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Abstract

We have studied an agent-based model proposed by Kaizoji et al.
[16] that was designed to investigate bubbles on financial markets.
The model assumes two types of agents: rational traders that invest
a constant fraction of their wealth in stocks and noise traders that
rely in their investment decision on social imitation and past price
performance. We found that, using this model, it is possible to
simulate markets that exhibit important statistical regularities that
resemble those of real markets, namely volatility clustering and a
slowly decaying autocorrelation function of absolute returns. Fur-
thermore, the emergence of bubbles and their connection to the pa-
rameters that control noise trader behavior have been established
and verified in simulations. We also found that the model is able to
generate bubbles with a realistic duration, i.e. a length of roughly
one year.

Building upon this model, we have motivated and proposed an-
other trader type whose agents use log-periodic power laws (LPPL)
to predict bubbles. A simple bubble detection algorithm was de-
veloped with a corresponding investment strategy balancing full
information and computation time.

The main goal of this work was to quantify the impact of an LPPL-
powered strategy employed by some market participants on the
whole market and in particular on bubble development. To this
end, we simulated markets with LPPL investors of three different
initial wealth levels. For all wealth levels, the LPPL investors on av-
erage increased the height of the price bubble peak whilst having
little to no influence on the point in time that the peaks emerged.
The increase was of the same order of magnitude as the fraction of
the overall wealth on the market that was allocated to the dragon
hunters. The dragon hunters were unable to systematically outper-
form the other traders. Actually, the larger their share of the overall
wealth, the poorer they performed. This may be explained by the
simplicity of their investment strategy.
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1. Introduction

Financial bubbles are occur naturally on most financial markets. They
can be characterized as a moment in time in which an asset prize widely
exceeds its intrinsic value. Throughout history, there have been many
famous examples; the earliest well-documented bubble, the so-called
tulip mania, dates back to the Dutch Golden Age in the 17th century
where the prices for tulips rose to about 2000 % of their previous value
and crashed again in a matter of months [29]. Even though the effect of
this crash on the general Dutch economy at the time is debated [9, 10],
this steep rise in price remains unbelievable: at the peak of the bubble,
certain kinds of tulips were worth more than a house. However, there
are many other examples where the burst of a bubble in one market
led to considerable consequences for the whole economy. As a recent
famous example, the US sub-prime mortgage crisis which is generally
considered to have triggered the Global Financial Crisis of 2007-2008
springs to mind.

According to mainstream thinking, bubbles are often recognized only af-
ter they have burst and cannot be predicted. In the end of the 1990s, the
Johansen-Ledoit-Sornette (JLS) model was developed to mathematically (us-
ing log-periodic power laws (LPPL)) describe the price evolution prior
to a crash and provide a method to predict the time that the bubble
bursts. The idea is that a market undergoing unsustainable growth (i.e.
a market in a bubble) follows a certain type of oscillations superposed on
faster-than-exponential growth which can be picked up by fitting finan-
cial data to the model. Both the unsustainable (or super-critical) growth
and the oscillations are artifacts of social imitation in the hierarchy of
peer groups [40]. This model allows a detection of a bubble using the
price dynamics before the burst of the bubble.
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1. Introduction

In principle1, it is possible to predict the time of the crash of financial
markets using the JLS model. If one knows whether an asset is overval-
ued or not and the time until which its value will continue to grow, one
can easily imagine an investment strategy that could possibly make a
lot of money: buy as soon as the bubble starts and go short before the
bubble will (most likely) burst. Investors could exploit the knowledge
they gain from bubble analysis to beat the market and make money. But
how would this affect the market as a whole and the formation, length
and height of a bubble?

The first idea that springs to mind to answer this question would be to
use real market data, develop an investment strategy for these investors
and observe the investment decisions. This however, is a little short-
sighted: the influence of the investment decisions would not be included
in the pricing of the traded asset and no impact can be observed.

Another approach is to use agent-based modeling (ABM) to find a model
to simulate a financial market. In agent-based modeling – as the name
suggests – many agents interact with each other according to some pre-
defined rules. Additional investors can then be added by formulating
how they interact with the other investors. This makes ABMs especially
suitable to answer our question. Kaizoji et al. [16] proposed an agent-
based model for financial markets with a special focus on bubble for-
mation. The main task is then to extend this model by the new trader
type, simulate the original and the extended model with the same pa-
rameters and compare the resulting asset prices. The answers that this
analysis might give will remain a nice gimmick if they are not somehow
connected to real markets. But how do we know whether the resulting
simulations are anywhere close to reality?

Financial markets are very complicated systems with many drivers. How-
ever, there are statistical regularities that have been observed on most
financial markets in the past, so-called stylized facts. A simulation of
a financial market should at least exhibit these stylized facts to allow
inference for real markets.

In this thesis, we will try to get an understanding of the impact that
investors using the JLS model for their investment decision have on the

1In fact, this has already been achieved. The US real estate bubble as an ex-
ample among many has been identified as such with the JLS model before the
crash. The Financial Crisis Observatory, established to observe and predict financial
bubbles, publishes reports of the monitored assets every couple of months (http:
//www.er.ethz.ch/research/fco).
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frequency, length and height of price bubbles. Sections 2.1 and 2.2 will
give a summary of the most important points of the agent-based model
and its applicability to financial markets, followed by a short overview
of the JLS model and the fitting procedure of the resulting log-periodic
power law in section 2.3. The proposed algorithm with which the new in-
vestors make their investment decision is covered in section 2.4. The im-
plementation of the model and the conducted simulations are described
in section 3.1. Section 3.3 covers the obstacles that were encountered in
the simulations and how they were mitigated before the actual bubble
comparison in section 3.5. We will conclude in chapter 4.
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2. Theory

2. Theory

First we will explain the stylized facts of financial markets and the im-
plication this has for market simulations in section 2.1. The agent-based
model that is used to simulate the financial market has been outlined
by Kaizoji et al. [16] and will be introduced in the following section 2.2.
It relies on the assumption of two types of traders or investment strate-
gies. For this thesis, the model was extended to include a third trader
that uses the Johansen-Ledoit-Sornette (JLS) model to detect times when
the stock is overpriced and tries to exploit this information to maximize
their profits. The JLS model is described in section 2.3. Details on the
implementation of the model extension can be found in section 2.4.

2.1 Stylized facts of financial markets
According to the semi-strong form of the efficient market hypothesis,
the autocorrelation of asset returns should be zero for time lags greater
than zero [7]. Non-zero autocorrelation of a value for a certain time
lag ∆t generally implies that it is possible at time t0 to know with a
probability higher than chance what the value is at time t0 + ∆t. This
would enable investors to consistently beat the market. In other words,
all information available at a time t is incorporated in the asset price and
it is thus impossible to correctly guess the price at time t + 1. Formally,
the autocorrelation of returns is defined as follows:

ρτ =
Cov(rt, rt+τ)

σtσt+τ
=

E [(rt − µt)(rt+τ − µt+τ)]

σtσt+τ
. (1)

Here rt denotes the returns at time t, σt the standard deviation, E the
expected value operator and µ the mean value of returns. Even if asset
returns are nearly uncorrelated (there are some statistically significant
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2.2. Agent-based model for financial markets

correlations that however cannot be exploited with trading strategies
[3]), they are not i.i.d. stochastic processes. The degree of fluctuations is
not uniform and there are more turbulent and more tranquil periods.

This lack of i.i.d. properties is furthermore reflected in powers of ab-
solute autocorrelations which tend to exhibit much higher and longer-
lasting autocorrelations than expected. This means that the extent of
fluctuations is somehow connected, i.e. that periods of large fluctuations
tend to be followed by periods of small fluctuations and vice versa [23].
Note that this only connects the magnitude of fluctuations and not their
sign. Autocorrelations of absolute returns can thus be used as a measure
of volatility and the volatility can be predicted well. This phenomenon
is known as volatility clustering.

The hyperbolic decay of absolute autocorrelations has been found to be
a stylized fact in financial markets [3] and therefore a good model for
a financial market should be able to reproduce this behavior. It was
found that the agent-based model described in the next section exhibits
this behavior for some simulations [26]. We will discuss this further in
section 3.3.

2.2 Agent-based model for financial markets
The idea of defining microscopic interactions between autonomous agents
and studying the macroscopic implications these interactions have on
the whole system dates back to the 1940s when mathematicians Stanis-
law Ulam and John von Neumann proposed what is now known as a
cellular automaton [38]. With the increase of computational power, agent-
based modelling found its way into other sciences in the 1970s with
Thomas Schelling’s segregation model [27].

In finance, the concept of noise traders or positive-feedback investors, in-
troduced by Black [1] and Kyle [19] in the 1980s, was one of the first
attempts of using agent-based modeling for financial markets. They
introduced the term to describe investors that do not base their buy
and sell decisions on fundamental data but rather on price patterns and
trends [32].

In 1990, de Long et al. [4, 5] were the first to propose an agent-based
model which used the concept of noise traders and their positive feed-
back to study the formation of bubbles. This has been followed by nu-
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2. Theory

merous other work in the past 20 years. An overview of agent-based
models in economics can be found in [32].

Kaizoji et al. [16] propose a model in which investors are assumed to
invest their wealth in either a risky asset with dividends dt at time t (e.g.
stocks) or a risk-free asset with a constant return rate R f (e.g. bonds).
Furthermore, it is assumed that there are two types of traders.

The first group consists of rational investors that aim to maximize their
expected utility of next period wealth (cf. [3, 22]). It is shown that under
certain assumptions (i.a. constant relative risk aversion) this leads to a
strategy of investing a constant fraction xr (x in the original paper) of
the rational investors’ wealth in the risky asset.

To account for the effect of social imitation in stock markets the second
trader type, the noise traders, makes their decision to go long/short
by evaluating the stocks’ past performance (price momentum Ht) and
the opinion of the other noise traders (opinion index st). The influence
these quantities have on the noise traders’ decision making is governed
by κt which follows a stochastic process to account for the ever-changing
macroeconomic and sociopolitical context of the market.

The detailed mathematical implementation of both traders, their interac-
tion and explanation of all parameters can be found in Kaizoji et al. [16].
Unless explicitly stated, we will use the same naming conventions for
all variables. We will only reiterate the dynamical equations that follow
from balancing excess demand for the risky asset from both investor
types to satisfy the market clearing condition:

Dynamics of noise traders’ opinion index

st =
1

Nn

 1+st−1
2 Nn

∑
k=1

[
1− 2ζk(p+t−1)

]
+

1−st−1
2 Nn

∑
j=1

[
2ξ j(p−t−1)− 1

] , (2)

p±t−1(st−1, Ht−1) =
1
2
[p∓ κ (st−1 + Ht−1)] , (3)

Dynamics of risky asset price

Pt

Pt−1
=

∑
j=n,r

xj
t

[(
1 + R f

) (
1− xj

t−1

)
+ (r + σrut) xj

t−1

]
W j

t−1

∑
j=n,r

xj
t−1

(
1− xj

t

)
W j

t−1

, (4)
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2.2. Agent-based model for financial markets

Wealth dynamics (rational investors & noise traders)

Wt

Wt−1
= xr

(
Pt

Pt−1
+ (r + σrut)

)
+ (1− xr)

(
1 + R f

)
, (5)

Wn
t

Wn
t−1

=
1 + st−1

2

(
Pt

Pt−1
+ (r + σrut)

)
+

1− st−1

2
(
1 + R f

)
, (6)

Momentum of risky asset price (price momentum)

Ht = θHt−1 + (1− θ)

(
Pt

Pt−1
− 1
)

. (7)

Table 1 list the meaning of all quantities in detail. The lower index t
indicates that the quantity changes with time t. These equations can be
used to simulate the market dynamics for a number of time steps.

Even though the resulting model relies on random number generation,
some parameters in the model can be singled out to control the emer-
gence, frequency and length of bubbles. Since the formation and dy-
namics of bubbles is very much connected to the parameter κt [16, 26]
we shall examine it closer. It is given by

κt = κt−1 + η(µκ − κt−1)︸ ︷︷ ︸
mean-reverting

+ σκvt︸︷︷︸
random walk

, (8)

which describes an Ornstein-Uhlenbeck process, a mean-reverting Wiener
process. The last summand in the equation is white noise with σκ and vt
being the standard deviation and standard i.i.d. random variables with
distribution N(0, 1), respectively. The mean is denoted by µκ and the
mean reversion rate by η > 0,

η =
1

∆T
log
(

κ0 − µκ

p− µκ

)
. (9)

The parameter κ0 quantifies the long term behavior of κ, a stationary
probability distribution ∼ N(µκ, σκ/

√
2η(κ0)) = N(µκ, σstat

κ (κ0)). If we
set it to κ0 = µκ + 2σstat

κ = µκ + 2 · 0.1p, we can assure that the Ornstein-
Uhlenbeck process has a standard deviation of 0.1p and that a deviation
of κt two standard deviations above µκ will revert within ∆T days [16].
We see that the average reversion time ∆T and the mean reversion level
µκ play an important role in determining κ (cf. [26] for more details).
Figure 1 visualizes the connection between the parameters and η.
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Figure 1: This plot shows the dependence of the mean reversion rate η on the mean µκ

and Wiener process step size σκ for ∆T = 20. As expected, choosing µκ close to p leads to
a large mean reversion rate η which means shorter critical κ sequences. Note that changing
∆T changes the z-scale linearly; the qualitative behavior.

Using the above construction, the Wiener process step size σκ is con-
nected to ∆T and will thus be not considered here as an independent
parameter controlling κ (also see [16]). This is done because the effect of
changing µκ is much easier visualized than the effect of changing of the
Wiener process step size.

As can be seen in equation (3), κ reflects the impact that herding and
price momentum have on the probability p± for bullish/bearish noise
traders, respectively. Following the theoretical considerations in [16], we
can approximate the price equation (4) for special cases during a bubble
to:

Pt

Pt−1
= 1 + const · (st − st−1) +O

(
r, R f , (s− s0)

2
)

. (10)

This is equivalent to exponential growth of the price with s. Bubble
regimes in financial markets have been found to exhibit super-exponential
growth in time in the formation phase of a bubble. This would be the
case if s increases with time as well. The opinion index s along with the
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2.2. Agent-based model for financial markets

price momentum H influence the dynamics via equation (3) through the
probability p±t of an noise trader to be invested in the risky/risk-free as-
set.

The expected value of s is given by (see ch. 2.2.3 in [16])

E[st] = (1 + κ − p)st−1 + κHt−1. (11)

For κ > p, this indeed means that the opinion index grows with time.
The stochastic fluctuations in the latter term in equation (8) can drive
κ into this regime, while the η-term drives it back to µκ < p. In the
unstable regime for κ above p, the price thus grows super-exponentially.

The mathematical description of the noise traders’ social herding is
based on the well-known Ising model2 that is used in physics to describe
spin systems and magnetic phenomena. Thus, it is also possible to un-
derstand the role that κ plays in the formation of bubbles by looking at
results that have been well-established in physics. The opinion index s
is analogous to the magnetization in the Ising model which moves in
a U-shaped potential well in the sub-critical phase. The emergence of
bubbles is then the same as a phase transition where the shape of the po-
tential changes from U-shaped to double-U-shaped [28]. Figure 2 shows
a schematic plot of the potential in the different regimes and its connec-
tion to the presented agent-based model. The experimental validation
of these theoretical considerations is described in section 3.2.

Since ∆T controls the speed with which the process reverts to its mean
µκ, we can interpret this parameter as the average bubble length. The
frequency or ease with which bubbles will emerge is controlled by set-
ting the mean µκ further or closer to p. Figure 3 shows an example of
an Ornstein-Uhlenbeck process with the quantities p and µκ plotted as
well.

Using this knowledge, it is possible to explore whether this model is
suitable to obtain realistic price data. It was found that the stylized facts
of real financial markets mentioned in chapter 1 were fulfilled for certain
parameters [26]. Thus, the model can be used to study the impact of the
new investors on bubble dynamics.

2Named after physicist Ernst Ising (1900-1998) [18], the Ising model is a simple
model in statistical mechanics to model ferromagnetism. Its simplicity and analytical
solvability in two dimensions led to applications in many other fields of study.
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2. Theory

κ<pκ>p κ=p

s

Figure 2: Schematic plot of the potential of the opinion index in critical (orange), sub-
critical (blue) and transition (yellow) regimes. Note that at the phase transition, the number
of minima changes from 1 to 2. For a stationary state, s moves to either the positive or
negative minimum (circled in plot) thus giving rise to positive or negative bubbles.

2.3 Log-periodic power law (LPPL)
The Johansen-Ledoit-Sornette model [13, 15, 12, 30] was developed to
describe the dynamics of financial markets during bubbles and crashes.
Similar to the agent-based model it is assumed that there are rational
traders and noise traders who exhibit herding behavior that can destabi-
lize the asset price [8]. In the following, we will shortly summarize the
general idea behind the model in section 2.3.1, give a brief derivation of
the log-periodic power law equation and describe how to fit the model
to data in section 2.3.3.

2.3.1 General idea
Generally, a bubble can be understood as a deviation from the funda-
mental value of an asset. During a positive bubble there is an excessive
demand and during a negative bubble there is disproportionate selling
[33]. The fundamental value of an asset however is difficult to precisely
define and thus this only shifts the problem of defining a bubble instead
of solving it.
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2.3. Log-periodic power law (LPPL)
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Figure 3: Graph showing κ, an Ornstein-Uhlenbeck process. Here the parameters are ∆T =
180, µκ = 0.188. The mean µκ to which the process reverts to is plotted in green, the
red line denotes p, the border between critical and sub-critical regime. Values κ > p are
correlated with formation of price bubbles [26].

A different approach is to think about the mechanism behind the rise
in price. As innovation or ground-breaking new technology leads to
investments by smart investors the price goes up and more investors fol-
low. This positive feedback leads to a super-exponential growth in price
instead of a fixed growth rate (proportional growth). Super-exponential
growth is not sustainable and is bound to undergo a regime change be-
fore the singularity in finite time since an infinitely large price is not
sensible in reality [17].

The Johansen-Ledoit-Sornette model (JLS model) has been developed
to describe the evolution of the price in this regime of unsustainable
growth [35]. In a bubble, the price undergoes certain oscillations that
reflect human grouping patterns [33]. It was shown [40] that these social
hierarchies manifest themselves in log-periodic oscillations of the price
with decreasing amplitudes.
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2. Theory

These oscillations are superposed onto the super-exponential growth in
a bubble. However, the model aims to describe only the regime of un-
sustainable growth due to social imitation. At the singularity (or critical
time tc), the mathematical description has to break down and we enter
a new regime.

All these considerations can be summed up by the following log-periodic
power law (LPPL) for the expected value of the log-price up to tc:

E [log Pt] = A + B(tc − t)m︸ ︷︷ ︸
positive feedback

+ C(tc − t)m︸ ︷︷ ︸
decreasing amplitude

cos (ω log(tc − t)− φ)︸ ︷︷ ︸
log-periodic oscillations

.

(12)
We can plug in t = tc to see that A gives the expected log-price at the
time of the crash. The parameters B and C quantify the magnitude of
the power law acceleration and the amplitude of the log-periodic os-
cillations, respectively. The exponent m specifies the super-exponential
growth and it holds that 0 < m < 1 [15]. The angular frequency ω is
related to the aforementioned social hierarchies while φ quantifies the
oscillation time scale. We will give a short derivation in the next section.

Equation (12) by construction only applies to times of unsustainable
growth. For fitting of financial market data it is thus important to choose
the time interval [t1, t2] to find suitable parameters. We will address
obstacles or troubles one encounters while fitting in section 2.3.3.

2.3.2 Short derivation of the log-periodic power law
The underlying assumption of the JLS model [15] is that during a bubble
the price Pt follows a jump diffusion process:

dPt = µ(t)Ptdt− σ(t)PtdWt − κPtdj. (13)

Here, µ(t) is a time-varying drift, σ(t) the volatility and dWr is the in-
finitesimal standard Wiener process step size. The last term basically
models the crash. The quantity j denotes a jump process with its value
jumping from 0 to 1 at the crash while κ ∈ (0, 1) quantifies the ampli-
tude of the jump. The jump process is governed by the crash hazard
rate h(t) which denotes the probability per unit time that a crash will
happen under the condition that it has not yet happened:

dj =
{

1, with probability h(t)dt
0, with probability (1− h(t))dt. (14)
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2.3. Log-periodic power law (LPPL)

For the case that the crash has not yet occured, we can calculate the
expectation to

Et

[
dPt

Pt

]
= µ(t)dt− κEt[dj]

= µ(t)dt− κ(1 · h(t) + 0 · (1− h(t)))
= (µ(t)− κh(t))dt

(15)

The no-arbitrage condition [2] states that the price process should be a
martingale, i.e. Et[dPt] = 0. It follows that

µ(t) = κh(t), (16)

relating volatility µ with the weight of the jump κ times the crash hazard
rate h(t). This can intuitively be understood as a compensation of higher
risk with higher returns. We can rewrite equation (13) before the crash
as

dPt = κh(t)Ptdt + σ(t)PtdWt. (17)

Integrating by separation of variables and taking the expectation yields:

E

[
log
(

Pt

Pt0

)]
= κ

∫ t

t0

h(t′) dt′. (18)

Here we used that Wt describes a standard Brownian motion. The higher
the probability of a crash in the above equation, the faster the price must
increase to satisfy the martingale condition. So far, we have not made
any assumptions about h(t). To have power law growth in price, the
simplest form is

h(t) = B(tc − t)m−1, (19)

with B > 0 a constant and the critical point or theoretical date of the
bubble death tc > 0. The parameter m must satisfy 0 < m < 1; otherwise
the price would diverge when t → tc without the bubble bursting. At
time tc, the bubble has the highest probability to burst. Plugging this
form of h(t) into equation (18), we can obtain the power law behavior
of the price during the bubble. However, the crash hazard rate can be
generalized by allowing complex exponents m which can be justified by
considering hierarchical structures in financial markets. In Johansen et
al. [15], the first-order expansion of the general solution for the crash
hazard rate is given as:

h(t) ≈ B(tc − t)m−1 + C(tc − t)m−1 cos [ω log(tc − t) + φ] . (20)
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2. Theory

Plugging this expression into equation (18) leads to the log-periodic
power law for the price

E[log(Pt)] = A + B(tc − t)m + C(tc − t)m cos [ω log(tc − t) + φ] (21)

which is indeed equation (12).

2.3.3 Fitting procedure
Fitting equation (12) to financial data in a time window [t1, t2] boils
down to a multivariate non-linear optimization problem with a total of 7
parameters (3 linear and 4 non-linear). Solving these kinds of problems
is non-trivial since local optimization algorithms may get trapped in lo-
cal minima. The state of the art for these problems are meta-heuristic
algorithms such as taboo search [12, 34] or genetic algorithm [11] which
are often not stable. Filimonov & Sornette proposed a more robust and
less resource-intensive calibration scheme for the LPPL model [8] which
reduces the number of non-linear parameters to three (tc, ω, m). To this
end, equation (12) was rewritten and the resulting four linear parame-
ters were slaved to the non-linear ones. Details can be found in [8]. This
scheme was also used in this thesis to do all LPPL fitting.

The parameters in equation (12) are subject to some constraints which
follow from the assumptions made in the model or emerge from analysis
of many historical bubbles [14, 20, 21, 34, 37, 39]. These are among
others:

0.1 ≤ m ≤ 0.9, 6 ≤ ω ≤ 13, |C| < 1, B < 0. (22)

Figure 4 shows an example of a fit of a log-periodic power law to real
data from the Shanghai composite index using the above constraints on
the parameters where the dotted lines in the plot mark the time window
[t1, t2] that was used for fitting. The fitting procedure is highly sensitive
towards the choice of this window. This will be reflected in the strategy
chosen by the LPPL trader in section 2.4.

2.4 Extension of the agent-based model with
LPPL trader

The agent-based model (ABM) introduced in section 2.2 consists of two
types of traders. The influence of traders using the LPPL model in their
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Figure 4: Real data from the Shanghai Composite Index from January 2007 to April 2008.
The dotted lines mark the beginning and end of the fitting window (t1 & t2). The fit to the
LPPL equation (12) is shown in red. The plot was reproduced using the same time windows
as in [8]).

investment strategy can be investigated by extending the ABM. Since
the simulated markets are reproducible by setting the random seed, the
impact can be studied by simulating the same market with and without
the LPPL investors. In the following, we will introduce this third in-
vestor type, their strategy, and the influence on the dynamic equations
stated before. We will speak of dragon hunters following the idea that
these traders try to “hunt down” dragon kings [31, 36], i.e. the emerg-
ing bubbles and potential crashes.

2.4.1 Bubble detection & investment decision

We choose as default strategy for non-bubble times that the dragon
hunters partially behave like the rational investors in the current model,
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2. Theory

i.e. investing a fixed percentage in the risky asset3. In contrast to the
rational investors, however, dragon hunters use their knowledge of the
LPPL model to try finding and exploiting emerging bubbles.

A dragon hunter considers an asset overpriced as soon as fitting of the
price to the LPPL model in any time window yields parameters that
satisfy the constraints in equation (22). Since fitting every possible time
window in every time step would prove to be too resource-intensive,
dragon hunters only look at several intervals with different lengths. Fur-
thermore, they check whether the time of the crash predicted by the
model is far enough into the future to be safe from errors.

If they detect an LPPL signal, i.e. an emerging bubble, dragon hunters in-
crease their investment in the risky asset to 100% of their wealth to profit
from the superexponential growth in price before the bubble bursts. As
soon as the signal is not picked up anymore in a re-evaluation of the
strategy, dragon hunters revert to their previous behavior of investing a
fixed percentage of their wealth in the risky asset. We will go into more
detail regarding the actual implementation and chosen parameters in
chapter 3.

2.4.2 Modified dynamical equations
Due to the two possible states of dragon hunters (bubble detected and
no bubble), we need to find the dynamic equations (2) to (7) for these
two cases. We define the dragon hunters’ relative wealth in the risky
asset at time t as xd

t (recall that the rational traders relative wealth in
the risky asset is xr) and their wealth at time t as Wd

t . Basically, dragon
hunters alternate their invested relative wealth between two values; this
means that we have to keep track of the time step in the derivation.
Other than that, they are the same as rational traders.

We can thus follow the derivation of the dynamical equations in Kaizoji
et al. [16] and calculate the dragon hunters excess demand ∆Dd

t :=
PtXt − PtXt−1 analogously to the rational traders. Here Xt denotes the
wealth invested in the risky asset at time t. If we denote the dividends

3In general, dragon hunters may also be prone to imitate, which translates to re-
acting to a mixed signal of opinion index s and the LPPL signal. This corresponds
to noise traders working on nonlinear momentum as compared to the previous setup,
where the noise traders use the opinion index and the price momentum to guide their
decision. For simplicity, we shall start by neglecting social imitation.
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2.4. Extension of the agent-based model with LPPL trader

at time t with dt we find:

∆Dd
t = xd

t Wd
t−1

(1− xd
t−1)(Pt−1(1 + R f )− Pt) + xd

t−1dt

Pt−1
. (23)

This equation is structurally identical to the excess demand for the ratio-
nal traders (cf. equation 19 in [16]), however there is a time dependence
in xd due to the nature of the dragon hunter strategy. The dividends
are modeled as a stochastic process, dt/Pt−1 = r + σrut, with ut a se-
ries of standard i.d.d. random variables with distribution N(0, 1), σr the
step size and r the expectation. Employing the market clearing condi-
tion ∆Dr

t + ∆Dn
t + ∆Dd

t = 0 leads to the price equation for the extended
model:

Dynamics of risky asset (extended)

Pt

Pt−1
=

∑
j=n,r,d

xj
t

[(
1 + R f

) (
1− xj

t−1

)
+ (r + σrut) xj

t−1

]
W j

t−1

∑
j=n,r,d

xj
t−1

(
1− xj

t

)
W j

t−1

(24)

This equation is the same as the original equation (4) except that there is
one more term in the sum in both numerator and denominator account-
ing for the dragon hunters. Setting xd

t = xd
t−1 = 0 in equation (24) we

can recover equation (4). This also means that excluding dragon hunters
from shaping the risky asset price is as simple as setting xd

t = 0 for all
times t. Technically, this does not mean that we exclude the dragon
hunters from the model; rather we do not let them participate in the
pricing of the risky asset since they have all of their wealth invested in
the risk-free asset.

The dragon hunters’ wealth equation is the analogue of the rational
traders’:

Wealth dynamics (dragon hunters)

Wd
t = (Pt + dt)xd

t−1
Wd

t−1
Pt−1

+ (1− xd
t−1)W

d
t−1(1 + R f ). (25)

Since the dragon hunters’ wealth at time t depends on the wealth that
was invested in the step before, we have a dependence on xd

t−1, i.e. the
fraction of wealth in the risky asset at the time step before t. The price
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2. Theory

momentum Ht retains its previous form since the updated dynamics
is accounted for by the modified price equation. The opinion index st
governs the behavior of noise traders; we did not couple the dragon
hunters via social herding (see footnote on page 15) which leaves this
equation untouched as well. The new dynamics however is incorporated
via the influence of H on the probabilities p±t .

With these theoretical considerations in mind we can now proceed to
the implementation of the extended model.
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2.4. Extension of the agent-based model with LPPL trader

Table 1: Overview of quantities used in the model and their meaning. More details can be
found in [16].

Quantity Description

st noise trader opinion index
Nn number of noise traders

ζk(y), ξk(y)
random variables that take value 1
with probability y and 0 otherwise

p±t
probability for a noise trader to become bullish
or bearish (i.e. invests in risky/risk-free asset)

Ht momentum of risky asset price

p 2/p days is the average holding time of positions
for noise traders, enters in equation (3)

κ
quantifies the influence of social interactions st
and price momentum H

Pt risky asset price
R f return rate of risk-free asset

r mean of stochastic process for dividend-price-
ratio d/P

σr
standard deviation of stochastic process for
dividend-price ratio d/P

ut
series of standard i.i.d. random variables with
distribution N(0, 1)

θ
1/(1− θ) is the length of noise traders’ memory
of past stock performance

Wr
t wealth of rational investors

Wn
t wealth of noise traders

xr fraction of rational investors’ wealth invested in risky asset

xn
t

fraction of noise trader wealth in risky asset,
xn

t = (1 + st)/2

Wd
t wealth of dragon hunters, introduced in section 2.4.2

xd
t

fraction of dragon hunter wealth in risky asset,
introduced in section 2.4.2
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3. Methods & Results

3. Methods & Results

Using the dynamical equations described in sections 2.2 and 2.4, the pro-
posed extended model can be implemented. The dragon hunters’ con-
tribution depends on the relative amount of wealth xd that they invest.
They rely on the LPPL fitting procedure for their investment decision.
We will give a general overview over the implementation in Matlab

and the chosen parameters in section 3.1. The influence of κ on bubble
formation in the original agent-based model is investigated in section 3.2.
For various reasons described in section 3.3, some of the data needed to
be discarded before the analysis. The immediate dragon hunter impact
will be discussed in section 3.4 before the bubble impact and the means
to measure it are described in section 3.5.

3.1 Implementation & setup

Due to the length of the computations involved, all simulations were
done on the Brutus computation cluster at ETH Zürich. Brutus (Better
Reliability and Usability Thanks to Unified System) is a high perfor-
mance cluster with over 900 computing nodes with a total of more
than 19,000 processor cores and a peak performance of slightly over
200 teraflops4,5. The Chair of Entrepreneurial Risks is one of the largest
shareholders financing 768 cores that are at disposal to all members for
high performance computing.

4www.brutuswiki.ethz.ch/brutus/Brutus_cluster
5http://www.nzz.ch/aktuell/digital/brutus-laesst-die-rechenkerne-gluehen-1.

17293424
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3.1. Implementation & setup

3.1.1 MATLAB implementation
The Matlab code for one simulation run can roughly be separated into
three parts:

1. Initialization
2. Simulation loop
3. Plotting & saving

To do multiple runs, the simulation script was wrapped by a loop script
which triggered multiple simulations with a different random seed each
time. We shall describe all parts in the following.

Initialization

In the first part, the fixed simulation parameters are set. This includes
among others the initial wealth assigned to each investor type (Wn

0 , Wr
0,

Wd
0 ), the dragon hunter strategy update interval, the LPPL fitting win-

dows [t1, t2], the Ornstein-Uhlenbeck process parameters (∆T, µκ), the
expected value of dividends r and risk-free return rate R f .

Some values (dt, κ, st) are dependent on a (pseudo-)random number gen-
erator. In Matlab 2013 and onwards, this is by default [24] implemented
using the Mersenne twister algorithm [25] which generates pseudoran-
dom numbers using a starting value or random seed. Setting the seed
to a fixed value in the initialization assures that the (pseudo-)randomly
generated values can be reproduced. This is crucial to be able to com-
pare the results with and without dragon hunters.

Simulation loop

The actual simulation is done in a loop where all values necessary to de-
scribe the dynamics are calculated for every time step. This includes the
social interaction strength κt which is calculated using equation (8). This
is needed to calculate the noise traders’ opinion index st(st−1, p+t , p−t , Ht−1)
via equation (2). Equation (3) gives probabilities for bullish/bearish be-
havior of noise traders p±t (κt, st−1, Ht−1). The price equation for the ex-
tended model, Pt(Pt−1, Wn,d,t

t−1 , st, st−1, dt, xd
t , xd

t−1), depends on the dragon
hunters’ relative invested wealth xd at times t and t− 1. Following the
algorithm described in section 2.4, the dragon hunters base their invest-
ment decision, essentially described by xd

t , on the LPPL fitting result.

To this end, they choose a fitting interval [t1, t2] in which the price is
fitted to the log-periodic power law in equation (12). The right bound
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3. Methods & Results

of the interval t2 is always chosen as the current time step t. LPPL
fitting generally needs at least one month of price data for a sensible
result; hence, the dragon hunters do not start assessing their behavior
immediately but only after a time t2 − t1.

In practice, the quality of the fit strongly depends on the chosen time
window. Also, LPPL behavior can be observed over different time scales.
One would need to fit every possible time window in every step for
a complete analysis. The fitting procedure, however, is quite resource
intensive. To strike a balance between LPPL signal search quality and
computation time, we decided to pick different intervals [t(i)1 , t2] and
vary the starting points t(i) by −δt, . . . , 0, . . . , δt. By choosing different
t(i) we can search in different time scales. To mitigate the sensibility on
the actual chosen day, we look for LPPL signals around t(i) with a range
±δt. Furthermore, we decided to let the dragon hunters re-evaluate
their strategy only every couple of days. From the computational point
of view the simulation was sped up by using a fit function written in
C++ and compiled for use in Matlab.

We define that an LPPL signal is picked up by the dragon hunters if the
fit parameters in a time step lie in the acceptable ranges mentioned in
section 2.4 in any of the time windows. The critical time tc, which gives
the time of the crash predicted by the model, is evaluated as well: if tc−
t > t∆ (for t∆ > 0), the dragon hunters increase their relative investment
to xd = 1. This is equivalent to investing all of their wealth in the risky
asset. In case the predicted crash is too close, the dragon hunters refrain
from investing and stay with their default xd = 0.3. The parameter t∆
thus is a measure of the risk aversion of the dragon hunters: a large t∆
means that they fear the risk of an earlier crash than is predicted by the
model and want to be on the safe side while dragon hunters with t∆
close to zero do not want to miss any further increase in price.

In the last part of one time step, the wealth of the respective traders Wn,r,t
t

and the price momentum Ht are calculated according to equations (5),
(6) and (25) and equation (7), respectively.

Plotting & saving

To get a quick overview over each simulation, the results were directly
plotted and saved on Brutus. Plotted quantities were price, price mo-
mentum, opinion index, absolute wealth levels, dividend-price ratio, re-
turns, social interaction strength κ and the signed and absolute auto-
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3. Methods & Results

correlations of the returns. The latter two are, in combination with the
returns, important to spot volatility clustering. Figure 5 shows an ex-
ample plot. Furthermore, all calculated values were saved as a Matlab
workspace file to enable analysis after the calculations.

Wrapping script

For the analysis of the dragon hunter influence multiple simulations
with different random seeds were needed. This was achieved by wrap-
ping the simulation script with another script which iterates over differ-
ent random seeds. Since the dragon hunters did not pick up an LPPL
signal in every simulation the uninteresting seeds could be sorted out
this way.

3.1.2 Chosen simulation parameters
Generally, all simulations were done for 1500 trading days, i.e. 6 years.
This ensures that there is enough time for bubbles to emerge. Naturally,
the numerical values for the parameters (see table 2) greatly influence
the outcome of the simulation. They were chosen such that a number
of criteria were fulfilled. We will briefly discuss those criteria in the
following.

Bubble behavior

As argued in the theory section, the Ornstein-Uhlenbeck process behind
the social interaction strength κ is crucial for the noise trader behavior.
To obtain a sensible frequency of bubbles and a realistic length (∼ 1 year)
we found µκ = 0.94 for the mean and ∆T = 180 for the mean reversion
time to be good values. The expected dividends r and the risk-free
return rate R f were chosen such that we can expect 4% and 2% p.a.,
respectively.

Reproducibility

Since the noise traders are responsible for the formation of bubbles, their
parameters have a great influence on the price dynamics. The aim of
this thesis is to quantify the impact that a dragon hunter type investor
behavior has on the market. It is thus convenient that “by default” (i.e.
in times without an LPPL signal), the behavior of the dragon hunters
is the same as the rational traders’. If we fix the initial wealth ratio
Wn

0 /(Wd
0 +Wr

0) = 2, for both the simulations with and without dragon
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3.1. Implementation & setup
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0
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Figure 6: Price ratio Pt/Pt−1 (following equation (24)) plotted against the initial wealth
ratio of dragon hunter and noise trader Wd

0 /Wn
0 when the dragon hunters decide to invest

(xd = 0.3 → 1). The stochastic quantities ut and st have been set to zero to study the
impact of the dragon hunter’s change in investment on the price. Note that the rational
traders’ initial wealth Wr

0 is chosen such that the wealth ratio ν = 2 remains constant. The
immediate effect of dragon hunter investment is quite large. This is why we chose their initial
wealth to be rather small ([0.01, 0.05, 0.1] ·Wn

0 ). From this plot, the price increase should
be around 2%, 10% and 21%, respectively. A similar but reverse effect is observable as soon
as the dragon hunters pull out again. The drops should be by 2%, 9% and 17%. Note that
this plot only gives an idea of the magnitude of the dragon hunters’ immediate impact. In
the simulations, all stochastic quantities are of course not set to zero and play an important
role.
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3. Methods & Results

Table 2: Overview over the chosen parameter values

Parameter Value Description

∆T 180 Mean reversion time [days]

p 0.2 Controls average holding time
of noise traders

µκ 0.94p Mean of social interaction strength

r 0.04/250 Expected value of dividends,
corresponds to 4% annualized

R f 0.02/250 Risk-free return rate,
corresponds to 2% annualized

Nn 1000 Number of noise traders
Wn

0 100 Initial noise trader wealth

ν 2 Initial wealth ratio Wn
0 /(Wd

0 +Wr
0)

Check frequency 3 Time between DH re-evaluations

[t(i)1 , t2] [50, 100, 200, 400] Scale of time windows for fitting

δt 10 Maximum absolute variation of t(i)1

t∆ 5 Time to predicted crash

hunters, we preserve the influence of the noise traders on the market and
can solely observe the dragon hunters’ impact. In other words: when
simulating with dragon hunters, we reduce the rational traders’ initial
wealth and give a certain fraction to the dragon hunters. This also means
that the price will be different for the two simulations only if the dragon
hunters pick up any signal in the duration of the simulation.

Since the numerical values of wealth are arbitrary and only influence the
magnitude of the outcome but not the overall behavior, we can fix the
noise traders’ initial wealth to Wn

0 = 100 and choose the LPPL traders’
initial wealth as a fraction. The sudden investment and withdrawal of
the dragon hunters will lead to a jump in price. To make this jump
not too large, we chose Wd

0 /Wn
0 = [0.01, 0.05, 0.1] which corresponds to

Wr
0/Wn

0 = [0.49, 0.45, 0.4]. On investment or removal of wealth from the
risky asset, the dragon hunters’ impact on the price can be estimated
by removing the stochastic quantities from the price equation. Figure 6
shows this estimate and gives an intuition for the impact of a sudden
noise trader investment with these initial wealth ratios.
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3.2. Influence of κ on bubble formation

LPPL fitting

Setting ∆T = 180 essentially translates to an average of 180 days that
κ typically takes to return to the mean after it has been two standard
deviations away from its mean (cf. section 2.2). This is also a measure
for the typical duration of bubbles in the model and thus the fitting
windows chosen by the dragon hunters should reflect that. We chose
4 different time windows t(i)1 − t2, namely 50, 100, 200 and 400 days.
The lower bound was varied by up to δt = ± 10 days. The choice of
these parameters means that some time has to pass before the dragon
hunters have acquired enough price data to be able to make an invest-
ment choice. The earliest possible time for the dragon hunter to increase
their investment in our case is t = t2 = 50 + 10 = 60.

The minimum distance between predicted crash and the current day,
t∆ < tc − t, was set to 5 days. This means that dragon hunters refrain
from investing when the crash is predicted by the model in less than one
week. This signifies a certain risk aversion as well as precaution since a
more sustainable strategy would be to use all possible fit windows and
create a confidence interval for the crash. Setting t∆ = 5 is an attempt to
mitigate this.

At every evaluation of the investment strategy, the dragon hunter thus
needs to make at most6 84 LPPL fits. With 3 days between every re-
evaluation, this amounts to 28 evaluations on average for every time step.
By spreading the fit windows over different time scales, we attempted to
catch as many LPPL signals as possible while maintaining a reasonable
computation time.

3.2 Influence of κ on bubble formation
In section 2.2 we argued that bubbles form when κ > p. To test these
considerations, we replaced the Ornstein-Uhlenbeck process in the orig-
inal agent-based model with a rectangular pulse (subcritical → critical
→ subcritical)

κ(t) =
{

5p/4 : t0 ≤ t ≤ t0 + ∆t
3p/4 : else (26)

6If a signal is found in at least one window, the dragon hunter stops looking in
other windows and starts investing directly. This can decrease the amount of fits that
need to be done.
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Figure 7: Different influences of rectangular κ pulse with plateau of 90 days in the critical
regime on the simulated price. Top: supercritical κ sequences lead to superexponential
growth in price. Middle: supercritical κ sequences lead to a crash at another point in time.
Bottom: κ pulse with values described in equation (26). Whether there is a crash or a bubble
depends on the noise traders’ opinion index. Note that the visible change is not immediate
but can rather take some time, but as long as the pulse is long enough, superexponential
behavior is bound to happen. Also note that the time axes do not coincide; the two price
plots have been centered around the time the κ pulse was “sent”.

where p = 0.2 is the value separating critical (κ > p) and subcritical
(κ < p) regions of κ. The time t0 denotes the time the pulse is sent, ∆t
denotes the length of the pulse. This way, the regime change can be stud-
ied without the noise from the Ornstein-Uhlenbeck process. Whether
the pulse produces bubbles or crashes depends on whether the opinion
index at the start of the pulse is growing or sinking.

Figure 7 nicely shows the two effects a rectangular κ pulse can have
on the price. If the pulse length ∆t is chosen too long, the noise traders
fully polarize and the price may diverge. Very short pulses did not yield
a visibly different price dynamics. This can be explained by the lower
initial slope of superexponential vs. exponential growth. Note that in
the case of a crash the price cannot go down to zero as there will always
be a demand from the rational traders.

28



3.3. Filtering of simulations

3.3 Filtering of simulations
The simulation parameters described in the previous section were care-
fully chosen and based on plausible assumptions whenever possible.
The search windows for LPPL signals were chosen with the goal of
balancing performance with computation time. However, the resulting
simulations were not always usable to quantify the impact of dragon
hunters on a financial market for a number of reasons. Out of 2000 sim-
ulations with the initial wealth ratios Wd

0 /Wn
0 = [0.01, 0.05, 0.1] 12.8%,

11.3% and 10.8%, respectively, were usable for analysis. The reasons
can be distinguished as issues with the original and with the extended
model and will be described in the following. Figure 10 shows the
counter-example of a simulation that fit all criteria and was included
in the simulation.

3.3.1 Original model
First, a part of the simulations did not yield a satisfactory amount of
volatility clustering. This means that the absolute autocorrelations of
the returns did not exhibit a power law decay but rather an exponential
one. The correlations fell into the 95% confidence limits of a normal
distribution for time lags ∆t > 0, i.e. did not exhibit the slow decay
usually found in financial markets [6]. Random seeds that led to these
autocorrelations were hence discarded as they did not suit our purpose
of studying the impact on a “realistic” market.

As we have seen in section 3.2, κ plays an important role in the formation
of bubbles. We mentioned that long periods of κ in the supercritical
regime above p can lead to an exploding price. The simulation itself
was terminated as soon as the price diverged. However, the long mean
reversion time ∆T sometimes meant that κ spent time in the supercritical
regime long enough to completely polarize the noise traders to s ' 1
which most of the time led to unrealistic bubbles (e.g. price grows to
one hundred times the amount at the beginning). Figure 8 shows an
example of such a polarized state. For the same reasons as stated above,
these types of simulations were excluded from the analysis.

The case s ' −1, i.e. bearish noise traders can not be treated symmetrical
to bullish noise traders. The price can never go to zero as there is always
a demand from the rational traders. Simulations that showed longer
periods of negatively polarized noise traders were discarded as well.
Figure 9 showcases these types of discarded simulations.
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3.3. Filtering of simulations

3.3.2 Extended model
The dragon hunters did not pick up a signal in every simulation. This
should not be surprising since not every market necessarily produces a
bubble. Only some of the time clearly visible areas of superexponential
growth were missed. This reaffirms our approach to search for bubbles
in different time scales. We attributed the missed bubbles to the fact
that, as explained in section 3.1.2, the bubble search could not be done
in a fully comprehensive manner. Figure 12 visualizes a case where the
dragon hunters did not invest even though a very large bubble appears.

In some cases, dragon hunters started to invest in a seemingly “wrong”
time, i.e. during a drop in price. Of course, it is easy to know ex post
what the “wrong” time is; the dragon hunters picked up an LPPL signal
and made a poor decision. As above, we attribute this to the non-ideal
fitting procedure7. We basically assume that the LPPL model is fully
capable to describe the most important aspects of a bubble before the
crash with a high probability. Failing to recognize the wrong invest-
ment is thus simply an inadequate use of mathematical model by the
dragon hunter brought about by the simplifications that had to be made
in the bubble detection process. Figure 11 shows an example of dragon
hunters investing at the beginning of a crash.

In real life, dragon hunters would want to make sure that every possi-
ble information is incorporated into the investment decision. However
this does not mean that we discarded all simulations with bad dragon
hunter decisions. Possible poor performances of the dragon hunters in
some parts of a simulation are not necessarily detrimental to the goal to
quantify the dragon hunter impact: there might just as well be other bub-
bles in the same simulation before which a better investment decision
was made.

In order to analyze bubbles, one needs to be able to recognize them
as such. Some of the time, dragon hunters recognized an LPPL signal
in the absence of a clearly visible bubble. The time spent by κ in the
supercritical regime was too short to lead to a large deviation of the price
from the ground noise. This made the investment unusable for analysis
as our analyzing method depends on pronounced peaks in price (cf.
section 3.5). Again, these simulations were only discarded when no
other interesting investment before a bubble was found.

7We will discuss ideas to further improve the bubble detection or the dragon hunter
strategy in the future in chapter 4.
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Figure 13: Top: comparison of price with (blue) and without (orange) dragon hunters for
an example simulation with Wd

0 /Wn
0 = 0.1. Shaded in gray are periods where the dragon

hunter decided to invest. The bump in price and the drop directly after are directly related to
dragon hunter investment. Bottom: resulting wealth for noise trader (blue), rational trader
(orange) and dragon hunter (yellow). The asymmetrical drop in wealth is clearly visible every
time the dragon hunter picks up a signal.

3.4 Immediate impact of investment

Figure 6 gives an estimate of the expected impact of a full dragon hunter
investment. Due to the very sudden change in demand, the price should
increase; for the chosen initial wealth ratios Wd

0 /Wn
0 = [0.01, 0.05, 0.1]

we expect a price increase of [1%, 10%, 21%] under the assumption that
the initial wealth ratios have not changed too much. When the dragon
hunters decide to partially short their stocks, a drop similar to the bump
on full investment is to be expected. An example dragon hunter impact
for Wd

0 /Wn
0 = 0.1 is shown in figure 13 which illustrates the observed

bumps and following drops nicely. Figure 16 compares the price for
different wealth ratios.
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Figure 14: Dragon hunter wealth over the course of the simulation time (1500 days) relative
to the overall market wealth. The wealth of all analyzed simulations were averaged, divided by
the total wealth in the market at time t, Wd

t +Wr
t +Wn

t , and normalized to 1 at t = 0. The
higher the dragon hunters’ initial wealth, the greater the impact on the price on investment
and the worse the wealth performance. On average, the dragon hunters perform worse than
the rest of the market (marked by the dashed black line). This can be attributed to the
imperfect investment algorithm. Having many dragon hunters (or, equivalently, giving each
dragon hunter more money) thus leads to a worse performance for all dragon hunters. Note
that this is relative to the market, i.e. the dragon hunters still increase their wealth. For the
raw averages see figure 15.

Curiously, we noticed that after selling, the dragon hunters’ wealth in
some cases decreased and settled below the wealth level of the rational
traders, i.e. bump and drop were not symmetrical (cf. figure 13). This
effect was observed to be stronger when the dragon hunters start with
a larger amount of wealth. The positive impact on the dragon hunters’
wealth at the time of investment is outweighed by the selling the shares.
Also, we noticed that the negative effect on dragon hunter wealth de-
creases with lower relative wealth. Figure 14 shows the dragon hunter
wealth averaged over all analyzed simulations for different initial wealth
ratios relative to the overall market wealth Wd

t + Wr
t + Wn

t . The trend
for worse performances with increasing initial wealth is clearly visible.
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Figure 15: Dragon hunter wealth over the course of the simulation time (1500 days), nor-
malized at t = 0, for different initial wealth ratios. The dragon hunters increase their wealth
as the market evolves but do so less when the wealth ratio is greater. The wealth growth
rate is however less than the overall market growth rate (cf. figure 14).

We can understand this effect by looking at the LPPL trader wealth equa-
tion when xd

t−1 = 0.3→ 1 = xd
t and xd

t−1 = 1→ 0.3 = xd
t .

Recall that the dragon hunters’ wealth at time t is given by

Wd
t =

[
(Pt + dt)

Pt−1
xd

t−1 + (1− xd
t−1)(1 + R f )

]
Wd

t−1.

Most of the time, the dividends dt are small compared to the price Pt.
The risk-free return rate R f is also very small compared to 1. For a gen-
eral understanding of the wealth dynamics, we can neglect both quanti-
ties in the wealth equation. As argued above, we can approximate the
price at time t by Pt ' γPt−1 with γ > 08. If the dragon hunters increase
their invested wealth γ = γ0 > 1 holds. In the reverse case, we have
γ = 1/γ0 < 1. For an initial wealth ratio of 0.1 for example, γ0 would

8Note that γ is generally time-dependent, otherwise we could not have superex-
ponential growth during bubbles. We are merely looking the price at one moment t
without the influence of the noise traders who drive the bubble dynamics.
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be 1.21 and 1/γ0 = 0.83 (cf. figure 6). For the case xd
t−1 = 0.3→ 1 = xd

t
we can write Pt ' γ0Pt−1 which leads us to

Wd
t ≈ [0.3γ0 + 0.7]Wd

t−1.

For the reverse case, we obtain

Wd
t ≈

Wd
t−1

γ0
.

Since γ0 > 1, the jump 1 → 0.3 has a larger impact on wealth than vice
versa. Another way to understand this is to remember that the price
directly reacts to the demand but the wealth is measured by the assets
held at time t. When selling their risky assets, the dragon hunters trigger
a drop in price which reduces their wealth in the next step. Naturally,
this effect becomes more prominent the larger γ0 is. For small initial
wealth ratios the factor γ0 is smaller and the overall difference is not as
pronounced.

We have to note, however, that these considerations completely leave
out any noise trader dynamics and are only valid for rather tranquil
prices. The noise traders cause the formation of bubbles. Indeed, when
the dragon hunters invested during superexponential growth, they nat-
urally outperformed both noise and rational traders.

3.5 Comparison of bubbles
So far, we have established a framework and chosen the right parameters
to enable us to quantify the impact of dragon hunters. The impact will
be analyzed by comparing price data for the same random seed with and
without dragon hunters. Recall that the wealth is distributed between
the traders such that simulating with dragon hunters that remain in their
“default” state xd = 0.3 yields the exact same data as simulating without
our third investor type. If there is any difference between the price or
wealth evolution it must be due to the dragon hunters.

3.5.1 Bubble measures
Comparing price data from our extended model is not a trivial task.
Since dragon hunters can invest at any moment that they find an LPPL
signal, the price will necessarily not be very smooth. To even this
out, we performed averages to get an understanding over the impact
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Figure 16: Comparison of price and wealth for the chosen initial wealth ratios around a
rather prominent bubble without full dragon hunter investment before t = 500. Dragon
hunter investment is shaded in gray. Top: Price Pt on a linear scale around a bubble. The
price increases with chosen initial wealth; a trend that is also found in most other bubbles
(cf. figures 17 to 19). Note the impact of dragon hunter investment on the price. Bottom:
Dragon hunter wealth Wd

t normalized at t = 1 plotted on a logarithmic scale. While high
initial wealth ratios drive the price to higher values, the dragon hunters perform worse in
terms of relative wealth.

of the dragon hunters. We looked at the relative price differences, i.e.
(PDH

t − Pt)/Pt (Pt : price without dragon hunters, PDH
t : price with

dragon hunters), in an environment around a peak to compare the re-
sults.

In more detail, we searched for the highest price peak in every sim-
ulation that passed the filtering criteria mentioned in section 3.3 and
checked whether the dragon hunter invested in a time window of 200
days before the peak. This window was chosen in relation to the aver-
age bubble length ∆T which had been set to 180 days in the simulations.
This way we could make sure that possible investments were due to a
signal triggered by the bubble.

Bubbles do not appear and crash immediately, but rather develop, rise
fast, crash and decay. To capture this behavior, we considered the time
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window 200 days before and after the no-dragon-hunter peak for the
price difference analysis. This meant that bubbles that were too close to
the beginning (tbubble < 200) or end (T− tbubble < 200) of the simulation
time could not be considered and were discarded. To find the peaks,
the built-in Matlab function findpeaks was used. The relative price
difference (PDH

t − Pt)/Pt was computed for all usable simulations and
averaged. Exactly 2000 simulations were done with the same random
seeds with and without dragon hunters. The constrictions left us with
196 (wealth ratio 0.01), 168 (wealth ratio 0.05) and 146 (wealth ratio 0.1)
peaks to analyze.

3.5.2 Comparison results
Figures 17 to 19 show the results of price difference averaging around
peaks for the three different wealth ratios. For better visibility, the x-axis
was shifted such that all peaks are at t = 0. Strikingly, all average dif-
ferences are positive which indicates that the dragon hunter investment
strategy leads to an increase in price. All three averages have a promi-
nent peak at t = 0 which means that the dragon hunters on average did
not move the peak to an earlier or later point in time.

But why is the time of the crash fixed? In the original model, bubbles
were introduced only by the inclusion of the noise traders. Their so-
cial imitation (quantified by the opinion index st) and regard for past
prices drive the formation of bubbles. Supercritical κ then allow for
social interaction strengths that trigger a positive feedback mechanism.
Adding a third type of investors that do not directly interact with the
noise traders will not change this dynamics. Their technical interac-
tion is merely indirect via (i) the price which changes the noise traders’
wealth that they can reinvest or (ii) the price momentum. In the current
implementation of the model, the price momentum only impacts noise
traders via the probability for bullish or bearish noise trader behavior,
p±t = [p + κ · (st + Ht)] (equation (3)). Usually, we have Ht ∼ 10−3, so
Ht is negligible compared with st ∈ [−1, 1] in most cases, the effect is
very small. The dependence on dragon hunter behavior is limited to the
very indirect interaction via the price. This means that the peak is not
very likely to change and – if it does – it is only shifted by a few days
triggered by the indirect price interaction.

The peak averages for the three initial wealth ratios are 0.4%, 3% and
9%, respectively. They reflect the different starting wealth of the ra-
tional traders which is directly connected to the gravitas with which
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Figure 17: The mean and median relative price difference of all suitable peaks for initial
wealth ratio Wd

0 /Wn
0 = 0.01. The highest peaks in each simulation have been aligned

to coincide with t = 0 and the average/median of the (PDH
t − Pt)/Pt over all suitable

simulations was computed. The 25% quantile indicates a considerable amount of negative
differences that cannot be seen in the average. This might explain why – in contrast to the
other wealth ratios in figures 18 and 19 – the average price difference peak (≈ 0.004) is one
order of magnitude lower than initial wealth ratio 0.01.

the dragon hunters can invest. Recall that a wealth ratio of Wd
t /Wn =

[0.01, 0.05, 0.1] corresponds to a percentage of total wealth Wd
t /(Wd +

Wr + Wn) = [0.7%, 3%, 7%]. The average peaks are in the same order of
magnitude and nicely confirm the limit of dragon hunter impact.

We saw in section 3.4 that the dragon hunter wealth was negatively
affected by the initial wealth ratio. Figure 20 shows the average wealth
of noise and rational traders as a function of time plotted for different
initial wealth ratios. As in the original model, the noise traders do better
than the rational traders since the price largely follows the investment
behavior of the noise traders.
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Figure 18: The same plot as in figure 17 for initial wealth ratio Wd
0 /Wn

0 = 0.05. Note that
the peak price difference is in the same order of magnitude as the chosen fraction of wealth
that the dragon hunters hold initially.

The impact of the dragon hunters on the price was found to be clearly
correlated to the wealth they were provided with in the beginning. The
larger the initial wealth, the larger the observed affirming effect on the
price. We could not observe any kind of shift of the crash or a “smooth-
ing out” effect on the bubbles due to the dragon hunters.
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Figure 19: The same plot as in figure 17 for initial wealth ratio Wd
0 /Wn

0 = 0.1. Similar to
figure 18 the peak price difference (≈ 0.09) is close to the initial wealth ratio of the dragon
hunters.
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Figure 20: Average normalized wealth of rational traders (dashed) and noise traders (dash-
dotted). The rational traders, similar to the dragon hunters, are performing worse than the
market for all initial wealth ratios. In contrast, the noise traders do well and take the lion’s
share of the market yields. Both rational and noise traders however benefit from a larger
relative initial wealth of the dragon hunters (for the dragon hunters, it is the opposite, cf.
figure 14). The plot for the lowest initial wealth ratio hardly differs from the plot without
dragon hunters; they appear to be the same but they are slightly different following the
discovered low average price difference.
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4. Conclusion & Outlook

In the previous chapters, we have studied an agent-based model pro-
posed by Kaizoji et al. [16] that was designed to investigate bubbles
on financial markets. In the original model, two types of agents are as-
sumed: rational traders that invest a constant fraction of their wealth in
stocks and the rest in bonds and noise traders that rely in their invest-
ment decision on social imitation and past price performance. The social
herding by the noise traders can lead to a positive feedback which per-
mits the emergence of price bubbles. The frequency, length and height of
the bubbles can be explained by a variety of parameters. We found that,
using this model, it is possible to simulate markets that exhibit impor-
tant stylized facts of real financial markets, namely volatility clustering
and slowly-decaying autocorrelations functions of absolute returns. We
also found that it is possible to generate bubbles using this model that
last realistic time scales of ∼1 year. All these findings suggest that the
agent-based model can be used to study some aspects of real markets.

Building upon this model, we have motivated and proposed an addi-
tional trader type whose agents use log-periodic power laws to predict
bubbles and exploit this knowledge by investing until the crash happens.
A simple bubble detection algorithm was developed with a correspond-
ing investment strategy. The LPPL traders fit the price data to their
model and invest if the fit parameters lie in a certain range indicating
a bubble. Since the fitting procedure is resource intensive, we tried to
strike a balance between completeness of bubble information and com-
putation time when designing the strategy. The simulation parameters
were carefully chosen and the choices were – whenever possible – moti-
vated by estimates of the model behavior.

The main goal of this work was to quantify the impact of an LPPL-
powered strategy employed by some market participants on the whole
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market with special focus on bubble development. To this end, we sim-
ulated markets with three different initial wealth levels allocated to the
LPPL investor.

For all three wealth levels, we observed that the price around bubbles
rises on average when dragon hunters are involved. Obviously, the price
at the peak is also higher but we observed the largest price difference
at the actual price peaks. The position of the peaks remained the same;
the bubbles did not form or burst earlier or later and the dragon hunters
had little to no influence on the point in time that the peaks emerge. The
increase at the peak was of the same order of magnitude as the fraction
of the overall wealth on the market that was allocated to the dragon
hunter.

Due to the chosen strategy of the dragon hunters and some misread
bubbles they were unable to systematically outperform the noise traders
with their strategy. Actually, the larger their share of the overall wealth,
the poorer they performed relative to the market. This may be explained
by the simplicity of their investment strategies.

Most of the shortcomings of the dragon hunters can be attributed to
the sacrifices that were made in the LPPL signal detection. A thorough
analysis might improve the individual performance. An easy fix would
be to evaluate more time windows more frequently. Also, the LPPL
strategy could be modified such that the dragon hunters do not invest
as soon as they detect a signal but rather wait until the number of signals
reaches a certain threshold. Then, a confidence interval for the expected
critical time tc might make the investment decision more secure and
prevent “wrong” investments. However, these fixes should not change
the result regarding the dragon hunter impact as the shortcomings were
addressed in this thesis by filtering of the simulations.

The dragon hunters’ performance compared to the noise traders is very
hard to improve. The dragon hunters have to compete with a trader
type whose investment decisions heavily influence the price and basi-
cally “make” the market. We found that the dragon hunters practically
hurt themselves with their abrupt buying and shorting. To smooth out
the bumps, one might think of a linear change in investment. It is hard
to predict whether the advantage of a less jerky price prevails over the
more inertial investment decision, but it would certainly be worth ex-
ploring.
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Another angle of attack could be to look at the interaction between noise
traders and dragon hunters. The interaction in the extended model dis-
cussed in this thesis is restricted to the price and the price momentum.
A quantitative analysis of the interaction, perhaps by comparing the
opinion index with and without dragon hunters, might give further in-
sight into how the model can be modified. So far, the opinion index st
and the price momentum Ht are weighted by the same social interac-
tion strength κ even though the opinion index is usually much larger. It
could be interesting to introduce a separate interaction strength for the
price momentum to upgrade its influence.

A more complicated but conceptually more interesting way could be to
directly couple noise traders with dragon hunters via social imitation.
This way the investment decisions triggered by LPPL signals have a
larger impact on the whole system. Actually, it is quite unrealistic to as-
sume that the dragon hunters secretly invest without attracting imitators
or listening to the prevailing opinion. An “upgrade” of the dynamical
equations similar to this thesis will most likely not be possible. The
equations would have to be redeveloped but this approach presents a
good starting point for future research.
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