrable function and
T : W! R. Then a point process N : W⇥ B(R)! N0 is called (r-)Poisson cluster if

1. N ((�•, T]) = N ({T}) = 1 P-almost surely, and

2. conditional on T, (Ns+T � NT)s2[0,•) follows an inhomogeneous Poisson process with in-
tensity r.

The random time point T is called parent, the subsequent points of N are called (r-)offspring
triggered by T .

The expected number of Points in a Poisson cluster is given by
R •

0 r(s)ds 2 [0, •].
If, for some random cluster center, every point in a Poisson cluster is itself the center of a Poisson
cluster, whose points in turn trigger Poisson clusters (and so forth), the collection of these points
form a so-called Galton-Watson cluster. The idea is formalized in the following definition.

Definition 5.9.3 (Galton-Watson cluster). Let r : [0, •) ! [0, •) be an integrable function and
T : W! R. Then a point process N : W⇥ B(R)! N0 is called (r-)Galton-Watson cluster if it is
the collection

N = Â
n2N0

j=1,...,Zn

C(n)
j (5.46)

for a random counting sequence (Zn)n2N and r-Poisson clusters C(n)
j with the property that
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1. Z0 = 1, C(0)
1 = dT(·) and, for all n 2 N,

2. Zn+1 = ÂZn
j=1 C(n)

j (R) and

3. every Poisson cluster C(n)
j , j = 1, . . . , Zn, has a unique parent in

Â
j=1,...,Zn�1

C(n�1)
j . (5.47)

The sequence (Zn)n2N counts the number of points in each generation n and Galton-Watson
branching process, see [117]. A Galton-Watson cluster is finite if the expected cluster size of a
single Poisson cluster satisfies

R •
0 r(s)ds < 1. In this case, the expected number of Points in a

Galton-Watson cluster is equal to 1/(1�
R •

0 r(s)ds).
Combining these basic cluster mechanisms with a process of cluster centers allows one to con-
struct two fundamental cluster processes.

Definition 5.9.4 (Poisson cluster process). Let r : [0, •) ! [0, •) be a locally integrable function
and NI be a point process with jump times (Tj)j2Z. Then a point process N : W⇥ B(R)! N0 is
called (r-)Poisson cluster process if it is the collection

N = Â
j2Z

Cj (5.48)

for r-Poisson clusters Cj with parent Tj, respectively. The process NI is called parent process or
immigration process.

If the immigrant process NI follows a homogeneous Poisson process, the resulting Poisson cluster
process is a modified Neyman-Scott process ([191]), the modification being that immigrants are
included in the count. This type of process can equivalently be considered as a shot-noise process,
see example 6.2(a) in [63], with the interpretation that each immigrant increases the probability of
further points. In the time series literature, this type of behavior is referred to as moving-average.

Definition 5.9.5 (Galton-Watson cluster process). Let r : [0, •) ! [0, •) be an integrable func-
tion and NI be a point process with jump time (Tj)j2Z. Then a point process N : W⇥B(R)! N0

is called (r-)Galton-Watson cluster process if it is the collection

N = Â
j2Z

Cj (5.49)

for r-Galton-Watson clusters Cj with parent Tj, respectively. The process NI is called parent
process or immigration process.

If the immigrant process NI follows a homogeneous Poisson process, the resulting Galton-Watson
cluster process is a Hawkes process, see [120] or example 6.3(c) in [63]. As every point increases
the probability of further points, the behavior of Galton-Watson processes is referred to as self-
exciting. In the time series literature, this type of behavior is called autoregressive.
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5.9.2 Derivation of the palm intensity in the exponential case

Below we will derive an explicit solution for the palm intensity function (5.7) of the ARMApp
for exponential densities. In this goal, let the setting in section 5.3.1 be fulfilled, with q0, q1, f0 2
(0, •), f1 2 (f0, •), q(t) = q0e�q1t, f(t) = f0e�f1t, with h and t be defined by (5.7) and (5.8),
respectively, and r = lh. The Laplace transform of a function f : [0, •) ! R will be denoted by
f ⇤.
To get an explicit solution for t, we Laplace-transform equation (5.10) to get

t⇤(s) =
µ2(1 + g)

s
+

µf0 + lµh

f1 + s
+

µq0
q1 + s

+
f0

f1 + s
t⇤(s). (5.50)

Rearranging terms to solve for t⇤(s) and doing a partial fraction decomposition allows us to
invert the Laplace transform to arrive at

t(u) = lµ +
⇣

L1e�(f1�f0)u + L2e�q1u
⌘

1{u > 0}, where

L1 = µf0
q1 + q0 � f1 + f0

q1 � f1 + f0
,

L2 = µq0
q1 � f1

q1 � f1 + f0
.

(5.51)

Using this explicit solution for t, we get from equation (5.11) that

r(u) = µl(1 + g) + e�q1u


µq0 +
L1q0

q1 + f1 � f0
+

L2g

2

�
+ e�f1ulf0

+
Z u

0
f(x)r(u� x)dx +

Z •

0
f(x + u)r(x)dx.

(5.52)

Analogously to the solution for t, we do a Laplace transformation of equation (5.52), partial
fraction fraction decomposition and an inverse transform to arrive at

r(u) = l
2
+ K1e�(f1�f0)u + K2e�q1u, (5.53)

where the constants K1, K2 2 [0, •) are given by

K0 = µq0 + µf0
q1 + q0 � f1 + f0

q1 � f1 + f0

q0
q1 + f1 � f0

+
1
2

µq0(q1 � f1)q0
(q1 � f1 + f0)q1

K1 = K0

✓
f1f0

q1 + f1
� f0

f1 � f0 � q1

◆
+ lf0

✓
1 +

f0
2(f1 � f0)

◆

K2 = K0
f1 � q1

f1 � f0 � q1
.

(5.54)
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5.9.3 EM algorithms for the ARMApp

5.9.3.1 Unmarked ARMA

If T is an ARMApp as in section 5.5.2 without marks and s(Nµ, N)-conditional intensity

l(s) = µ(s) +
Nµ(s)

Â
j=�•

q(s� Tµ
j ) +

N(s)

Â
k=�•

f(s� Tk) , (5.55)

estimation is almost identical. The main difference is that g =
R •

0 q(s)ds will be included as a
parameter instead of the density of marks, m. The complete data likelihood (5.26) becomes

L(b | t, c, Z) =
nc

’
i=1

µ(si)Exp{�
Z t

0
µ(s)ds}⇥

n

’
i=1

nc

’
j=1

h
q(ti � sj)

iZq
i,j Exp{�

nc

Â
j=1

Z t

0
q(s� sj)ds}⇥

n

’
i=1

n

’
k=1

h
f(ti � tk)

iZf
i,k Exp{�

n

Â
j=1

Z t

0
f(s� tj)ds}

(5.56)

and g is estimated by

bg =
Âi,j pq

i,j

Ânc
j=1
R t�sj

0 g(s)ds
. (5.57)

All equations of sections 5.5.2.2, 5.5.2.3 and 5.5.3 extend using constant marks y ⌘ 1.

5.9.3.2 Immigrants not included in the sample

As introduced in section 5.3.4, one may wish to estimate a modification of the ARMApp, where
the immigrant process Nµ is not included in the process N and the s(Nµ, N)-conditional intensity
is given by

l(s) =
Nµ(s)

Â
j=�•

Yjq(s� Tµ
j ) +

N(s)

Â
k=�•

f(s� Tk) . (5.58)

To describe the (mostly straightforward) extension of the algorithm above, additional to the no-
tation of section 5.5.2, we will need t̃ = t [ s, the ordered union of points and immigrants with
ñ = n + nc elements. The indicator variables (5.25) have a modified domain

Z = {Zq
i,j , i = 1, ..., n, j = 1, ..., nc} [ {Zf

i,j , i = 1, ..., ñ, j = 1, ..., ñ} , (5.59)
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and the complete data likelihood becomes

L(b | t, c, Z) =
nc

’
i=1

µ(si)Exp{�
Z t

0
µ(s)ds}m(yi)⇥

n

’
i=1

nc

’
j=1

h
yjq(ti � sj)

iZq
i,j Exp{�

nc

Â
j=1

yj

Z t

0
q(s� sj)ds}⇥

n

’
i=1

ñ

’
k=1

h
f(ti � t̃k)

iZf
i,k Exp{�

ñ

Â
j=1

Z t

0
f(s� t̃j)ds} .

Moreover, the MCMC algorithm used in the E-step needs to be adapted. Given the current state
of the Markov chain c = (s, y), in a birth step, we choose an immigrant s⇤ uniformly in the
time window [0, t] (instead of choosing among offspring), while a mark y⇤ is generated from m.
As before, in a death step, we choose an immigrant uniformly among the immigrant set c. The
Metropolis-Hastings birth ratio becomes

rb(c, c⇤) =
|t|

nc + 1
µ(s⇤)Exp{�

Z t

0
y⇤q(s� s⇤) + f(s� s⇤)ds}⇥

’
ti2t

 
1 +

y⇤q(ti � s⇤) + f(ti � s⇤)
Âsj2s yjq(ti � sj) + Ât̃j2t̃ f(ti � t̃j)

! (5.60)

and the death ratio rd(c, c⇤) = 1/rb(c \ c⇤, c⇤).
Then the algorithm described in section 5.5.3 carries over with the obvious modifications of prob-
abilities (5.29) and objective function (5.33).

5.9.4 Simulation of the ARMApp

Below a detailed algorithm for simulating ARMApp is presented. It exploits the fact that, given
the branching structure, the innovation, MA, and AR processes are mutually independent inho-
mogeneous Poisson processes. Efficient simulation algorithms for the Hawkes process follow the
same approach. At the end of step II, one has simulated an NS process. By skipping step II, and
completing step III, one simulates a Hawkes process. To avoid edge effects, one should simu-
late on a large window, and discard the burn in period. When the kernels can be integrated and
inverted, using inverse transform sampling [52] makes the algorithm very fast.
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Simulation algorithm

I. Simulate the immigrant points
(i) Simulate Poisson process {T(0)

i }i21,...,nc on the window (0, t], where Nt = nc.
II. Simulate MA points
(i) For each immigrant i = 1, . . . , nc: simulate the number of offspring Nq

i
i.i.d⇠ Pois(g), and

then sample the Nq
i inter-event times Si,j, j = 1, . . . , Nq

i , i.i.d from pdf g. If Nq
i = 0, simulate

zero inter-event times for that immigrant.
(ii) The MA points generated by the ith immigrant are then {Tq

i,j}j=0:Nq
i
= T(0)

i + {Si,j}j=0:Nq
i
.

(iii) The immigrant and MA points together are {T(1)
i }i21,...,n1 = {T(0)

i }[ {Tq
1,j}[ · · ·[ {Tq

nc ,j},
where n1 = n0 + Ânc

i=1 Nq
i .

III. Simulate AR points by generation
(i) Set the fertile points A = {1, . . . , n1}, generation k = 1, and zeroth generation points
{Tf[0]

i } = {T(1)
i }.

(ii) For the current generation k, for all fertile points 8i 2 A: simulate the number of direct

offspring Nf[k]
i

i.i.d⇠ Pois(h), and then the Nf[k]
i inter-event times Sf[k]

i,j , j = 1, . . . , Nf[k]
i , i.i.d

from pdf f . If Nf[k]
i = 0, simulate zero inter-event times for that point.

(iii) The AR points generated by the ith point are then {Tf[k]
i,j }

j=0:Nf[k]
i

= Tf[k�1]
i + {Sf[k]

i,j }
j=0:Nf[k]

i
and
(iv) the union of these sets, {Tf[k]} = {Tf[k]

1,j } [ · · · [ {Tf[k]

Nf[k]
i ,j

}, is the offspring of generation

k. (v) Update the fertile set A = {i : Tf[k]
i < r} to be all points born in the current generation

k that fall within the window (0, t].
(vi) If A is non-empty, then increment the generation (k = k + 1) and return to (ii), otherwise
return the realization formed by joining all generations: {Ti}i=1:n = {T(1)

i } [ {Tf[1]} [ · · · [
{Tf[k]}.
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