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Relation between coupled-mode theory and
equivalent layers for multilayer interference coatings

Nicolai Matuschek, Günter Steinmeyer, and Ursula Keller

The method of equivalent layers is a commonly used technique for designing optical multilayer inter-
ference coatings. Herpin’s theorem @C. R. Acad. Sci. 225, 182 ~1947!# states that every symmetrical
multilayer structure is equivalent, at one arbitrary wavelength, to a single homogeneous layer. The
Herpin equivalent layer is described by two design parameters, the equivalent index and the equivalent
thickness. Alternatively, we recently developed an exact coupled-mode analysis for the description of
multilayer interference coatings composed of a symmetrical combination of layers. The design param-
eters of the coupled-mode theory are the exact coupling coefficient and the exact detuning coefficient.
Recently we used this method in the design of chirped mirrors for dispersion compensation. We prove
that the two methods are equivalent and derive relations that link the design parameters of both
formalisms. By use of these relations it is possible to translate between the coupled-mode formalism and
the method of equivalent layers. The simultaneous availability of both design methods gives a new
perspective on the analytical design of optical interference coatings with challenging spectral response
characteristics. © 2000 Optical Society of America

OCIS codes: 310.1620, 310.6860.
1. Introduction

One of the most powerful analytical design tools in
the theory of thin-film optical coatings is the method
of equivalent layers. According to Herpin’s theo-
rem, every symmetrical multilayer structure is
equivalent, at one arbitrary wavelength, to a single
homogeneous layer.1 This layer, called the equiva-
lent layer, is characterized by its equivalent ~refrac-
ive! index Ne ~Herpin index! and its equivalent
phase! thickness Ge. For the design wavelength,
he replacement of multiple layers by an equivalent
ayer conserves the optical properties of the coating
nd is therefore exact. Adjustment of Ne and Ge al-

lows for the analytical design of multilayer coatings
with various constraints on their spectral response
characteristics.2–7

An alternative description of multilayer coatings
uses the coupled-mode theory. Originally, this ap-
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Hönggerberg HPT E12, CH-8093 Zürich, Switzerland. G. Stein-
meyer’s e-mail address is sguenter@iqe.phys.ethz.ch.

Received 27 September 1999; revised manuscript received 21
December 1999.

0003-6935y00y01626-07$15.00y0
© 2000 Optical Society of America
1626 APPLIED OPTICS y Vol. 39, No. 10 y 1 April 2000
proach described weakly index-modulated systems
such as waveguides,8,9 ~chirped! fiber gratings,10 and
distributed-feedback lasers.11 The coupled-mode
equations are a differential equation system for the
rightward- and leftward-propagating waves. The so-
lution of this differential equation system results in a
transfer matrix that relates waves at different posi-
tions, both inside and outside the multilayer structure.
In coupled-mode theory the design parameters are the
coupling coefficient k and the detuning coefficient d.
For systems with weak index modulation the standard
coupled-mode approach provides an excellent approx-
imation to the problem. In contrast, for the design of
dielectric multilayer filters and mirrors, standard
coupled-mode theory is regarded as insufficient be-
cause the assumption of a small pertubation is violated
in the case of large index discontinuities. However,
we recently proved that by proper redefinition of the
design parameters the coupled-mode theory can be
made absolutely exact even for the description of mul-
tilayer interference coatings with arbitrarily large
refractive-index differences.12

In both exact formalisms, the symmetrical multi-
layer structure is described by a set of two
wavelength-dependent design parameters. Using
these wavelength-dependent parameters in the re-
spective formalism permits the calculation of the
spectral response characteristics of the multilayer
coating. One might assume that there is a closer
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connection between coupled-mode theory and the
method of equivalent layers. In this paper we inves-
tigate the relationship between the two methods and
derive relations that link the parameters of coupled-
mode theory ~k, d! with those that describe the equiv-
lent layer ~Ne, Ge!. As a result, we find that the

equivalent thickness is a linear function of g, the
exact effective propagation constant of the Bragg
structure.

The coupled-mode equations can be converted into
equivalent transmission-line equations.13,14 For
these transmission-line equations a normalized char-
acteristic impedance Z is defined and can be ex-
pressed as a function of the coupling and detuning
coefficients. We find that the equivalent index is
proportional to the reciprocal characteristic imped-
ance, i.e., Ne } Z21.

The relations between the design parameters per-
mit switching between the coupled-mode formalism
and the method of equivalent layers, and the results
derived within one formalism can be transformed
into the other. The specific design problem dictates
which method would be more convenient. As an ex-
ample, if phase properties of the multilayer coating
are a primary concern, the coupled-mode approach is
advantageous, whereas if matching of refractive in-
dex and phase thickness is more important, the
method of equivalent layers is favored.

In Subsection 2.A we review the method of charac-
teristic matrices and its connection to the equivalent
layers in the case of arbitrary, symmetrical multilayer
structures. Subsection 2.B deals with the transfer-
matrix method and exact coupled-mode equations, as
derived in Ref. 12. In Subsection 2.C the character-
istic matrix is related to the transfer matrix. From
this we get the link between coupled-mode theory and
the equivalent layer, and it is then straightforward to
derive the relations between the parameters ~k, d! and
Ne, Ge!. We apply these results to the most impor-

tant case, the case of the symmetrical three-layer com-
bination, and, using contour plots, discuss the behavior
of the design parameters ~Section 3!.

2. Theory

A. Characteristic Matrix and Equivalent Layers

We consider a symmetrical combination of nonab-
sorbing, homogeneous layers. The propagation of
light is assumed to be perpendicular to the stratified
medium. A special case is the three-layer combina-
tion in Fig. 1. It should be noted that the equations
of Section 2 are applicable to any symmetrical layer
combination with an arbitrary number of layers.

The electric and magnetic fields at the beginning
and the end of the layer combination are related by
the equation

S El

HlyY0
D 5 FM11 iM12

iM21 M11
GS Er

HryY0
D , (1)

where the characteristic-matrix elements Mij are real
uantities.5,6 The symmetry of the multilayer struc-
ure results in equal diagonal matrix elements, i.e.,
11 5 M22. In Eq. ~1!, Elyr and Hlyr are the electric

and the magnetic fields on the left and the right ends
of the symmetrical combination of layers, respec-
tively ~see Fig. 1!. The quantity Y0 ' 2.65 3 1023

V21 denotes the optical admittance of free space.
The characteristic matrix does not contain any infor-
mation about the surrounding media; it contains no
information about the refractive index of adjacent
layers, the substrate material, or the ambient me-
dium.

The characteristic matrix of the layer combination
in Eq. ~1! is of the same structure as the character-
stic matrix of a single homogeneous layer. There-
ore, for one arbitrary wavelength, this matrix can be
eplaced by the matrix of Herpin’s equivalent single
ayer:

Me 5 3 cos~Ge!
i

Ne
sin~Ge!

iNe sin~Ge! cos~Ge!
4 . (2)

By comparison of matrices in Eqs. ~1! and ~2! the
quivalent-layer parameters are defined by the ele-
ents of the characteristic matrix:

Ne 5 ÎM21yM12, (3)

cos~Ge! 5 M11. (4)

According to Eq. ~4!, the equivalent index and the
equivalent thickness are real quantities if uM11u # 1.

his condition defines the passband regions of the
ultilayer coating. In contrast, for uM11u . 1 the

equivalent-layer parameters become complex, and
these regions are called stop bands. Obviously, the
inversion of Eq. ~4! results in a multivalued solution
for Ge. The equivalent thickness is defined as that
value nearest the total phase thickness f that corre-

Fig. 1. Refractive-index profile of a symmetrical combination of
three homogeneous layers. The optical phase shift of each outer
layer ~medium 1! is f1y2, with f1 5 kn1d1, and the optical phase
shift of the center layer ~medium 2! is f2 5 kn2d2. Here k is the
acuum wave number, n1y2 is the refractive index of medium 1y2,

and d1y2 is the corresponding physical layer thickness ~L 5 d1 1

2!. The sum of the phase variables, f 5 f1 1 f2, defines the total
ptical phase shift of the three-layer combination; the difference of
he phase variables, Df 5 f2 2 f1, is a measure of the duty cycle.

The amplitudes Elyr and Hlyr denote the electric and the magnetic
fields, respectively, and Alyr and Blyr represent the traveling waves
n the right and left directions on the left and right ends, respec-
ively, of the multilayer structure.
1 April 2000 y Vol. 39, No. 10 y APPLIED OPTICS 1627
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sponds to the total optical thickness of the symmet-
rical combination of layers ~see Fig. 1!.5 More
precisely, Ge has to be chosen such that its real part is

continuous, monotone nondecreasing function of
he vacuum wave number k with Ge~k 5 0! 5 0.2

B. Transfer Matrix and Exact Coupled-Mode Theory

In what follows, we use the results derived in Ref. 12
for the transfer matrix of one period of an arbitrary
combination of layers. The transfer matrix connects
the field amplitudes of the rightward- and leftward-
traveling waves at the beginning and the end of the
multilayer structure according to

SAl

Bl
D 5 T SAr

Br
D . (5)

Here Alyr and Blyr are the normalized amplitudes of
he right- and left-traveling waves on the left and the
ight ends of the layer combination, respectively ~see
ig. 1!. For nonabsorbing layers, the transfer ma-

rix T is of the general form

T 5 FF G*
G F*G 5 FFR 1 iFI G*

G FR 2 iFI
G , (6)

ith det T 5 1. In Eq. ~6!, F* and G* denote the
complex conjugates and FR and FI are the real and
imaginary parts of F, respectively. In contrast to
the characteristic matrix, the transfer matrix con-
tains information about the refractive indices of the
adjacent media.5,6

Using the parameters of coupled-mode theory, we
can write the transfer matrix as15

T 5 23cos~g! 1 i
d

g
sin~g! i

k

g
sin~g!

2i
k

g
sin~g! cos~g! 2 i

d

g
sin~g!4 . (7)

k and d denote the coupling and the detuning coeffi-
cients, respectively, and the effective propagation
constant of the Bragg structure is equal to

g 5 Îd2 2 k2. (8)

The parameters k, d, and g are normalized to the
inverse physical length of the layer combination,
L21.12–14 Similarly to the situation described in

ubsection 2.A, passband regions are identified by
eal values of the propagation constant g, whereas

complex values indicate stop-band regions. A com-
parison of the transfer matrices of Eqs. ~6! and ~7!
shows that FR 5 2cos~g! 5 cos~g 1 p!. Thus, in the
transfer-matrix formalism, the location of stop bands
is completely determined by the real part of F.

As we mentioned above, the transfer matrix of Eq.
~7! is exact if the coupling and detuning coefficients are
properly chosen. The exact coefficients are given by12

k 5 2iaG, (9)

d 5 2aFI, (10)
628 APPLIED OPTICS y Vol. 39, No. 10 y 1 April 2000
where the factor a is defined as

a 5
g

sin~g!
, (11)

with

g 5 5
2i ln~2FR 1 ÎFR

2 2 1! FR , 21

arctanSÎ1 2 FR
2

2FR
D 21 # FR # 0

2arctanSÎ1 2 FR
2

FR
D1 p 0 , FR # 11

2i ln~FR 2 ÎFR
2 2 1! 1 p FR . 11

. (12)

The piecewise definition of the propagation con-
stant g allows for the distinction of different stop-

and and passband regions. Complex values of g
for uFRu . 1! define the stop bands. In the first
ase ~FR , 21! the stop bands are centered at total
hase shifts f, which are odd multiples of p. This
ncludes the case of the fundamental Bragg wave-
ength at f 5 p. In the fourth case ~FR . 1! the
top bands are centered at even multiples of p. It
hould be noted that complex values of k and d
ndicate the latter case and do not identify the fun-
amental stop band.12

C. Relationship between Coupled-Mode Theory and
Equivalent Layers

Of the two exact descriptions of multilayer coatings
introduced, one is based on the characteristic-
matrix method and the other is based on the
transfer-matrix method. In Eqs. ~3! and ~4! the
equivalent-layer parameters are expressed with the
elements of the characteristic matrix Mij, whereas
in Eqs. ~9!–~12! the coupled-mode parameters are
xpressed with the elements of the transfer matrix
f Eq. ~6!. We can merge the two methods by re-
ating the elements of the characteristic matrix and
he elements of the transfer matrix. If the refrac-
ive index of the adjacent media on both sides is
hosen equal to the refractive index n1 of the out-

ermost layers of the symmetrical combination of
layers ~see Fig. 1!, the following relations are valid
see, e.g., Ref. 6!:

R 5 M11, (13)

FI 5
1
2 Sn1 M12 1

M21

n1
D n1 M12 5 FI 2 iG, (14)

G 5
i
2 Sn1 M12 2

M21

n1
D M21

nI
5 FI 1 iG. (15)
















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According to Eq. ~13!, matrix element M11 is now
identified as the real part of transfer-matrix element
F, and, in the respective formalism, FR or M11 com-

letely determines the location of stop-band and
assband regions.
Using Eqs. ~13!–~15!, we are now able to express

the equivalent-layer parameters of Eqs. ~3! and ~4! in
terms of the transfer-matrix elements. With Eqs.
~8!–~10! the equivalent-layer parameters can then be
related to the coupled-mode parameters as follows:

Ne 5 n1ÎFI 1 iG
FI 2 iG

5 n1Îd 1 k

d 2 k
, (16)

cos~Ge! 5 FR 5 cos~g 1 p!. (17)

When we introduce slowly varying amplitudes with
espect to the total physical length, L, of the waves
ropagating in the right-hand direction ~A! and in
he left-hand direction ~B; Fig. 1! and build the sum

and the difference of these amplitudes, respectively,
the coupled-mode equations are equivalent to a sys-
tem of transmission-line equations.13,14 For these
transmission-line equations a characteristic imped-
ance Z is defined, which is readily expressed in the

arameters of the coupled-mode formalism

Z 5 Îd 2 k

d 1 k
. (18)

This characteristic impedance is normalized to unity
for the case of a vanishing coupling coefficient ~Z 5 1
for k 5 0!. Substitution of Eq. ~18! into Eq. ~16!
yields Ne 5 n1yZ. Thus the equivalent index is the
ratio of the refractive index of the outermost layers
and the characteristic impedance.

The equivalent thickness follows from Eq. ~17!:

Ge 5 6g 1 ~2j 2 1!p, j [ N. (19)

The equivalent thickness is simply a linear function
of the effective propagation constant g with slope 61.
In Eq. ~19! the plus or minus as well as j has to be
chosen in accordance with the conditions stated at
the end of Subsection 2.A. This yields

Ge 5 ~21!fyp11g 1 ~2j 2 1!p,

f [ @2p~ j 2 1!, 2pj@. (20)

This choice is consistent with all requirements, even
for complex-valued Ge.

As an example, we consider approximate coeffi-
cients from standard coupled-mode theory. In this
case the detuning coefficient in the surroundings of
the fundamental Bragg wavelength at f ' p is given
y d 5 f 2 p.14,16 Moreover, in passband regions we

have udu . uku. Hence the effective propagation con-
tant can be approximated by g 5 udu@1 1 O~k2yd2!# '
f 2 pu. With this approximation and Eq. ~20!, it
ollows that Ge ' f for the passband regions at j 5 1.

Thus the equivalent thickness is approximately given
by the total optical phase shift f. This result is well
known and is also valid for higher-order passbands at
j . 1 ~see, e.g., Ref. 6!. The derivation given here
can easily be extended to this case.

3. Application to a Symmetrical Three-Layer
Combination

The relations derived in Section 2 are valid for any
symmetrical combination of layers. In this section
we apply our results to the most important case, the
symmetrical three-layer combination of Fig. 1.

According to Ref. 12, the elements of the transfer
matrix are

FR 5
1

1 2 r2 @cos~f! 2 r2 cos~Df!#, (21)

F1 5
1

1 2 r2 @sin~f! 1 r2 sin~Df!#, (22)

G 5 2
2ir

1 2 r2 sinF1
2

~f 1 Df!G , (23)

with

f 5 f1 1 f2, (24)

Df 5 f2 2 f1, (25)

r 5
n2 2 n1

n2 1 n1
. (26)

In Eq. ~26! the refractive indices of medium 1y2,
n1y2, define the Fresnel reflectivity r, which describes
the amplitude reflectivity between the two adjacent
media 1 and 2. The phase shifts f1y2 in Eqs. ~24!
nd ~25! correspond to the optical thickness of me-
ium 1y2 expressed in phase units, as defined in Fig.

1. Thus f gives the total optical phase shift,
whereas Df is a measure of the duty cycle of the
three-layer combination.

Substitution of Eqs. ~22! and ~23! into Eq. ~16! and
normalization of the equivalent index to the refrac-
tive index of the outermost layers leads directly to

Ne

n1
5 Hsin~f! 1 r2 sin~Df! 1 2r sin@~f 1 Df!y2#

sin~f! 1 r2 sin~Df! 2 2r sin@~f 1 Df!y2#J
1y2

.

(27)

rom Eqs. ~17! and ~21! we obtain the equivalent
thickness

Ge 5 arccosH 1
1 2 r2 @cos~f! 2 r2 cos~Df!#J . (28)

The equivalent index of Eq. ~27! and the equivalent
thickness of Eq. ~28! are identical to the results in
Refs. 2–7 but are expressed in terms of Fresnel re-
flectivity r and phase variables f and Df. These
expressions are more convenient because multiple
reflections can easily be classified by series expansion
in r. Moreover, the mathematical structure of Eqs.
~27! and ~28! is simpler if these equations are ex-
1 April 2000 y Vol. 39, No. 10 y APPLIED OPTICS 1629
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pressed in f and Df. As an example, Eq. ~28! can be
approximated by Ge ' f if we neglect terms of O~r2!

Fig. 2. Contour plots of ~a! the exact coupling coefficient k, ~b! the
and ~d! the equivalent thickness Ge as functions of the phase variable
he equivalent thickness are given in units of p. Shaded regions
arameter ranges. For the equivalent-layer parameters shown in ~

stop-band regions. Note that only regions that fulfill the condition
positive quantities. The dashed curves in ~a! are contour lines wit
dotted lines in ~a! and ~c! are the zero contour lines of the coupling co
For these contour lines, medium 2 vanishes or acts as an absentee
630 APPLIED OPTICS y Vol. 39, No. 10 y 1 April 2000
in the argument. This approximate result is the
same as that derived above from the approximation of

t detuning coefficient d, ~c! the normalized equivalent index Neyn1,
nd Df. The phase variables as well as the detuning coefficient and
cate real values of the parameter; white regions indicate complex

~d!, shaded and unshaded regions separate passband regions from
uDfu are of physical relevance because the phase shifts, f1y2, are
22r 5 20.5, the value from standard coupled-mode theory. The

ent and the unity contour lines of the equivalent index, respectively.
, as described in the text.
exac
s f a
indi

c! and
f $

h k 5
effici
layer
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the coupled-mode parameters. Physically, it is
equivalent to neglecting multiple reflections within
the multilayer structure. For passband regions this
approximation is sufficient for many applications.

Figure 2 shows contour plots of the design param-
eters k, d, Neyn1, and Ge as functions of phase vari-
bles f and Df. These contour plots are similar to

the plots presented by van der Laan and Frankena7

for the equivalent-layer parameters as functions of f1
and f2. The information contained in these contour
plots is the same for either set of variables. The
phase variables, the detuning coefficient, and the
equivalent thickness are given in units of p. Shaded
regions in the contour plots indicate real-valued pa-
rameter ranges; white regions correspond to complex
parameter ranges. For the equivalent-layer param-
eters, shaded and unshaded regions separate pass-
band regions from stop-band regions. In these
examples we choose the refractive indices n1 5 1.5
and n2 5 2.5, leading to r 5 0.25. These values are
close to the refractive indices of SiO2 and TiO2, com-
pounds that are used for standard laser mirrors.
Note that the quantities depicted in Fig. 2 do not
depend on the absolute value of refractive index n1 or
n2; they depend only on the ratio of the indices, n1yn2,
through Fresnel reflectivity r.

Figure 2~a! shows the exact coupling coefficient ac-
cording to Eq. ~9! with Eq. ~23!. The plot illustrates
two interesting facts: First, k ' 22r 5 20.5 for
layers with 50% duty cycle ~Df 5 0! in the vicinity of
the fundamental stop band ~fyp , 2!, as indicated by
the dashed curves. These values compare favorably
with the results from standard coupled-mode theo-
ry.16 Moreover, we can see that the zero contour
lines of k ~dotted curves! are linear functions with
lope 21. According to Eq. ~9!, the coupling coeffi-

cient vanishes if matrix element G vanishes. This
happens for Df 5 2p~ j 2 1! 2 f with j [ N. Hence
for j 5 1 the three-layer combination reduces to a
single layer of material 1. For j . 1 medium 2 acts
as an absentee layer because its phase thickness cor-
responds to that of a half-wave layer or a higher-order
half-wave layer.

The contour lines of the detuning coefficient, shown
in Fig. 2~b!, are essentially vertical lines, which illus-
trates the weak dependence of d on Df. In the stan-
dard coupled-mode approach these lines would be
exactly vertical because of their nondependence on
Df, as the approximation at the end of Section 2
shows. As discussed in Subsection 2.B, the coupled-
mode parameters are complex valued only for stop-
band regions near total phase shifts, which are even
multiples of p @f 5 2p~ j 2 1!, j [ N#.

Figure 2~c! shows the normalized equivalent in-
ex, Neyn1, according to Eq. ~27!. The zero contour
ines of the coupling coefficient are transformed into
nity contour lines ~dotted lines! of the normalized
quivalent index @cf. Figs. 2~a! and 2~c!#. Then me-
ium 2 acts only as an absentee layer, as discussed
bove, and the equivalent index equals the refrac-
ive index of medium 1. According to Fig. 2~d!, the
quivalent thickness closely follows the value of the
bscissa, illustrating the approximation Ge ' f de-
rived above for passband regions. In the neighbor-
hood of the stop bands, this approximation is less
accurate and the deformation of the contour lines is
more pronounced. Figure 2 clearly illustrates the
correlation between coupling coefficient k and
quivalent index Ne and between detuning coeffi-

cient d and equivalent thickness Ge. Hence the two
arameter sets are equivalent for the description of
multilayer coating.
What follows is a discussion of this equivalence in

he case of a chirped mirror.17 Recently we devel-
oped a theory of chirped mirrors that has resulted
in the double-chirped mirror design tech-
nique.13,14,18 This theory is based on the exact
coupled-mode approach. As a result, it has been
shown that the unwanted oscillations, which typi-
cally occur in the phase properties @group delay and
roup-delay dispersion ~GDD!#, are caused by an
mpedance mismatch in the front part of the mirror.

e can match the impedance by properly adjusting
he coupling coefficient as a function of penetration
epth according to Eq. ~18!.13,14 Furthermore, the

GDD can be independently designed by proper
choice of the detuning coefficient with the so-called
chirp law.18 In the picture of equivalent layers,
the design considerations translate as follows:
The oscillations in the group delay and the GDD are
caused by a mismatch of the equivalent index at the
mirror front. Adjusting the duty cycle of the indi-
vidual three-layer combinations by means of Df
allows for broadband matching of the equivalent
index within the range given by the high- and low-
index materials used in the coating. Indepen-
dently, the desired behavior of the GDD is achieved
by proper choice of the equivalent thickness along
the chirped mirror structure, which leads to a
wavelength-dependent penetration depth that
yields the desired dispersion.

4. Conclusions

We have investigated the relationship between
the method of equivalent layers and the exact
coupled-mode theory. Relations between the design
parameters of the equivalent layer ~Ne, Ge! and the
coupled-mode parameters ~k, d! have been derived.
We found that the normalized equivalent index is the
reciprocal characteristic impedance ~Neyn1 5 Z21!
and that the equivalent thickness is a linear function
of the effective propagation constant g. As a result,
the coupling coefficient is strongly related to the
equivalent index ~k7Ne!; the detuning coefficient, to
the equivalent thickness ~d 7 Ge!. These findings
allow for the use of both methods ~coupled-mode the-
ory and equivalent layers! simultaneously and equiv-
alently. This might simplify advanced analytical
coating designs and provide more insight into design
constraints of coatings with complex amplitude and
phase properties, in particular.

This study has been supported by the Swiss Na-
tional Science Foundation.
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