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Goal

- " ~lrJH!r

derive ionisation probability
2(21; (t0))*/? vl
P(to) x exp <— 3F(lo) > exp 202

@ Keldysh exponent
@ ADK transverse velocity probability
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Resources - Units

@ M. Y. Ilvanov, M. Spanner and O. Smirnova, Anatomy of Strong Field lonization,
Journal of Modern Optics, 52:2-3, 165-184

@ A. S. Landsman, Laser-Atom Interaction, Lecture notes FS 2011

Atomic units to make calculations/formulas easier:
o h=1
o |qe‘ = 1

@ me=1



-

G Initial Situation

e SFA, dipole and quasi-static approximation
@ Linear polarisation

° Evaluate the probability amplitude

@ Keldysh exponent

© End Result
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Laser-Atom system

_isf "o
o what we have to calculate: PLPUUEN S B LN R e
i x/au.
i%\@) = H(t)|W) with:  H(t) = Ho + Vi(t) (1)

field-free Hamiltonian of the atom
interaction with the laser field
U =U(t,7™,...Th)

@ full multi-electron wave function
@ explicitly time-dependant Hamiltonian (no separation ansatz)



Laser-Atom system

_isf "o
o what we have to calculate: PLPUUEN S B LN R e
i x/au.
i%\@) = H(t)|W) with:  H(t) = Ho + Vi(t) (1)

field-free Hamiltonian of the atom
interaction with the laser field
U =U(t,7™,...Th)

@ full multi-electron wave function
@ explicitly time-dependant Hamiltonian (no separation ansatz)

@ general solution:
. t s !
W) = e o g, @)



@ single active electron
\I/(t, Fl, . Fn) ~ \Iln_l('r_ﬁ, . ’r_"n_l) X @(Fn,t)

o dipole approximation: A >> r(atom) = F|(t)
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Approximations |

@ single active electron
\I/(t, 7:‘17 e Fn) ~ \Iln_l(Fl, e Fn—l) X @(Fn, t)

o dipole approximation: A >> r(atom) = F(t)
@ SFA 1: neglect laser field while in bound state
@ adiabatic case (quasi-static approximation) w << wg



©

Approximations |

single active electron
\I/(t, 7:‘17 e Fn) ~ \Iln_l(Fl, e Fn—l) X @(Fn, t)

dipole approximation: A >> r(atom) = F(t)
SFA 1: neglect laser field while in bound state
adiabatic case (quasi-static approximation) w << wg
exact solution:
t S Es 1" A . rt! s 1"
|B(t)) = _il dt’ [eiljtt' dt’”’ H (¢ )}V[,(L,) |:€71jtf0 dt"" Ho(t )] |®,)
0

e o @ g, (3)

D, [:In > time -
start ¢y t t




Solution CF

AP I i

Subsitute (3) into Schrddinger’s Equation:

ole@) .o ./t P =i ff @t BED] 1 o | i a Eo () | g
= =iy i . dt [e t ]VL(t) e o |D;)

+ e_iftto dt”I:IO(t”)|(I>i>>
3 ¢ 7 S [t dt”I:I(t”) A~ / 7ift/ dt’' |, (t”)
= o / dt [e_lft’ ] VL(t") [6 to © :||¢)z>
to
+ ie_iftto dt”ﬁo(t”)|¢i>)
~ t .t d ”I:I ¢! ~ 74ft’ dt”I:I (t”)
= —iH(t)/ ' [e*’ft/ " H( )] Vi (th [e "o 0 ]|‘I>z>
to

VLt Hio @D gy (et o 9O,
= H(t)|(t)) O
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Solution Check
0 AN T
Subsitute (3) into Schrédinger’s Equation:

Ba(t) 0 _./t ([ i Sl A g ar e ] g,
ot o Ztodt[ ' ] L(E) e [

+ e—iffo dt”ﬁo(t”)|q)i>)

quasi-static:
1o} —i(t—tVH | yr 4\ [, —i(t' —to)Ho .
8t</ dt[ ]VL(”[E ]|q>’>
+ ie—i(t—to)flo |¢z>)
R t . il A (¢! 2
=it [ e [ [ o

+e—z(t t)H Vi(t)e —i(t— tO)HO|q)> +ﬁoe—i(t—to)ﬁ0|q>i>
= VL(0)|®(t)) + Hol|®(t) = H(t)|®(t)) O
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Basis in the Continuum

.J,\ir'.

@ velocity basis |7)
o eigenstates: plane waves e**" for 7 large
@ no projection of ground state onto continuum states: (7]®;) =0
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Basis in the Continuum

@ velocity basis |v)

o eigenstates: plane waves e**" for 7 large

@ no projection of ground state onto continuum states: (7|®;) =0

@ projection of the evolved wave function onto a specific velocity ¥ = (va, vy, v2):

<I>> @)

(T]2(1)) = ©(7,1)

t / ~
B 1) S| =i fL At B 7 —i [t At Hy(t"
= —z/ dt <v‘e Y ( )V/‘(f/)e iJeg d¥Ho(t™)
to

') H >
\ '|U>

'y

L
Hy

time _

Y

(D.
start ¢y t t




@ SFA 2: neglect ion field in continuum

N N 2
— Volkov propagator with Hp =1 (ﬁ - qA)

(17|67iftt’ Ap ') dt’’ _ 67i tt/ %[ﬁ+A(tlI)]2 dt”<,‘;‘,| _ eiiftt’ %’u—"’Q dt“(rl;/l
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@ SFA 2: neglect ion field in continuum

N N 2
— Volkov propagator with Hp =1 (ﬁ - qA)

<17|67iftt’ Ap ') dt’’ _ 671- tt/ %[ﬁ+A(t1/)]2 dt//<1;;| _ eiiftt’ %,U_/'/? dt”(rl;;l

@ ground state has energy —1I,

¢ 2 I 7
o(7,t) = —i/ dt’ <g‘e—iff/ Hp(")at" o (t')e_iftto at’ Ho (")
to

)

t 7 1" gl = .~
= —i/ dt e I 3 A i —to)p <v’ VL (t) <1>i> ()

to
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Approximations Il

@ SFA 2: neglect ion field in continuum
~ N\ 2
— Volkov propagator with Hp =1 (ﬁf qA)

2

. — 2 .o 7,
7’1‘(}, %[[}«&»A(t”)} at"’ ;3 —1 ‘}(f, %1'/ <]t”<

<17|€7L‘f'['f, Hyp (') dt”’ <U" —e

=€

@ ground state has energy —I,

SRNDN .ot/ B
> i,f,t/ H}-‘(/,N) (it//VL(f/)e_’ftto df’”HO(t”)

t
d(7,t) = —i/ dt’ <17(
to
@Q

t . =,2 .
_ 72./ dife—i [ 5077 ar i —to) Iy <1;;
to

@ the canonical momentum = 7 + qfY is conserved

VL (tl)

—

T Alt) =7 —A{t") = T =7-A(t)+ A(t")
<I>(17, t) _ 72./ et I ,( —j(f)ﬁ»j(f”))zdt”ei(tlfto)lp

><<17 A(t) + A)|Vi (1)

)

=

V|



Intuitive pictut

t . .
O(,t) = —i/ dt'e I %(67A(t)+A(t”))2 dt”ei(t/—to)lp
to

x (U — X(t) + K(t’) Vi(t')|®:) (7)

prefactor

time

start ¢ t t

Ultrafast Laser Physics —/vp»— ETHzurich ETH



Intuitive picture

O AT Yo

t e Arel! 1
O(,t) = —i/ dt'e B (- AW +A ))2 dt ez(t/—to)lp
to

x (U — fY(t) + K(t’) Vi(t')|®:) (7)

prefactor

time

Y
A
o~

D,
start Zo

@ waiting in groundstate
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I_ntuitive ;pigtg_; 3

t Lo
®(7,t) = _i/ dt'e ! 5 L (F-A@+Aw)? At it ~to) I

to
x (0 — E(t) + g(t/) VL(tl) ;) (7)
prefactor
1)
AL
P, N -~ time
start to Tt t

@ waiting in groundstate
@ kick from laser field, jump up to continuum state, exit tunnel with velocity &’
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I_ntuitive Pigtg_;g—-

AP I i

t Lo
®(7,t) = _i/ dt'e ! 5 L (F-A@+Aw)? At it ~to) I

to
x (0 — E(t) + g(t/) VL(tl) D;) (7)
prefactor

') Hy .

A

Vi
P, a -~ time
start to Tt t

@ waiting in groundstate
@ kick from laser field, jump up to continuum state, exit tunnel with velocity &’
@ oscillating in the laser field
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Intuitive picture so far

L3 l"l

t Lo
®(7,t) = _i/ dt'e ! 5 L (F-A@+Aw)? At it ~to) I

to
x (T = A(t) + A(t) |V (t)|®:) (7)
prefactor

., .

& He 1)

Vi
D, | > time
start to A t

@ waiting in groundstate

@ kick from laser field, jump up to continuum state, exit tunnel with velocity &’
@ oscillating in the laser field

@ recorded on detector with velocity ¢
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Linear apoula i

o laser field polarised along &
— vector potential:

— — 2 2
= (a— Aty + A(t“)) - (vx - % sin(wt) + % sin(wt”)> +oy ol

(©)
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Linear polarisation .

P I L

o laser field polarised along &
— vector potential:

A(t)

Il
&
5
=
€
=
8

— — 2 2
= (a— Aty + A(t“)) - (vx - % sin(wt) + % sin(wt”)> +oy ol

9)
@ define action
1 t F ., 2 2 2
Ss(t,t') = 5 /t/ [vz - ;0 sin(wt) + % sin(wt )] dt”’ + M(t —t)
—I(t' —to) (10)
B(5, ) o —i / dtfe—t i B AW ACD) 4t i ~t0)1,
t
= | 9(7,t) x —i/ exp (—iSz(t, ")) dt’ (11)
to
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Recap

r‘nf [

@ That was the hard part. ©
o Probability amplitude of finding an electron

o with velocity @ on the detector,
o from any ionisation time ¢’.

t
D(7,t) x —i/ exp (—iSz(t, ")) dt’

to

,q
=
4

el

S)

Hy

time

Y
X
o~

D,
start 7o
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Outlook

@ Now comes the fun part.
@ Find the probability of ionisation depending on

o ionisation time ¢’
o assumption: instantaneous tunneling time
@ and tunnel exit velocity v”.

ﬁ(l

®;
start o
@ settsg =0
@ push t towards ¢’ and all that towarts ¢y

t
@ we have to evaluate/ exp (—iSz(t,t")) dt’

to

time,



Saddle point apprexi e =

“ {\A ﬂ o [ r@en a
° f(aln) slowly varying (in our case: f(z) =1)

SP X
J U \]h @ main contribution where ¢’(x) = 0 (no fast
oscillations which cancel contributions out)

2 2
Vy + U

5/ (t—1t)

— It

t 2
Sz(t,t') = L / {vz - % sin(wt) + % sin(wt”)| dt” +
t
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Saddle point approximation |

I 25

(z) slowly varying (in our case: f(z) =

SP
VU UU @ main contribution where ¢’(x) = 0 (no fast
oscillations which cancel contributions out)

1 [ F F ? 2 + v
Sz(t,t') = 5 /,,/ |:’U;,; — U[) sin(wt) + :U Sin(wt”)} de’ + %(t —t)

—It
. . 8S5(t, t

o find a particular ¢, such that "5(7’) =0
v,
—1 F F 2oul 402
0= -5 |ve 7(] sin(wt) + :“ Sin(wt;)} U ;r o —Ip



Saddle point approximation |

2 2, 2
0= % Vg — @ sin(wt) + & sin(wz‘;)} + JQF : +1,
v/ 21,
@ define a varied Keldysh parameter (usually: =g pw)
0
V21, + v2 + v2
e (12)

Iy

= perpendicular velocity “adds” to the ionisation potential
@ final equation to solve in order to find the saddle point:

0= %Y _sin(wt) +sin(wtl)| + 42 (13)

0



2
0= {vww — sin(wt) + sin(wt;)] +4°
o

o let's find |®(7 = 0, wt = nr)|?
vy =0 A=v sin(wt) =0

sin(wt},) = Fiy
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‘Special Casg, =

NP

~2

0= [”FO in(wt) +sin(wt;)]2+7

o let's find |®(7 = 0, wt = nr)|?
vy =0 A=v sin(wt) =0

sin(wt},) = Fiy

@ ionisations only happen when the field is strong enough = wt, << 1

wtl, /2 iry
21
it =iV (14)
w Fo
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Special Case: v =0

2
—sin(wt) + sin(wt))| +5°

VgpW

0=
0

o let's find |®(7 = 0,wt = nr)[2

vy =0 y=9 sin(wt) =0

sin(wt},) = Fiy

@ ionisations only happen when the field is strong enough = wt), << 1

wtl, /2 iry
v/ 21
t/* ~ 11 =1 P — 'L'TKeldysh (14)
w Fy ’

@ dominant contribution to ionisation happens (or starts) at imaginary time!
(and there are more tunnelling times which come out imaginary from the
calculations .. .)



'I:he Keldys_h

i,

2

2
Sk ‘e—z’sm,t;)

t . ’
P(T=0,t) = |®(7=0,t)|* = ‘—z/ e 1St qyf
0
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@ substituting ¢, = i ¥

Sa(o,t;) =

The Keldysh exg

t / 2 , NP
P(ﬁZO,t)=|<I>(17=0,t)|20<‘—z/ e—lsﬁ(t,t)dt/ SgA ’6 Tty
0
v 2OIP into Sz(¢,t'), wt = nm,setn = 0:
0 2
% / {% sin(wt")] dt’ — It
th,
FO " / (t )3 ’
= — 1 -1
2/t;<w t) dt" — It, = F0 5 ot
L P@E)YE L —i2 (_2110)3/2 (15)
T2 R 3 T 23 R
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The Keldysh exponent

2
SPA ‘

t . ,
P(#=0,t) = |®(@=0,t)]* x ‘—z/ e S g
0

@ substituting t, =i V;UIP into Sz(¢,t'), wt = nm,setn = 0:

0 2
S5(0,t,) = %/ {& sin(wt”)} dt” — It
t, LW
1 FO " / -1 2(t;)3 /
~ = — It, = —F, — Lt
Q/t; (w t) i =1 23 P
LB LN —i2 2h) (15
2 R 3 23 Fy

@ Probability of ionisation at the peak of the field, with zero velocity, to
exponential accuracy:

3/2
P(7=0,t=0) o exp (*%) "




The generalised Keldysh exponent |

@ quasi-static idea: ionisations at other times ¢t # 0 means we have
lower field strength F'(¢) < Fy

@ account for Stark shift in the ionisation potential

Ip() = Lo (F(0)) = Ipo + 5 (o — ar) F(?, (17)

@ allow transverse velocity at exit tunnel (adding to the ionisation potential), laser
propagation in z direction, elliptically polarised in x — y plane

(18)

3F (1)

—2(2I,(t) + 2+ 23/2
P(U|:O7Ui7vz,t)o(exp{ (2L,(t) + v +02)




first order taylor:

3
2

L1 + 02 +02)" ~ L)% + 2 2L,1) (02 + v?)

everything together:

—2 (21, (t))%/? 2 4 z
P(v) =0,v.1,z,t) o exp (%&)») exp (_UJ_QUE:U ) (19)

with
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