
CHAPTER 7

INTRODUCTION TO QUANTUM FIELD THEORY

OF POLARIZED RADIATIVE TRANSFER

7.1. Introduction

The quantum theory of the preceding chapter has been introduced in a largely
phenomenological way, to provide an overview and intuitive grasp of the subject.
The framework of quantum field theory with a quantization of the electromagnetic
field should however be used for a consistent treatment and a logical development
of the theory of polarized radiative transfer in a magnetic field from first principles.

Quantum field theory is not only needed for a deepened physical understand-
ing, but also for the practical purpose of being able to formulate the statistical
equilibrium with atomic polarization and coherences between any combinations of
Zeeman sublevels. It allows us to treat coherent scattering when it is Rayleigh
or Raman scattered, when it involves arbitrary level crossings (including coher-
ences between states of different total angular momentum), etc. The algebraic
expressions of the W1 and W2 coefficients that we introduced in the scattering
phase matrix, Eq. (5.68), can be derived in terms of the quantum numbers of the
transition.

For a general treatment in quantum field theory of a statistical ensemble of
matter and radiation, the density matrix formalism is needed. The density matrix
is governed by the Liouville equation, which is incorporated in the equation for
the evolution of the expectation values, out of which the equations of statistical
equilibrium and radiative transfer emerge as special cases.

An overview of the relevant physical concepts of the quantum theory of light
can be found in the monograph by Loudon (1983). The first general derivation of
the equation of polarized radiative transfer in a magnetic field from first principles
in quantum field theory was made by Landi Degl’Innocenti (1983). Our approach
is similar to his, although the formalisms used are different.

7.2. The Density Matrix and the Liouville Equation

Starting from the time-dependent Schrödinger equation

ih̄
∂ψ(t)

∂t
= Ĥ ψ(t) , (7.1)

where Ĥ is the Hamiltonian operator, it is straightforward to make a formal deriva-
tion of the Liouville equation. First we note that the formal solution for the wave
function in Eq. (7.1) is
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ψ(t) = e−iĤt/h̄ ψ(0) . (7.2)

Next we introduce the definition of the density matrix operator ρ̂ for a statistical
ensemble in formal Dirac notation as

ρ̂ = |ψ(t) 〉〈ψ(t) | . (7.3)

The physical contents of this definition will become clearer later.
Inserting the formal Schrödinger solution (7.2) in Eq. (7.3), we get

ρ̂ = e−iĤt/h̄ |ψ(0) 〉〈ψ(0) | eiĤt/h̄ . (7.4)

Partial derivation with respect to time then gives

∂ρ̂

∂t
=

1

ih̄
[Ĥ, ρ̂ ] , (7.5)

where the square brackets on the right hand side denote a commutator. This is
the Liouville equation, which serves as the foundation of quantum statistics, and
from which the general statistical equilibrium and radiative transfer equations will
be derived.

The word density matrix refers to a matrix representation based on an ex-
pansion of the wavefunction ψ in terms of the eigenstates of the system. The
expansion

ψ =
∑

n

cn |n〉 (7.6)

is normally made in terms of time-independent eigenfunctions |n〉, which are the
solutions of the time-independent Schrödinger equation. In the general case when
the Hamiltonian is time dependent (which happens when the atomic system inter-
acts with an electromagnetic field), expansion (7.6) implies that the coefficients cn

are time dependent. As the time dependent (interaction) part of the Hamiltonian
is generally small in comparison with the time-independent (undisturbed) part,
the evolution of the system can be treated with perturbation theory. As we will
see below, it turns out that the 1st order perturbations average out to zero, which
makes it necessary to go to 2nd (or higher) order to treat the interaction between
matter and radiation.

A formalism in terms of the complex cn coefficients alone is unable to describe
the superposition of states in a statistical ensemble in which the phases of separate
events are uncorrelated. We need to use bilinear products between all the various
combinations of coefficients, since these products fix the relative phases within
each individual quantum system of the ensemble, before the different uncorrelated
individual quantum systems are statistically superposed.

The reason why we need bilinear products is the same as the reason, stated
in Sect. 2.6.1 and elucidated in Sect. 4.1, why Jones vectors are unable to describe
a statistical ensemble of uncorrelated photons. In the classical treatment of a
statistical ensemble of uncorrelated wave trains, which we are dealing with in
radiative-transfer theory, we had to introduce bilinear products of the complex
electric vectors, which led us to the definition of the coherency matrix and the



QUANTUM FIELD THEORY 129

Stokes parameters. In this analogy, the counterpart of the complex state vector
formed by the coefficients cn is the Jones vector, while the counterpart of the
density matrix is the classical coherency matrix.

The elements ρmn of the density matrix operator ρ̂ are naturally defined by

ρmn = 〈m | ρ̂ |n〉 . (7.7)

From the definition (7.3) and the expansion (7.6) it then follows that

ρmn = cmc
∗
n , (7.8)

i.e., the matrix elements are bilinear products of two complex, time-dependent
coefficients.

One fundamental use of the density matrix is for the derivation of the expecta-
tion value of an operator for a statistical ensemble. The expectation value of the
operator X̂ is

〈X̂〉 = 〈ψ|X̂|ψ〉 =
∑

m,n

cmc
∗
n〈n |X̂|m〉

=
∑

m,n

ρmnXnm = Tr (ρ̂X̂) = Tr (X̂ρ̂) .
(7.9)

The trace Tr is the sum of the diagonal elements (of the product matrix ρ̂X̂) over
the complete set of states. Since the sum of the probabilities is unity, we have the
normalization condition

Tr ρ̂ = 1 . (7.10)

Note that as the density matrix represents an average over the states of the
entire statistical ensemble, which includes a spatial average, we only need to con-
sider its time dependence. We may therefore replace ∂/∂t by d/dt. In particular,
we will write the Liouville equation as

dρ̂

dt
=

1

ih̄
[Ĥ, ρ̂ ] . (7.11)

7.3. The Schrödinger and Interaction Pictures

A quantum-mechanical system can be described in different representations. The
expressions for the operators and wave functions in the different representations are
connected by unitary transformations. Although all representations give (as they
must) identical predictions for all measurable quantities, the choice of a certain
representation may make the calculations simpler and more tranparent than they
would be in other representations.

The representation used in the preceding section was the so-called Schrödinger
picture, in which the operator Ĥ in the Liouville equation is the total Hamiltonian
operator, which is dominated by the time-independent part Ĥ0. We can write

Ĥ = Ĥ0 + Ĥ ′ , (7.12)
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where Ĥ ′ is the perturbation or interaction Hamiltonian.
A most useful representation for treating perturbation problems is the interac-

tion representation, in which the wave functions ψI are related to the Schrödinger
wave functions ψ by the unitary transformation

ψI(t) = eiĤ0t/h̄ ψ(t) . (7.13)

Note that this is not merely the inverse of Eq. (7.2), since only the unperturbed

Hamiltonian Ĥ0 is involved in the transformation, not the total Hamiltonian.
Differentiation of Eq. (7.13) gives the equation of motion

ih̄
∂ψI

∂t
= ĤI ψI , (7.14)

where
ĤI = eiĤ0t/h̄ Ĥ ′ e−iĤ0t/h̄ . (7.15)

Eq. (7.15) indicates the general rule for the transformation of operators from the
Schrödinger to the interaction picture. It also follows from Eq. (7.13) that

ρ̂I = eiĤ0t/h̄ ρ̂ e−iĤ0t/h̄ , (7.16)

where ρ̂I is defined as ρ̂ if we in Eq. (7.3) add index I on both sides of the equation.

A general operator X̂ that represents an observable is time independent in
the Schrödinger picture. If we use the transformation relation (7.15) for X̂I and
differentiate, we obtain the equation governing the time evolution of the operator
in the interaction picture:

dX̂I

dt
=

1

ih̄
[X̂I , Ĥ0 ] . (7.17)

The density matrix operator ρ̂ on the other hand is not time independent in
the Schrödinger picture (it does not represent an observable), but is governed by
the Liouville equation (7.11). If this is taken into account when differentiating
Eq. (7.16), we obtain the Liouville equation in the interaction picture:

dρ̂I

dt
=

1

ih̄
[ĤI , ρ̂I ] . (7.18)

We see that the dynamics is now entirely determined by the perturbation, while
the unperturbed Hamiltonian is not involved at all.

Finally we note that the expectation values are independent of the representa-
tion used, as seen explicitly from

〈X̂I〉 = Tr (ρ̂I X̂I) = Tr (ρ̂ X̂) = 〈X̂〉 . (7.19)
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7.4. Quantization of the Radiation Field

For a self-consistent treatment not only the matter but also the radiation field has
to be quantized. In particular the resulting zero-point energy of the vacuum is
essential, without which spontaneous emission processes would not be possible.

Quantization of the electromagnetic field is done via a description of the field
fluctuations in terms of the expressions used for a harmonic oscillator. The fun-
damental difference between classical and quantum physics becomes manifest for
a harmonic oscillator, for which the total energy oscillates between the forms of
potential energy (described by the position coordinate) and kinetic energy (de-
scribed by the momentum coordinate). Since in quantum mechanics position and
momentum are represented by operators that do not commute (which leads to the
Heisenberg uncertainty relation), the lowest energy eigenvalue (ground state) is
not zero.

The steps that need to be taken to quantize a classical vector field are: (i)
Fourier decomposition of the classical field into discrete wave modes. (ii) Coor-
dinate transformation such that the classical wave equation for the wave modes
assumes the same form as that of a harmonic oscillator. This allows us to define a
“mode position” and a “mode momentum”. (iii) Transition to quantum mechanics
by letting the mode position and momentum be represented by non-commuting
operators.

A consequence of this procedure is that each quantized vector field has a ground
state, the “vacuum state”, of non-zero energy. The vacuum fluctuations induce
spontaneous radiative deexcitation of the excited atomic states at predictable rates,
which are found to agree with the observed rates and with the rates calculated
with semi-classical theory, as will be seen below.

According to the quantization procedure, we start by expanding the vector
potential A of the classical electromagnetic field in a Fourier series:

A =
∑

k

[

Ak(t) eik·r + A∗
k(t) e−ik·r

]

. (7.20)

The sum is taken over all the wave modes in a cubic cavity of space with side L,
volume V = L3. The size of the cavity is arbitrary, but to have well-defined discrete
modes, we impose periodic boundary conditions such that the wave number vector
k has the component values

kx,y,z = 2π nx,y,z/L ,

nx, ny, nz = 0,±1,±2, . . . ,
(7.21)

assuming that the axes of the Cartesian coordinate system are along the sides of
the cube. In the limit when L is much larger than the mode wavelength, the mode
sum may be replaced by a mode integral, as will be done later.

The classical wave equation in vacuum is

∇2A − 1

c2
∂2A

∂t2
= 0 (7.22)
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according to Eq. (2.17). Inserting the mode expansion (7.20) we get for each
separate mode

∂2Ak

∂t2
+ ω2

k Ak = 0 (7.23)

with
ωk = ck , (7.24)

since the superposed Fourier components are independent of each other. A∗
k is

given by the same equation, which describes the harmonic oscillation of each wave
mode.

To make the transition to quantum mechanics we need to define from the mode
vector Ak a mode position qk and momentum pk, such that the mode energy has
the standard form (a bar above a symbol denotes average value)

Ēk =
1

2
(p2

k + ω2
k q

2
k) (7.25)

for a harmonic oscillator. For the classical electromagnetic field

Ē =
∑

k

Ēk =

∫
(

ε0
2

E2 +
1

2µ0
B2

)

dV (7.26)

according to Eq. (2.5). The wave equation (7.23) has the solution

Ak(t) = Ak e
∓iωt , (7.27)

where the plus sign in ∓ can be discarded, since it represents advanced potentials,
which are not allowed by the “arrow of time”. Inserting this solution in Eq. (7.20)
and using Eq. (2.18), we obtain

E =
∑

k

i ωk

(

Ak e
−iωkt+ik·r − A∗

k e
iωkt−ik·r

)

, (7.28)

which when inserted in Eq. (7.26) allows the identification

Ēk = 2ε0V ω
2
k Ak · A∗

k , (7.29)

since the second, magnetic energy term in Eq. (7.26) has the same magnitude as the
electric energy term for an electromagnetic wave. This expression can be brought
to the standard form for a harmonic oscillator if we let

Ak = (ωk qk + ipk) ek

/

√

4ε0V ω2
k
, (7.30)

where ek is the unit polarization vector.
The classical mode vector Ak becomes a quantum-mechanical operator and

thus the field becomes quantized if we now replace qk and pk by operators q̂k and
p̂k obeying the fundamental commutation relation between position and momen-
tum:

[ q̂k, p̂k] = ih̄ . (7.31)
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Instead of working with the operators Âk and Â∗
k, it has been found more

convenient to use the so-called annihilation and creation operators âk and â†
k
,

which are defined by

Âk = v âk ek ,

Â∗
k = v â†

k
e∗
k ,

(7.32)

where

v =

√

h̄

2ε0V ωk
. (7.33)

It follows from Eqs. (7.30), (7.32), and (7.33) that

âk = (ωk q̂k + ip̂k)/
√

2h̄ωk ,

â†
k

= (ωk q̂k − ip̂k)/
√

2h̄ωk .
(7.34)

As a consequence of the commutation relation (7.31) between position and momen-
tum we then obtain the fundamental commutation relation between annihilation
and creation operators

[ âk, â
†

k
] = 1 . (7.35)

This simple form has been made possible by a proper choice of the normalization
factor v, Eq. (7.33), in the definition (7.32) of the relation between the operators

Âk and âk.

The Hamiltonian operator Ĥk for a single mode of the electromagnetic field is
obtained as the operator version of Eq. (7.25) for Ēk:

Ĥk =
1

2
(p̂2

k + ω2
k q̂

2
k) . (7.36)

The total Hamiltonian for the free radiation field is then obtained as the sum over
all the modes:

ĤR =
∑

k

Ĥk . (7.37)

If we express p̂k and q̂k in terms of the creation and annihilation operators via
Eq. (7.34) and make use of the commutation relation (7.35), we get

ĤR =
∑

k

h̄ωk (â†
k
âk + 1

2 ) . (7.38)

It can be shown that the energy eigenvalues of Ĥk are

Ēk = (nk + 1
2
) h̄ωk , (7.39)

where nk = 0, 1, 2, . . ., i.e., an integer ≥ 0. The bilinear product â†
k
âk is therefore

called the number operator. h̄ωk is the photon energy for the mode with wave
number vector k, the number of photons is given by nk, while 1

2 represents the
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zero-point energy of the vacuum state (for which nk = 0). The presence of this

zero-point energy is a consequence of the circumstance that âk and â†
k

do not
commute.

Finally we give the expression for the electric-field operator, obtained from
Eqs. (7.28) and (7.32):

Êk = iv ωk ek ( âke
−iωkt+ik̂·r̂ − â†

k
eiωkt−ik̂·r̂ ) . (7.40)

7.5. Mode Counting

It is conceptually convenient for the quantization procedure to represent the elec-
tromagnetic field as a sum over discrete modes as we did in Eq. (7.20). For practi-
cal calculations of physical quantities we however need to use continuous functions
and replace the mode sums by integrals over frequency and solid angle (in addi-
tion to a sum over the two orthogonal polarization states). To make the necessary
conversion we need to count the modes, to determine the mode density in k space.

From the periodic boundary conditions (7.21) that we introduced when making
the modal decomposition (7.20) of the electromagnetic field, it immediately follows
that there is exactly one mode per volume (2π/L)3 in 3-dimensional k space. When
increasing the size L of the cavity used for the modal decomposition, the mode
number density in k space thus increases to infinity, and we approach the case of
a continuous instead of a discrete mode distribution.

Since the momentum p = h̄k, the k space volume (2π/L)3 corresponds to a
volume of h3/L3 in p space, i.e., a phase space volume of h3. There is thus always
one mode per volume element h3 in phase space.

When L→ ∞ we can make the transition to differentials, and count the number
of modes in a spherical shell of radius k and infinitesimal thickness dk in k space.
If Nk is the mode number per unit interval of k, we obtain

Nk dk = 4πk2 dk (2π/L)−3 . (7.41)

Since

k =
2π

λ
=

2πν

c
, (7.42)

we obtain the corresponding mode number in frequency interval dν as

Nν dν = Nk dk =
4πν2 dν

c3
V , (7.43)

where V = L3.
The above expression represents (by considering a spherical shell) an average

over all directions in k space, which has to be accounted for when making mode
sums over anisotropic quantities. To sum over the modes over a volume in k
space, we further have to integrate over k (or ν). Finally we have to take into
account that a vector field can be decomposed into two orthogonal polarization
components in a plane perpendicular to k (the propagation direction). We will
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indicate the two separate polarization components by index α. In the limit of a
continuous mode distribution we should therefore make the substitution

∑

k

−→ 4πV

c3

∫

dΩ

4π

∫

ν2 dν
∑

α

. (7.44)

Since for resonance transitions and most other cases of interest the relevant fre-
quency interval over which the integration is carried out in practice is � ν, we
can move ν2 outside the integral sign, which will always be done in the following.

Using the substitution (7.44) when summing over the energy eigenvalues in
Eq. (7.39) and the obvious relation

∑

α

∫

dΩ

4π
= 2 , (7.45)

we find the energy density per unit volume and frequency interval to be

uν, total =
4πhν3

c3

(

1 +
∑

α

∫

dΩ

4π
nα

)

. (7.46)

Index ‘total’ is used to point out that not only the usual energy density uν of a
real radiation field but also the zero-point vacuum energy density (represented by
the 1 inside the brackets) contributes. nα is the photon number density per unit
frequency interval and polarization state.

Since the energy density uν is related to the mean intensity Jν and the specific
intensity Iν by

uν =
4π

c
Jν =

4π

c

∫

dΩ

4π
Iν , (7.47)

we have in intensity units

Iν =
hν3

c2

∑

α

nα (7.48)

for the “real” photons, while the “intensity of the vacuum” (which is isotropic and
unpolarized) is

Iν, vacuum =
hν3

c2
. (7.49)

7.6. Radiation Coherency Matrix

In the classical theory an arbitrary polarization state of the radiation field could
be fully characterized by the coherency matrix D, which according to Eq. (2.33)
was defined as

Dαα′ = EαE
∗
α′ , (7.50)

where
Eα = E0α e

−iωt (7.51)
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represents one Fourier and polarization component of the electric field vector
(cf. Eqs. (2.27) and (2.28)). In this definition we did not concern ourselves with
the normalization of D, since it was not needed for the polarization theory that
we developed.

The coherences refer to phase relations between the two different polarization
components of an electromagnetic wave mode travelling in a given direction and
having a given frequency. Contributions from coherences between different fre-
quencies or directions are disregarded (cf. (7.80) below). We will therefore in the
following only use the polarization state indices α , α′ for the creation and an-
nihilation operators, and not the wave number vector k. According to Eq. (7.28)

Êα∼Âα, while Ê∗
α′ ∼Â∗

α′ . It then follows from Eq. (7.32) that the natural operator
version of the coherency matrix is

D̂αα′ ∼ Ê∗
α′ Êα ∼ â†α′ âα . (7.52)

This particular ordering of the operators, and not the opposite, has to be used,
since â†αâα represents the number operator with eigenvalue nα, and for cor-
respondence with the classical theory we require according to Eq. (2.35) that
TrD ∼∑α nα .

According to Eq. (7.48) the coherency matrix operator can be normalized to
intensity units such that its trace represents the intensity of the radiation field if
we apply the factor hν3/c2. The intensity-normalized coherency matrix operator
thus becomes

D̂αα′ =
hν3

c2
â†α′ âα . (7.53)

We will later derive the transfer equation for the expectation value of D̂αα′

7.7. The Interaction Hamiltonian

The part of the classical Hamiltonian that describes the interaction between an
atom and the radiation field (described by the vector potential AR) was given by
Eq. (6.17):

H ′ =
e

m
AR · p . (6.17)

Using our mode decomposition (7.20) for AR and annihilation and creation oper-
ators introduced via Eq. (7.32), we get for the operator version of the interaction
Hamiltonian

Ĥ ′ =
e

m

∑

k

v(p̂ · ek âk e
ik̂·r̂ + p̂

† · e∗
k â

†

k
e−ik̂·r̂) . (7.54)

Note that âk and p̂ commute, and since p is a real vector, we have been able to

replace p̂ in the second term by p̂
† to make the expression manifestly symmetric.

The symbol † denotes the Hermitian adjoint of an operator.
Let |n〉 represent an eigenstate of the atomic Hamiltonian, which we write as
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ĤA =
1

2m
p̂

2 + V̂ . (7.55)

The potential V̂ may formally include the energy perturbations due to spin-orbit
coupling and an external magnetic field (Zeeman effect).

It is convenient to introduce the atomic projection operator | j〉〈` |. Then if pj`
are the matrix elements of the momentum operator p̂, i.e.,

pj` = 〈j |p̂| `〉 , (7.56)

the operator p̂ can be expanded in terms of the projection operators as

p̂ =
∑

j,`

pj`| j〉〈` | . (7.57)

To evaluate the matrix elements pj` of the momentum operator, we need to
transform them to the matrix elements rj` of the position operator r̂, for which
powerful mathematical tools have been developed (like the Wigner-Eckart theorem,

see below). In the case when the potential V̂ can be assumed to be a function of
position only, it commutes with r̂, which has the consequence that

[ r̂, ĤA] = ih̄ p̂/m , (7.58)

which is seen from Eq. (7.55) if we use the commutation relation

[ r̂, p̂] = ih̄ . (7.59)

Using Eqs. (7.58) and (7.59) to calculate the matrix element pj` via Eq. (7.56), we
obtain

pj` =
m

ih̄
〈j |r̂| `〉 (E` − Ej) , (7.60)

where E`,j are the eigenvalues of ĤA. Introducing for convenience the frequency

ω`j = (E` − Ej)/h̄ , (7.61)

we get
pj` = imωj`rj` . (7.62)

This expression implies that it is the electric dipole moment operator, pro-
portional to r̂, that governs the transition rate. The dominating contribution to
Ĥ ′ comes in fact from the potential energy due to the electric dipole moment of
the electron (our assumption above that V̂ is a function of position only), while
the contributions from the electric quadrupole and magnetic dipole interactions
(obtained from a multipole expansion of the Hamiltonian) are smaller by a factor
on the order of the fine structure constant (≈ 1/137).

Let us recall that E` and Ej , and therefore also ω`j , vary linearly with field
strength (or Larmor frequency), as shown for instance by Eqs. (6.31) and (6.32).
This dependence can lead to level crossings for certain field strengths, when levels
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Fig. 7.1. Energies Ej of the excited sublevels (with label j) in He I, involved in the formation

of the He I D3 5876 Å line (3d 3D3,2,1 → 2p 3P2,1,0). Each line in the diagram is labeled by
its (Ju, Mu) quantum numbers. The blown-up portion for the Ju = 2 and 3 fine-structure
components shows that level-crossing occurs already for field strengths of about 10 G, while
crossings with the Ju = 1 level requires fields stronger than 200 G. From Bommier (1980).

having different total angular momentum quantum numbers cross. An example of
this is given in Fig. 7.1.

When computing the matrix elements of the interaction Hamiltonian Ĥ ′, we
would get complications from the exp(±ik̂ · r̂) factors, unless we introduce the nor-
mally valid dipole approximation (cf. Eq. (3.7)), for which these factors are unity.
This assumption implies that the wavelength of the radiation is considered to be
long in comparison with the atomic dimensions, which is the case for wavelengths
longer than those in the X-ray range. With this approximation we can write
Eq. (7.54) as

Ĥ ′ =
∑

j,`

∑

k

( dj`k | j〉〈` |âk + d†
j`k

| j〉〈` |â†
k

) , (7.63)
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where
dj`k = ie v ωj` (r · ek)j` ,

d†
j`k

= (d`jk)∗ = −ie v ω`j (r · ek)∗`j = dj`k .
(7.64)

The last equality holds, since the scalar product r · ek is real, and ω`j = −ωj`.
Let us now transform the interaction Hamiltonian from the Schrödinger to

the interaction picture. We will use index I to mark operators referring to the
interaction picture. From the transformation rule Eq. (7.15) follows that

ĤI =
∑

j,`

∑

k

( dj`k | j〉〈` |I âI,k + d†
j`k

| j〉〈` |I â†I,k
) , (7.65)

We now need to find expressions for the time dependence of the creation and
annihilation operators and the projection operator in the interaction picture. For
this we will make use of Eq. (7.17) describing the evolution of the operators.

First we note that the total, non-interacting Hamiltonian can be written as a
sum of the atomic and radiative Hamiltonians:

Ĥ0 = ĤA + ĤR . (7.66)

While the radiation Hamiltonian ĤR commutes with the atomic projection oper-
ator, the atomic Hamiltonian ĤA commutes with the annihilation and creation
operators. When inserting the annihilation operator in Eq. (7.17) we therefore
obtain

dâI

dt
=

1

ih̄
[ âI , ĤR] , (7.67)

since the atomic Hamiltonian commutes with âI . In Eq. (7.67) we have omitted
index k for simplicity of notation.

Creation and annihilation operators have a non-zero commutator given by
Eq. (7.35) only if their wave number vectors k agree. Therefore only one wave
mode in the expression for the radiation Hamiltonian of Eq. (7.38) contributes in
Eq. (7.67), and we get

dâI

dt
= −iω [ âI , (â

†
I âI + 1

2 ) ] . (7.68)

Using the commutation relation (7.35), the expression simplifies to

dâI

dt
= −iω âI , (7.69)

which leads to the solutions

âI,k = âk e
−iωkt ,

â†
I,k

= â†
k
eiωkt .

(7.70)

Similarly, by inserting the atomic projection operator in the evolution equation
(7.17) it is straightforward to obtain
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| j〉〈` |I = eiωj`t | j〉〈` | . (7.71)

The solutions (7.70) and (7.71) can now be inserted in Eq. (7.65) to give the

interaction Hamiltonian ĤI expressed in terms of time-independent radiative and
atomic operators:

ĤI =
∑

j,`

∑

k

( ĥj`k + ĥ†
j`k

) , (7.72)

where
ĥj`k = dj`k âk ei(ωj`−ωk)t | j〉〈` |
ĥ†

j`k
= d†

j`k
â†
k
e−i(ω`j−ωk)t | j〉〈` | .

(7.73)

7.8. Evolution of the Expectation Values

The expectation value of an operator X̂ is given by

〈X̂〉 = Tr (X̂I ρ̂I ) (7.74)

according to Eqs. (7.9) and (7.19). Its evolution is obtained by derivation while
making use of the Liouville equation (7.18):

d〈X̂〉
dt

= Tr
(dX̂I

dt
ρ̂I

)

+
1

ih̄
Tr ( X̂I [ ĤI , ρ̂I ] ) . (7.75)

If X̂ = D̂αα′ given by Eq. (7.53), we obtain the equation of radiative transfer for
the radiation coherency matrix, which contains all the polarization information. If
X̂ = | j〉〈` | , we obtain the statistical equilibrium equations for the atomic density
matrix.

The problem is however not so straightforward as it may look, since ρ̂I is a
function of time and of ĤI , as governed by the Liouville equation. The problem
is therefore nonlinear, but as the radiative interaction is weak in ordinary stellar
atmospheres, a perturbation approach is feasible. Thus the last term in Eq. (7.75)

can be expanded in terms of the perturbation ĤI to increasing orders.
Since in stellar atmospheres (in contrast to lasers) the radiation field and the

atomic system can be regarded as uncorrelated, i.e., the phases of âk and | j〉〈` | are

uncorrelated, the average of ĤI for a statistical ensemble would be zero. Therefore
there can be no first-order contributions from the interaction between matter and
radiation. We have to go to higher even orders, but since the interaction is weak
in stellar atmospheres, it is sufficient here to go to second order.

The absence of correlations between the atomic system and the radiation field
can be stated explicitly in the form

ρ̂I = ρ̂A ⊗ ρ̂R , (7.76)

where ρ̂A and ρ̂R are the density matrices (in the interaction representation) of
the atomic and radiative system, respectively. The second-order perturbation
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approach implies that ρ̂A and ρ̂R remain uncorrelated not only before, but also
during the time that the interaction takes place.

If Â is an operator that only acts on the atomic system, while R̂ only acts on
the radiation field, Eq. (7.76) implies that

Tr (ÂR̂ ρ̂I) = Tr (Â ρ̂A) Tr (R̂ ρ̂R) . (7.77)

This property will be used extensively in the following.
For the radiation field

Tr (âk ρ̂R) = Tr (â†
k
ρ̂R) = 0 , (7.78)

since the phases of the different photons in a statistical ensemble are uncorrelated.
This is also the case for the classical Jones matrices. The average of the Jones
matrices of an ensemble of (uncorrelated) photons is zero. For this reason we have
to make use of bilinear products, which is done in the coherency matrix and Stokes
vector formulations.

Bilinear products of either the annihilation or the creation operators however
give zero contributions, i.e.,

Tr ( âkâk′ ρ̂R) = Tr ( â†
k
â†
k′ ρ̂R) = 0 , (7.79)

since the phase factors of such bilinear products are random and uncorrelated (as
are the phase factors of each individual operator). The only bilinear products that

may survive ensemble averaging are of the kind â†
k
âk′ , where the two operators

refer to the same photon. Then the phase factors cancel, except for a systematic
phase difference (determining the state of polarization) that does not average out
to zero. This corresponds to the classical case, where EαEα′ averages out to zero
while EαE

∗
α′ does not.

The trace
Tr (â†

k
âk′ ρ̂R) (7.80)

is thus different from zero only when the wave number vectors k = k′, or more
precisely, when the frequency and direction of propagation are identical, while the
state of polarization may be different (this distinction is essential here, since for
simplicity of notation we have let the indices k and k′ symbolize not only the wave
number vector, but also the state of polarization). There can only be correlations
between the different polarization states of the same photon.

To obtain the second-order equation for the evolution of the expectation values
we first solve the Liouville equation (7.18) for ρ̂I formally to first order, and then
insert this first-order solution in the last term of Eq. (7.75). The first-order solution
would vanish if we were to make an ensemble average before it has been inserted
in Eq. (7.75). We should consider the first-order solution as applying to each
individual atom, and make the ensemble average after it has been inserted in
Eq. (7.75). Bilinear products of the type (7.80) will then appear in the second-
order solution, and they are the ones that can survive the averaging.
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7.9. First-order Solution of the Liouville Equation

Our task is to solve the Liouville equation

dρ̂I

dt
=

1

ih̄
[ĤI , ρ̂I ] (7.18)

to first order so that it can later be inserted in Eq. (7.75) for the evolution of the
expectation values. The formalism can be greatly simplified if we instead of per-
forming an integration and carrying along integrals in the different expressions can
obtain a steady-state solution of Eq. (7.18) in closed form. Steady-state solutions
are however only possible when a decay term balances the growth term, and in a
rigorous theory damping only enters when one goes to higher orders. For this rea-
son we will here use heuristic arguments to introduce a damping term, to allow us
to obtain a steady-state “first-order” solution (containing the heuristical damping,
“borrowed” from higher orders). The procedure may retroactively be justified in
the case of radiative damping when we later calculate the higher orders.

The damping can be due to two types of effects: radiative and collisional
processes. A quantum-mechanical treatment of collisions is outside the scope of
the present treatment, so collisional damping can only be introduced heuristically
anyways. Radiative damping is primarily due to spontaneous emission from the
considered atomic level, which has the effect of limiting the lifetime of the state.

For density matrix elements ρmm′ , where m and m′ refer to the magnetic
sublevels of a given excited level, it is natural that the damping term should be
−γρmm′, where γ is the inverse lifetime of the excited state. In the first-order
problem, however, the Liouville equation does not describe the evolution of ρmm′

but instead deals with the matrix elements ρu` and ρ`u, where indices ` and u refer
to the lower and upper levels, respectively, which are connected by a radiative
transition. The reason for this is that the operator ĤI that acts on the zero-
order density matrix ρ̂I is the sum of two terms, each of which contains either one
annihilation or one creation operator, as shown by Eqs. (7.72) and (7.73), but not

a product of both operators. Therefore the operator ĤI can only induce single-
photon transitions and thus density matrix elements between levels connected by
a single-photon transition. In the second-order treatment on the other hand we
get bilinear products of the annihilation and creation operators, which allows us
to obtain the evolution of ρmm′ and ρ``′ , for which the two levels involved are not
connected by a radiative transition.

The decay rate of −γρmm′ for ρmm′ = cmc
∗
m′ would be reproduced by a decay

rate of −(γ/2)cm for the coefficients cm. Since the decay of the lower level can
usually be neglected in comparison with that of the upper level, ρu` = cuc

∗
` decays

at the rate −(γ/2)ρu`. Adding this decay term to the Liouville equation (7.18)

and inserting expression (7.72) for ĤI , we obtain the first-order equation

dρ̂I

dt
=

1

ih̄

∑

j,`

∑

k

( [ ĥj`k, ρ̂I ] + [ ĥ†
j`k
, ρ̂I ] ) − γρ̂I/2 . (7.81)

For steady-state solutions we make the Ansatz
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ρ̂I =
∑

j,`

∑

k

[

ρ̂j`k e
i(ωj`−ωk)t + ρ̂†

j`k
e−i(ω`j−ωk)t

]

(7.82)

and require that

dρ̂j`k

dt
=

dρ̂†
j`k

dt
= 0 . (7.83)

Insertion in Eq. (7.81) and use of Eq. (7.73) gives

i
∑

j,`

∑

k

[

(ωj` − ωk − iγ/2)ρ̂j`k e
i(ωj`−ωk)t − (ω`j − ωk + iγ/2)ρ̂†

j`k
e−i(ω`j−ωk)t

]

=
1

ih̄

∑

j,`

∑

k

{

[d̂j`k| j〉〈` |âk, ρ̂I ]e
i(ωj`−ωk)t + [d̂†

j`k
| j〉〈` |â†

k
, ρ̂I ] e

−i(ω`j−ωk)t
}

.

(7.84)
This equation is satisfied only when the coefficients in front of each of the two
types of oscillating factors are zero, which implies that

ρ̂j`k = − 1

h̄

[ d̂j`k | j〉〈` | âk , ρ̂I ]

ωj` − ωk − iγ/2
,

ρ̂†
j`k

=
1

h̄

[ d̂†
j`k

| j〉〈` | â†
k
, ρ̂I ]

ω`j − ωk + iγ/2
.

(7.85)

Insertion in Eq. (7.82) and use of expressions (7.73) then gives

ρ̂I = − 1

h̄

∑

j,`

∑

k

(

[ ĥj`k, ρ̂I ]

ωj` − ωk − iγ/2
−

[ ĥ†
j`k
, ρ̂I ]

ω`j − ωk + iγ/2

)

. (7.86)

The frequency-dependent factors in Eq. (7.86) can be written in a more useful
and compact form by introducing the normalized complex profile function Φ, which
is basically the same as the Φ previously introduced in Eq. (6.57), except that
we use different indices in the quantum field theory treatment and have not yet
introduced Doppler broadening. Thus we define

Φ(ν)j`k =
1

∆νD

1

π

a− ivj`k

v2
j`k

+ a2
, (7.87)

where
vj`k = (ωj` − ωk)/∆ωD ,

a = γ/(2∆ωD)
(7.88)

(cf. Eqs. (3.53) and (3.54)). This definition satisfies the normalization

∫ ∞

0

Re Φ(ν)j`k dν = 1 . (7.89)
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The frequency-dependent factors now become

1

ωj` − ωk − iγ/2
=

i

2
Φ(ν)j`k ,

1

ω`j − ωk + iγ/2
= − i

2
Φ†(ν)j`k ,

(7.90)

where
Φ†(ν)j`k = Φ∗(ν)`jk . (7.91)

When Doppler broadening is added,

Φ(ν) =
1√

π∆νD
H(a, v) , (7.92)

where H(a, v) is the complex combination of the Voigt and line dispersion func-
tions, given by Eqs. (4.14)–(4.16).

Using Eq. (7.90) in Eq. (7.86), we obtain a compact expression for the first-order
solution of the Liouville equation:

ρ̂I = − i

2h̄

∑

j,`

∑

k

(

[ ĥj`k, ρ̂I ]Φj`k + [ ĥ†
j`k
, ρ̂I ]Φ

†

j`k

)

. (7.93)

7.10. Second-order Equation for the Expectation Values

We only need to focus on the second trace in Eq. (7.75) for the evolution of the
expectation values, since this is where the non-linearities are contained and where
the perturbation expansion has to be made. Inserting the first-order solution (7.93)

for ρ̂I and expression (7.72) for ĤI , this trace becomes

Tr ( X̂I [ ĤI , ρ̂I ] ) = − i

2h̄

∑

j,`,r,s

∑

k,k′

{Tr (X̂I [ ĥ†
rsk′ , [ ĥj`k , ρ̂I ] ]Φj`k )

+Tr (X̂I [ ĥrsk′ , [ ĥ†
j`k

, ρ̂I ] ]Φ
†

j`k
) } ,

(7.94)

where we have made use of the property expressed by Eq. (7.79) that only bilinear
products of annihilation and creation operators contribute, not bilinear products
of the same kind of operator.

Next we will derive explicit forms of these traces. When Eqs. (7.73) and (7.64)
are inserted, we get complicated expressions that however can be greatly simplified
due to various circumstances, which we will now discuss one by one.

First we note that since there are no correlations between photons with differ-
ent wave number vectors k and k′, we have ωk = ωk′ = ω, which means that the
exponential terms exp(±iωkt) that enter via expressions (7.73) mutually compen-
sate each other and vanish. We then do not need to carry along index k in Φ, but
can write Φj`k = Φj`.
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Although the wave number vectors are the same, the polarization states may
be different. The double sum over k,k′ in Eq. (7.94) can therefore be replaced
by a sum over k (i.e., over frequency and angle) and a sum over the two possible
polarization states of the two photons. The polarization states will be marked by
a greek letter. We may for instance write âα = âk.

The traces contain products of atomic and radiative operators, but they can
be converted into products of atomic and radiative traces by making use of the
important property expressed by Eq. (7.77). The atomic trace is best calculated in
the Schrödinger representation (according to Eq. (7.19) we are allowed to switch
between representations if all the operators within the trace are changed to the
new representation). The advantage of doing this is that the oscillating factors
exp(iωj`t) and exp(iωrst) disappear from the expressions, so that there is no ex-
plicit time dependence remaining.

Since the frequency range of interest is never far from the relevant atomic
resonances (|ω0−ω| � ω), it is a good approximation to replace ωj` in expressions
(7.64) by ω, which simplifies the notation.

Let us next consider the factor (r · ek)j` that occurs in expressions (7.64).
In the classical case we saw in Eq. (3.39) that the vector equation of motion of
the electron became diagonalized, i.e., the oscillations in the three coordinate
directions became decoupled from each other, when the linear unit vectors were
replaced by spherical unit vectors. Similarly it can be shown that a decoupling
is achieved if spherical unit vectors are introduced as a basis for the position
operator r̂ and the linear polarization vector ek. Let us denote the corresponding
spherical vector components by r̂q and εα

q , respectively. In quantum mechanics r̂q

has the function of being a ladder operator, having the same eigenfunctions as the
angular momentum operators Ĵz and Ĵ2, but with the property of increasing the
M quantum number (Mh̄ being the eigenvalue of Ĵz) by q, where q = 0,±1.

These relations become manifest in the fundamental Wigner-Eckart theorem,
which allows the geometric (M dependent) properties of a matrix element to be-
come separated from the spherically symmetric (M independent) properties. Ac-
cording to this theorem,

(rq)j` = 〈JjMj | r̂q | J`M`〉

= (−1)J`+Mj+1
√

2Jj + 1 〈Jj || r̂ || J`〉
(

Jj J` 1
−Mj M` q

)

,
(7.95)

where the spherically symmetric, reduced matrix element 〈Jj || r̂ || J`〉 can be di-
rectly related to the oscillator strength of the transition, as will be seen in the next
chapter. It is defined somewhat differently by different authors. In our definition
the factor

√

2Jj + 1 has been broken out, which has some advantages by making
the expressions more symmetric (see next chapter). A concise overview of the
complex algebra and the various symmetry properties involved when evaluating
the matrix elements can be found in Brink and Satchler (1968).

The 3-j symbol is non-zero only when q = Mj −M`, which thus serves as a
selection rule for the change ∆M of the magnetic quantum number for an electric
dipole transition (which is determined by the matrix elements of r̂q). Another
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property of the 3-j symbols is that they vanish unless Jj − J` = 0 or ±1 (Jj =
J` = 0 is excluded). This represents another selection rule.

Because of these selection rules only one of the three vector components may
contribute to a matrix element of the vector operator r̂. Thus the spherical vector
components are decoupled from each other as they were in the classical case.

With these tools we are now in a position to give explicit and compact expres-
sions for the matrix elements (r · ek)j` that occur in Eq. (7.64). With Eq. (3.37)
for the scalar product of two spherical vectors and the selection rule for ∆M , we
get

(r · ek)j` = 〈JjMj |
∑

q

rqε
α∗
q | J`M`〉

= (rMj−M`
)j` ε

α∗
Mj−M`

= (r∗Mj−M`
)j` ε

α
Mj−M`

,

(7.96)

since q = Mj − M` and thus only one component of the sum contributes, and
since both r and ek are real vectors. Note that we are using polarization index
α instead of wave number vector k for ε according to our previous discussion. εα

q
represents the spherical vector component q of the linear unit vector ek as defined
by Eq. (3.61).

For simplicity of index notation we introduce the definition

rj` ≡ (rq)j` = (rMj−M`
)j` ,

εα
j` ≡ (εα

q )j` = εα
Mj−M`

.
(7.97)

It is important in later use to remember the exact meaning of these symbols by
recalling the above definition.

Eq. (7.64) can now be written

dj`k = ie v ωj` rj` ε
α∗
j` ,

d†
j`k

= (d`jk)∗ = −ie v ω`j (r`j)
∗ εα

`j = dj`k ,
(7.98)

where the last equality holds since r∗q ε
α
q = r−q ε

α∗
−q according to Eq. (3.35). While

rj` is evaluated via the Wigner-Eckart theorem, the geometrical factors εα
j` depend

on the choice of coordinate system. With the choice defined by Fig. 3.2, εα
j` are

given by Eq. (3.71).
Note that although −ω`j = ωj`, we have used −ω`j in the second equation

of (7.98) because of its association with Φ†
j` = Φ†

j`k
in Eq. (7.93). According to

Eq. (7.90), the ω`j that appears in the expression for Φ†
j` has to be positive to

represent a real transition. The ` level then has to be higher than the j level. For
Φj` (and thus also for dj`k) the situation is the opposite. The j and ` indices in

the two terms of Eq. (7.93) or in dj`k and d†
j`k

thus do not represent the same

physical levels. In spite of this we keep the same labels in the two terms for the
sake of economy of notation and to make the expressions formally symmetric.

Since the traces in Eq. (7.94) contain bilinear products of dj`k and d†
j`k

, we get

according to Eq. (7.98) factors e2v2ω2. With Eq. (7.33) we have
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e2v2ω2 =
e2h̄ω

2ε0V
=
e2h̄ωN

2ε0
. (7.99)

Here we have introduced the number density of interacting atoms N . As there is
only one interacting atom per volume V considered (as implied by the normaliza-
tion condition Tr ρA = 1 of Eq. (7.10)), V = 1/N , which explains the second part
of Eq. (7.99).

The first trace on the right hand side of Eq. (7.94) can now be written, using
Eqs. (7.73) and (7.98),

Tr (X̂I [ ĥ†
rsk′ , [ ĥj`k , ρ̂I ] ]Φj`k ) =

e2h̄ωN

2ε0
rj` r

∗
sr ε

β∗
j` ε

β′

sr Φj`

Tr (X̂ [ | r〉〈s | â†β′ , [ | j〉〈` | âβ , ρ̂ ] ] ) ,

(7.100)

where we have changed the operators in the trace to the Schrödinger representa-
tion. The reason for choosing β instead of α as the polarization label will become
clear in the next chapter, where α is needed as an index for the coherency matrix
D̂αα′ . Similarly we obtain for the second trace on the right hand side of Eq. (7.94)

Tr (X̂I [ ĥrsk′ , [ ĥ†
j`k

, ρ̂I ] ]Φ
†

j`k
) =

e2h̄ωN

2ε0
r∗`j rrs ε

β
`j ε

β′∗
rs Φ†

j`

Tr (X̂ [ | r〉〈s | âβ′ , [ | j〉〈` | â†β , ρ̂ ] ] ) .

(7.101)

The next step in the reduction is to make use of the assumption (7.76) that
the radiation field and the atomic system are uncorrelated, which implies that the
radiative and atomic operators commute with each other, and that the trace can
be factorized in an atomic and a radiative trace as in Eq. (7.77). As however the
operators generally do not commute with the density matrix operator ρ̂, we first
have to rearrange the traces by making use of their cyclic permutation property,

Tr (ÂB̂Ĉ) = Tr (ĈÂB̂) , (7.102)

to bring them to a form with ρ̂ to the far right, to allow Eq. (7.77) to be used.
This form is also needed for the later evaluation of expectation values.

Expanding the nested commutators, using property (7.102) to move ρ̂ to the
right, and expressing the remaining operator (that does not contain ρ̂) in terms
of nested commutators, a trace with the same general structure as that of Eqs.
(7.100) and (7.101) becomes

Tr (X̂ [ F̂ , [ Ĝ , ρ̂ ] ] ) = Tr ( [ [X̂ , F̂ ] , Ĝ ] ρ̂ ) . (7.103)

Accordingly the trace in Eq. (7.100) can be expressed in the form

Tr (X̂ [ | r〉〈s | â†β′ , [ | j〉〈` | âβ , ρ̂ ] ] )

=Tr ( [ [ X̂AX̂R , | r〉〈s | â†β′ ] , | j〉〈` | âβ ] ρ̂A ⊗ ρ̂R ) ,
(7.104)
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where we have written the operator X̂ as a product of atomic and radiative oper-
ators X̂A and X̂R and used Eq. (7.76) for the density matrix operator. The trace
in Eq. (7.101) can be converted in the same way.

A further simplification can be achieved in two special cases: When the sta-
tistical equilibrium of the atomic system is considered, X̂R = 1, and the inner
commutator on the right hand side of Eq. (7.104) becomes

[ X̂A , | r〉〈s | â†β′ ] = [ X̂A , | r〉〈s | ] â†β′ . (7.105)

When the radiative transfer problem is considered, X̂A = 1, and we get

[ X̂R , | r〉〈s | â†β′ ] = | r〉〈s | [ X̂R , â
†
β′ ] . (7.106)

As will be seen in the next chapter, the equation of radiative transfer is obtained
if we in Eq. (7.75) for the evolution of the expectation values let X̂ = X̂R = D̂αα′ ,
the radiative coherency matrix. Similarly, the statistical equilibrium equations are
obtained if we let X̂ = X̂A = | p〉〈n |, the atomic projection operator.


