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ABSTRACT We analyze and stabilize fluctuations of the rela-
tive phase between the carrier and the envelope of a mode-
locked laser. Mechanisms generating fluctuations of the carrier–
envelope-offset (CEO) phase are experimentally identified
in lasers with and without prisms for dispersion compen-
sation. One mechanism is amplitude-to-phase coupling via
self-steepening. This mechanism translates power changes into
variations of the CEO phase. A similar but much stronger effect
is caused by beam-pointing variations in lasers with intracav-
ity prisms. Both mechanisms convert power noise of the laser
into phase noise and can be used to externally control or sta-
bilize the CEO frequency by adjusting the pump power. Our
measurements are well explained by a theoretical model. This
investigation allowed us to obtain an unsurpassed stabiliza-
tion of the CEO phase to 0.02 rad rms for a frequency range
from 0.01 Hz to 10 kHz. We extend the discussion to pulse-
amplification schemes and show that beam-pointing variations
are also expected to have a strong influence on the CEO phase
of amplified pulses. We discuss methods to reduce or avoid
CEO noise by suitable design of the dispersion-compensation
scheme, both in oscillators and in amplifiers.

PACS 42.65.Re; 42.62.Eh; 42.60.Mi

1 Introduction

Current state-of-the-art laser sources deliver opti-
cal pulses with a duration of about 5 fs, which corresponds to
two optical cycles in the near infrared [1]. At this duration,
the peak electric field strength of such a pulse shows a pro-
nounced dependence on the relative phase between carrier and
envelope of the pulse. In the following, we call this relative
phase the carrier–envelope-offset (CEO) phase. For longer
pulse durations, this previously inaccessible parameter does
not play a role. For few-cycle pulses, however, a dependence
of the conversion efficiency on the CEO phase ϕCEO is obvi-
ous for processes like above-threshold ionization (ATI, [2]).
In this process, the ionization probability shows a step-like
behavior with electric field strength. Similarly, the strongly
fluctuating photon numbers of high harmonics have been ex-
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plained by a lack of control of the CEO phase [3]. Control-
ling the CEO phase is also an important prerequisite for sev-
eral proposed attosecond generation schemes. A recent study
on the duration of an isolated high-harmonic pulse revealed
a pulse duration of about 1.5 fs [4]. The absence of the an-
ticipated attosecond time signature in these experiments was
partly attributed to temporal averaging over different values
of the CEO phase. These examples clearly identify ϕCEO as
an important parameter in a new regime of nonlinear optics.
Because of the extremely short pulses required to see these
effects, this regime has been termed extreme nonlinear op-
tics [5]. At pulse durations of two cycles and below, the con-
version efficiency starts to exhibit a noticeable dependence on
the CEO phase. The higher the order of the nonlinear optical
process, the more pronounced this effect is expected to be.

2 Basic definitions

The physical origin of the CEO phase is the differ-
ence between phase velocity υp and group velocity υg inside
an oscillator cavity. If this cavity does not contain any dis-
persive elements, both velocities are equal and the position
of a maximum of the electric field stays fixed relative to the
maximum of the envelope. Intracavity dispersion, however,
induces a per-roundtrip phase offset

∆ϕGPO = 2π

λ

L∫
0

(
ng(z)−n(z)

)
dz = ω2

c

L∫
0

dn(z)

dω
dz (1)

between the envelope and the carrier of an optical pulse. Here
the coordinate z is chosen along the propagation axis inside
the cavity and L is the effective length of the cavity, i.e. twice
the geometrical length for a linear cavity. n = c/υp is the re-
fractive index, ng = c/υg the group index, and ω the angular
frequency. For a typical laser cavity [6], the combined group-
phase offset (GPO) effect of the Ti:sapphire crystal, the air
path, and the prism compressor can be estimated as about 250
optical cycles. If the carrier is advanced by an integer number
of cycles relative to the envelope, the electric field structure
exactly reproduces itself from pulse to pulse (compare Fig. 1).
In the following, we therefore concentrate on the sub-cycle
part of (1), which we define as the pulse-to-pulse CEO phase
change

∆ϕCEO = ∆ϕGPO mod 2π . (2)
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FIGURE 1 Electric field structure of pulses from a laser oscillator. The
temporal delay between the envelope of two successive pulses is given by
1/ frep, whereas the underlying carrier experiences an additional temporal
shift caused by the difference of group and phase velocities in the laser cavity

For the case of a laser oscillator we define the CEO frequency
as

fCEO = 1

2π

dϕCEO

dt
= ∆ϕCEO

2π TR
= ∆ϕCEO

2π
frep . (3)

It is important to note that any nonlinear or thermal change
of the group-phase offset inside the laser cavity proportionally
translates into a change of CEO frequency, whereas extracav-
ity only the temporal derivative of such a GPO change may
influence the CEO frequency. In other words, intracavity GPO
always accumulates over many roundtrips, whereas extracav-
ity GPO effects are only seen once in transmission. Given that
noise is dominant at kHz frequencies corresponding to at least
thousands of roundtrips, we will neglect GPO effects in the
continuum-generation fiber in the following.

The first experimental approach to the measurement of
the carrier–envelope offset relied on an interferometric cross
correlation of two subsequent pulses [7]. However, even the
slightest dispersive asymmetry between the two correlator
arms introduces an offset to the measurement of fCEO , which
makes this method inappropriate for any long-term stabiliza-
tion of ϕCEO.

An alternative approach to measurement of fCEO that
does not suffer from offset problems was first introduced in
1999 [8]. This method can be most suitably understood in the
spectral domain (see Fig. 2). Fourier transforming the repeti-
tive pulse train of Fig. 1 yields a comb of equidistant spectral
lines νm = fCEO +mfrep. Notably, this comb does not include
zero frequency unless the pulse-to-pulse phase slip ∆ϕCEO is
exactly zero. The frequency comb must not be confused with
the modes of the linear cavity, which are only equidistant
in the absence of intracavity dispersion. For a mode-locked
laser, the spacing of the comb lines is determined by the group
velocity, i.e. the cavity roundtrip time of the envelope. Ex-
perimentally, the equidistance of these comb lines has been
checked to a relative uncertainty better than 10−15 [9]. Any
irregularity of the comb frequencies would automatically in-
duce different repetition rates of the spectral components of
the comb and eventually cause temporal spreading of the
pulses. The fact that the comb only has two degrees of free-

FIGURE 2 Mode comb of a mode-locked laser oscillator in the frequency
domain. The equidistantly spaced modes are represented by thick lines. Ex-
tending the comb towards zero frequency (thin lines) reveals an offset at zero
frequency. This offset frequency can be measured by taking a frequency from
the low-frequency wing of the spectrum, frequency-doubling it, and compar-
ing it to a neighboring mode in the high-frequency wing of the spectrum

dom, fCEO and frep, has found widespread applications in
metrology. Knowledge of these two frequencies provides one
with a set of reference frequencies throughout the spectral
coverage of the mode-locked laser. Beating an unknown op-
tical frequency with the comb then allows one to derive the
frequency of an optical transition from the measurement of
three radio frequencies [10–12].

The picture in Fig. 2 also provides the key to measure-
ment of fCEO by heterodyning harmonics from different parts
of the mode-locked spectrum [8]. Taking the Nth harmonic
of a comb line Nνm1 = N fCEO + Nm1 frep and beating it with
the Mth harmonic of another comb line Mνm2 = M fCEO +
Mm2 frep yields

Mνm2 − Nνm1 = (M − N) fCEO , (4)

which requires Nm1 = Mm2. This condition requires a cer-
tain minimum spectral width of the comb ∆ f/ f = 2(N −
M)/(N + M); e.g. beating of the fundamental and the sec-
ond harmonic requires an optical octave of bandwidth with
∆ f/ f = 0.67. This situation is illustrated in Fig. 2. Equa-
tion (4) is the key to any measurement of the carrier–envelope
offset. This beat note delivers the carrier–envelope phase slip-
page rate, either directly or as one of its harmonics.

However, even the most broadband laser sources are hard-
pressed to directly deliver an optical octave. The requirement
for spectral width can be alleviated by choosing higher har-
monics, e.g. N = 2, M = 3. For oscillators with nJ energies,
this can only slightly reduce the problem. Other methods
based on optical transfer oscillators or interval bisection
may be applied for much narrower spectra [8]. The simplest
way to overcome bandwidth restrictions is the use of addi-
tional spectral broadening by self-phase modulation in optical
fibers [10]. With the advent of microstructure fibers, white-
light continuum generation has become very simple even with
the limited pulse energies of optical oscillators [13]. Spectral
widths exceeding two optical octaves have been demonstrated
in such fibers. The dominant effect behind the continuum-
generation process inside the fiber is self-phase modulation,
which provides spectral broadening without affecting the
average values of the frequency comb parameters frep and
fCEO . On short time scales, deviations from the average values
may well be apparent and cause fluctuations of the CEO
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phase. An analysis of this problem will be presented in Sect. 3.
Other effects, such as Raman contributions to the fiber nonlin-
earity, may also be present and wash out the phase coherence
between remote spectral components of the continuum. As
long as these contributions can be kept low, it does not mat-
ter whether the spectral broadening takes place inside [14] or
outside [10] the oscillator.

3 Experimental characterization of
carrier–envelope-offset noise of an oscillator

To further investigate the behavior of the carrier–
envelope-offset phase in Ti:sapphire lasers we set up the het-
erodyne detection scheme of Sect. 2; see Fig. 3. In most of
the experiments, we employ a Ti:sapphire oscillator similar
to the set-up described in [6]. This laser uses a set of two
fused-silica prisms in combination with chirped mirrors for
dispersion compensation and delivers 18-fs pulses at 200-mW
output power. Given the output coupling of 2.5%, this trans-
lates into an intracavity peak power of 4.5 MW and an inten-
sity of 4.5 ×1011 W/cm2 inside the Ti:sapphire crystal with
a 2.3-mm path length. Later, this laser was converted to prism-
less dispersion compensation, which exclusively relies on
chirped mirrors [15, 16]. To allow for higher output powers,
output coupling was increased to 5%. Except for the mirrors
used in the laser, pumping and mechanical set-up has been
left widely unchanged to allow a direct comparison of the two
lasers. The modified laser delivers 10-fs pulses at 500-mW
output power. Focusing inside the crystal is unchanged. We
therefore estimate an intracavity peak power of about 10 MW
and an intensity of 1012 W/cm2.

For the heterodyne detection scheme, we additionally
broaden the laser output spectrum by white-light continuum
generation in a microstructure fiber, regardless of the laser
used. We utilize the fundamental and the second harmonic
(N = 1 and M = 2 in (4)). For frequency-doubling of the long-

FIGURE 3 Experimental set-up. AOM: acousto-optic modulator. Mod:
modulation frequency, used for amplitude modulation of pump light. XTAL:
Ti:sapphire crystal. PSD: position-sensitive detector. OC: output coupler.
MSF: microstructure fiber, used for continuum generation. SHG: 10-mm
LBO crystal, used for noncritically phase-matched second-harmonic gener-
ation of 1100 nm. G: grating, used for spectral filtering. APD: avalanche
photodiode. RF-SA: radio-frequency spectrum analyzer. f/U: frequency-to-
voltage converter for FM demodulation. Lock In: lock-in amplifier. DSA:
dynamical signal analyzer. Ref: reference oscillator used in the phase-lock

wavelength components at 1060 nm a 1-cm-long LBO crys-
tal is used. Noncritical phase matching of second-harmonic
generation (SHG) to yield 530 nm is achieved at a crystal
temperature of 155 ◦C. Given the 1-cm length of the crystal,
one calculates a phase-matching bandwidth of about 4 nm,
accommodating about 40 000 laser modes. Fundamental and
SHG components at 530 nm are heterodyned in a Michel-
son interferometer. Careful optimization of the arm lengths in
this interferometer is required for detection of the beat sig-
nal. Note that all modes within the phase-matching bandwidth
contribute to the beat signal. Experimental parameters of the
laser were set to ensure maximum intensity and stability of the
continuum components at 1060 nm and at 530 nm.

Figure 4 shows a typical rf spectrum of the signal detected
by the avalanche photodiode in Fig. 3. The CEO beat notes
are clearly visible at 35 and 65 MHz at 45 dBc in a 300-kHz
bandwidth. It needs to be pointed out that the quality of this
signal is the most important prerequisite for any attempt to
lock the carrier–envelope offset. In the unstabilized laser with
prism dispersion compensation the frequency of this beat note
may change very rapidly by up to several MHz in one sec-
ond. This tendency is already greatly reduced by enclosing
the laser in a box and carefully avoiding atmospheric turbu-
lence. Excursions of the CEO frequency are further decreased
by switching over to a prism-less laser set-up. With these
improvements, the CEO frequency stays within a 500-kHz
interval for minutes of observation and without any active
stabilization.

For a more thorough characterization of the fluctuations
of fCEO we electronically convert the frequency into a pro-
portional voltage. The control voltage of the phase-locked
loop of the frequency-to-voltage converter is then analyzed by
a dynamic signal analyzer (HP3562A). This allows one to de-

FIGURE 4 RF laser spectrum containing CEO beats at 35 and 65 MHz as
measured by the APD in Fig. 3. Resolution bandwidth was set to 300 kHz.
The spectrum also shows some spurious components caused by intermodula-
tion in the avalanche photodiode. These spurious components did not affect
the measurements



S38 Applied Physics B – Lasers and Optics

termine the single-sideband frequency noise density σ fCEO
( f )

in units of Hz/
√

Hz as a function of offset frequency f. This
is in full analogy to spectrally resolving amplitude noise and
timing jitter in mode-locked lasers [17]. Figure 5 depicts
measurements of the CEO noise of the unstabilized laser with
intracavity prisms and the prism-less laser with and with-
out stabilization. All measurements are composed of several
sweeps with different spectral resolutions and are combined in
a logarithmic plot, covering the range from 1 Hz to 100 kHz.
The noise spectra typically show some discrete components
at line-frequency harmonics and a broad background reaching
up to several kHz offset frequency. The laser with intracavity
prisms shows by far the worst noise behavior, with a pro-
nounced maximum centered at about 500 Hz. The prism-less
laser shows a more than 10 times improved passive stabil-
ity. A further reduction of the noise can be achieved with an
active stabilization. This servo loop utilizes the dependence
of the CEO frequency on intracavity peak power and adjusts
this quantity by regulating the pump power with an acousto-
optic modulator (AOM). The physical mechanisms behind
this servo loop will become clear below. From the measured
frequency noise density we calculate rms values using

δ fCEO =

√√√√√√2

fhigh∫
flow

σ2
fCEO

( f )d f . (5)

Ideally, the integration should be extended up to the repetition
rate of the laser. As can be seen in Fig. 5, the noise rolls off
very rapidly at high frequencies, and the 100-kHz bandwidth
of our analyzer does not preclude significant noise contri-
butions to (5). Integration over the entire range displayed in
Fig. 5 yields δ fCEO ≈ 100 kHz for the unstabilized laser with

FIGURE 5 Frequency noise spectrum of the CEO frequency. Shown are
three traces: unstabilized laser with intracavity prisms (top trace), laser using
only chirped mirrors for dispersion compensation with (bottom trace) and
without (middle trace) active stabilization. Note that the bottom trace is al-
ready very close to the detection limit for most of the range shown

prisms. In the prism-less set-up, this is reduced to 0.7 kHz or
to 10 kHz, with or without active stabilization, respectively.
For active stabilization a phase-lock to a reference oscillator
(HP8663A) is established. The increase of noise at frequen-
cies above 30 kHz agrees well with the measured bandwidth
of the servo loop. Using (3) one can now estimate typical
pulse-to-pulse jitters of ∆ϕCEO and finds that they are negli-
gibly small compared to π. For most applications in extreme
nonlinear optics, however, it is mandatory to estimate fluctu-
ations of ϕCEO on much longer time scales than the roundtrip
time. One example could be the temporal delay between firing
the flash lamps of a pump laser in an amplifier and select-
ing a pulse with a particular CEO phase for amplification in
a pulse picker. In this case, one needs to be able to predict the
phase evolution of the CEO for, for example, several tens of
µs, i.e. an flow of a few 10 kHz. Other experiments may de-
mand longer intervals of a stable phase of seconds or even
minutes and accordingly lower values of flow. For an estima-
tion of the rms phase jitter, we therefore calculate from the
measured noise data

δϕCEO =

√√√√√√2

fhigh∫
flow

σ2
ϕCEO

( f ) d f

= 2π

√√√√√√2

fhigh∫
flow

(
σ fCEO

( f )

f

)2

d f . (6)

As the lower bound of the integration is dictated by the time
that an application requires a stable CEO phase, we chose
to display (6) with fixed upper bound ( fhigh = 100 kHz) as
a function of flow. The integrated phase jitter δϕCEO( flow) is
displayed in Fig. 6 for the unstabilized lasers of Fig. 5. This
plot clearly reveals the dominant contributions to the rms
phase jitter as steps. For the unstabilized lasers, the most se-
vere noise contributions are centered at 1 kHz. Integration
over the entire frequency range, for example, yields a rms
phase jitter δϕCEO of 10 000 rad in the unstabilized laser with
intracavity prisms. For characterizing the quality of the phase-
lock we switch to a different method. When deviations of the
phase from the desired value are small, the phase jitter can
be directly and very sensitively evaluated with an rf lock-in
amplifier. For measurement of the bottom trace in Fig. 6 we
utilized a Stanford Research SR844 lock-in amplifier, which
provides a phase-proportional voltage at an update rate of
20 kHz and allows us to directly evaluate σϕCEO

( f ) in (6). In
particular, this method also extends the noise measurements
to well below 1 Hz. The phase noise measurements provide
an independent proof of the successful phase-lock and indi-
cate δϕCEO = 0.02 rad for the frequency range from 0.01 Hz to
10 kHz. At the high-frequency side, these measurements can
be augmented by the less reliable data derived from frequency
noise density measurements, which provide an upper estimate
of δϕCEO ≤ 0.2 rad.

It needs to be pointed out that our phase noise characteri-
zation of the stabilized laser is fully independent of the stabi-
lization circuitry, i.e. we do not analyze the servo loop error
signal, but measure the CEO phase with an independent phase
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FIGURE 6 Integrated CEO phase noise spectra as a function of lower
integration bound flow. The top two traces for the unstabilized lasers (in-
tracavity prisms, dashed and prism-less, dotted) are deduced from the data
in Fig. 5 employing (6). The bottom trace displaying the much lower phase
noise of the stabilized laser (solid) is measured with an rf lock-in ampli-
fier using the same reference oscillator as for stabilization. The upper cutoff
fhigh is 100 kHz in the top two measurements and 10 kHz in the bottom
measurement

detector. This provides proof of cycle-slip-free stabilization
up to the maximum bandwidth of the rf lock-in amplifier of
about 100 kHz. Nevertheless, this method would not reveal
phase drifts in the optical set-up, e.g. in the interferometer or
the fiber itself. Similar measurements of the CEO phase noise
were reported [18]. These authors also established a phase-
lock, but did not further characterize residual phase jitter for
low frequencies. They estimate δϕCEO ≤ 0.3 rad for frequen-
cies above 100 Hz from a measurement of pulse-energy fluc-
tuations. This method, however, presupposes a strict correla-
tion of power and CEO frequency in the laser. Recently, stabi-
lization of the CEO phase of two independent lasers was also
reported [19]. Those authors reported loss of interference-
fringe contrast between the two lasers, i.e. a δϕCEO on the
order of π, at observation times below 20 ms correspond-
ing to flow = 50 Hz. Apart from methodical differences in
the measurements, these examples show that so far negligible
δϕCEO 	 π was not reported for extended observation times of
seconds or more.

The difficulties experienced in reaching a long-term
stabilization of the CEO phase and the strong difference
between the noise in lasers with intracavity prisms and prism-
less lasers clearly demonstrate the necessity of reaching
a deeper understanding of the underlying physical processes
causing fluctuations of the carrier–envelope offset. This will
be addressed in Sect. 4.

4 The physical origin of carrier–envelope
fluctuations

Several coupling mechanisms between carrier–
envelope-offset phase and intracavity power have been pro-

posed. One of the main applications of such a mechanism is
the ability to control fCEO externally by adjusting the pump
power. Xu et al. observed a power-dependent shift of the
mode-locked spectrum [7]. The influence of this spectral shift
on the carrier frequency of the pulse was used to explain the
power-dependent change of the carrier–envelope frequency
also observed in these experiments. Later, this amplitude-to-
phase conversion mechanism was explained by self-phase
modulation [20]. An additional coupling mechanism due to
beam-pointing variations in the prism compressor was also
suspected by Morgner et al. [14]. However, with the excessive
noise of the laser used in this investigation, the authors were
unable to provide any experimental evidence for this coupling
mechanism.

To explore amplitude-to-phase coupling mechanisms in
our laser, we introduce an acousto-optic modulator between
the pump laser and the Ti:sapphire oscillator. The experiments
described in this section have been carried out with the laser
with intracavity prisms. The AOM deflects a small portion of
the pump power into the first diffraction order while the zeroth
order of the AOM is used to pump the Ti:sapphire laser. The
drive power to the modulator is periodically modulated with
a reference signal, which is also used for phase-synchronous
detection of the resulting modulation of fCEO and beam point-
ing, see Fig. 3. Thermal and environmental contributions to
these quantities have been minimized by use of modulation
frequencies of several kHz. The CEO frequency is measured
as described in Sect. 3, and the beam position is monitored
with a position-sensitive detector (Sitek 1L2, 5SP) using one
of the residual reflections off the intracavity Brewster-prism
surfaces.

Using a lock-in technique, we carefully measured the
change of the CEO frequency induced by a modulation of the
intracavity peak power. In our experiments we also checked
for changes in pulse duration. We find that a change of in-
tracavity pulse energy is only accompanied by a relatively
small change of pulse duration in the laser. Using several dif-
ferent modulation frequencies, we measure that the CEO fre-
quency changes by 5 ×10−4 Hz per W/cm2 change of intra-
cavity intensity. Similarly, we find that modulation of the in-
tracavity power induces a beam displacement on the order of
10−15 m per W/cm2 change of intensity inside the laser crys-
tal. The beam movement is measured at the location shown in
Fig. 2. Note that a 1% modulation of the intracavity intensity
translates into a beam movement of 4.5 µm, corresponding to
a pointing variation of several microradians.

It is obvious from (1) that only fluctuations of the linear
dispersion dn/dω have a strong effect on the CEO frequency
of a laser cavity. Cavity-length fluctuations, however, may
contribute only by affecting frep in (3). Typically, we ob-
serve fluctuations of the repetition rate of less than 100 Hz per
second in the unstabilized laser. This cannot account for the
MHz sweeps of the CEO frequency observed in some of the
early measurements without proper environmental shielding.
In comparison to the problem of stabilizing the frequency of
a continuous single-mode laser, the contribution of acoustic
and thermal length variations via displacement of the cavity
mirrors is clearly negligible. This leaves dispersion variations
of the intracavity elements as the major mechanism causing
CEO frequency fluctuations. These variations can be ther-
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mally or acoustically induced or they can be caused by nonlin-
ear refraction [20]. For our laser cavity, we estimate a change
∆ fCEO ≈ 1.4 MHz for a 1-K temperature change of the laser
crystal [21]. Similarly, we calculate ∆ fCEO ≈ 20 kHz for an
air-pressure variation of 1 Pa [22]. These mechanisms can be
easily shielded or will only cause a slow drift of the CEO
frequency. Therefore we concentrate on nonlinear-optical re-
fractive mechanisms in the following.

Let us first explore a direct change of the refractive index
via the Kerr effect. According to (1), only the linear dispersion
of self-refraction plays a role. Typically, this effect is treated in
the time domain by inclusion of an additional time-derivative
term in the nonlinear Schrödinger equation [23]. This term ac-
counts for the linear dispersion of the Kerr nonlinearity. The
accompanying reshaping of the pulse is usually referred to
as self-steepening. For our purposes we use the formalism
developed in [24] for a direct estimation of the linear disper-
sion of the Kerr effect in the frequency domain. Based on
this analysis, the nonlinear effect on the average group-phase
offset of a pulse is calculated. We estimate the effective group-
phase offset coefficient of sapphire at 800-nm wavelength
as ω∂n2/∂ω = 8 ×10−17 cm2/W. This formalism also esti-
mates self-refraction as n2 = 3×10−16 cm2/W, which agrees
very well with experimental data [25]. The computed group-
phase offset leads to a theoretical value of ∂ fCEO /∂I = 4 ×
10−5 Hz per W/cm2 for our laser, i.e. about one order of mag-
nitude less than observed in the experiments.

Beam-pointing variations may be induced by self-refrac-
tion at the interface between the Brewster-cut Ti:sapphire
crystal and air as illustrated in Fig. 7. If the index inside the
crystal changes, Snell’s law demands a change of beam an-
gles. In principle, a change of the index of refraction of the
laser material can induce both a change of the outside and
the inside beam angles (ϑext and ϑint, respectively). However,
the pump-beam direction is not affected by the Kerr-induced
refraction change, which only lasts for a few femtoseconds
within the 10-ns roundtrip time of the laser. The overlap be-
tween pump mode and laser mode therefore favors a change
of the outside angle. Now assuming that ϑint is fixed, one
can calculate a coarse estimate for the magnitude of beam-
pointing movements as ∂ϑext/∂I = 3 ×10−16 rad cm2/W. It is
clear that the calculated value may only serve as an upper es-
timate for the nonlinear beam-steering effect, but this value is
compatible with the measured beam-position movement.

FIGURE 7 Suggested beam-pointing variations induced by nonlinear re-
fraction in the gain crystal (XTAL). The nonlinear beam steering induces a
differential material insertion at the two intracavity prisms P1 and P2, which
leads to changes of the group-phase offset. M1 is an intracavity folding mir-
ror, M2 an end mirror or output coupler, PSD the position-sensitive detector.
Note that the experimentally detected beam movements are small in compar-
ison to the numerical aperture of the beams. The pump acts as a geometric
filter and constantly forces the laser mode to maximum overlap with the
pumped volume inside the laser crystal

The change of the beam orientation inside the intracav-
ity prism compressor is accompanied by a change of the
group-phase offset. For the fused-silica Brewster-prism se-
quence with 30-cm apex separation used in our laser, we
calculate a beam-pointing sensitivity of the CEO frequency
∂ fCEO/∂ϑ = 2.5 ×1012 Hz/rad. While this value has been de-
rived from a full analysis of the spectral phase of the prism
compressor [26], the main effect can be easily understood
from a change of the effective material insertion in the prism
compressor. A change of beam direction, for example, re-
duces material insertion at the first prism and increases in-
sertion at the second prism. These effects only cancel out if
the pivot point of the beam movement is right at the mid-
point between the two prisms (compare Figs. 7 and 8). Finally,
we combine the calculations of nonlinear beam steering and
the pointing sensitivity to yield an estimate of ∂ fCEO/∂I =
7 ×10−4 Hz cm2/W. This number agrees well with the meas-
ured value of 5 ×10−4 Hz cm2/W.

FIGURE 8 Illustration of the beam-pointing effects in sequences of an-
gular dispersive elements. The principal center-wavelength ray is drawn as
a straight line. The changes of material insertion in this figure can be inter-
preted as a change of group-phase offset in a grating sequence. a Compressor
sequence with three rays of different wavelengths, as designed. This set-up
generates negative second-order dispersion as the outer rays experience an
increased optical path length compared to the principal ray. b Translated
(dashed line) and rotated (dotted line) principal ray in a stretcher. Net ma-
terial insertion remains constant when d12 = d34, i.e. the GPO is not affected.
c Stretcher sequence with three rays of different wavelengths, as designed.
The telescopes invert the phase-front curvature compared to a, yielding posi-
tive second-order dispersion. d Translational (dashed) and rotational (dotted)
movement of the principal ray. Beam rotation influences material insertion,
resulting in a net effect on the GPO of the stretcher sequence
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Similar mechanisms based on thermally induced index
changes and their dispersion may also be present but have not
been studied here. It is expected that they play a strong role for
frequencies below 1 kHz. All amplitude-to-phase conversion
mechanisms work both ways: first they allow the control of the
CEO frequency of a cavity by simply modulating intracavity
peak power. Second, stabilization of the CEO frequency will
also strongly suppress pulse-energy fluctuations via the de-
scribed coupling mechanisms. This inverse coupling explains
the reduction of pulse-energy noise found in a CEO-stabilized
laser. It should be pointed out that our explanation of the
coupling mechanism via self-steepening is consistent with the
spectral shift observed by Xu et al. [7]. Self-steepening is
known to cause a spectral asymmetry of the nonlinear refrac-
tive broadening [27], even though it may be difficult to give
a quantitative estimate for the carrier–envelope-offset change
expected for a certain spectral shift.

5 Implications for maintaining the CEO
stabilization in chirped-pulse amplifiers

As outlined in Sect. 4, an understanding of the
mechanisms behind the CEO fluctuations allows for the de-
sign of oscillators with the least possible coupling of am-
plitude to phase. For many applications of CEO-stabilized
sources, it is necessary to amplify pulses to the µJ or mJ level
and maintain the stabilized phase. In the following, we will
analyze how the mechanisms that have been found important
in the oscillator influence the amplification of pulses.

Let us start with the most severe effect in the oscilla-
tor, nonlinear beam steering in combination with the angular
sensitivity of geometrical dispersion schemes. External fem-
tosecond amplification schemes nearly exclusively rely on
chirped pulse amplification (CPA, [28]). This requires the
pulse to be stretched before and recompressed after amplifica-
tion. For this purpose, grating sequences based on the Treacy
compressor have found widespread use [29]. In the standard
Treacy grating compressor the group-phase offset induced
by the grating phase [30] at the second grating is a particu-
lar concern. Beam-pointing variations leading to a displace-
ment by a single-groove spacing at a grating translate into
a 2π change of group-phase offset. This effect is equivalent to
the additional material insertion in prism sequences induced
by beam-pointing variations. However, grating sequences are
much more sensitive to a change of beam direction. For ex-
ample, a typical grating distance of a few tens of cm and
a grating period of 1000–2000 grooves/mm restricts tolera-
ble beam movements to much less than a microradian. To
analyze the net effect in complex stretcher and compressor
sequences, we restrict ourselves to the more illustrative pic-
ture of prisms in Fig. 8. Equivalently, the change of material
path in this figure can always be interpreted as a change of
GPO in a grating sequence. In Fig. 8a and c, a compressor
and a stretcher sequence are schematically drawn with the
principal center-wavelength ray as a straight line. Angular dis-
persion in the first prism leads to an increased path length for
wavelengths shorter or longer than the principal ray wave-
length. This parabolic phase front gives the dominant con-
tribution to the negative second-order dispersion of such an
arrangement. Angular movement of the principal ray (dotted

line in Fig. 8b) now changes the group-phase offset at each
of the four prisms. The material/grating GPO is reduced at
prisms 1 and 4 and increased at prisms 2 and 3. From inspec-
tion of Fig. 8b, it becomes clear that these effects cancel out
if d12 is chosen to be identical to d34, with an arbitrary choice
of d23. A translational movement (dashed line) does not play
a role. The typical compressor arrangement uses only two
prisms in double-pass, which automatically ensures d12 = d34.
In this case, compressor grating sequences are not expected
to be susceptible to beam-movement-induced effects on the
CEO phase. Note that this treatment does not automatically
hold for intracavity prism compressors but also depends on
the exact cavity configuration of the laser. Also, the sensi-
tivity towards beam pointing changes dramatically as soon
as imaging elements are introduced into the prism/grating
sequences.

A typical stretcher arrangement is inspected in Fig. 8c
and d. In a stretcher, the diverging bundle of rays is converted
into a converging one by means of a 1 : 1 telescope. This in-
verts the phase-front curvature of the beam and allows one to
generate positive second-order dispersion exactly canceling
out the dispersion of an equivalent compressor arrangement.
In such an arrangement, the direction of the beam is changed
at each of the telescopes when the beam is moved out of
centration (see Fig. 8d). This applies to both a translational
(dashed) and a rotational (dotted) movement of the beam. If
the pivot point of the beam movement is exactly known, d23
could be chosen such that the beam always crosses the prin-
cipal design ray at the location of the rear mirror (dash-dotted
line in Fig. 8). Knowledge of the geometry of beam-pointing
variations may then at least allow a reduction of the effect.
As several different mechanisms may contribute, we expect
that beam-pointing variations still have to be kept in the few-
µrad range to avoid degradation of a stabilized CEO phase in
a grating stretcher.

The second concern derived from the analysis of the os-
cillator is amplitude-to-phase conversion via self-steepening.
As in the oscillator, this effect seems to be much less of
a problem because typically amplifiers are designed such that
the B-integral, i.e. the cumulated nonlinear phase, is smaller
than 2π. Using the numbers derived in Sect. 4, the total self-
steepening contribution to the CEO phase is then expected to
be smaller than 0.5π. This demands a 6% shot-to-shot energy
stability of the amplifier to keep effects on the CEO phase be-
low 0.1 rad.

Amplitude-to-phase coupling is expected to be a much
more severe problem when additional external compres-
sion [31] is employed. Because of the complex nonlin-
ear mechanism in femtosecond continuum generation, it is
very difficult to derive a reliable estimate of the severity of
amplitude-to-phase coupling. We estimate that these effects
are at least one order of magnitude stronger than the intrin-
sic nonlinearities of the amplifier itself. This would exclude
amplifier systems with strong (> 10%) shot-to-shot energy
fluctuations, but CEO stabilization might still be manageable
with amplifiers with state-of-the-art stability.

With the much lower repetition rates of amplifier systems,
environmental influences deserve a closer inspection. With
the numbers derived in Sect. 4 and assuming a typical path
length of 10 cm of Ti:sapphire in the amplifier, a tempera-
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ture change of 1 K would effect a 1.9-rad change of the CEO
phase. Similarly, an air-pressure variation of 1 Pa would in-
duce about a 1-mrad CEO phase change in a 10-m path length.

In summary, stabilization of the CEO phase in a chirped-
pulse amplifier is a very challenging problem, in particular
because of the severity of beam-pointing effects. These ef-
fects do not play a role if only plane gratings are consid-
ered, as in the compressor. However, as soon as gratings and
imaging elements are combined, a severe coupling mechan-
ism between beam pointing and CEO phase is introduced.
This explains the observed effects in the oscillator itself, and
it disfavors the use of stretcher grating arrangements. More-
over, we also expect 4 f shapers for adaptive pulse compres-
sion [32] to experience similar problems. The most viable
option for avoiding detrimental effects in the stretcher seems
to be the use of a bulk material for this purpose, as described
in [33]. This solution may not allow for the shortest possible
pulse duration but it is insensitive to beam-pointing-induced
fluctuations of the CEO phase. As the pulses have to be com-
pressed in any case to reach the regime of extreme nonlinear
optics, the limited pulse duration does not appear to be a major
problem. Using a heavy-flint glass stretcher, thermal influ-
ences on the CEO phase will require additional care. Thermal
changes in the amplifier and nonlinear optical effects in a sub-
sequent hollow-fiber compressor may well add up. At this
point, the only practical solution for phase-sensitive experi-
ments with amplified pulses seems to be monitoring of the
CEO phase [34–36] together with binning of the experimental
results.

6 Conclusions

We have identified several mechanisms that cause
a conversion of amplitude fluctuations into a change of the
cavity group-phase offset. The most serious concern, both in
oscillators and in amplified systems, is a translation of beam-
pointing variation into a phase change, which is a particular
problem of geometrical dispersion-compensation schemes. In
principle, this effect can be avoided by suitable choice of the
dispersion-compensating elements. Our results strongly sug-
gest the use of prism-less dispersion compensation in oscilla-
tors and bulk stretchers for chirped pulse amplification if the
carrier–envelope phase is a concern. Nevertheless, nonlinear
effects, such as self-steepening, and environmental effects,
like air-pressure variations and temperature changes, cannot
be totally avoided.

From the discussion carried out so far, the impression
may arise that amplitude-to-phase coupling effects have to be
avoided at any expense. However, the same effect that con-
verts amplitude fluctuations into phase noise can also be used
to control carrier–envelope fluctuations. Most suitably, this is
done by a fast electro-optic or acousto-optic modulator be-
tween pump laser and oscillator. Here we utilized this scheme
to establish a phase-lock of the CEO frequency to a refer-
ence oscillator. A careful analysis revealed a residual jitter
of the CEO phase as low as 20 mrad in a 0.01-Hz to 10-kHz
bandwidth. If amplitude noise and phase noise are strictly
correlated, suppression of the CEO noise may also serve to
reduce amplitude noise.
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