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Fourier transformation

Plane wave, monochromatic F(z,t) = [ e ei=13)

Inverse Fourier Transformation (for every position in space)

E(z,t)=F~! {E(z,w)} _ L /E(z,w)emdw

2T

E(t) = E(w) + E(ws) + E(ws) +...

- A DA L AAAAL
t

/E zwtdw
. _ 27r
Fourier Transformation

E(z,w) = F{E(z,t)} = /E(z,t)e_mdt
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Superposition of monochromatic waves

Light pulse
Wave packet

'''''''''''

E(t) = % /E(w)emdw




Monochromatic plane wave

E(z,t) = Eqet(@t—knz)

Vacuum Dispersive material

Frequency 1 v
Period T:]_/y T:l/y
Phase velocity Up = C UVp = Cp = c/n
w w w
Wave number k = — kn = —=-—n==Fkn
C Up C
27 21
A An
A
Wavelength )\ )\n = —
n
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Absorption
coefficient a(v)

Refractive index n{v)

Optical dispersion
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Helmholtz equation

E(z,t) = Ege"“i=+2)

Fourier transformation

E(z,w)=F{E(z,1t)} = /E(z,t)e_i“’tdt

E(z,t)=F1 {E(z,w)} = 2i /E(z,w)emdw

T

0? 1 02 0?
T B t) - =2 E(2,t) = o=z P
o2 20t~ Gpptlat) = g Ple1)
32
I @@—MQ
O?E(z,w) w? - o =
5,2 C—2E(z,w) = —pow“P(z,w)

o) ke (w)]? B(2,w) = 0

~ ~

E(z,w) — E(‘)"(w)e—ik:n(w)z +E()— (w)ez’kn(w)z
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Analogy to the Schrodinger equation

Helmholtz equation: Time independent Schrodinger equation:
Wave equation in the spectral domain free particle

O?E(z,w ~ 0?
PES) s @l Blew) =0 A

+ k% =0

particle in a potential field

82¢
Ox? h

(B — Ey(x)] ¢ =0



Dispersion for quantum mechanical particles

Photon in vacuum:

Photon in medium:;

Free electron:

Electron in conduction band:

Phonon in 1-dimensional lattice:

E=cp & w(k)=ck

E=cypn & w(k)=cnkn

_w_hk
%= T om
dw  hk P
UQZ%ZE:_:UCMSS

at — 2Fscoska < w(k) = @0, — 2w cos ka

2
p ho o
E=— k)= —%k
2m ) 2m
E
| A |
| |
| |
| |
| |
! —>k
_kma m
1
w(k) =2 %Sin §|k|a>

+hmax = £7/a
Vg (Ekmax) =0
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Linear system theory

System
Ein (1) Input h(t) Output Elout (t)
impulse response h(t) Eout(t) = /h(t')Em (t —t")at
= h(t) * B (t)
Ezn(t) — (5<t> > Eout(t) — /h(t/)5 (t . t/) dt/ _ h(t)

Examples of linear systems:

* pulse propagation in dispersive media

» photo detector (impulse response links photo current with light power or intensity)
« active light modulator in the linear regime

* image propagation through a lens systems

« stochastic processes such as amplitude and phase noise (linearized as a perturbation
on a much stronger signal)

Ultrafast Lasers book, Subsection 2.3.2



Linear system theory

System

Input h(t) [Output

impulse response h(t)

System

Input h(w) | Output

transfer function h(w)
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Linear system theory

System
Ein(t) Input h(t) | Output Eout (t)
impulse response h(t) Eou(t) = /h(t/)Em (t =) at’
_ht) # By (8)
Ein(t) = 8(2) . Eou(t) = / RS (E— ) dt’ = h(t)
= System = T
Ein(w) Input h(w) | Output Bout(w) = hw) Ein(w)

transfer function h(w)

Spectral power density:
|2

System

P (w) = (W) =
(@) Input h(w) m Pou(w)

Ein (LU)

Ultrafast Lasers book, Subsection 2.3.2
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What is the impulse response or transfer function?
What is the pulse form during propagation?

How is the spectrum of the pulse changing ?

Solution:

Ultrafast Lasers book, Chapter 2, page 34
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Dispersive pulse broadening

Intensity
Intensity

Spectral domain

Time domain

Linear pulse broadening:

Transform-limited pulse is broadening in the time domain
but its spectrum remains unchanged.
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_— Pulse envelope A(t)

Electric field E(t)

E(t) = A(t)e™°!
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_—Pulse envelope A(t) 1

Electric field E(t)
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Laser pulse

— Pulse envelope A(1)

Electric field E(t)

A(t)e™°" where A(t) = —

1

2

/ A(Aw)e 2t dAw

_1
o

E()

Aw = w — wy

| E(w)
0

~ ; 1 . ~ .
/E(wo + Aw)el@otAt gAy = Q—e“‘mt/A(Aw)ezAwtdAw
T

>

(Aw) =

~

(wo + Aw)
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Example: Gaussian pulse

__—Envelope A(1)
>t
V \} Vv
\Electric field E(t)
E(t) X e—Ft2€z’w0t U U

21n 2 Addsor (T
= oty = 9ot _ 4 ory
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Normalized E-field

Chirped Gaussian pulse

E(t) = A(t)eo! oc e7 T giwot

S0l NI

0.5 — %
L
0.0 — 8 00+
£
0.5 - U U U U S 054 “ U
105 | UIU I l 104 T U|u | |
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
Time (arb. u.) Time (arb. u.)
FEFl—iFQ FEFl—’iFQ
Iy =0 Ty #0
brot (t) = wot + Tat?
Adior (T
w(t) = (btd;( ) = wo + 205t

Ultrafast Lasers book, Subsection 2.4.2, p. 39



Time-bandwidth products

I(t) = e 2lel

I(t) Tp/T Avy - 7p
(x=t/T)
. Gaussian
I(t) = ez 2V1In 2 0.4413
. Hyperbolic secant (soliton pulse)
I(t) = sech®z 1.7627 0.3148
. Rectangle
=45 M=7/2 1 0.8859
0, |[t|>71/2
. Parabolic
Iy =17 </ 1 0.7276
0, lt| > 71/2
. Lorentzian
_ 1 2 0.2206
) = 14 22
. Symmetric two-sided exponent
In2 0.1420

Ultrafast Lasers book, Subsection 2.4.2



Spectral phase yielding shortest pulse
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Inappropriateness of FWWHM definition

1.0 4
o
0.8 — 0
.o e]
............ -1 8
£ 0.6 s
= ke
2 - C %z
goad | i 2
-------- =5 1 3
0.2 - e
L 2
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Angular frequency (1/fs)

Intensity

Time (fs)

Temporal FWHM of pulse with nonlinear spectral phase is shorter than
“transform-limited” pulse

FWHM is the standard in the community — but one has to be aware of its limitations



Absorption
coefficient a(v)

Refractive index n{v)

Optical dispersion
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z=0 Dispersive medium z

Dispersive medium

(b(CU) =k- n(w) - L Tp(L)
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Linear pulse propagation

Helmholtz equation: ) ~ |
E(z,wp + Aw) = A(z, Aw>€—zkn(w0)z

O2E(z,w) ~
022

+ [kn(W)]? E(z,w) = 0 Aw = w — wp

Az, Aw) = /A(z,t)e_mmdt

9 - . N
)52 Az, Aw) = [kn (w0)]” Az, Aw) + [Fn(wo + Aw)]” A(z, Aw) =
“slowly varying envelope approximation” ‘_ < Jen(wo) 4 ‘_ K lwod
%fl(z, Aw) + iAknfl(z, Aw) =0 Ak, = kn(wo + Aw) — Ky (wo)

Very simple equation of motion for the pulse envelope in the spectral domain
with a very easy solution (i.e. a phase shift Ak, > for each frequency component)

Az, Aw) = A(0, Aw)e " knz = 4(0, Aw)e Tkn (wot-Aw)—kn (wo)]z

Ultrafast Lasers book, Subsection 2.5.2



First and second order dispersion

Taylor expansion around the center frequency wg: Aw = w — wy

1
Fin(w) & ki (w0) + K Aw + Sk Aw® + -

First order dispersion: k= dk,/dw

Second order dispersion: k|, = d*k,, /dw?

Ultrafast Lasers book, Subsection 2.5.3



Phase and group velocity

et s oo () o [t (=5

Ultrafast Lasers book, Subsection 2.5.4



Dispersive pulse broadening

Dispersive medium

7(0). =konlw (L)
1 I
wl\f\ t
/|
2
.G.a.ussian.pmse: Tp(Z) _ 1+ (41n2 d2¢/dw2>
(initially unchirped pulse) Tp (O) 7}? (0>
2 2

Approximation for d~¢ d*¢
(strong pulse broadening) doo? > Ty (O) Tp(z ) ~ doo? — Awp

Ultrafast Lasers book, Subsection 2.5.5



Spectral domain

Dispersive pulse broadening

E(w)

A Pulse

Sub-pulse 2
Sub-pulse 1 Sub-pulse 3
al)l (995) OJ‘3
Time domain

A(t)

A

Sub-pulse 2

» Frequency

Sub-pulse 1 and 3

Dispersive medium

b

do/dw
/aﬁ/

A -

>

Spectral domain: no changes

E(w)
A Pulse
Sub-pulse 2
Sub-pulse 1 Sub-pulse 3
Frequency )
. T » Frequency
w1 W2 w3
A Time domain: pulse broadening
A

broadened pulse

/\( Sub-pulse 2

Sub-pulse 3 Sub-pulse 1

>» Time
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Phase Velocity Uy,

Group Velocity (o

Group Delay 1

d¢

= 7 ¢_

dw

Dispersion 1. Order
(Group Delay, GD)

Dispersion 2. Order
(Group Delay
Dispersion, GDD)

¥s
2mc? d)\2

Dispersion 3. Order
(Third-Order
Dispersion, TOD)

—A\4z 5 d’n
472 c3 d)\2

Ty

)

Ultrafast Lasers book, Subsection 2.5.6



Pulse broadening factor

Example: fused quartz

n(800 nm) = 1.45332
on 1 ok ns
N = —0.017— 8—" = 4.84—
A 800 nm pm “W 1800 nm m
9°n 1 0%k, fs?
800 nm pm W= 1800 nm nm
Fused quartz @ 800 nm

10006§ . Example:

4] — 1§?m What is the final pulse duration:

i —1
] = 10 fs pulse through 10 lenses,
1006§ | each 1 cm thick?
+ 10 fs pulse through 10 cm fused quartz?
P
10

63

]

2

1= | | T

1fs 10 fs 100 fs 1ps

Incident pulse duration

Ultrafast Lasers book, Subsection 2.5.5



Optical communication

3 |- \\
- 5 Muitimode fibers
B N
=< Rayleigh
g | e
5 - !
£ C : Infrared
§ N ' absorptior
g |
§ 03 = : Single-mode fibers l
- - ', |
I
0.1 1 | b | L | 'L ! i ! | L
06 0.8 10 12 14 16
Wavelength (um)
& 20 |- P
g o =
8g -20p ! '
£ | |
aé £ -40 | |
c & -60 |- ! ;
28 _gol : |
& w0l | ! !
S 10 ! | |
140 | I | ! | | | ] |
06 08 10 12 14 16
Wavelength (um)
. . 2
A, [Mm] Losses [dB/km] 2" order dispersion GVD: D, = L dT, Wt dl —  units: bs
[ps/km-nm] Lr dX\ 2meLy dw km - nm
0.87 1.5 -80
2
1.312 0.3 0 d¢ 2wcL Dy
155 0.16 117 Tp(La) ® 55 Aw = ———Aw =Dy Lq- AA
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Higher order dispersion

0 1 92
B() = do+ oo (w—wo) + 3 o (w —w0)? + 555w —wo)® + ...
First order dispersion (group delay)  0¢/0w
Second order dispersion (group delay dispersion - GDD)  9?%¢/0w?

Third order dispersion (TOD) 93¢ /dw?

Ultrafast Lasers book, Subsection 2.5.10



Wigner representation of ultrashort pulses

Wigner distribution:

W(t,w) = 7E (H %) o (t B %) it g Time-frequency representation /

e . - . windowed Fourier transform /
“window” function

1 o _ / _ / .
W(t,w) = e / E <w+%> E* <w— %) e tdw’

— o0

“instantaneous spectrum vs time

- Example:
2 26—
Properties: =
2 2.4 —
()
35
(o8
£ 224
o 2.0 -
C
< spec. qc)
o / W t w 1.8 - E /\
| | | | |

Time (fs)
 Linear propagation in non-absorbing
medium conserves area (= minimum time-bandwidth product)




Spectrum

Intensity

Effect of dispersion orders on Wigner trace

Everything calculated for an initially 10-fs long Gaussian pulse
After 100 fs2 of GDD:

d(w) = % . 100 fs? - (w— w0)2

2
I
P
&
-2 3
o
= === Group dela
__4 /U? 2'6_ ||||||||||| p y
: ¥
2.0 2.2 2.4 2.6 2.8 g
Angular frequency (1/fs) 2 244
) ;
(o8
o
5 2.2 -
35
1.0 2
<
06— 2.0 —
| | | | |
0.6 -40 -20 0 20 40
Time (fs)
0.4
0.2 1
0.0~ | | | | * Pulse remains Gaussian in time!
-100 -50 0 50 100

Time (fs)

* Chirp is linear



Spectrum

Intensity

Effect of dispersion orders on Wigner trace

Everything calculated for an initially 10-fs long Gaussian pulse
After 1000 fs3 of TOD:

2.0

2.2 2.4

2.6

Angular frequency (1/fs)

2.8

1.0

0.8 —

0.6 —

0.4 —

0.2 —

0.0

100

(peu) aseyd |esoads

Angular frequency (1/fs)

d(w) = é -1000 fs® - (w — wp)®

2.6 —
2.4
2.2
2.0
| | | | |
-20 0 20 40 60
Time (fs)

- “Beating of simultaneous frequencies’
causes post-(pre-)pulses



Spectrum

Intensity

1.0

0.8 —

0.6 —

0.4 —

0.2 —

0.0

Effect of dispersion orders on Wigner trace

Everything calculated for an initially 10-fs long Gaussian pulse
After 10000 fs# of FOD:

2.2

2.4
Angular frequency (1/fs)

2.8

-100

100

(peJ) aseyd [es10adg

Angular frequency (1/fs)

1
$(w) = 5 - 10000 fs? - (w — wp)?

» Even dispersion orders yield symmetric
pulse distortions in time
(for a symmetric spectrum)



Spectrum

Intensity

Pulse after 3 mm of fused silica

Everything calculated for an initially 10-fs long Gaussian pulse

After 3 mm of fused silica (800 nm center wavelength):

1.0
—» -4
7 L, § ¢(w) =3mm - k- n(w)
0.6 5_’
-0 3
0.4 - 2
-2 3
0.2 - A Chirp
-4 © 2.6 - | === Group delay
0.0= T T T T T =
2.0 2.2 2.4 2.6 2.8 >
Angular frequency (1/fs) ;é: 2.4
B 2.2 —
>3
1.0 30 _ 2 e
z < 204"
0.8 - —28 B
.6 3 | | | T
0.6 — R 20 0 20 40
24 = "
0.4 - é: Time (fs)
-22 g
02+ L 20 5 * Chirp is dominantly linear — however,
00 18 influence of higher orders clearly visible

Time (fs)

* Pulse is not Gaussian in time anymore!



Higher order dispersion

Material Refractive index n(\) Propagation constant &, (w)
At 800 nm At 800 nm
Fused quartz n(800nm) = 1.45332
on — 0071 Okn —4.84.107°2
OA 800 nm pam 0w {800 nm m
2 2 2 2
o°n —0.04— Ok _361-10-2% _ 3615
O |500 nm pm? 0w? |30 um m mm
3 3 3 3
o°n — 0241 0 kn —o74.10-0% — 974
ON? 500 nm pm? 0w? |30 nm m mm
SF10-glass n(800nm) = 1.71125
1 n
on — —0.0496— Okn —570-10792
A 800 nm pm Ow {800 nm m
2 1 2k, 2 fs2
3_’; — 0.176— 6712 —1.59-10"25% — 159>
92?300 nm pm 9w? 1300 um m mm
3 1 3 o 3 f 3
a—’; — —0.997— 6—]“3 —1.04-107%0% — 04—
A’ 5300 nm pm 9w {500 nm m mm
Sapphire n(800nm) = 1.76019
on 00268 Okn —587-10°>
OA 1800 nm pm Ow {800 nm m
2 1 2k 2 fs?
3_’; — 0.064— 8—2 —580-10"26% — 58>
A% [300 nm pm 9w? 500 nm m mm
3 3 3 3
ELZ _ _0,377L3 al;‘ —421.10-15 g9 5
OA° |300 nm pm 9w 1300 nm m mm

Ultrafast Lasers book, Subsection 2.5.5



Higher order dispersion

2 3
¢(w) = ¢o + g—f(W—wo)ﬂL ;gwq;(w wo)? + _%(W_CUO)3+...

6 Ow3
First order dispersion (group delay)  0¢/0w
Second order dispersion (group delay dispersion - GDD)  9%¢/0w?
Third order dispersion (TOD)  §%¢/dw®

GDD becomes important, when: GDD > 7

TOD becomes important, when: TOD > 73

2 3
: . _ _ T ;T (2) _ 1 1 1
Dispersion lengths: Lp = ARG - (0) z\/ + Iz + R

: 2
Gaussian pUlSG E(t) « exp ( ; 2) = 7, = 2VIn27 = 1.6657

Soliton pUlSG E(t) o sech t =71, =2In (1 + \/5) T =1.763T
T

Ultrafast Lasers book, Subsection 2.5.10



