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Abstract
The electric dipole approximation is widely used in atomic, molecular and optical physics and
is typically related to a regime for which the wavelength is much larger than the atomic
structure. However, studies have shown that in strong laser fields another regime exists where
the dipole approximation breaks down. During the ionization process in intense laser fields
and at long wavelengths the photoelectrons can reach higher velocities such that the magnetic
field component of the laser field becomes significant. The ionization dynamics and the final
momentum of the electron is therefore modified by the entire Lorentz force. In contrast the
magnetic field interaction is neglected in the dipole approximation. Rapid developments in
laser technology and advancements in the accuracy of the measurements techniques have
enabled the observation of the influence of such non-dipole effects on the final angular
photoelectron momentum distributions. More recently the number of studies on ionization
beyond the dipole approximation has increased significantly, providing more important insight
into fundamental properties of ionization processes. For example we have shown that the final
three dimensional photoelectron momentum spectra is significantly affected by the non-dipole
drift with the parent–ion interaction, the linear multiphoton momentum transfer on a sub-cycle
time scale and the sharing of the transferred linear photon momenta between the electron and
the ion. In this article we present an overview of the underlying mechanisms and we review the
experimental techniques and the achievements in this field. We focus on ionization in strong
laser fields in the regime where the dipole approximation is not valid but a fully relativistic
description is not required.
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1. Introduction

When an atom is exposed to a light field with either a pho-
ton energy larger than the ionization potential or a sufficiently
intense laser pulse, the atom can become ionized and at least
one electron is released from the atom. The laser field transfers
energy, angular momentum and linear photon momentum to
the outgoing electron which is also referred to as the photoelec-
tron. To facilitate the description of the ionization process, the
electric dipole approximation has been widely used in atomic,
molecular and optical physics, ranging from single photon
transitions to strong-field ionization. Within this approxima-
tion, a light field is approximated by a spatially homogeneous
electric field and vector potential (i.e. �A(�r, t) ≡ �A(t)) neglect-
ing the magnetic field interaction because �B(t) = ∇× �A(t) =
0 [1]. Whereas the transfer of energy from the laser field to
the electron is captured within the dipole approximation, the
transfer of linear photon momentum or the influence of the
magnetic laser field component is not.

With the widespread use of Ti:sapphire laser amplifier sys-
tems, the majority of strong-field experiments have been per-
formed at around 800 nm, a wavelength that typically sup-
ports the dipole approximation [2]. In this wavelength regime
both the size of an atomic or even molecular target is small
compared to the wavelength and the magnetic field interac-
tion can be neglected at moderate intensities. Therefore for
most strong-field experiments in the near-infrared (near-IR)
around 800 nm and intensities of up to 1014 W cm−2, the dipole
approximation is justified within the typical measurement
accuracy.

However, by moving either to higher intensities [3, 4] or to
longer wavelengths [5, 6], the dipole approximation is not ful-
filled anymore and significant changes can be observed in pho-
toelectron angular distributions and photoelectron momentum
distributions (PMD). The first experimental observation of the
influence of the magnetic laser field component in strong-field
ionization measurements were reported at very high intensities
on the order of 1018 W cm−2 in multiple ionization of noble
gases [3, 4]. First measurements at a longer 3.4 μm wave-
length in the mid-infrared (mid-IR) regime [5, 7, 8] showed
that the dipole approximation breaks down already at moderate
intensities on the order of 5 × 1013 W cm−2.

This scaling of the strength of non-dipole effect with a
longer wavelength might appear counter-intuitive at a first
glance, in particular since the momentum of one photon scales
with the inverse wavelength. However by increasing the wave-
length the maximal kinetic energy reaches higher values and
the electron in the laser field starts to be affected by the inter-
action with the magnetic component of the laser field [5,
6].

Both in single photon ionization and in strong-field ioniza-
tion, it is very well understood how the energy is transferred to
the electron. However, there have been some open questions
regarding the transfer of linear momentum of the involved
photons to the photoelectron. Recent studies provided
some fundamental aspects of the ionization beyond the

dipole approximation which initially may have appeared to
be counter-intuitive. In particular, the final photoelectron
momenta in strong-field ionization showed significant differ-
ences for linear polarization and small ellipticities due to the
rescattering dynamics with the parent ion driven by the entire
Lorentz force [5, 7, 9, 10]. For example in this regime the
maximum of the photoelectron distribution is shifted opposite
to the laser beam propagation direction, what appears to be
counter-intuitive within the framework of the radiation pres-
sure brought forward in earlier work with circular polarization
[11]. Not only the final momentum is significantly affected by
rescattering of the returning electron wavepackets with the par-
ent ion. In addition we have observed a time delay between
the ionization phase with maximum ionization probability and
the ionization phase with the smallest linear photon momen-
tum transfer [8]. Additional insight concerns the momentum
sharing between the electron and the ion in both single pho-
ton and strong-field ionization. These recent results may have
an impact on potential future experiments with regards to
the time-dependent linear photon-momentum transfer and the
attosecond timing can potentially be used as a probe to better
understand light-induced ultrafast processes [8, 12]. Further-
more these results have implications on the usage of the popu-
lar length gauge and the widely used tunnel ionization picture
[6].

To date review articles on this topic have focussed mainly
either on the fully relativistic regime or on photoionization in
general [13]. The strong-field ionization was treated briefly
with various theoretical methods to describe strong field ion-
ization beyond the dipole approximation [14]. Further topi-
cal reviews exist for the fully relativistic case at extremely
high intensities, again with the focus on theory, see e.g. ref-
erence [15]. Here we provide a review on the non-dipole
effects that are caused by interaction of the magnetic laser
field component in strong field ionization with the focus on
experiments and their underlying fundamental understanding
at moderate intensities with negligible relativistic contribu-
tions. This regime is interesting because the parent–ion inter-
action plays a significant role and novel measurement tech-
niques give access to the transferred photon momentum as
a function of the attosecond ionization time delays. We dis-
cuss the timing of linear photon momentum transfer and its
impact of the non-dipole effects using the attoclock measure-
ment technique with the goal to access the timing of the tunnel
ionization process. We also briefly discuss some studies of sin-
gle photon ionization and the case of relativistic strong-field
ionization to place our research on this topic into a broader
context.

The article is organized as follows: in section 2 we intro-
duce the electric dipole approximation, in section 3 we discuss
the various criteria for the limits of the dipole approximation
reported in literature, in sections 4 and 5 the experimental and
theoretical methods. In sections 6, 8 and 7 we present the
achievements in the field so far and in section 9 we discuss
possible future directions in this field. We conclude the article
with some remarks in section 10.
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2. The vector potential, the scalar potential and
the electric dipole approximation

2.1. The potentials and the fields

The most common way to define the electric dipole approxi-
mation is via an expansion of the vector potential of the light
field (atomic units are used throughout the text unless indicated
otherwise).

Let us first have a look at the vector potential itself. The
vector potential �A(�r, t) is a vector field that determines the mea-
surable quantities of interest of a light wave, the electric field
vector �E(�r, t) and the magnetic field vector �B(�r, t). The electric
field component is connected to the vector potential via the
time derivative:

�E(�r, t) = −∂�A(�r, t)
∂t

. (1)

In the presence of an additional scalar potential Φ(�r, t), the
electric field is modified by adding −∇Φ(�r, t) to the total elec-
tric field. The magnetic field component of the light field is
obtained by the rotation of the vector field [16]:

�B(�r, t) = ∇× �A(�r, t). (2)

As a consequence of the Maxwell-equations and the rela-
tions above, the vector potential satisfies the homogeneous
wave equation:

∇2�A(�r, t) − 1
c2

∂2�A(�r, t)
∂t2

= 0. (3)

The wave equation has plane waves and superpositions of
such as solutions and their corresponding vector potential is
described as follows:

�A(�r, t) = �A0 exp
(

i(�k ·�r − ωt)
)

= �A0 exp
(

i�k ·�r
)

exp (−iωt) . (4)

The electric dipole approximation is essentially the lead-
ing order approximation of the expansion of the exponential
function [17]:

exp
(

i�k ·�r
)
= 1 + i�k ·�r + · · · ≈ 1. (5)

That means that argument of the oscillating exponential
function is approximated as �k ·�r − ωt ≈ −ωt. The spatial
dependence vanishes and the vector potential depends solely
on the time. Since the fields are in general related to the vector

potential via �E(�r, t) = − ∂�A(�r,t)
∂t and �B(�r, t) = ∇× �A(�r, t), the

corresponding electric field is spatially homogeneous as well
[17]:

�E(t) = −∂�A(t)
∂t

. (6)

The electric field is thus described as a spatially homoge-
neous vector field that oscillates in time. The field does not
have any spatial dependence or structure and does not travel in
any direction like a real light wave. A travelling wave cannot
be represented within the dipole approximation.

As a further consequence, any interaction with magnetic
field component of the laser field is neglected in the dipole
approximation:

�B = ∇× �A = 0. (7)

2.2. Gauges and corresponding Hamiltonians

In general, the potentials Φ(�r, t) and �A(�r, t) are not uniquely
defined by the fields. Gauge transformations of the form

�A(�r, t) → �A′(�r, t) = �A(�r, t) +∇χ (8)

φ→ φ′ = φ− ∂χ

∂t
(9)

leave the fields �E,�B unaltered. Thus, the interaction of light
with matter can be described in any gauge resulting from a
gauge transformation as described by equations (8) and (9).

In general, a single atomic electron system in a light field
characterized by the vector potential�A(�r, t) and an electric field
characterized by the scalar potential φ can be described by the
following Hamiltonian, regardless of the gauge:

H =
�p2

2
− 1

2

(
�A(�r, t) · �p+ �p · �A(�r, t)

)
+

�A2(�r, t)
2

− φ. (10)

For a hydrogen-like atom with charge Z, the scalar poten-
tial is φ = Z

r . The corresponding time-dependent Schrödinger
equation (TDSE) describing the atomic single electron system
reads:

i�
∂

∂t
ψ(�r, t) = Hψ(�r, t). (11)

The most notable gauges in strong-field physics beyond the
dipole approximation are the Lorentz-gauge and the Coulomb
gauge [18]. In the Lorentz-gauge, the potentials satisfy the
so-called Lorentz-condition∇ · �A(�r, t) + 1

c2
∂φ
∂t = 0 whereas in

the Coulomb-gauge the vector potential satisfies the condition
∇ · �A(�r, t) = 0 [18]. Thus, the Coulomb-gauge Hamiltonian
reads:

HCoulomb =
�p2

2
− �A(�r, t) · �p+

�A2(�r, t)
2

− φ. (12)

The Coulomb-gauge is sometimes called radiation gauge,
although in some cases authors refer to the name radiation
gauge only for the case when no sources are present and φ = 0
[18]. The radiation-gauge Hamiltonian reads:

HRad =
�p2

2
− �A(�r, t) · �p+

�A2(�r, t)
2

. (13)

In the case when the dipole approximation is applied and
�A(�r, t) = �A(t), the corresponding gauge with the condition
∇ · �A(t) = 0 is called velocity gauge [18].

HVelocity =
�p2

2
− �A(t) · �p+ A2(t)

2
− φ. (14)

It should be noted that the velocity gauge offers the addi-
tional simplification that a suitable gauge transformation of
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the wave function allows for the elimination of the A(t)2-
term. Ṫhis simplification is possible in the dipole approxima-
tion, because the A2 contribution causes only a time-dependent
phase modulation of the wave function.

Within the dipole approximation, an additional gauge is
frequently applied, the length gauge. The length gauge or
Göppert-Mayer-gauge [19] is obtained by the transformation
function of the form χ = −�r · �A(t) based on the initial poten-
tials φ = 0 and �A ≈ �A(t). The resulting vector potential in the
length gauge is zero and the scalar potential is φ = −�r · �E(t).
This means that the light field as well as the whole light–matter
interaction is described by a scalar potential, a fundamental
difference to the velocity gauge.

The length gauge Hamiltonian in the dipole approximation
then becomes:

HLength =
�p2

2
− �E(t) ·�r − φ. (15)

Within the dipole approximation, the length gauge is ubiq-
uitous in strong-field physics. In particular it is the basis for the
widely used tunnel ionization model. However, the validity of
its usage for travelling light fields including strong laser fields
was questioned [6, 20, 21].

In fully relativistic strong-field physics there is a rela-
tivistic version of the Göppert-Mayer-gauge that employs
four vector potentials that allows a description of travel-
ling waves—however only in the fully relativistic descrip-
tion beyond the dipole approximation [18]. Whereas the name
length gauge does only refer to the gauge within the dipole
approximation, the name Göppert-Mayer-gauge can refer to
both, the dipole case or the fully relativistic case.

A common method to approximately describe the non-
dipole interaction is based on [22]

�A(�r, t) ≈ �A(t) + (�r · ∇)�A(�r, t)
∣∣∣
�r=0

= �A(t) +
k̂ ·�r

c
�E(t), (16)

where k̂ denotes the unity vector in direction of the laser
propagation.

Inserting this approximation into the Hamiltonian and
neglecting terms ∝ 1

c2 leads the to following Coulomb-gauge
Hamiltonian [22]:

Happrox(�r, t) =
�p2

2
+ �A(t) · �p+

�A2(t)
2

+
k̂ ·�r

c

(
�p+ �A

)
· �E(t).

(17)
In addition, there are more gauges used to describe

light–matter interaction, such as for example the propagation
gauge [23, 24]. However, they have rarely been used in the
description of strong-field ionization at parameters discussed
in this article.

3. Limits of the validity of the electric dipole
approximation

The electric dipole approximation breaks down when the
wavelength of the laser field approaches the size of the atomic
structure. In this case the explicit spatial dependence of the

field and the vector potential needs to be taken into account.
In strong laser fields, the electric dipole approximation breaks
down not only for such short wavelengths but also in the
long-wavelength regime. In this case, the influence of the
magnetic field becomes significant as the velocity of the photo-
electron increases with increasing wavelength at a fixed inten-
sity. In this section, we present various criteria to estimate the
parameter space for which the dipole approximation breaks
down. The criteria rely on characteristics of the dynamics
of an unbound electron in a laser field and we consider this
situation first.

We would like to point out that the criteria discussed
below should only be considered as a rough guideline for
the electric dipole approximation. In principle, in a travel-
ling wave the spatial dependence of the vector potential and
the related forces along the beam propagation direction are
always present. Ultimately the sensitivity of the measurement
determines the limits of the dipole approximation.

3.1. Dynamics of an unbound electron in a laser field

The dynamics of an unbound electron in a laser field is an
important concept for strong-field physics. For a first rough
approximation the influence of the parent–ion interaction is
neglected and the photoelectron can be considered as an
unbound electron in a laser field after it is released from the
bound atomic state. The dynamics of a free electron in an
intense laser field with a kinetic energy significantly exceeding
the photon energy can be described by classical fields. In this
case the Volkov state is an exact solution to the Schrödinger
equation of one electron in a classical electromagnetic plane
wave [25]. A Volkov state is composed of plane waves that are
modulated by the vector potential [18]:

ΨVolkov = exp

(
i�p ·�r − i

p2

2
t − i

∫ t

−∞
HI(p, τ )dτ

)
, (18)

where HI = �A · �p+ �A2 denotes the interaction Hamiltonian.
The concept then can be further simplified when we also

treat the electron with a classical model. The motion of a clas-
sical electron in a classical strong laser field is the basis for
the continuum dynamics of the electron in the widely used
two-step model of strong-field ionization [26, 27]. The clas-
sical electron dynamics beyond the dipole approximation dif-
fers fundamentally in one point from the dynamics within
the dipole approximation. Within the dipole approximation,
the field does only exert forces onto the electron along the
direction of the electric field in linear polarization or within
the polarization plane for elliptical polarization. Thus there is
no force component acting onto the electron perpendicular to
the polarization plane along the laser beam propagation direc-
tion. When we go beyond the dipole approximation this is not
the case anymore and the magnetic field component causes
forces and momentum transfer to the photoelectron along the
beam propagation direction. In the frame of reference where
the electron is on average at rest, the influence of the mag-
netic field component of the laser field leads to a characteris-
tic figure-eight motion in linear polarization [6, 21, 28]. The
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Figure 1. Illustration of the classical dynamics of an unbound electron within and beyond the dipole approximation for the case of linear
polarization. Within the dipole approximation, the electron describes a linear motion in the laser field. By moving beyond the dipole
approximation, there is a force component perpendicular to the electric field polarization direction. In the frame of reference where the drift
velocity of the electron in laser beam propagation direction (i.e. the forward drift) is zero, it describes the characteristic figure-eight-motion
with an amplitude β0 along the laser propagation direction.

Figure 2. Illustration of the validity range of the dipole
approximation. The dipole approximation is considered as valid
according to [21] in the green-dotted area of the parameter space [5].

figure-eight motion and respective dynamics within the dipole
approximation are illustrated in figure 1.

3.2. Amplitude of figure-eight-motion

Various criteria for the limits of the validity of the electric
dipole approximation have been introduced. We present three
commonly used criteria, they all focus on the drift of the elec-
tron wave packet within an optical cycle. First, we consider
the figure-eight motion of a free electron in a laser field in the
frame of reference where in the frame of reference where the
drift velocity of the electron in laser beam propagation direc-
tion (i.e. the forward drift) is zero. When the amplitude of the
figure-eight motion along the laser beam propagation direction
approaches 1 atomic unit, non-dipole effects need to be taken
into account (figure 2) [6, 21]. This quantity is characterized
by

β0 ≈ Up

2mcω
. (19)

The lower limit for the validity of the dipole approximation
is thus given by the condition

β0 ≈ 1 a.u. (20)

with the corresponding condition for the limiting intensity

Ilimit = 8cω3. (21)

3.3. Magnitude of forward-drift

A complementary approach to the amplitude of the figure-
eight motion introduced in the preceding subsection is to esti-
mate the magnitude of the forward drift that is induced onto
the electron per laser cycle in the laboratory frame. This drift
per cycle can be expressed as [29, 30]:

χ0 =
πe2E2

0

2m2cω3
. (22)

When this drift per cycle approaches one 1 a.u., non-dipole-
effects need to taken into account.

3.4. Lorentz deflection parameter

In strong laser fields with low elliptical polarization the lib-
erated electron wavepacket can be driven back to the parent
ion and rescatter. One way to characterize the influence of the
laser magnetic field onto the rescattering electron dynamics is
the Lorentz deflection parameter [31–33]:

ΓR =

(
pzd

Δ⊥

)2

= γ
U2

p

ωc2
. (23)

The Lorentz deflection parameter is a measure of the ratio
of the average drift momentum pzd =

Up
c and the width Δ⊥ =

√
E0

(2Ip)−1/4 of the released electron wave packet. Up denotes

the ponderomotive potential of the electron, Ip the ioniza-
tion potential of the target and γ the Keldysh parameter [34].
According to this criterium, when ΓR > 1, non-dipole con-
tributions need to be taken into account in the rescattering
dynamics.

3.5. Fully relativistic dynamics vs non-dipole behaviour

When the ponderomotive potential Up = I
4ω2 of the electron in

the laser field approaches its rest energy mc2 we are not only
well beyond the dipole approximation but the dynamics also
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become relativistic [22]. It was suggested to use the intensity
parameter zf =

2Up
mc2 to quantify the onset of fully relativistic

behaviour via the condition zf = 1 [6]. Note that the appear-
ance of the magnetic field component in a light field is rooted
in relativistic electrodynamics [16]. The onset of the influence
of the magnetic field component starts to become significant
at non-relativistic intensities when it comes to the interaction
of an electron with a light field.

As an example, the drift that is induced per cycle by the
magnetic field onto a free electron in a laser field is about
10 a.u. in a field with a wavelength of 800 nm and an intensity
of 9 × 1015 W cm−2 whereas the ratio of Up

mc2 does not approach
unity unless we move to intensities as high as 9 × 1018 W cm−2

[22].

4. Experimental methods

4.1. Requirements to the instrumentation

Non-dipole features can in principle be observed in the pho-
toelectron energy spectrum. However, the energy spectrum
is a rather insensitive probe for non-dipole effects because
they induce mainly a reduction of the absolute height of the
spectrum related to a change in the ionization rate [35]. In
contrast, under the same conditions a significant alteration of
the photoelectron angular distribution can be observed [35].
In particular, the influence onto the angular distribution can
be observed without any reference except the knowledge of
the polarization plane of the laser beam propagation direction.
The same argument holds for non-dipole effects on 2D and 3D
momentum distributions. In case the zero momentum along the
beam propagation direction is known, the non-dipole effects
can be observed as asymmetries and shift along the laser beam
propagation direction.

Thus, the main requirement for the observation of non-
dipole effects in photoelectron distributions is a suitable detec-
tor with angular momentum resolution. Ideally a three dimen-
sional (3D) momentum distribution of the photoelectrons
should be measured. In addition, the electron spectrometer
needs to have a sufficiently high resolution to observe the non-
dipole effects. Typically the spectrometer needs to be able to
image electrons with an energies on the order of �50 eV with
a required resolution of about Δp

p ≈ 0.01.
Experiments to probe non-dipole effects greatly benefit

from a sufficiently high accuracy of the momentum zero. So
far, two methods have been reported for an accurate calibration
of the zero momentum in strong-field ionization. One method
exploits a sharp spot in the PMD that is created by the ioniza-
tion of atoms that are left in highly excited states by the laser
pulse and are subsequently ionized by the spectrometer field
[5, 7, 8, 10, 11, 33]. Another method is to use photoelectron
spectra from counterpropagating laser beams. In this case, the
magnetic field component is cancelled and the resulting PMD
is expected to be symmetric around the zero momentum plane
[36].

4.2. Suitable photoelectron spectrometers

4.2.1. VMI spectrometer. One experimental method to
observe non-dipole effects in strong-field ionization is a
velocity map imaging (VMI) spectrometer [37, 38] which
was used for several investigations [5, 7, 8, 10, 11]. In its
traditional form, it consists of three electrostatic plates that
form an electrostatic lens focussing charged particles onto a
position-sensitive detector, usually a microchannel plate.

A VMI spectrometer records directly a two-dimensional
PMD. The resolution for photoelectrons of a VMI spectrom-
eter is typically on the order of Δp

p ≈ 0.01. The traditional
three-plate arrangement can typically limit the maximal elec-
tron energies with a maximum electron momenta of 2–2.5 a.u..
However, this limitation can be overcome with thick-lens
designs [39].

Another limitation of VMI setups is the restriction to two-
dimensional projections of the full 3D PMD. This limitation
can be overcome by the application of tomographic recon-
struction schemes. Tomographic reconstruction schemes have
already been successfully applied in various experiments with
VMI spectrometers within [40–43] and beyond the dipole
approximation [5, 7, 8, 10, 11].

4.2.2. COLTRIMS/reaction microscope. Another widely
used apparatus to record momentum distributions of charged
particles are cold target recoil ion momentum spectroscopy
(COLTRIMS), sometimes also referred to as reaction micro-
scope [44, 45]. The main characteristic of the COLTRIMS
detector is the capability to record electrons and ions of
fragmentation processes in coincidence.

COLTRIMS detectors have been recently successfully
used to measure non-dipole effects in strong-field ionization
[36, 46] and in single-photon ionization [47]. The latter work is
of particular interest as the first experimental work that directly
measures the linear photon momentum transferred to both the
photoelectron and the ion in coincidence.

4.3. Suitable light sources

Most of the amplified femtosecond laser sources were based
on the Ti:sapphire laser technology and the vast majority of
strong-field experiments have been performed at wavelengths
of around 800 nm. Typical peak intensities for single ioniza-
tion are on the order of 1014 W cm−2. In this regime, the dipole
approximation is still valid and non-dipole effects are consid-
ered as not significant. However, in the case of sufficiently high
intensities and high momentum resolution, non-dipole effects
can still be measured even in this near-IR regime [36].

Early works [3, 4] were performed with a Nd:YLF chirped-
pulse amplification (CPA) system that delivered pulses with
1 ps duration at a centre wavelength of 1053 nm with an energy
of several hundreds of mJ per pulse, however with the trade-off
of a very low repetition rate of one shot per 70 s.

More suitable laser source for ionization experiments oper-
ate at mid-IR wavelengths. In particular, all measurements on
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this topic in our group were performed with an optical para-
metric CPA-source that operates at a centre wavelength of
3.5 μm [48, 49]. More laser sources with high repetition rates
are being developed, allowing for more exciting experiments
in this direction [50].

So far, experiments on single photon ionization that were
sensitive to the linear photon momentum have been performed
at synchrotron sources [47, 51–53].

5. Theoretical methods

5.1. Unbound electron in a laser field

The dynamics of an unbound classical electron without any
additional potentials or forces in a laser field is well under-
stood. When the influence of the parent–ion interaction is
neglected, an analytical solution is given for the final momen-
tum of the photoelectron that appears at an initial phase η0 with
an initial momentum �p0 in the pulse, including all relativistic
effects [28, 54]:

�pf = �p0 − �A(η0) + �̂z

(
1

2β
�A(η0) · (�A(η0) − 2�p0,⊥)

)
(24)

with β = E0
c − p0,z and E0 =

√
p2

0 + c4.
From equation (24) follows with β ≈ c that an electron ini-

tially at rest and with a final kinetic energy Ef has a momentum
along the beam propagation axis of pz,f =

Ef
c .

5.2. Tunnel ionization, two-step model and CTMC methods

The widely used two-step model of strong-field ionization uses
quantum mechanical tunnel ionization theory as the first step
and a fully classical model without any parent–ion interaction
as a second step [26, 27, 55, 56]. In the initial tunnelling step,
the Coulomb-potential−1/R is superimposed by the laser field
with the length gauge potential −x · E, where the laser elec-
tric field is directed along the x-direction perpendicular to the
laser beam propagation z. The resulting potential creates a tun-
nelling barrier, where the electron can tunnel into a classically
allowed region. In the classically allowed region, the classi-
cal electron dynamics is described by the Newton equation
of motions which normally also neglects the parent–ion inter-
action. The two-step model of strong field ionization can be
used as a basis for classical trajectory Monte Carlo (CTMC)
methods. By sampling the initial momentum space according
to the initial conditions provided by tunnel ionization theory,
an ensemble of electrons is created that resembles the electron
wavepacket. The electron wave packet is propagated fully clas-
sically. When the parent–ion interaction is included, the prop-
agation needs to be solved numerically, unless the Coulomb
potential is treated perturbatively [7, 8, 57]. Another aspect of
the inclusion of the parent–ion interaction is that the initial
position of the electron is a significant contribution to the final
momentum.

The initial positions and momenta of the electrons can be
deducted from the adiabatic tunnel ionization theory [55] or
non-adiabatic tunnel ionization theory [56, 58–61]. It should

be noted that the results from reference [55] are contained in
references [56, 58–60] as a special case, see e.g. [62, 63].

The key differences between the two limiting cases for
the adiabatic and non-adiabatic theory are the different initial
positions at the exit of the tunnel and the inclusion of an ini-
tial momenta along the rotation direction of the electric field
in case of elliptical or circular polarization [61]. At near-IR
wavelengths the non-adiabatic effects have shown to play a
significant role for the final electron momenta [64]. However,
they play only a minor role at mid-IR wavelengths [65]. More
sophisticated models for the initial momentum, initial posi-
tions and for the propagation in the field include the influence
of the induced dipole due to the polarizability of the atom and
the ion as well as the usage of a parabolic coordinate system
for the initial step [66, 67].

For dynamics beyond the dipole approximation, one might
question the initial conditions based on a calculation in the
dipole approximation. Although the method proved to be
successful to explain the experimental results [5, 7, 8] and
effects beyond the dipole approximation onto bound states are
expected to be minor, modifications might be needed to fully
account for non-dipole effects even on the initial wave packet
[8, 68].

There have been theoretical attempts to include relativistic
and non-dipole effects in trajectory-based models in the ini-
tial tunnel ionization step [69, 70]. The models predict that the
non-dipoleeffects on the sub-barrier dynamics lead to a change
in ionization probability as well as a small initial momentum
at the moment when the electron appears in the continuum.

Purely classical models of the electron propagation in the
laser field cannot reproduce any interference effects. This
issue can be overcome by weighting each electron trajectory
with the phase exp (iS), where S is the action of the electron
trajectory. In combination with CTMC methods and initial
conditions from the adiabatic approximation, this approach
is referred to as quantum trajectory Monte Carlo (QTMC)
model [10, 71].

5.3. Strong-field approximation

The strong-field approximation (SFA) is a method to obtain
an approximate solution of the Schrödinger equation for the
case of strong-field ionization. The idea behind is an approxi-
mation how to calculate the transition rate between the initial
state and a Volkov state, i.e. the quantum-mechanical state of
an unbound electron in a laser field [34, 72, 73]. The SFA
does not include the influence of the parent–ion interaction for
direct ionization, but can be included for rescattering.

One of the more serious issues with the SFA is that gen-
erally not the same result is obtained for the length and the
velocity gauge. The gauge independence is only achieved for
an initial s-state.

Relativistic and non-dipole versions of the SFA have been
reported [22, 35, 68, 74–78]. A common approach to facilitate
the calculation is the approximation of the spatial integral in
the transition amplitude with the saddle-point approximation
[68, 75]. This approximation comes however with the loss of
information about the influence of the initial state.
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The saddle-point approximation is the basis for the transi-
tion to semiclassical models such as for example the Coulomb-
corrected SFA [79]. A successful implementation of this
approach beyond the dipole approximation was reported in
references [10, 80].

5.4. Time-dependent Schrödinger equation

The most exact theoretical approach using classical fields is
the numerical solution of the TDSE. In contrast to the SFA, the
solution of the TDSE leads to the same result independent of
the chosen gauge and with all Coulomb-effects included. What
is not included in TDSE calculations are photon fluctuations
and photonic effects in general and any effect of the target onto
the laser field itself.

For the vast majority of the reported results the TDSE
was solved within the dipole approximation. However, there
have been successful efforts to solve the TDSE beyond the
dipole approximation. The main drawback of the TDSE-
approach is the high demand of computational resources and
therefore focal volume effects that require the calculation for
a whole set of intensities, are typically not considered in
TDSE-calculations.

The high demand of computational resources is even more
challenging in the parameter space where the dipole approx-
imation breaks down, i.e. at high intensities and long wave-
lengths. In that case the large oscillation amplitudes of the
electron wave packet require large box sizes for the calcula-
tion, whereas the Coulomb potential still dictates the required
resolution in the positions space.

Solutions of the TDSE beyond the dipole approximation
have been reported in references [22, 29, 36, 68, 81–87].

5.5. Photon picture of strong-field ionization

So far there have been only few theoretical approaches
reported that provide a full quantum mechanical treatment
of both the atom and the laser field [88, 89]. The approach
might not be applicable in a straightforward manner to calcu-
late energy spectra and momentum distributions and is rather
of theoretical interest to place strong-field physics in a quan-
tum electrodynamical framework. However, the photon pic-
ture is a powerful tool when it comes to the application of
momentum and energy conservation arguments to understand
energy and momentum spectra. A notable example of this is
the interpretation of the peak structure occurring in above-
threshold ionization in terms of the absorption of multiple
photons [90]. In this case, the final drift kinetic energy of an
electron ionized from a target with ionization potential Ip by N
photons is:

Ef = N�ω − Ip − Up. (25)

Conservation of momentum requires that both the angular
momentum and the linear momentum of the photons involved
in the ionization process needs to be transferred to the elec-
tron–ion system.

Figure 3. Photoelectron angular distributions from multiple
ionization of neon by strong-field ionization of noble gases with
circularly polarized 1 ps laser pulses at a centre wavelength of
1053 nm. The angular distributions for both presented species, Ne3+

and Ne8+ show clear deviations from the expected angle of 90
degree. The results were reasonably well reproduced by classical
Monte-Carlo simulations (dotted line). Reprinted figure with
permission from [3], Copyright (1995) by the American Physical
Society.

6. Direct strong-field ionization with circular and
elliptical polarization

6.1. Effect on final cycle-averaged photoelectron momentum

Let us first consider the case of direct ionization of the target.
In this case, the electron is ionized from the target atom without
rescattering during the ionization process.

Pioneering work on strong-field ionization beyond the
dipole approximation was reported in reference [3, 4], where
authors presented the angular distribution from multiple ion-
ization of noble gases at comparably high intensities on the
order of 1018 W cm−2. The results were obtained with 1 ps
pulses at a centre wavelength of 1053 nm (figure 3). The angu-
lar distributions show a clear deviation from the 90-degree
angle towards the laser beam propagation direction that one
would expect within the dipole approximation (figure 3). Fur-
thermore, the authors report a relationship between the kinetic
energies of the electrons and the deviation angle: The higher
the ionization number of the atom, the higher is the kinetic
energy of the electron and in turn the angle deviation along
the beam propagation direction. The results are in good agree-
ment with CTMC simulations (the dotted line in figure 3).
The comparison of non-relativistic and fully relativistic cal-
culations showed that under their experimental conditions, the
effect of the relativistic mass shift needed to be included.

The influence of the radiation pressure was observed with
circular polarization in a work by Smeenk et al. The work
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Figure 4. Shift along the beam propagation direction of PMDs from strong field ionization with circular polarization. The PMDs are shifted
along the beam propagation direction. Reprinted figure with permission from [11], Copyright (2011) by the American Physical Society. The
authors explained the shift with a radiation pressure model.

was performed with circularly polarized pulses at two dif-
ferent wavelengths, at 800 nm and 1400 nm, with the two
noble gas targets argon and neon at intensities ranging from
0.15–1 × 1015 W cm−2 [11]. The data were recorded with a
VMI spectrometer and the authors analysed the expectation
value of the projected momentum distribution along the beam
propagation direction (figure 4). The results were interpreted
in terms of a radiation pressure picture. The main conclusions
of the article can be summarized as follows: (i) there is a mea-
surable shift of the PMD in the laser beam propagation in
measurements with circularly polarized pulses. (ii) The shift
can mostly be explained within the error bars by the momen-
tum that was transferred during the continuum propagation
of the electron.

Interestingly, the data for low intensities showed a signif-
icant discrepancy from the radiation pressure model. After
the publication of the work by Smeenk et al, a theoretical
article used a Coulomb-scattering wave function to describe
their results and to provide first indication for the influence of
parent–ion interaction at low intensities [78].

In addition, the authors point out with a simple model calcu-
lation that in measurements with linear polarization, the expec-
tation value of the transferred momentum is expected to be
significantly smaller than in the circularly polarized case due

to the variation of the highly nonlinear ionization rate during
the pulse. The ionization rate maximizes at phases when the
momentum transfer in beam propagation minimizes.

6.2. Effect on final photoelectron momentum as a function
of the ionization phase

Most investigations on non-dipole effects in direct strong-
field ionization focus on the cycle-averaged final photoelectron
momentum. To date only few studies have been published on
the linear photon momentum transfer as a function of the ion-
ization phase, i.e. the phase when the electron was released to
the continuum.

One experimental work from Willenberg et al [8] stud-
ied the linear photon momentum transfer as a function of the
ionization phase (figure 5). The authors concluded that the
transferred final linear momentum depends on the phase of
ionization within a cycle. With the attoclock principle, the con-
nection between the streaking angle of a photoelectron and the
time or phase of ionization within the optical cycle can be made
[91–93]. Counterintuitively, the minimum of the transferred
linear multi-photon momentum occurred for the electron tra-
jectory that were ionized approximately at a phase where the
ionization rate maximizes. In principle this behaviour can be
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Figure 5. (a) Illustration of the measurement principle. The electron is getting ionized and is subsequently streaked in the laser field. The
transferred momentum in the polarization plane and the transferred momentum along the laser propagation z depends on the time of ionization
that, in turn, is imprinted on the streaking angle [8]. (b) Polarization plane PMD with elliptical coordinates. Elliptical coordinates allow for a
linear mapping of time to streaking angle even with ellipticities significantly smaller than ε ≈ 1 [8]. (c) Ionization yield and the pz-shift as a
function of the ionization time. The measurement shows a clear offset in the ionization phase between the minimal pz-shift and the maximal
ionization yield. This offset translate to a time delay between the most probable electron trajectory and the one with minimal momentum
transfer. In addition to the results from CTMC calculations, we show the curves from the pure classical propagation (‘model’) and from two
models with an ellipticity-dependent initial momentum along the beam propagation axis (‘model ε’, ‘model ε2’) [8]. (d) Difference in streaking
angle of the most probable electron trajectory (αI) and the one with minimal momentum transfer (αM) and corresponding time delay Δτ as
function of the ellipticity together with the corresponding results from the CTMC-calculation and the analytical models [8].

explained by the phase shift between the electric field, that dic-
tates the ionization rate and the vector potential that dictates
the final momentum of the electron. The final momentum of
an electron ionized at a phase η0 with initial momentum zero

follows ∝ A2
0

c [54].
However, having a closer look, the ionization phases of the

minimal momentum transfer and the maximal ionization rate
do not exactly coincide (figure 5). The difference of the streak-
ing angle translates to a time difference in the sub-cycle ioniza-
tion phases with the attoclock principle. The authors observed
a time-delay that was induced by the Coulomb-potential on
the order of 100 as. In more detail, the classical electron con-
tinuum trajectory that leads to the minimal transferred linear
momentum starts with a negative delay with respect to the most
likely electron continuum trajectory, i.e. the ones that ends
at the final momentum where the ionization rate maximizes.

This means that the electron trajectory with the minimal lin-
ear momentum transfer is advanced with respect to the one
with the highest ionization probability. The experiment sug-
gests that a phase- and ellipticity-dependent correction might
be needed to fully understand the data (figure 5).

So far, there is only one study on the theory of the sub-
cycle linear multiphoton momentum transfer that was pub-
lished very recently [68]. The authors present numerical
solutions of the sub-cycle resolved momentum shift along the
beam propagation direction with SFA and TDSE calculations
alongside with analytical solutions. Similar to the results of
the experimental work in reference [8], they find a minimum
in the momentum transfer along the minor axis of the polar-
ization ellipse with an additional dependence on the carrier
envelope phase. Furthermore, they found a sub-cycle depen-
dence of the initial electron momentum that is attributed to
the coupling of non-adiabatic effects with the linear photon

10



J. Phys. B: At. Mol. Opt. Phys. 54 (2021) 094001 J Maurer and U Keller

Figure 6. The initial momentum in beam propagation direction as a
function of the ionization phase for 800 nm and 3400 nm at an
intensity of 1 · 1014 W cm−2 and an ellipticity of ε = 0.8 caused by
the non-adiabatic coupling with non-dipole effects according to
equation (S34) of reference [68]. The variation over the ionization
phase is significantly smaller for 3400 nm than for 800 nm,
indicating that this influence of the non-adiabatic coupling with
non-dipole effects plays only a minor role in the mid-IR.

momentum transfer. An estimate according to equation (S34)
of reference [68] suggests that the non-dipole drift due to the
non-adiabatic coupling is significantly smaller for 3400 nm
than for 800 nm (figure 6).

7. Rescattering in strong-field ionization
influenced by non-dipole effects

7.1. Linear polarization

Most studies on non-dipole effects in strong laser fields have
had their focus on direct ionization. Early theoretical stud-
ies with linear polarization that included rescattering with
the parent ion focussed on extremely high intensities on the
order of 1019 W cm−2 and very short wavelengths of few tens
of nanometers [82, 83, 94, 95]. Whereas in references [82,
83] the authors observed the forward drift due to the mag-
netic field component in snapshots of their TDSE-simulation
at different times, no final distributions after the pulse where
provided. In references [94, 95] Førre et al reported that
in their parameter range the photoelectron angular distribu-
tion changes from the characteristic two-lobe structure that
is expected within the dipole approximation to a three-lobe
structure (figure 7) and showed that the underlying dynamics
can be explained classically. They could separate the inter-
play between the non-dipole forces from the laser field and
the parent–ion interaction.

At mid-IR wavelengths, the first experimental study on
the interplay of the Coulomb field and the magnetic field
component of the laser field was reference [5]. The authors
studied various noble gases and recorded projections of the
PMD with a VMI spectrometer. The target was ionized
by mid-IR few-cycle laser pulses with the polarization axis
parallel to the detector plane with intensities ranging from
0.5–1 × 1014 W cm−2, a parameter range where the dipole
approximation starts to break down. Ludwig et al identified
the peak of the PMD by fitting the projection of the PMD onto
the beam propagation axis. The main observation was that the

Figure 7. Photoelectron angular distributions represented as
surfaces of photoionization in the high-intensity, high-frequency
non-dipole regime (from reference [94]) for five-cycle pulse with
ω = 2a.u. and field strengths of 20 a.u., 30 a.u. and 45 a.u.. The
laser propagation direction is marked with an arrow. On the left the
calculation within the dipole approximation and on the right side the
full non-dipole calculation. Beyond the dipole approximation, the
familiar two-lobe structure evolves into a three-lobe structure due to
the parent–ion interaction. Reprinted figure with permission from
[94], Copyright (2011) by the American Physical Society.

Figure 8. Offset of the peak of the PMD projected onto the beam
propagation axis z for a wavelength of 3.4 μm [5]. The peaks are
shifted opposite to the beam propagation direction and the negative
offset increases with increasing intensity [5].

peak of the PMD was shifted opposite to the beam propaga-
tion direction (figure 8), which was at a first glance a coun-
terintuitive behaviour. The puzzle was solved with numerical
simulation to study the interplay between the forces from the
laser field and the parent–ion interaction. Using CTMC simu-
lations that include both the parent–ion field and the magnetic
field component of the laser field could explain the experimen-
tal result. The interplay between the Coulomb force and the
magnetic field component of the laser field explained the ini-
tially surprizing behaviour. An intuitive picture can be given as
follows. The Lorentz force pushes the electron initially along
the beam propagation direction. Upon return to the parent ion
with an offset along the beam propagation direction, the par-
ent–ion Coulomb interaction slingshots the electron opposite
to the beam propagation direction.

A similar behaviour was reported [46] from measurements
in argon in the intensity range 0.5–1.5 × 1015 W cm−2 at
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Figure 9. (a) Isosurface of a reconstructed PMD recorded at a wavelength of 3.4 μm and an intensity of 6 × 1013 W cm−2 with elliptical
polarization (ε = 0.11). The PMD shows the lobes due to direct electrons and the ridge that stems from Coulomb-focused electrons. (b)
Polarization plane cuts of the 3D PMDs. The ridge (marked with black arrows) vanishes with increasing ellipticity. (c) The peak of the PMD
as a function of the ellipticity. The peaks transitions with increasing ellipticity from negative values (opposite to the beam propagation
direction) to positive values (along the beam propagation direction) of pz. Reprinted figure with permission from [7], Copyright (2018) by
the American Physical Society.

800 nm, leading to a momentum offset opposite to the beam
propagation direction of up to 1.3 × 10−2 a.u.. The results
were reproduced with a relativistic ab initio calculation [46].
Semiclassical calculations regarding the effect on both, the
photoelectron and the ion, are discussed in reference [96].

In linear polarization, a small fraction of the electrons can
undergo a process called high-order above-threshold ioniza-
tion. The photoelectrons from this process undergo backward
scattering that can lead to photoelectrons with a high kinetic
energy that exceeds the energy cutoff of 2Up expected from
direct electrons and electrons that undergo only forward scat-
tering during the strong-field ionization process. Theoretical
studies on the influence of the non-dipole effects on high-
order above-threshold ionization were reported in references
[85, 86].

7.2. Elliptical polarization

At small ellipticities, the electron may not necessarily rescat-
ter in the sense that the centre part of the electron wavepacket
hits the parent ion, but it still may be affected when it
returns to the proximity of the ion. In the work of Maurer
et al [7], the authors used this characteristic to shed more
light on this behaviour. They recorded projected PMDs
under similar experimental conditions as in reference [5],
scanning the elliptical polarization of the laser pulse from

linear to close-to-circular. The peak of the PMD was identi-
fied in analogy to reference [5]. The analysis revealed that the
peak of the PMD transitions from negative pz-values (oppo-
site to the beam propagation direction) to positive pz-values
(along the beam propagation direction) when the ellipticity
is increased (figure 9). The crossover was observed at an
ellipticity of ε ≈ 0.12.

Moreover, the authors recorded full 3D PMDs of for
small ellipticities close to the one where the turnover occurs
(ε = 0, 0.03, 0.07, 0.11, 0.15, 0.19) to gain further insight. The
full 3D PMDs revealed a remarkable feature that is con-
nected to the ellipticity-dependence of the position of the
peak along the beam propagation momentum axis. The authors
observed a sharp ridge that is only apparent at small ellipticities
(ε < 0.12).

Having a closer look at the ridge, the authors realized that
the ridge projected onto the momentum axis of laser beam
propagation peaks at momentum opposite to the beam prop-
agation direction. Under the experimental conditions of ref-
erence [7], the ridge is essentially separated from the lobes
formed by the direct electrons (indicated in figure 9), allowing
for a separate analysis of the Coulomb-focussed and the direct
electrons. This showed for the PMD projections along beam
propagation axis that the ridge peak is shifted in opposite direc-
tion and the lobe peaks with the direct electrons are shifted
along the beam propagation direction. The observations lead
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Figure 10. PMD (right panel) recorded from xenon at a wavelength of 3.4 μm and an intensity of 7 × 1013 W cm−2, together with lineouts
(left panel) at various values of px . The linear polarization vector was along the x-direction. The figure exhibits the clear asymmetry of the
holographic fringes [10].

to the conclusion that peaks of the PMD at linear polarization
and at low ellipticities are caused by the ridge structure and
are present as long as the ridge dominates over the lobes of the
direct electrons. At higher ellipticities, the ridge vanishes, the
lobes of direct electrons start to dominate and the projected
PMD peaks a values along the beam propagation direction.
The unique analysis relying on the momentum space separa-
tion of the direct and Coulomb-focussed electrons of reference
[7] was only possible under experimental condition in the mid-
IR, where the dipole approximation breaks down at intensities
where single ionization is dominant and the influence of the
Coulomb-potential is significant.

7.3. Holographic interferences in strong-field ionization

In strong-field ionization with linear polarization one can
observe various kinds of interferences in the final momen-
tum distributions. One type of interference that can occur in
strong-field ionization are intra-cycle interferences between an
electron trajectory that rescatters significantly with the parent
ion and an electron trajectory that is barely influenced by the
parent–ion potential (i.e. a direct electron), both trajectories
ending up at the same final momentum [79, 97]. Due to the
conceptual similarity to information storage in an holographic
image, that contains the interference information from a direct
wave and one diffracted by the object, this type of interfer-
ence in the PMD is called holographic interferences. One

can also observe non-dipole effects in the holographic inter-
ferences of the PMD because both the direct and rescatter-
ing photoelectron trajectories are affected by the magnetic
field component of the laser. Non-dipole effects in holo-
graphic interference structures have been observed in exper-
iments [10] and theory [10, 98, 99]. Experimental results of
the holographic interference pattern are shown in figure 10,
where the asymmetry of the holographic fringes is clearly
visible. The experimental results of [10] could be largely
explained with semiclassical simulations and the influence
of the focal volume onto the interferences was observed and
explained with QTMC-simulations. Another conclusion of ref-
erence [10] is the coincidence of the ridge discovered in refer-
ence [7] with the central interference lobe of the holographic
interference pattern.

7.4. Nonsequential strong-field double ionization

Double ionization is a common process in strong-field ioniza-
tion, in particular at high intensities [100]. For linear [101]
and elliptical polarization [102, 103], the first electron can
ionize a second electron upon recollision with the ion. Both
electrons experience the influence of the magnetic field com-
ponent of the laser and alter the electron trajectories during
the ionization process. Strong-field double ionization beyond
the dipole approximation was studied in experiment [104] and
theory [104–106]. One of the findings was that the sum of the
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momenta photoelectrons exceed the average of the photoelec-
tron momentum along the beam propagation direction by an
order of magnitude. Strong recollisions were pinpointed as a
cause for this unexpected behaviour [105].

7.5. High-order harmonic generation

High-order harmonic generation (HHG) is a process based
on the recollision of the electron with the parent ion, lead-
ing to the emission of photons with frequencies of multi-
ple times the frequency of the driving laser field. The upper
limit or cut-off energy of the emitted photons is determined
by the Ip + 3.17Up, where Ip denotes the ionization poten-
tial of the target and Up the ponderomotive energy [27].
There has been an ongoing interest to move from near-IR
to longer wavelengths for the driving laser with the goal to
create photons with higher energy and obtain table-top high-
flux XUV and x-ray sources [50]. However, just as in the
strong field ionization processes that serve as the basis for
HHG, the mid-IR wavelengths will introduce effects beyond
the dipole approximation [107]. During the ionization pro-
cess the magnetic field component of the driving laser can
cause a drift of the wavepacket along the beam propagation
axis with the consequence that the centre part misses the
parent ion leading a reduction of the HHG yield [22, 108,
109]. Another observable influence onto the HHG spectrum,
according to theory, is the occurrence of odd and even order
harmonics as the dynamical symmetry is broken by the mag-
netic field component of the laser field. Within the dipole
approximation, one would expect the occurrence of only odd
harmonics [110, 111].

8. Momentum sharing between the electron and
the ion

Momentum conservation in physics requires that all the linear
photon momentum that is absorbed from the field is transferred
to the ionization fragments.

In general, for a single ionization process where in total N
photons are absorbed by the target that is initially at rest we
obtain:

N��k = �pion + �pelectron. (26)

When we assume �k‖ẑ, the momentum conservation for the
z-component reads:

N�kz = pion,z + pelectron,z (27)

However, the question, how the linear photon momenta N��k
is distributed between the ion and the electron, is not trivial and
is different in single photon and multi-photon/strong-field ion-
ization. We would like to point out that the parent ion does
not necessarily need to remain in the ground state after the
ionization.

8.1. Single photon ionization

In single photon ionization, nearly the full linear photon
momentum can be transferred to the outgoing electron. Earliest
predictions of the momentum sharing in photoionization were

done by Sommerfeld where the photoelectron distribution was
shifted by nearly twice the expected value from the transferred
momentum of the photon [112]. This would, in turn, lead to a
momentum of the ion opposite to the direction of the incoming
photon. The fraction F of the linear photon that is transferred to
the electron can be calculated from the photoelectron angular
distribution J(θ,φ) via F =

∫
mv cos θJ dΩ∫

(hν/c)J dΩ . Calculations for an
1s-state of the momentum fraction given to the electron have

as result F = 8
5 K, K = 1/2mv2

hν =
hν−Ip

hν [112–114]. For initial
states other than 1s-orbitals, this value fraction can differ dras-
tically [115]. We would like to point out that there is surpris-
ingly little experimental data available on momentum sharing
in single photon ionization, despite the first predictions on this
topic are already nearly 90 years old [112].

The first measurements of the momenta of the electron and
the ion were only recently published [47]. So far, only angu-
lar distributions of the electron have been reported [51–53].
The fraction of the photon momentum given to the ion can
be deducted from the angular distributions with momentum
conservation arguments.

8.2. Multi-photon ionization and strong-field ionization

The question on how the photon linear momentum was shared
between the electron and the ion in strong-field or multi-
photon ionization was addressed in reference [11]. The authors
concluded from their experimental data that the fraction of Ip/c
is transferred to the ion whereas the fraction Ekin/c is trans-
ferred to the electron. In addition, the authors concluded that
the additional energy Up/c that is necessary to lift the electron
into the continuum does not transfer any net linear momentum
to the photoelectron. It should be noted that the authors drew
their conclusions from photoelectron distributions alone and
no measurement of the ion momentum was done. In addition,
the error bars were rather large given the small magnitude of
the actually measured shifts.

Calculations have shown that there are deviations from this
momentum sharing for 1s-state of atomic hydrogen around Ip

3c
[74, 76, 98]. The result was confirmed for an initial s-state [12,
68].

The deviation of Ip
3c was observed in a recent experi-

ment [36] for circular polarization. The shift was observed
as an offset to the energy-dependent shift along the beam-
propagation direction for strong-field ionization of argon in
circularly polarized 25 fs laser pulses with a centre wavelength
of 800 nm. However, this deviation could not be observed with
linear polarization [36].

According to predictions from theory, the deviation appears
to differ significantly from Ip

3c for an the initial state other
than an s-state [77]. SFA-calculations predict deviations rang-
ing from −0.9 Ip

c to 0.6 Ip
c for different n = 2 angular momen-

tum states. The latter result has not yet been observed
experimentally.

In conclusion, so far there has been only a few experi-
ments for the momentum sharing between the electron and
the ion in strong-field physics. In particular no experiments
have been reported so far that measure the momenta of the
electron and the ion in coincidence. Such experiments would
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shed some more light on the momentum sharing between the
photofragments.

9. Future directions

9.1. Momentum sharing between the ion and the electron

9.1.1. Single-photon ionization. Until very recently [47],
there have been no systematic experimental studies on the
momentum sharing between the electron and the ion where
both the final momentum of the photoelectron and the par-
ent ion were measured in coincidence. The results from ref-
erence [47] mark the first measurement of the photoelec-
tron as well as the ion to obtain reliable information about
the momentum sharing between the photoelectron and the
ion. The results of reference [47] represent the result of an
initial 1s-state and pave the way to further studies on differ-
ent angular momentum and energy state states. Theory pre-
dicts different momentum sharing for different initial angular
momentum states [112, 115]. So far, the influence of the initial
state onto the final momentum sharing has never been stud-
ied experimentally with measurements on both the electrons
and the ions despite its fundamental nature and its importance
for a variety of fields such as for example astrophysics. The
measurements could also be extended to molecules, including
fragmentation processes.

9.1.2. Multi-photon and strong-field ionization. To date all
measurements on non-dipole effects in the multi-photon
and the strong-field regime focussed on the photoelectrons.
Therefore conclusions on the momentum sharing have been
deducted from measurements of the photoelectron momen-
tum and momentum conservation arguments. A measurement
of the electron and the ion in the non-dipole regime has not
yet been reported, at least not with sufficient resolution and
accuracy to reliably conclude on the momentum sharing. Such
measurements would be particularly interesting with sub-cycle
time resolution such as in reference [8].

As in single photon ionization, the fraction of the momen-
tum that is transferred to the photoelectron depends on the
initial state, at least according to recently published SFA-
calculations [77]. To date this subject has not been studied
experimentally.

9.2. Attosecond time resolution of the photon momentum
transfer

To date the only measurement with an attosecond time res-
olution of the linear multi-photon momentum transfer was
performed in the strong-field field regime with the attoclock
method [8] on xenon. The study motivates further studies
with targets with various ionization potential and different
wavelengths and intensities.

The attosecond time dependence of the linear photon
momentum transfer in the case of single photon ionization
would be highly interesting due to its fundamental nature. So
far, measurements of the time delay in single photon ionization
have been reported with the RABBITT and the streaking meth-
ods. The measurements focussed on the timing of the transfer

of the kinetic energy from the photon to the electron wave
packet [116–122]. Similar to strong-field ionization it would
be interesting to measure both the time- and energy-dependent
pz-shift of the photoelectron along the beam propagation direc-
tion. This could for example address the question if the energy
and the linear momentum are transferred simultaneously to the
electron or if time delays occur, as observed in the case of
strong-field ionization. First predictions about a possible influ-
ence of the linear photon momentum on such measurements
were reported in reference [12].

10. Concluding remarks

In this review, we summarized the recent results and showed
not only the important effects beyond the dipole approxima-
tion, but we also demonstrated its potential to obtain additional
information about fundamental processes in light–matter
interaction. We put our research results in a broader con-
text with additional discussions about other efforts and the
connection to measurements of single photon ionization.

Ever since our initial publication of reference [5] in 2014
there has been an increasing number of new observations of
non-dipole effects, leading to the fact that during the prepara-
tion of this review we even had trouble to keep up with the new
publications on this topic.

Despite of all these new articles the exploration has not yet
saturated. We have suggested more exciting experiments and
discussed still open issues that need to be resolved. In partic-
ular, time-dependent measurements have the potential to pro-
vide deeper insight into fundamental mechanisms that is not
only restricted to single ionization but can also be extended to
multi ionization processes.

The emergence of novel light sources operating at high
intensities and long wavelengths will enable more exciting
experiments in this field.

We hope that with this review we can make the atomic,
molecular and optical science community more aware of the
effects beyond the dipole approximation and in particular its
fundamental implications and possible applications.
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Appendix A. Atomic units and SI-units

Throughout the article, we use atomic units, unless stated
otherwise. Atomic units are defined by the relations

� = me = e2 = 1. (28)
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The occasion when SI-units are used are mainly for the
intensity and the wavelength. We present in this appendix
briefly the conversion relation between atomic units and SI
units. More comprehensive overviews on atomic unit systems
and their conversion to other unit systems can be found for
example in reference [123].

A.1. Length, time, velocity and momentum

The unit of length in atomic units is the Bohr radius a0, i.e. the
most probable distance of an electron from the centre of the
nucleus in a hydrogen atom in the ground state:

r[a.u.] =
r[m]

5.291 772 49 · 10−11 m
. (29)

In analogy, the velocity in atomic units corresponds to the
velocity of an electron in the first Bohr orbit:

v[a.u.] =
v
[
m s−1

]
2.187 691 42 · 106 m s−1

(30)

The velocity can be converted to the momentum of an elec-
tron in the first Bohr orbit by the multiplication with the elec-
tron mass, resulting in the atomic unit for the momentum:

p[a.u.] =
p
[
kg · m s−1

]
1.992 851 91 · 10−24 kg · ms−1

(31)

The atomic unit of time is in turn the time that electron with
the velocity of 1 a.u. needs to travel the distance of 1 atomic
unit:

t[a.u.] =
t[s]

2.418 884 33 · 10−17 s
. (32)

A.2. Energy and frequency

The atomic unit of energy (also called Hartree) is the poten-
tial energy (i.e. twice the binding energy) of an electron in the
ground state of a hydrogen atom:

E[a.u.] =
E[eV]

27.211 eV
=

E[J]
4.35974472 · 10−18 J

. (33)

The atomic unit of frequency is the inverse of the atomic
unit of time:

ν[a.u.] =
ν[Hz]

4.134 137 32 · 1016 Hz
. (34)

The atomic unit for the angular frequency is obtained by the
multiplication of the frequency with 2π and is in atomic units,
due to � = 1, equal to the energy.

A.3. Intensity and electric field

The atomic unit of the electric field strength that an electron
in the first Bohr radius experiences and is deducted from the
ratio of the atomic unit of energy and length. The electric field
in atomic units relates to the electric field in SI-units via

E[a.u.] =
E
[
V m−1

]
5.142 208 26 · 1011 V m−1

(35)

A light field with an electric field strength E0√
1+ε2

, where ε

denotes the ellipticity, has in atomic units the intensity I = E2
0.

The intensity in atomic units and SI-units are related as
follows:

I[a.u.] =
I[W cm−2]

3.509 447 58 · 1016 W cm−2
. (36)
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