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Superposition of many monochromatic waves




Fourier transformation

Plane wave, monochromatic E(z,t) = [ e\ et—tez)

Inverse Fourier Transformation (for every position in space)

E(z,t)=F! {E(z,w)} I /E(z,w)emdw

27

E(t) = E(wl) + E(wg) + E(wg) + ...

. e DO A DD AAAAL e
A A /A VAR VARV

Fourier Transformation

~

B(z.w) = F{E(z.1)} = / Bz, t)e " dt

Ultrafast Lasers book, Subsection 2.2.1



Superposition of monochromatic waves
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Monochromatic plane wave

E(z,t) = Eyelwi=kn2)

Vacuum Dispersive material

Frequency 1% 1%
Period T=1/v T=1/v
Phase velocity Up = C Vp = Cp = /N
W W w
Wave number k= — k, = —=—n=kn
2T 27
A D W
A
Wavelength A A, = —
n
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Absorption

coefficient a(v)

Refractive index n{v}

Optical dispersion
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Helmholtz equation

E(z,1) = Byei@i=+) P P
aZQE(th) 2 Ot2 E(Z7t) — NO@P(ZJS)
Fourier transformation g—; & —w?
E =F{E = | E et =
(z,w) {E(z,t)} / (z,t)e dt 82E(z,w) EH -
. 1 3 . 9,2 5 E(z,w) = —pow*P(z,w)
E(z,t)=F! {E(z,w)} =5 /E(z,w)e“’”dw & ¢
. (9 p(zaw) — X(W)éoE(Z,CU) — [8(&)) - 1] €0E~<Z,W)
W —i—
ot
o’ AY (@) = “n(w)
2 = ;= nlw)=—n(w
T ( Z(‘?t) ¢
., O o\’
W' = = —1—
ot3 ( 815) 9 I
0°E(z,w) 5 =~ B
622 [kn(W)] E(Z,CU) =0

~ ~

E(z,w) = Ear(w)e—z'k:n(w)z 4 Eo_ (w>ez’kn(w)z
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Analogy to the Schrodinger equation

Helmholtz equation: Time independent Schrodinger equation:
Wave equation in the spectral domain free particle
O?E(z,w) 9 ~ 0% 2
+ k(W] E(z,w)=0 —5+k“Y=0
52t k@) Ezw) =0 o + K%

particle in a potential field

0° 2
B~ By =0



Dispersion for quantum mechanical particles

Photon in vacuum: E=cp & w(k)=ck
Photon in medium: E=cypn, & wlk)=cikn
2 hk
Free electron: o By — 2 _ v
om & @) =90 PTE T om
_dw hk p

Vg = — — = Uclass
g dk m m

~

Electron in conduction band: FE(k) ~ E,; —2F,coska < w(k) ~ Ou — 2w, cos ka

| A |

| thmax = £7/a

: Vg (£hmax) =0
| —>k

-k k

max max

Phonon in 1-dimensional lattice:  w(k) = 2\/% sin (%\k!a)

Ultrafast Lasers book, Appendix B



Linear system theory

System
Ein () moutl B [oumut  Feut(?)

Input Output
Eoui(t) = / h(t"E;, (t —t") dt’

—  h(t) * B (1)

impulse response h(t)

&
S
VN
~
N——"
|
&%)
N
~
N——r"
v

Eoui(t) = /h(t’)5 (t —t") dt' = h(t)

Examples of linear systems:

 pulse propagation in dispersive media

e photo detector (impulse response links photo current with light power or intensity)
e active light modulator in the linear regime

e image propagation through a lens systems

o stochastic processes such as amplitude and phase noise (linearized as a perturbation
on a much stronger signal)

Ultrafast Lasers book, Subsection 2.3.2



Linear system theory

System
Ein(t) input | "(t) | output Eout(t)
impulse response h(t) Eour(t) = /h(t,)Em (b= t)dt
= h(t) * E;p(t)
Ein(t) = 6(t) e Bt = / RS (t — ) dt’ = h(t)
~ System = 5 >
Ein — 7 PN Eou =h Ezn
(@) Input h(w) Output /(@) () )

transfer function h(w)

Ultrafast Lasers book, Subsection 2.3.2



Linear system theory

System
input |_(t) | Output Eout(t)
impulse response h(t) Eout(t) = / h(t") Eip (t —t') dt’
o(t) Eou(t) = /h(t’)(S (t —t') dt' = h(t)
System ~ - -
Input|  h(w) | Output Eout(w) = h(w) Ein (w)

transfer function h(w)

Spectral power density:

P@n (Cd) =

Ein (Cd)

‘ 2

:sttem , Pw_Ew2
Input |__~(w) | Output () 4 )‘
R 2
S(w) = |h(w)| Pyt (w) = S(w) Pin(w)

Ultrafast Lasers book, Subsection 2.3.2



Linear system — example: dispersion

What is the impulse response or transfer function?
What is the pulse form during propagation?

How is the spectrum of the pulse changing ?

Solution:

Ultrafast Lasers book, Chapter 2, page 34



Dispersive pulse broadening

Intensity
Intensity

Time domain Spectral domain

Linear pulse broadening:

Transform-limited pulse is broadening in the time domain
but its spectrum remains unchanged.



Light pulse

_—Pulse envelope A()

Electric field E(t)

Ultrafast Lasers book, Subsection 2.4.1



Laser pulse

Pulse envelope A(t) 1 ~ .
u E(t)=— /E(w)e’“‘)tdw
Electric field E(t) 2m
. 1 N .
= A(t)e™" where A(t) = gy /A(Aw)eZAwtdAw
T

Ultrafast Lasers book, Subsection 2.4.1




1

T on

E(t)

4

\ E(w)

Laser pulse

_—Pulse envelope A(?)

Electric field E(t)

E(t) = i /E(w)emdw
2T
| 1 Ny |
E(t) = A(t)e™" where A(t) = gy /A(Aw)eZAwtdAw
7r

Aw = w — wy

3 . 1 5 .
/E(wo + Aw)el@ot At gy = — giwot /A(Aw)em“’tdAw

2

~ ~

A(Aw) = E(wy + Aw)

Ultrafast Lasers book, Subsection 2.4.1




Example: Gaussian pulse

__—Envelope A(t)

\/\/ Vi >t

\/ " Electric field E)

E(t) x e Tt giwot U

A x e T T =Ty — il

N\

21n 2 ddyo
- W(t) = ¢td; = wo + 2I'5t

Ultrafast Lasers book, Subsection 2.4.2



Normalized E-field

-0.5 —

-1.0

Chirped Gaussian pulse

E(t) = A(t)ei“‘)t x e~ Tt giwot

1.0

0.5 -

0.0 +

||

|

I |

al
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Time (arb. u.)

FEF]_—'Z:FQ
I'o =0

1.0 —
2 05+
L
3
S 0.0
©
£
2 05—
| | 1.0+
0.5 1.0 -1.0

-0.5 0.0 0.5 1.0
Time (arb. u.)
I' = Fl — ZFQ
Ty # 0
Dot (t) = wot + at?
ddior(t
W(t) = gbtd;( ) = wo + 2I'5t

Ultrafast Lasers book, Subsection 2.4.2, p. 39



Time-bandwidth products

I(t) Tp/T ANZS
(x=t/1)
. Gaussian
It)=e™ 2vIn 2 0.4413
. Hyperbolic secant (soliton pulse)
I(t) = sech’z 1.7627 0.3148
. Rectangle
=L =7/ 1 0.8859
0, [t|>71/2
. Parabolic
Iy =% H=7/2 1 0.7276
0, t| > 7/2
. Lorentzian
_ 1 2 0.2206
I(t) = a2
. Symmetric two-sided exponent
I(t) — e—2|x| In2 0.1420

Ultrafast Lasers book, Subsection 2.4.2



Spectral phase yielding shortest pulse
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Inappropriateness of FWHM definition

L 2
0.8 — 3 o0
‘‘‘‘‘ °
_____________ ! -12
€ 06— S
= ©
: - " 3
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....... S
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L -2
0.0 | T = T |
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Angular frequency (1/fs)

Intensity

Time (fs)

Temporal FWHM of pulse with nonlinear spectral phase is shorter than
“transform-limited” pulse

FWHM is the standard in the community — but one has to be aware of its
limitations
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Dispersive pulse broadening

A0, 1)
A(z,t)
0 t 0 t 0 N,
| >

|
z=0

|

Dispersive medium
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Linear pulse propagation

Helmholtz equation: ~ ~ |
E(Z7w0 + ACL)) = A(Z’ AW)G_”C”(WO)Z

PEW) | )P Blzyw) =0

Aw = w — wy

022

Az, Aw) = /A(z,t)e_m“’tdt

wo)gfl(z, Aw) — [kn (w0)]” Az, Aw) + [k (wo + Aw)]” A(z, Aw) = 0
Z
0A
“slowly varying envelope approximation” EFR [Fn(wo)A -7 | K lwod
o - s
&A(Z’ Aw) + iAk, Az, Aw) =0 Ak, = kp(wo + Aw) — kp(wo)

Very simple equation of motion for the pulse envelope in the spectral domain
with a very easy solution (i.e. a phase shift Ak, z for each frequency component)

A(z, Aw) = A(0, Aw)e~2Fr= = A(0, Aw)e_i[k”(w0+Aw)_k"(°"0)]z

Ultrafast Lasers book, Subsection 2.5.2



First and second order dispersion

Taylor expansion around the center frequency wy: Aw = w — Wy

1
kn(w) ~ kn(wo) + k;ﬂLAw -+ 5kgAw2 4 ...

First order dispersion: ki = dky, /dw

Second order dispersion: k! = d*k,, /dw?

Ultrafast Lasers book, Subsection 2.5.3



Phase and group velocity

E(z,t) o exp [iwo (t - Up(ZwO))] o [_F(Ld) | (t B ”9(20))2]

S
(dk_(j)w:w N dkn Ww—0wq

Ultrafast Lasers book, Subsection 2.5.4




Dispersive pulse broadening

Dispersive medium

p(w) =Fk-n(w)- L

ﬂ 5 7p(L) _
1w 1m
“/\/\/\ W n( NW\AMN»—»f
il 1
—
2 2\ 2
Gaussian pulse: (%) _ \/1 n (411’12 ;Z ¢/ dw )
(initially unchirped pulse) 7(0) 72(0)
. 2¢ d2¢
Approximation for — > 1) 2(0) Tp(2) & —— Aw,
(strong pulse broadening) % dw

Ultrafast Lasers book, Subsection 2.5.5



Dispersive pulse broadening

Spectral domain

E(w)

A Pulse

Sub-pulse 2
Sub-pulse 1 Sub-pulse 3
; i » Frequency
w1 W2 w3
Time domain

A(t)

A Sub-pulse 2

Sub-pulse 1 and 3

» Time

Dispersive medium

e

do/dw
/aﬁ/

A -

w3

>

Frequency

>

Spectral domain: no changes

3 Frequency

E(w)
A Pulse
Sub-pulse 2
Sub-pulse 1 Sub-pulse 3
o.‘)1 (%] o.;g
A Time domain: pulse broadening
A

broadened pulse

Sub-pulse 3

/\( Sub-pulse 2

Sub-pulse 1
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w C
Phase Velocity U — —
b k, n
G Veloci 0w E !
roup Velocity Vg % n1_ dn A
n d\ n
d nz dn A
Group DeIayTg Tg:?}i:%, ¢ =knz 7 (1— ﬁﬁ)
g
Dispersion 1. Order do nz 1 _ d_n é
(Group Delay, GD) % % d\ n
Dispersion 2. Order d2gb A3z d2n
(Group Delay — TG
Dispersion, GDD) dw 2mes dA
Dispersion 3. Order 3 _)\4 d2 a3
(Third-Order A — (3_7; n >\_2>
Dispersion, TOD) dw3 dm=c dA dA
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Pulse broadening factor

Example: fused quartz

n(800nm) = 1.45332
on 1 ok NS
Y = —0.017— a—” = 4.84—
A 800 nm pern W 800 nm m
0°n 1 0%k, fg?
800 nm pern W 800 nm mnin
Fused quartz @ 800 nm
1000; 1 Example:
4] — oo What is the final pulse duration:
— 1
%7 i 10 fs pulse through 10 lenses,
100; each 1 cm thick?
9 10 fs pulse through 10 cm fused quartz?
2- i
o]
o]
1= 1 | T T
1fs 10 fs 100 fs 1ps

Incident pulse duration

Ultrafast Lasers book, Subsection 2.5.5



Optical communication

3 '.__
o~ n b Multimode fibers
£ /N
o Rayleigh
o : N
T 1 _scattermg ‘\
5 - |
£ N E Infrared
§ " g absorptior
o = |
8 |
§ 03— i Single-mode fibers |
D
£ - l
<C : §
01 N AR N W N S NI A A
0.6 08 1.0 1.2 14 16
A Wavelength (um)
;o :
Do - | |
% E % s x
S ol | |
e 2 |
gg -80 1~ | |
g -100 } g :
O 120 l | [
~140 L1 ! | | | | 4 |
06 0.8 1.0 1.2 14 1.6
Wavelength (um)
nd i ; 1 dT, w? dT, s
A [Um] Losses [dB/km] 2" order dispersion GVD: Dy=-— %9 _ g —  units: p
[ps/km-nm] Lp dA\ 2ncLp dw km - nm
0.87 1.5 -80
1.312 0.3 0 d?¢ 2wcLyDy
1.55 0.16 17 7p(La) ® S5 Aw = ———Aw = Dy Lq - AX
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Higher order dispersion

a 2 3
bw) = do + a—f(w — wo) + %%(w W) + é%(w W)+

First order dispersion (group delay) (’9(b/(9w
Second order dispersion (group delay dispersion - GDD) 82gb/6’w2
Third order dispersion (TOD) 0°¢ /0w’

Ultrafast Lasers book, Subsection 2.5.10



Wigner representation of ultrashort pulses

Wigner distribution:
Vi / / o Time-frequency representation /
W(t’w) = / E (t+ %) E* (t— %) e—zwt dt’ q y p
e windowed Fourier transform /

“‘window” function .
Instantaneous spectrum vs time

oo

1 ~ w'\ = w'\
- el E* = w't /
W(t,w) g / E <w + 5 ) <w 5 ) e'“ “dw

Example
2.8
L 26—
Properties =
2 2.4
S
8 5o
. / Wi(t,w) T
Y
> 2.0 —
C
< spec. qcJ
I I I I I

_ Time (fs)
» Linear propagation in non-absorbing

medium conserves area (= minimum time-bandwidth product)



Spectrum

Intensity
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Effect of dispersion orders on Wigner trace

Everything calculated for an initially 10-fs long Gaussian pulse

After 100 fs2? of GDD:

2.2 2.4

Angular frequency (1/fs)
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(peJ) aseyd |es1oadg

Angular frequency (1/fs)

b(w) = % 10062 - (w — wp)?
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2.2

=== (Group delay

2.0

Time (fs)

Pulse remains Gaussian in time!

Chirp is linear




Spectrum

Intensity

Effect of dispersion orders on Wigner trace

Everything calculated for an initially 10-fs long Gaussian pulse

After 1000 fs3 of TOD:

2.0

2.2 2.4
Angular frequency (1/fs)

2.6

2.8

1.0 H

0.8

0.6 —

0.4 -

0.2

0.0

Time (fs)

I
50

100

(peJ) aseyd |es1oadg

Angular frequency (1/fs)

d(w) = é -1000fs” - (w — wp)?

2.6 -
2.4 -
2.2 —
2.0 -
I I I I I
20 0 20 40 60
Time (fs)

- “Beating of simultaneous frequencies’
causes post-(pre-)pulses



Spectrum

Intensity

Effect of dispersion orders on Wigner trace

Everything calculated for an initially 10-fs long Gaussian pulse

After 10000 fs* of FOD:

— -10000 fs* - (w — wp)*

I
o
(peJ) aseyd |es1oadg

2.2 2.4 2.6
Angular frequency (1/fs)

2.8

1.0 H

0.8

0.6 —

0.4 -

0.2

0.0

Angular frequency (1/fs)

-100

I |
-50 0
Time (fs)

50

100

Even dispersion orders yield symmetric
pulse distortions in time
(for a symmetric spectrum)



Spectrum

Intensity

Pulse after 3 mm of fused silica

Everything calculated for an initially 10-fs long Gaussian pulse

After 3 mm of fused silica (800 nm center wavelength):

2.0 2.2 2.4 2.6
Angular frequency (1/fs)

2.8

)

1.0 — — 3.0
0.8 - — 2.8

— 2.6
0.6 —

— 2.4
0.4 —

— 2.2
0.2 )
0.0 1.8

-40 -20 0 20 40
Time (fs)

60

(pes) aseyd |es10adg

(sy/1) Aouanba.y snosuejuelsu|

Angular frequency (1/fs)

d(w) =3mm - k- n(w)

2.6 —

2.4 —

2.2 —

\\\\\\\\\\\\\
20—

......... Chirp
=== (Group delay

Time (fs)

Chirp is dominantly linear — however,
influence of higher orders clearly visible

Pulse is not Gaussian in time anymore!



Higher order dispersion

Material Refractive index n(\) Propagation constant &, (w)
At 800 nm At 800 nm
Fused quartz n(800nm) = 1.45332
1 kn,
on = —0.017— Okn — 48410792
O (800 nm HI W {800 nm m
2 2 2 2
g'n —0.04— 0 ko — 36110725 — 3615
OA? | 800 nm pm? 9w? 800 nm m mm
3 3 3 3
g'n — 24— 0 ko _974.1045 Z o7
X% {300 nm pm? 9w 1300 nm m mm
SF10-glass n(800nm) = 1.71125
on — 0.0496—— Okn —5.70-107°>
O 1800 nm HI W {800 nm m
0? 1 °k,, 2 fs?
L — 0.176— ok, —1.59- 1075 — 159——
OA? 500 nm pm 9w? |300 nm m mim
03 1 03k, 3 fg3
L — —0.997— i — 1.04-107%02 — 104
9N’ 500 nm pm 9w 500 nm m mm
Sapphire n(800nm) = 1.76019
1 ~ _
on — 0.0268— Okn —587-10792
O |800 nm M1 Ow {800 nm m
0? 1 0%k, 2 fs?
— — 0.064— i — 58010722 — 58—
92 [500 nm pm 9w? 300 nm m mm
3 3 3 3
on - 0377 0 Fon — 42110705 Z 4915
X% 500 nm pm 9w” 800 nm m mm

Ultrafast Lasers book, Subsection 2.5.5




Higher order dispersion

D¢ 1% ,  10% 3
First order dispersion (group delay) 8¢/3w
Second order dispersion (group delay dispersion - GDD) 82¢/8w2

Third order dispersion (TOD) 0°¢ /0w’

GDD becomes important, when: GDD > Tg
TOD becomes important, when: TOD > 7

2 3
T T Tp(2) 1 1
Dispersion lengths: Lp = —~, L = Pz, 14+ S+
i Uk TP T el w00 Lp ALy

) 2
Gaussian pulse E(t) o exp (_F> = T, = 2VIn 27 = 1.6657
T

Soliton pulse  E(t) x sech <3> = 7, =2In (1 - \/5) T = 1.7637

-
Ultrafast Lasers book, Subsection 2.5.10



