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Abstract

We analysed the response of Barium ions in a Paul trap to the variation
of the voltages on the endcap electrodes. The goal was to aid with
the characterization of the electric field in a linear Paul trap located
at the Swiss Science Center Technorama, and to find a voltage range
in which ions can be stably trapped. We also attempted to determine
the numerical value of the elementary charge, e, using data from this
trap, as this could be a task given to student classes visiting the Swiss
Science Center Technorama. The characterization of the trap unveiled
asymmetries in the setup.
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Chapter 1

Background

1.1 Introduction

An ion trap is an apparatus that uses electric or magnetic fields to fix ions in
a nearly stationary, controllable position. Since the first mention of the word
‘trapping‘ in the book ‘Theory and Design of Electron Beams‘ (1949) by J.R.
Pierce [1], [2], physicists have designed traps able to confine, individually
control and fully entangle multiple ions [3]. Trapped ions are one of the
leading architectures currently developed for quantum computing, but up
until very recently, the experience of seeing and experimenting with single
ions was one limited to the lab. In co-operation with the Swiss Science Center
Technorama (SSCT), the Trapped Ion Quantum Information group at ETH
Zurich designed an exhibit of a Barium ion trap, which is now displayed at
the SSCT.

The SSCT aims to be ‘a place designed for self-directed discovery, compre-
hension and understanding‘ [4], and as such it is ‘the largest out-of-school
learning institution for the sciences in Switzerland‘ [4]. The goal of this ex-
hibit is to allow visitors of all ages to independently discover some properties
of ions, such as the concept of a lifetime of an exited state, and the role of
the ions charge in the trapping mechanism. The exhibit should also improve
the public’s understanding of some of the current research in the field of
quantum information science.

In this project, we worked towards improving the visitors experience of
the setup by developing workshops for classes that would improve their
understanding of the exhibit. In the first chapter we describe the setup at
the SSCT. We then analyse the position of the ions when varying the endcap
voltages of the setup in the second chapter. This information is used to
design a student workshop at SSCT, as described in chapter three.
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1. Background

1.2 Theory

In order to make ions visible to the observer, we must fist ionize them. Then
we must cool them and apply an electric field so that they are trapped. Finally
we must stimulate them into exited energy states so that they can emit visible
light. The trapping, cooling and excitation process will be described in this
section

1.2.1 Trapping potential of a Paul trap

As stated by Earnshaw, it is impossible to confine a charged particle in
a space using only electrostatic fields [5]. A Paul trap therefore uses a
combination of electrostatic and radio frequency fields to create an effective
three dimensional harmonic pseudopotential at the center of the trap. Along
the symmetry axis1, this harmonic potential can be characterized by a trap
frequency ν, which is found through numerical simulations of the electric
potential in a trap geometry. If more than one ion is loaded into the trap, the
ions will also experience the Coulomb repulsion of the other ions. The full
potential energy experienced by N ions placed along the symmetry axis of
the trap, z, will therefore be:

V =
N

∑
m=1

1
2

Mν2zm(t)2 +
N

∑
n,m=1
m ̸=n

Z2e2

8πε0

1
|zn(t)− zm(t)|

[6], (1.1)

where M is the mass of an ion, zm is the position of the m-th ion, Z is
the charge number of the ions, e is the elementary charge and ε0 is the
permittivity of free space. The first term describes the potential energy of
a charge in a harmonic potential, while the second describes the potential
energy due to the interaction of the charges, the Coulomb potential. The
minimum of the harmonic potential lies in the center of the trap, at z = 0, so
if the ions have sufficiently low kinetic energy, they will be trapped in this
position. The cooling mechanism is discussed later.

1.2.2 Ion configurations in a Paul trap

Eq. 1.1 shows that an increase in the trap frequency ν will lead to a steeper
harmonic potential along the symmetry axis, and hence decrease in the spac-
ing between ions in equilibrium. This spacing can be determined numerically
using the ansatz ∂V

∂zm
= 0, and solving the resulting system of simultaneous

equations. The equilibrium positions are used to find the smallest distance
∆z between the N trapped ions [6]. In the case of two and three ions, the
distance was calculated analytically, as shown in Appendix A. In the general

1The symmetry axis is the axis on which the ions chain is trapped.
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1.2. Theory

case, i.e. N = n, this is not possible, and the system of equations is solved
numerically. One can then find an approximate relationship between the
number of ions and the N and the smallest distance ∆z,

N = 2 : ∆z = 2 l
(

1
2

)2/3

N = 3 : ∆z = l
(

5
4

)1/3

N = n, n ∈ N : ∆z ≈ l
2.018
n0.559 ,

(1.2)

where l3 = Z2e2

4πε0 Mν2 . Other approximations can also be made, for example
∆zmin ≈ l 2.29

n−0.596 [7], or ∆zmin ≈ l 2.0
n−0.57 [8]. A choice of approximation would

become relevant, if one measured ∆x for ion numbers larger than three ions.

At this point it should be noted that Eq. 1.1 and the respective definition of
the trap frequency ν assume that the trap experiences a perfectly symmetric
potential provided by the electrodes in the Paul trap. The data analysis will
show that this is not a realistic assumption. It should also be noted that the
derivation assumes a one dimensional potential, so ions are fully restricted
to movement on the symmetry axis. This may not be the case for large
trap frequencies, in which case ions may position themselves in a zig-zag
configuration around the symmetry axis instead.

1.2.3 Doppler cooling

The ions are made visible through the Doppler cooling mechanism, which
uses lasers waves detuned to lower the average kinetic energy of a trapped
ion [9]. This can be illustrated by analyzing the energy level spectrum of a
suitable ion, such as 138Ba+, shown in Fig. 1.1. Here, the relevant resonance
wavelength used for Doppler cooling is between 493 nm and 494 nm, as a the
high transition rate of 14.66 MHz causes a fast re-emission of the absorbed
photon, and hence allows for an efficient cooling process. If the laser is
tuned from this resonance, the relativistic Doppler effect ([10]) will only
allow counterpropagating ions to absorb the laser’s photons, and experience
the corresponding impulse opposing their motion. Since the photon is then
re-emitted in a random direction, the ion will likely lose overall kinetic energy.
If the light reaches the ions from many different directions, and the ions
will be cooled. It is important to note that this wavelength lies within the
visible range, so the light emitted by the ions through the cooling process can
simultaneously be used to observe the ions with the human eye. Since the
493 nm laser can only drive the transition from the 6 2S1/2 state to the 6 2P1/2
state, the ions must not leave these two states to remain visible. Hence we
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1. Background

will call state 6 2S1/2 the bright state. All states that cannot be driven with
the 493 nm laser will be called dark states2.

Figure 1.1: This diagram shows the five lowest states of the energy level spectrum of a Ba+56
ion at zero magnetic field. Each state is labelled with the corresponding Russel-Saunders term
symbol, n2S+1LJ, where n is the principal quantum number, S is the total spin, L is the total
orbital angular momentum and J is the total angular momentum. For each possible transition,
the diagram shows the wavelength of the emitted photon and the transition frequency. This
Figure is taken from [11].

1.3 The barium trap at Technorama

In this project, we varied the positions of the ions within the barium Paul
trap at SSCT (Fig. 1.2), and then observed the effect on their configuration
from the outside. The ions could be moved by varying the voltages of the
electrodes within the setup, which are individually adjustable. The ions
could then be observed through a lens with 20 times magnification from one
side (label ’1’ in Fig. 1.2a), and a continuous video stream transmitted to a
server using a camera on the other side (label ’2’ in Fig. 1.2a).

2It is possible to make an ion intentionally invisible by driving the 455 nm transition from
6 2S1/2 to 6 2P3/2, from where the ion will quickly decay into the 5 2D5/2 state, which has
a slow decay rate of 4.31 mHz. In order to avoid an unintentional decay from 62P1/2 into
another dark state, 52D3/2, the 650 nm transition has to be driven continuously, which is also
done on the setup.
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1.3. The barium trap at Technorama

(a) (b)

Figure 1.2: Setup at SSCT. Image (a) shows a side view of the setup, while (b) shows the view
from the perspective of the visitor looking at the eyepiece. The label ‘1‘ points to the eyepiece,
while the label ‘2‘ points to the camera.

1.3.1 Arrangement of the electrodes

The Paul trap employs four radio frequency electrodes, two of which are
operating at 2.8 MHz with an amplitude of about 400 V, and two of which
are grounded, which produces an effective harmonic pseudopotential that
traps the ions along the radial axes3. Two endcap electrodes at either end
of the symmetry axis are used in combination with the ground electrodes
to produce the harmonic potential along the symmetry axis, which was
discussed in Sec. 1.2.1. The two endcap electrodes can each be tuned from
-10 V to 10 V independently of each other. Note that we would need to apply
equal positive potentials to produce a symmetric potential such as in Eq. 1.1.
Furthermore, there are four wires, to which we can apply voltages between
-10 V and 10 V for fine tuning of the ion positions along the radial axes. The
setup is shown in Fig. 1.3. The camera is on the positive side of the x axis,
hence 1a is the right endcap and 1b is the left endcap. The center of the
trap is the point of relection, which is located on the symmetry axis halfway

3The radial axes are the axes orthogonal to the symmetry axis, which will be labelled x
and y.

5



1. Background

between the two endcaps. It is also the point onto which the light used for
Doppler cooling is focused.

Figure 1.3: Diagram of the electrodes in the Paul trap at Technorama. 1 (a,b) are the endcap
electrodes, 2 (a,b) are the radio frequency electrodes, 3 (a,b) are the ground electrodes and 4
are the wires for fine tuning. The symmetry axis is labelled z, while the radial axes are labelled
x and y. The ions are viewed along the x axis. The COMSOL Multiphysics® geometry was
implemented by Ilia Sergachev.

1.3.2 Image properties

In this project, we chose to observe the ions using the video stream of the
camera, as this would allow us to save pictures of their configuration, and
hence analyse their positions quantitatively. The distance between the centers
of the ions could be measured by converting the pixel size into physical units.
There is a two lens system with focal lengths f1 = 100 mm and f2 = 9.43 mm
set up in front of the camera to achieve a magnification of f1

f2
= 10.6 [12]. The

pixel size of the camera sensor, Sony IMX290LQR, is Lpixel = 2.9 µm [13].
The true distance ∆z between two ions is therefore

∆z =
Lpixel f2

f1
npixel ≈ 0.273 npixel µm, (1.3)

where npixel is the number of pixels between the centers of the two ions.
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Chapter 2

Analysis of ion positions

In this chapter we quantify the response of ions to variations in the endcap
voltages. Specifically, the range of endcap voltages, for which the ions were
distinctly visible, is found. This information simplifies maintanance of the
trap. It can also be used to make the exhibit more interactive, as we could
now allow visitors to change the voltages of the endcap electrodes, which
would move the ions along the symmetry axis. This could help the visitors
gain an intuition for the relationship between charges and electric fields, and
it will lay the foundation for more involved projects that can be given to
visiting student classes at a later stage. Through the characterization of the
trap potential, an asymmetry was identified, which is also analysed.

2.1 Measurement technique

In order to carry out these measurements, we need to be able to adjust the
endcap voltages to different values, save images from the video stream after
the voltages have been set, and read out the position of the ions from the
image. Since the two endcap voltages can be adjusted independently, we are
working in a two dimensional parameter space. It is therefore necessary to
test thousands of combinations of the voltages, so the data analysis has been
largely automatized using a Python script.

The majority of the image analysis was previously implemented by Albert
Mitjans-Coma, who wrote a script [14], which, among other things, supplies
a Remote Dictionary Server (Redis) with the current image of the video
stream, as well as the pixel coordinates of the ions in the trap, and their corre-
sponding brightness. The coordinates are found by applying the difference of
Gaussians feature enhancement algorithm, and then searching for the pixel
with maximum brightness in the vicinity of each ion. This image analysis
script continuously runs on the local server of the setup.

7



2. Analysis of ion positions

Our script was also run on the local server of the setup, as it could then
communicate with the digital to analogue converter (DAC) connected to the
electrodes, and it could retrieve all relevant data from Redis. For each data
point, the script would set the electrodes to the corresponding voltages, wait
three seconds, and then request the image data from Redis. The idle time
was needed to wait for the electrodes to respond and the image analysis code
to update Redis.

Sometimes, one or more ions would no longer be detectable after changing
the endcap voltages. This could be because the ions had been shifted out of
the frame of the image, or they had been shifted so far from the center of
the trap that they were no longer in focus of the 493 nm laser. If this had
been the case, the corresponding endcap voltages should correctly have been
labelled ’out of bounds’ and should no longer be applied. However, often it
was the case that the ions were not detected due to a temporary effect, such
as an unstable laser (e.g. unlocked frequencies), a delayed response of the
endcap electrodes, or noise causing an unintentional excitation into a dark
state discussed in sec 1.2.3. In this case, a set of voltages could have been
falsely labelled as ’out of bounds’, or an ion could have been misidentified
as the dark ion, and hence cause an error in the measured coordinate. To
avoid this, the waiting time could be extended by the script if a change in
ion number was detected.

The loading and unloading of ions had to be done manually, so the script
was run separately for different numbers of ions in the trap. It would stop if
an ion was lost during the scan and could not be recovered.

2.2 Determination of boundary voltages

An asymmetry in the endcap voltages occurs when the voltage of one endcap
is different from the other. This can be done intentionally to move the ion
along the symmetry axis, but it can also occur when the voltage supplied by
the DAC is different from the voltage arriving at the endcap, resulting in a
systematic error. This could for example be due coupling between the radio
frequency line and the static line connected to one of the endcaps. Such a
systematic error could then be dependent on the voltage in the static line,
and would have to be analysed in detail, which is done in Sec. 2.3.

When varying the endcap voltages, it is possible to lose ions from the trap if
this asymmetry between the endcap voltages is too large. It is also possible
that the ions are simply off frame, or so close together that they are not
distinguishable (Figure 2.1). Alternatively, the image of the ions may lose
quality when the ions are not centered and therefore not properly illuminated
by the lasers (Figure 2.2). It is therefore important to quantify these effects,
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2.2. Determination of boundary voltages

and determine which voltages provide us with a clear image1 of the ions.

The clarity of an image was classified on a scale of zero to three. ‘Zero‘ would
mean that some ions were out of frame, no ions were visible or all ions were
indistinguishable. ‘One‘ would mean that the ions were very dim, such as in
Fig. 2.2c, and hence not clearly visible, or most ions were indistinguishable
to to the formation of a cloud, such as in Fig. 2.1d. ‘Two‘ would mean that
ions are visible but dim, such as in Fig. 2.2b, or the two/three middle ions
were hard to distinguish as they were too close. ’Three’ would mean that the
all ions were distinguishable and bright, i.e. the image was clear, such as Fig.
2.1a and Fig. 2.1b.

(a) (b)

(c) (d)

Figure 2.1: Example of possible ion configurations. (a) Nine distinguishable ions in a straight
line. (b) Nine distinguishable ions in a zigzag configurations. (c) Nine partially indistinguishable
ions in a straight line. (d) Nine partially indistinguishable ions in a zigzag configuration.

(a) (b) (c)

Figure 2.2: Examples for the brightness scale used in the boundary analysis. (a) Five bright ions.
(b) Five dim ions. (c) Five very dim ions.

The goal was to identify the set of endcap voltage pairs (Vleft, Vright) which pro-
duce a clear image, plot these pairs in the parameter space and find boundary
functions Vmax/min

right = fboundary(Vleft) above/below which (Vleft, Vright) would
no longer produce clear images. We didn’t consider the entire parameter
space Vleft / right, as we knew that the endcap voltages would need to be nearly
symmetrical for the trap not to lose ions. A large asymmetry would shift the
minimum of the potential too far from the center of the trap, in which case

1A clear image of ions will be defined as an image where each ion can be distinguished
from its neighbor, and all ions are bright enough to be identified by the human eye.
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2. Analysis of ion positions

the ions would no longer be in the focus of the Doppler cooling laser, and
hence gain enough kinetic energy to escape the trap. A transformation into
the axial coordinates, Vcompression and Vshift, helps us describe that effect. The
coordinates are defined as

Vcompression = 0.5(
Vleft

r
+ Vright) (2.1)

Vshift = 0.5(Vright −
Vleft

r
), (2.2)

where Vleft/Vright is the voltage applied to the left/right endcap with respect
to the video image, and r is an experimental ratio used to compensate for an
effective unintentional asymmetry between the true endcap voltages. Eq. 2.2
can be rearranged to give

Vleft = r(Vcompression − Vshift) (2.3)
Vright = Vcompression + Vshift. (2.4)

These equations show that when Vshift = 0 and a change in Vcompression occurs,
the ions should simply be pushed closer together without changing their
median position, as the minimum of the harmonic potential would still lie
in the center of the trap. Here, the median position of the ions is the median
of the coordinates of all ions in the trap. A change in Vshift should shift the
minimum of the harmonic potential, and hence change median position of
the ions. We would expect that the ions would be off screen or too dim if Vshift
differs strongly from zero, that the ions would become indistinguishable if
Vcompression becomes too large, and we know that Vcompression must be positive
to produce a positive trap frequency. We can therefore make an educated
guess of the region containing the boundary functions, and restrict the scan
to only this region, instead of scanning the entire parameter space.

The setup was known to display some asymmetry before the start of this
project, and we attempted to compensate it by estimating the position of the
center of the trap, and optimizing the value of r until the axial coordinates
displayed the described behaviour. The value of r found was r = 1.4, which
is used in the rest of this section.

The boundary analysis depends on the number of ions in the trap, n. The
minimum of the potential energy, around which the ions are centered, does
not depend on the number of ions, but the Coulomb repulsion term does, so
the distance between the ions will depend on the number of ions. Specifically,
the more ions are in the trap, the closer the distance between the ions at the
same endcap voltages. It is therefore possible that all the ions are distinctly
visible at a certain set of endcap voltages, but when n is increased the ions
will be indistinguishable. It is also possible that increasing n will simply cause
some of the ions to be outside of the frame. The analysis of the boundary
voltages was therefore done separately for each n, where n ∈ N, 1 ≤ n ≤ 15.
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2.2. Determination of boundary voltages

For each n the Python script scanned through several hundred combinations
of the endcap voltages, saving the images of the ions. We then viewed all
saved images and made a qualitative estimate of their brightness according
to Fig. 2.2, as well as deciding if the ions were distinguishable and within
frame. This data analysis was not fully automatic, as the image analysis
script by Albert produces unreliable results when all the ions are dim, not
clearly distinguishable or in a zigzag configuration. Fig. 2.3 shows some of
the results, where the quality category ‘zero‘ is shown in red, ‘one‘ is shown
in orange, ‘two‘ is shown in light green and ‘three‘ is shown in dark green
on Fig. 2.3.

None of the measured data points lead to a loss of ions from the trap. This
includes all data points in which the ions were not visible or indistinguish-
able on the video stream. It should be noted that the laser intensity strongly
influences the brightness of the ions. The lasers on the setup can be periodi-
cally unstable, in which case the ions may not be clearly visible even when
voltages fulfill the boundary function conditions. The data in this section was
only taken when the laser frequencies were locked, and when the intensities
were above 60 %. Some fluctuations in the laser intensities were unavoidable,
so the brightness scale was still relative to the current intensity of the laser,
which is why it is not possible to quantitatively describe the brightness scale
described above.

Fig. 2.3 shows that it is possible to describe the set of parameters leading to a
clear image with four linear boundary functions, Vmax/min

shift = Vcompression p1 + p0,
two of which describe an upper limit on Vshift, and the other two of which
describe a lower limit on Vshift, each depending on Vcompression. These bound-
ary functions were fitted to the data by hand. A table with all the parameters
is shown in Appendix B, and Fig. 2.3 shows the boundary functions for six
and fifteen ions.

We can conclude that large values of |Vshift| will lead to a poor image qual-
ity. The maximum possible |Vshift| that leads to a clear image depends on
Vcompression. There is also evidence that a large Vcompression leads to a poor
image quality, which was due to the ions becoming indistinguishable. We can
also conclude that the assumption, that the number of ions would influence
the results, was correct, as the boundary functions clearly depend on the
number of ions in the trap. It is therefore always necessary to determine the
number of ions in the trap before changing the endcap voltages.
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2. Analysis of ion positions

(a)

(b)

Figure 2.3: Examples of the boundaries found for (a) six ions and (b) fifteen ions. The black
lines show the chosen linear boundaries functions for the voltages that should be applied. The
grey lines show the physical limitations of the endcaps, which could not be supplied with more
than 10 V.
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2.3. Asymmetries in the endcap voltages

2.3 Asymmetries in the endcap voltages

2.3.1 Partial compensation of the asymmetry

Initially, we attempted to compensate for the setups inherent asymmetry
with the axial coordinates (Eq. 2.2) using r = 1.4, as it displays a strong
linearity between Vshift and the position of each ion when Vcompression = 1
(Fig. 2.4). The Pearson correlation coefficient was smaller than -0.99 for all
ions. However, the median position of the ions is not constant when varying
Vcompression while Vshift = 0 (Fig. 2.5a). We conclude that r = 1.4 does not
compensate the asymmetry fully.

(a) (b)

Figure 2.4: Relationship of the position of the ion to the shift voltage, Vshift, while r = 1.4 and
Vcompression = 1, for (a) two trapped ions and (b) five trapped ions. Each data point was taken
two times during different scans and averaged.

(a) (b)

Figure 2.5: Relationship of the (a) position of the ion and (b) distance between the ions to the
compression voltage, while r = 1.4 and Vshift = 0. Each data point was taken four times during
different scans and averaged. All data is taken with 2 ions in the trap.
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2. Analysis of ion positions

2.3.2 Analysis of the asymmetry

To analyse this asymmetry systematically, a scan of around 500 combinations
of left and right endcap voltages within the previously defined boundaries
was performed, and the coordinates of the ions were recorded. The average
position and average distance between the ions depending on the voltages is
shown in Figure 2.6.

(a) (b)

Figure 2.6: Heatplots of (a) the average position of two ions and (b) the average distance
between 2 ions when varying the endcap voltages independently. The 1st pixel is the left most
pixel on the image, and the center of the trap is estimated to be between between the 750th and
1000th pixel. Note that we are able to apply negative voltages to the left endcap without losing
the ions from the trap, which should not be possible.

We can observe an asymmetry in the trap, as the left endcap voltage must be
set higher than the right one for stable centered trapping. We suspect that
this might be due to coupling between the radio frequency line and the static
line connected to the left endcap. There is evidence for a linear relationship
between the effective right and left endcap voltage, so the axial coordinates
(Eq. 2.4) could potentially be used to compensate for the asymmetry if an
appropriate value of r and an additional offset value k added to the left
endcap voltage was chosen. While Fig. 2.6a can be used to find a range of
plausible r and k values (1.3 ≤ r ≤ 1.5,−0.2 ≤ k ≤ 0.8), it cannot help with
an accurate determination of r and k as the location of the center of the trap
is not known.

2.3.3 Finding symmetric endcap voltages

Eq. 1.1 only holds for a symmetric potential, and therefore cannot be applied
when the endcap voltages are not symmetric. The main feature of symmetric
pairs of voltages would be that they should all leave the median position of
the ions unchanged and at the center of the trap. Since the location of the
center of the trap is not accurately known, an estimate had to be made. Figure
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2.3. Asymmetries in the endcap voltages

2.7 shows three dashed/dotted lines with a linear relationship between the
voltage of the right and left electrode, which follow the contour lines of the
heatmap, which shows the mean position of the ions. The three lines are
therefore candidates of such symmetric voltages, as the median position of
the ions is near the estimated center of the trap, and does not change along
the lines. The first line slightly underestimates the center of the trap, the
second should be a good estimate and the third slightly overestimates the
center of the trap. These three lines give us information about the effect that
a bad estimation of the trap center could have in Sec. 3.2.

Figure 2.7: Heatplot of the average position of two ions when varying the endcap voltages
independently. The first pixel is the left most pixel on the image, and the center of the trap is
estimated to be between between the 600th and 900th pixel. The dashed/dotted lines show three
candidates for symmetric voltages. The contour heights of y1, y2 and y3 are 528 ± 10, 696 ± 10
and 864 ± 10 respectively.
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Chapter 3

Design of an elementary charge
experiment

Ideally, the Paul trap at SSCT should not only allow visitors to see the Barium
ions with their own eyes, but is should also convey some of the underlying
properties of these ions. For this purpose, SSCT offers workshops for student
classes, which allow students to carry out experiments that let them explore
certain scientific concepts in more detail.

A candidate for such a workshop would be an experiment designed to find
the value of the elementary charge e, which would be equal to the charge
of the trapped Ba+ ions. The students should be familiar with the concept
of a charge, and may have even determined the elementary charge with
Millikan’s oil drop experiment [15]. While Millikan’s experiment does lead
students to think about the role of mass and charge in fundamental forces
such as gravity and electrostatic forces, the execution of the experiment is not
very inspiring, and it does not provide a good insight into the methods and
equipment used in modern science. The theory used in Millikan’s experiment
may be more accessible to students than the derivation of Eq. 1.2, but it is
not the goal of SSCT to convey the theory in detail, and it could be reduced
to only the necessary equations. Instead, the goal is to allow the students
to explore a physical concept in a more intuitive way, and generate some
fascination for science in the process. Since students would be able to see the
behaviour of the single charges with their own eyes, and would get insights
into measuring techniques and equipment used in more modern experiments,
we believe that this experiment could be suitable for a workshop at SSCT.

The experiment could be done by measuring the minimal distance between
ions in the trap, and using Eq. 1.2, which can be rearranged to find e. It
could realistically be carried out by high school students, as they would
only need to measure the distance, in pixels, between the ions on the video
stream, which could be done by providing them with axes showing the pixel
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3. Design of an elementary charge experiment

number on the image, and letting them estimate the distance with a method
of their choosing, for example with a ruler. The students would then require
a formula for the trap frequency, which will be derived in Sec. 3.1, a formula
for the conversion of pixels to SI units (Eq. 1.3), and the equation for the
minimal distance between trapped ions (Eq. 1.2), which can be provided on
the instruction sheet.

The goal of this part of the semester project was to determine the trap
frequency depending on the endcap voltages, carry out the experiment, and
determine whether it can be used to find accurate values for the elementary
charge e.

3.1 Trap frequencies

The trap frequency ν from Eq. 1.1 can be found with the help of a simu-
lation of the experimental setup in COMSOL Multiphysics®. The software
was given the voltages on the electrodes as boundary conditions, and then
generated the electric potential by solving Poisson’s equation [16]. Since the
electric potential along the symmetry axis is harmonic (Eq. 1.1), it was fitted
to a quadratic of the form V = a2z2 + a0, where z = 0 is the center of the trap,
and a0 is the arbitrary offset of an electric potential. The fit was done for a
range of different endcap voltages from 0.25 V to 9.75 V. The assumption in
this simulation was that the radio frequency electrodes would not affect the
trap frequency on this axis, and would therefore not have to be simulated.
Examples of the fit are shown in Fig. 3.1.

(a) (b)

Figure 3.1: Electric potential of the trap along the symmetry axis for different endcap voltages,
simulated with COMSOL Multiphysics®. The data was fit to a quadratic, V = a2z2 + a0.

The quadratic coefficients were then plotted against their respective endcap
voltages (Fig. 3.2), and fit to a linear function, which was

a2 = 0.0149 mm−2 ∗ Vendcap − 2.14 × 10−6 V mm−2, (3.1)
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3.1. Trap frequencies

where Vendcap are the endcap voltages Vright and Vleft. Students could now
carry out the elementary charge experiment for arbitrary symmetric voltages
0 < Vendcap < 10, as we can use this equation to find the trap frequency for
any Vendcap in this range.

Figure 3.2: Relationship between the voltage applied to both endcaps and the quadratic fit
coefficient a2 from Fig. 3.1. The uncertainties are derived from the covariance matrices of the
quadratic fits. The data was fit to a linear function, shown in red. The residuals plot shows
that the linearity is very strong, which is supported by the Pearson product-moment correlation
coefficient [17] of r = 1.0.

For a charge in an electrostatic field, the electric potential Vel and the energy of
the charge Venergy obey the relation Vel ∗ C = Venergy, where C is the charge of
the object. Hence we can compare the quadratic coefficients of the simulation
and the theoretical formula for the trap potential (Eq. 1.1) to find

ν2 =
2 a2 Z e

M
, (3.2)

where ν is the trap frequency, a2 the fit coefficient (Fig. 3.1), Z the charge
number of the ion, e the elementary charge and M the mass of the trapped
ion.

Using Eq. 1.2 and Eq. 3.2 we can then find expressions for the charge of the
ions depending on experimental parameters,

N = 2 : Z e = 4 π ε0 a2 ∆z3
min

N = 3 : Z e = 6.4 π ε0 a2 ∆z3
min

N = n : Z e ≈ 8π ε0 a2(
∆zmin n

2.018
)3,

(3.3)

which can be given to the students instead of Eq. 1.2.
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3. Design of an elementary charge experiment

3.2 Measurement of the elementary charge

The measurements of the electron charge according to the candidates for
symmetric voltages from Sec. 2.3.3 were repeated four times each, and are
shown in Fig. 3.3. It is clear that nearly all the data points differ from the
literature value, e = 1.602176634 × 10−19 C [18], by a factor larger than ten.
Fig. 3.3 shows that the measurement electron charges increased when the
endcap voltage was increased, which means that the main source of error is
dependent on the voltage applied.

(a)

(b) (c)

Figure 3.3: Relationship between the measured electron charge depending on the voltages
set on the electrodes. The voltage of the left endcap was (a) Vleft = 1.3Vright − 0.9 V, (b)
Vleft = 1.7Vright − 0.72 V and (c) Vleft = 1.46Vright − 0.64 V. All measurements were done with
two ions. The coefficient a2 was determined according to the linear fit in Figure 3.1, and was
calculated once with respect to the right endcap voltage (labelled vr), once with respect the
the left endcap voltage (labelled vl) and once with their mean (labelled vav). Each charge was
calculated with the exact formula for two ions and the approximation for n ions shown in equation
3.3. Each data point was taken four times in different measurement runs, and the errorbars show
their standard deviation.

A possible error source for this experiment is that we did not accurately
supply the trap with a symmetric potential around the center of the trap,
so theory may not correspond to the experiment. Fig. 2.7 provides three
estimates for symmetric voltages, for which y1 likely underestimates the
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3.2. Measurement of the elementary charge

position of the center of the trap, and y2 likely overestimates the position
of the center of the trap, and yet all three candidates gave similarly bad
estimates for the value of the elementary charge, so it is unlikely that this is
the main error source.

It is also possible that the voltages that reach the electrodes differ from the
applied voltages on both sides, which would mean that we were using a trap
frequency corresponding to the wrong endcap voltages in the calculations.
According to Eq. 3.3 the calculated charge varies linearly with the trap
frequency, and Fig. 3.2 shows that the voltage at the endcap would have to
be more than three times larger than the voltage set by the DAC to explain
the discrepancy of the measured results. This is very unlikely.

Another source of errors could be the estimation of the trap frequency. The
assumption, that the radio frequency field does not affect the trap frequency
along the symmetry axis, may not hold true, which would affect all final
results. This assumption could be tested by simulating the full trap including
the radio frequency field in MATLAB®.
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Chapter 4

Discussion

4.1 Discussion of ion positions

In Sec. 2.2 we successfully found boundary values for the voltages of the
endcap electrodes that produce a clear image of the trapped ions. This has
allowed us to implement a function that determines if the requested voltages
are safe1, which simplifies the daily operation of the setup. For example, this
function will be useful in any future data analysis, as we can now avoid the
loss of electrons in further experiments. It would also allow us to provide
visitors with another interactive feature of the setup, in which they could
move the ions around the symmetry axis without supervision. This could
be done by providing them with a button or sliding scale, where they can
change the voltage of the left and right endcap independently, and then
observe what happens. A question sheet could be provided, which would
ask the visitors simple questions, such as: ‘What is the sign of the charge of
the Barium ion?’, or ‘How can we move the ions into a zigzag configuration?’.
This could make the exhibit more interactive for all age groups.

In Sec. 2.3 we characterized asymmetries inherent to the setup, and discussed
how these asymmetries might be compensated using an appropriate trans-
formation of the voltages (Eq. 2.2). However, we were only able to make
estimations for such a transformation, as we did not locate the center of the
trap precisely. While the asymmetries in the setup do not influence the daily
operation, they will be important in all workshop experiments that rely on an
accurate knowledge of the electric field within the trap. It would therefore be
important to accurately determine the location of the trap center for potential
future projects.

1Here, a safe voltage should be understood as a voltage that will provide a clear image of
the ions, and hence cannot disturb the exhibit.
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4. Discussion

4.2 Discussion of the elementary charge experiment

Sec. 3.1 provides us with an equation of the trap frequencies, which is an
important part of characterizing our Paul trap, as they provide us with a
quantitative formula for the electric potential along the symmetry axis when
used in combination with Eq. 1.1. These trap frequencies have not been
experimentally tested, which could be done by applying a voltage to the
endcaps that oscillates at the respective theoretical trap frequency. If these
frequencies correspond to the true trap frequencies, the ions should be in
resonance with this alternating field and would visibly oscillate along the
symmetry axis.

Since the equation for the harmonic trap potential, Eq. 1.1, is an approxima-
tion that only holds in the center of the trap, it is possible that the range of z
values used for the quadratic fit in Fig. 3.2 was too large, leading to an over-
estimation of the trap frequencies. A more suitable range of z values would
have been between -100 µm and 100 µm, as the ions are contained within this
region. It is therefore possible that, when testing the trap frequency using
the alternating voltages, the oscillation of the ions would be observed at a
lower frequency than predicted.

If an oscillation cannot be observed at all, it may be due to an incorrect
assumption that the radio frequency electrodes do not affect the electric
field on the symmetry axis. In this case we should simulate the full trap in
MATLAB®. This would also give us the necessary information to find the
radial trap frequency, and hence fully characterize the electric field within
the trap.

The measurement of the elementary charge in Sec. 3.2 did not give accurate
results. The proposed experiment for the SSCT workshop is therefore not
ready to be offered to students. Overcoming the limitations caused by
the asymmetry of the endcap electrodes and testing the theoretical trap
frequencies would likely require significantly more analysis of the setup, so
it may be easier to design a workshop experiment based on the lifetime of
the dark state in the mean time instead.
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Appendix A

Derivation for the smallest distance
between trapped ions

Eq. 1.1 can be used to find the minimum distance between n trapped ions
numerically. In the case of 2 or 3 ions, this solution can also be found
analytically. This derivation is based on the derivation laid out in [6].

Let us assume that our system has been cooled down enough to be able
to neglect thermal motion to first order. In that case the minimal energy
solution to Eq. 1.1 will be stationary, zm(t) ≈ zm, and can be found with the
ansatz

∂V
∂zm

=
N

∑
m=1

Mν2zm

+
m−1

∑
n=1

Z2e2

8πε0

zn − zm

|zn − zm|3
+

N

∑
n=m+1

Z2e2

8πε0

zn − zm

|zn − zm|3

+
m−1

∑
n=1

Z2e2

8πε0

zn − zm

|zm − zn|3
+

N

∑
n=m+1

Z2e2

8πε0

zn − zm

|zm − zn|3

= 0.

Using the substitution um ∗ l = zm, where l3 = Z2e2

4πε0 Mν2 , we can simplify this
to

N

∑
m=1

um +
m−1

∑
n=1

un − um

|un − um|3
+

N

∑
n=m+1

un − um

|un − um|3
= 0. (A.1)
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A. Derivation for the smallest distance between trapped ions

For N = 2 this is

u1 +
u2 − u1

|u2 − u1|3
= 0,

u2 +
u1 − u2

|u1 − u2|3
= 0,

which simplifies further if we assume u2 > u1,

u1 +
1

(u2 − u1)2 = 0,

u2 −
1

(u1 − u2)2 = 0.

Now we can see that u1 = −u2, which can be substituted to find

u1 = −
(

1
4

)1/3

, u2 =

(
1
4

)1/3

, (A.2)

as suggested by Eq. 1.2.
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Appendix B

Parameters of the boundary functions
of the endcap voltages

The parameters of the boundary functions from section 3.1 can be found in
Table 1.

Boundary Coefficients
Nions pt, l

0 pt, r
0 pb, l

0 pb, r
1 pt, l

1 pt, r
1 pb, l

1 pb, r
1

1
1 0.31 9.5 0.27 -6.79 0.122 -1 -0.184 1
2 0.27 9.5 0.23 -6.79 0.112 -1 -0.17 1
3 0.31 9.5 0.27 -6.79 0.116 -1 -0.183 1
4 0.31 9.5 0.25 -6.79 0.1 -1 -0.162 1
5 0.31 9.5 0.23 -6.79 0.125 -1 -0.15 1
6 0.29 4.72 0.23 -2.4 0.14 -0.6 -0.15 0.4
7 0.31 5.5 0.25 -2.5 0.07 -1 -0.162 0.6
8 0.31 0.85 0.25 -1.28 0.097 -0.15 -0.162 0.26
9 0.32 13.3 0.22 -0.16 0.1 -1.8 -0.16 0.06
10 0.35 3.73 0.31 -0.06 0.05 -0.5 -0.16 0.06
11 0.28 1 0.165 -0.15 0.08 -0.05 -0.12 0.11
12 0.3 1.03 0.22 -0.12 0.09 -0.1 -0.12 0.125
13 0.3 1.03 0.23 0.1 0.08 -0.15 -0.14 0.045
14 0.3 0.35 0.22 0.01 0.09 0.04 -0.12 0.14
15 0.3 0.515 0.22 0.16 0.09 -0.065 -0.12 0.025

Table B.1: Table showing the parameters of the boundary functions found in section 3.1. The
superscript t/b stands for a upper/lower boundary function, and the superscript r/l stands for a
right/left boundary function, analogously to Fig. 2.3.
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