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Chapter 1

Introduction

1.1 The need for quantum information processing

In the age of information, the pursuit of more processing power is one of the main
drivers of innovation and spending; although the latter has reached astronomical levels
in the latest years, we are still limited by our computers when it comes to certain math-
ematical problems. The current strategy of increasing the number of transistors in a
computer chip will probably have to be replaced in the near future by other approaches,
as these logical units have already been reduced to few nanometers in size [1]; further
reductions result in unwanted quantum-mechanical effects such as electrons tunneling
into and out of the transistors [2].

While some avoid dealing with the complications arisen from quantum mechanics,
others attempt to tame this beast. The main reason? A machine that can that fully
leverage quantum-mechanical properties such as entanglement and superposition is noth-
ing short of groundbreaking. On the theoretical side, quantum algorithms can outperform
its classical counterparts [3, 4], quantum annealing can solve non-convex optimization
problems more efficiently [5], and the simulation of quantum systems in actual quantum
systems promises more accurate predictions [6], with applications ranging from enhanced
pharmaceutical drug development to the discovery of novel phases in matter [7].

On the experimental side, the quest for control of quantum-mechanical systems is
already past its initial steps, with notable progress in different approaches [8], such as
superconducting qubits [9, 10, 11], color centers [12], trapped ions [13] and photons
[14, 15, 16]. A quantum machine that can effectively solve problems faster than the
current supercomputing clusters requires long qubit coherence times, low error rates, high
gate fidelities and quantum links capable of transmitting quantum information between
computing nodes. The previously mentioned architectures fulfill each requirement to a
certain extent; none fulfills all of them completely.

1.2 Quantum acoustics for quantum information processing

Mechanical systems, in particular high-overtone bulk acoustic resonators (HBARs),
are promising candidates for solving some of the aforementioned challenges. Their high
quality factors (Q-factors) enable the physical realization of long-lived phononic modes,
whose lifetimes can exceed superconducting qubits’ [17, 18]. In addition, mechanical res-
onators can interact with electromagnetic systems through various types of interactions,
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6 CHAPTER 1. INTRODUCTION

which include but are not limited to piezoelectricity, capacitive coupling, and Brillouin
scattering [19]. These two characteristics have spanned two new fields of research centered
around hybrid optomechanical systems:

1. Circuit quantum acousto-dynamics (cQAD), which is based on the bilinear in-
teraction between non-linear superconducting qubits and mechanical resonators.
Applications range from quantum mechanical control of mechanical modes of mo-
tion [20] to the long storage of quantum information, for example, in a quantum
random access memory (qRAM).

2. Quantum optomechanical transduction [21, 22], which consists in creating a link
between superconducting circuits, a highly developed platform for quantum com-
puting, to a very convenient carrier of quantum information, optical photons, using
mechanical resonators as an intermediate.

In summary, the different physical couplings in mechanical systems allows the connection
of different quantum systems for the fabrication of hybrid devices, which can leverage
the advantages of each subsystem simultaneously.

1.3 Specific applications of this project

Any connection between mechanical resonators and other systems such as supercon-
ducting qubits or photons requires a physical interaction. From our quantum mechanics
classes, we remind ourselves that the coupling between quantum states is governed by
two aspects:

1. Spatial overlap between the states

2. Temporal overlap during the interaction period1

HBARs have several acoustic modes; any of them can couple to the systems of interest.
Unwanted couplings reduce the qubit’s lifetime, which is exactly what the envisioned
quantum machine from the previous section should avoid. Achieving this goal requires a
deep knowledge of the HBAR’s spectrum, both in frequency and in real space. We wish
to increase the coupling strength to an arbitrary mechanical mode and at the same time
avoid any coupling to other unwanted modes.

The main objectives of this project is to combine simulation techniques and novel
fabrication methods to fabricate HBARs with interesting eigenmode spectra matching
the predicted values from simulation and to use said tools to generate HBARs that
maximize the coupling to a mechanical mode of interest while avoiding coupling to any
other modes, hence increasing the coherence times and fidelity of the mechanical quantum
states.

1This criterion is inherently more flexible, e.g. for a tunable qubit and a mechanical mode of a
resonator with respective frequencies ωq and ωm, one can couple both resonantly (ωq = ωm) or off-
resonantly / dispersively (ωq = ωm +∆).



Chapter 2

Solid mechanics fundamentals

Before we start talking about high overtone bulk acoustic resonators (HBARs), we
need to understand the peculiarities of sound beam propagation in crystals. This inter-
mezzo in solid mechanics introduces the necessary concepts up to the slowness surface;
it’s shape describes the propagation of harmonic waves in crystal, and it will be the
starting point for many derivations. This section will mostly follow [23].

2.1 Strain and stress tensors

x2

x3

x1

P
P ′

Q Q′

r⃗

r⃗+∆r⃗

r⃗ ′

u⃗(⃗r)

∆r⃗ ∆r⃗ ′

u⃗(⃗r+∆r⃗)

Figure 2.1: Schematic definition of the relative displacement u⃗(⃗r), adapted from [23].

Solid mechanics is the science of deformable objects: we consider solids that can
change their shape under external forces, while still retaining their overall structure.
Furthermore, we only consider forces below the solids’ elastic limit: in the absence of
said forces, the object returns to its original shape. When an object is strained (see
figure 2.1), a point P , fixed in the object, will shift to a different point P ′. This shift can
occur due to the rigid translation and rotation of the object, but here we are interested
in shifts due to strain in the object. The strain-induced displacement of P ′ with respect
to P is displacement vector

u⃗ = r⃗′ − r⃗ (2.1)

which varies with position r⃗ within the body, and is time-dependent, so we write it as
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8 CHAPTER 2. SOLID MECHANICS FUNDAMENTALS

u⃗(⃗r, t). The center of mass, which is the origin of our coordinate system, is assumed to
have zero strain-induced displacement, so that u⃗(0, t) = 0.

Suppose now we have two points, P and Q (as shown in figure 2.1), separated by
∆r⃗; under strain P displaces to P ′ and Q displaces to Q′. We want an expression for
the spatial variation ∆u⃗ for infinitesimally small displacements ∆r⃗. We can perform a
Taylor expansion

ui(⃗r+∆r⃗) = ui(⃗r) +
3∑

j=1

∂ui
∂xj

∆rj +O(∆r2j ) (2.2)

The partial derivatives are functions of space and time. We can collect them all in a
special tensor, namely the displacement tensor D

D = ∇u⃗ =


∂u1
∂x1

∂u1
∂x2

∂u1
∂x3

∂u2
∂x1

∂u2
∂x2

∂u2
∂x3

∂u3
∂x1

∂u3
∂x2

∂u3
∂x3

 (2.3)

We break it up into two pieces, the symmetric and the antisymmetric part

D = S +Ω (2.4)

S =
1

2

(
∇u⃗+ (∇u⃗)T

)
(2.5)

Ω =
1

2

(
∇u⃗− (∇u⃗)T

)
. (2.6)

The symmetric part is the strain tensor S, and the anti-symmetric part is the rotation
tensor Ω. We can summarize the results in index notation:

• Displacement Tensor

Dij =
∂ui
∂xj

(2.7)

• Strain Tensor
Sij =

1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
(2.8)

• Rotation Tensor
Ωij =

1

2

(
∂ui
∂xj

− ∂uj
∂xi

)
(2.9)

The description of forces acting on a solid, deformable object requires the additional
knowledge of the location and spatial orientation of said forces on the surfaces and
within the volume of the object. We define the stress as the force applied per unit area,
and introduce the stress tensor Tij as shown in figure 2.2. Diagonal elements represent
compression and tension, and non-diagonal elements represent shear. Using the second
Newtonian law, some symmetries and iterating over several components, one can show
that the stress tensor is symmetric

Tij = Tji (2.10)
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T33

Figure 2.2: Schematic definition of the Stress tensor, adapted from [23].

2.2 Stress-strain relation

For most crystals at equilibrium, the atoms will position themselves at the minimum
of the potential generated by the other atoms. This external potential will be quadratic
in the lowest order of the displacement u(⃗r), and hence any corresponding force will be
linear in displacement. Taking into account the whole crystal, we arrive at the linear
stress strain relation

Tij =

3∑
k=1

3∑
l=1

cijklSkl (2.11)

It holds for most materials under small displacements. At large strain, however, all ma-
terials become non-linear. At first the stiffness tensor cijkl seems to have 81 independent
components, but we remind ourselves that Sij and Tij are both symmetric, reducing the
number of independent values to 36. Furthermore, for crystals with certain symmetries,
this number is even smaller. We will introduce the Voigt notation: Given that we are
working with symmetric 3× 3 tensors, we will convert them into 6-dimensional vectors:T11 T12 T13

T21 T22 T23

T31 T32 T33

 =

T1 T6 T5

T6 T2 T4

T5 T4 T3

 (2.12)

=⇒ T = (T1, T2, T3, T4, T5, T6) (2.13)

Similarly:
S = (S1, S2, S3, 2S4, 2S5, 2S6) (2.14)

We will use both conventional (Tij) and Voigt notations (Ti) from now on. Using the
latter, we can finally write equation 2.11 as

Tα =
6∑

β=1

cαβSβ c =



c11 c12 c13 c14 c15 c16
c21 c22 c23 c24 c25 c26
c31 c32 c33 c34 c35 c36
c41 c42 c43 c44 c45 c46
c51 c52 c53 c54 c55 c56
c61 c62 c63 c64 c65 c66

 (2.15)

The reduced stiffness tensor cαβ is a 6×6 symmetric tensor, whose number of independent
entries can be further reduced at certain crystal symmetries. Converting the stiffness
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tensor cijkl to its reduced counterpart can be easily done using the following conversion
table

ij or kl 11 22 33 23, 32 13, 31 12, 21
α or β 1 2 3 4 5 6

As an example, the c1231 has the indices ij = 12 and kl = 31, and is the same value
as c65

2.3 Christoffel’s equation and the slowness surface

The dynamical behaviour of u⃗(⃗r, t) is described by Newton’s second law

ρ
∂2u⃗

∂t2
= f⃗ (⃗r)︸︷︷︸

Body forces

+

3∑
i,j=1

∂Tij

∂xj
· e⃗i︸ ︷︷ ︸

Strain gradient

(2.16)

where ρ is the mass density and e⃗i are the standard unit vectors. Body forces act on
the whole body, not necessarily isotropically (e.g. gravity). For our study of waves in
crystals, they are negligible. Using equations 2.8 and 2.11, and ignoring the body forces,
we arrive at

ρ
∂2ui
∂t2

=
3∑

j,l,m=1

cijlm
∂2um
∂xj∂xl

(2.17)

which resembles a wave equation. If we plug in solutions of the form

u⃗(⃗r, t) = U0 exp(i(q⃗ · r⃗− ωt)) · e⃗ (2.18)

in equation 2.17, we find the relations

ρω2ei =

3∑
j,l,m=1

cijlmqjqlem (2.19)

By defining the Christoffel Tensor with normalized wavevector components q̂j = q⃗· e⃗j/|q⃗|

Dim =
1

ρ

3∑
j,l=1

cijlmq̂j q̂l (2.20)

we reformulate the problem as a simple eigendecomposition of a 3×3 symmetric matrix,
which is formally known as Christoffel’s equation

3∑
i,m=1

(
Dim − v2δim

)
eom = 0 (2.21)

The three eigenvalues v2 = (ω/|q⃗|)2 are real and correspond to the three phase velocities
squared, whereas the eigenvectors e⃗ o with the index o = {1, 2, 3} correspond to the wave
polarizations. We see that the phase velocity depends on the relative orientation of the
crystal to the propagation direction; furthermore, although the three eigenvectors will
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surely be orthogonal to each other, there is no condition requiring one of the polarizations
to be parallel to the propagation direction q⃗; we will call the mode with the closest
orientation to the propagation direction as quasi-longitudinal, whereas the others
will be called quasi-transverse / quasi-shear modes.

After sampling several orientations in the three-dimensional sphere, and for each one
solving the corresponding Eigenvalue problem (equation 2.21), one can plot the angular
variation of the inverse phase velocties in so called slowness-surface plots; figures 2.3,
2.4, and 2.5 show cuts over the x- and y-planes for said surfaces in Aluminum Nitride,
Sapphire, and Lithium Niobate respectively. The last two materials possess trigonal
symmetry, hence the similarity of the slowness surface shapes (Aluminum Nitride, on the
other hand, possesses a Wurtzite crystal structure). The interpretation is simple: from
the angular point of view, the radial distance corresponds to the reciprocal of a sound
wave’s phase velocity in the same direction, here given in units of (km/s)−1.

0.2 0.1 0.0 0.1 0.2
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0.15

0.10

0.05

0.00
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qy /  

0.15
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q z
/
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Figure 2.3: Slowness surface cuts (left: y-plane, right: x-plane) of AlN (Aluminum
Nitride), in units of (km/s)−1. The stiffness tensor coefficients used come from [24].
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Figure 2.4: Slowness surface cuts (left: y-plane, right: x-plane) of α−Al2O3 (Sapphire),
in units of (km/s)−1. The stiffness tensor coefficients used come from [24].
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Figure 2.5: Slowness surface cuts (left: y-plane, right: x-plane) of LiNbO3 (Lithium
Niobate), in units of (km/s)−1. The stiffness tensor coefficients used come from [24].



Chapter 3

High-overtone bulk acoustic
resonators (HBARs)

At room temperature, high-frequency phonons (above 1 MHz) in crystalline solids
exhibit a high decay rate due to intrinsic dissipation; any spatial propagation can be easily
neglected. On the other hand, at low temperatures, the coherence length of phonons in
a crystalline solid can be many times longer (order of meters) than the length of the
solid (order of mm). The acoustic waves can propagate back and forth, reflecting off
the surfaces and interfering with itself, giving rise to standing acoustic waves or modes
[25]. In this thesis, we are uniquely concerned with the on-chip HBARs used in previous
works [20, 26], as shown in figure 3.1. The acoustic modes are confined under the dome
region, and their propagation happens predominately in z-direction (with respect to the
crystal frame). We will introduce the paraxial approximations for sound waves in solids,
and use them to derive important parameters, such as the stability criteria and effective
horizontal velocities; the latter will be later used in the numerical simulations.

Sapphire chip

L ≈ 420 µm

hdome ≈ 1 µm

≈ 5000 µm

z

x

Figure 3.1: Sapphire wafers with lateral dimensions in the millimeter range and a height
of 420 µm undergo solvent reflow and reactive ion etching [27] to generate on-chip bulk
acoustic resonators (HBARs). With this geometry, it is possible to confine long-coherent
paraxial phononic modes (magenta lines) under the dome region. They propagate mainly
in z-direction with respect to the crystal frame.

3.1 Paraxial wave approximations

Given that most frequency domain simulations start with an initial reciprocal space
profile (or a real space profile, which is easily convertible into the former) and a given
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14 CHAPTER 3. HIGH-OVERTONE BULK ACOUSTIC RESONATORS (HBARS)

frequency, we need a simple method to calculate qz given qx, qy and ω as parameters.
However, solving equation 2.17 for a general case is a formidable task, even if one considers
only one polarization. Albeit its linearity allows linear combinations of solutions and
consequently Fourier decompositions, the main problem lies in the directional dependence
of the phase velocity: sampling each orientation on the slowness surface requires a 3× 3
Eigendecomposition (i.e. solving equation 2.21).
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Slowness surf.
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0.1000

q z
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 vg
z
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Slowness surf.
Parabolic approx.
Linear approx.

Figure 3.2: Approximating the slowness surface of Sapphire close to the point (qx, qy) =
(0, 0): projections in the (a) qy = 0 and (b) qx = 0 planes. The linear terms of equation
3.1 define the approximating plane, whose projections are represented as green dashed
lines. The group velocity is perpendicular to the aforementioned plane.

Fortunately in HBARs, the sound beams have a narrow spatial frequency distribution
and propagate mainly in the z-direction (with respect to the sample frame, see figure
3.1). We choose our Sapphire sample cuts such that the crystallographic z-axis is aligned
with the sample z-axis; hence we can focus on this region of the slowness surface. One
can perform a Taylor Series expansion of the slowness surface S (q⃗, ω) up to second order
in the vicinity of the propagation direction (z-axis) [28]

qz
ω

= S0 +A
(qx
ω

)
+B

(qy
ω

)
+ C

(qxqy
ω2

)
+Dx

(qx
ω

)2
+Dy

(qy
ω

)2
+O(q3x, q

3
y) (3.1)

which, in essence, is the desired simple function that calculates qz from qx, qy and ω;
furthermore, it only depends on material parameters 1. Figure 3.2 shows the axial pro-
jections of the slowness surface in Sapphire and its parabolic (i.e. second-order Taylor)
approximation. We can give physical meaning to the parameters

• S0 is the inverse phase velocity for a plane wave propagating in the z-axis

v⃗ph
z =

1

S0
e⃗z (3.2)

1For our Lithium Niobate samples, we choose the cuts such that the y-axis is aligned vertically. The
paraxial approximations can be derived for an arbitrary axis of propagation; we will stick to the z-axis
for the following sections to avoid cumbersome notation.
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• The group velocity of the central ray v⃗gr
z can be easily calculated from the linear

terms in equation 3.1 (they correspond to the linear plane shown in figure 3.2)

ω =
−Aqx −Bqy + qz

S0
(3.3)

v⃗g
z =

∂ω

∂q⃗

∣∣∣∣∣
qx,qy=0

=
1

S0
(−Ae⃗x −Be⃗y + 1e⃗z) (3.4)

• C, Dx and Dy determine the curvature of paraboloid approximating the slowness
surface.

Hence we reduce the problem of several eigenvalue equations to a simple quadratic
function; we just need an easy method of calculating all material constants (S0, A,B,C,Dx,
and Dy). For a general anisotropic material, unfortunately there is no useful closed form
solution; one must rely on numerical approximations. In our case, derivative estimation
from cubic spline interpolation [29] seems to be the only numerically stable method.
Table 3.1 shows the results for some materials of interest.

S0 [m−1s] A [ ] B [ ] C [ms−1] Dx [ms−1] Dy [ms−1]

Sapphire 8.93 · 10−5 1.64 · 10−14 3.67 · 10−9 -9.41 · 10−8 -3.79 · 103 -3.79 · 103

Quartz 1.58 · 10−4 -1.86 · 10−14 1.15 · 10−7 -1.43 · 10−8 -4.78 · 103 -4.78 · 103

GaAs 2.11 · 10−4 -2.43 · 10−14 -1.39 · 10−14 1.33 -5.47 · 103 -5.47 · 103

BK7 1.65 · 10−4 -8.90 · 10−15 8.86 · 10−15 -2.62 · 10−8 -3.03 · 103 -3.03 · 103

TiO2 9.42 · 10−5 1.16 · 10−14 -1.21 · 10−17 6.37 · 10−1 -3.64 · 103 -3.64 · 103

AlN 1.10 · 10−4 2.90 · 10−15 -1.06 · 10−14 -3.63 · 10−8 -1.15 · 105 -1.15 · 105

CaF2 1.39 · 10−4 -1.58 · 10−14 5.26 · 10−15 -1.43 · 10−1 -1.83 · 103 -1.83 · 103

LiNbO3* 1.51 · 10−4 8.07 · 10−2 1.93 · 10−14 -1.78 · 10−2 -2.91 · 103 -3.23 · 103

Table 3.1: Summary of the material constants for the quasi-longitudinal slowness surface
calculated through interpolation using stiffness tensor coefficients from [24]. For most
cases, we perform the Taylor approximation around the crystallographic z-axis. For
LiNbO3, we approximate the y-axis, with permutated indices (x → z, y → x).

3.2 The effective horizontal velocity

Other simulation techniques, such as the optical Schrödinger equation (presented in
section 4.2) assume an anisotropic wave equation in which every spatial derivative term
has a different velocity as factor[

v2x
∂2

∂x2
+ v2y

∂2

∂y2
+ v2z

∂2

∂z2
− ∂2

∂t2

]
u(⃗r, t) = 0 (3.5)

which is equivalent to the isotropic problem with rescaled axes. Naively we could use the
longitudinal phase velocities in x- and y-directions for vx and vy. The resulting slowness
surface would be ellipsoidal in shape with its principal axes parallel to the crystal axes;
however it does not necessarily match the curvature close to the axis of propagation.
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Figure 3.3: Ellipsoidal (purple) and paraboloidal (green) approximations of the slowness
surface (orange) for longitudinal paraxial waves in Sapphire (all in units of (km/s)−1).
As one can see, they approximate the true values well at the top; however, neither the
ellipse nor the parabola cross the qx axis in the same place as the slowness surface.

Our problem can be solved if we find the corresponding ellipsoid that matches the
slowness surface and its curvature around the propagation axis, as seen in figure 3.3; its
principal axes lengths in x− and y−direction can be interpreted as the reciprocals of
the effective horizontal velocities in x− and y−direction, veffx and veffy respectively. In
situations where |C| ≪ |Dx|, |Dy| and |A|, |B| ≪ 1 (which is often the case in longitudinal
waves in the materials used) we can re-write equation 3.1 as

qz
ω

= S0 +Dx

(qx
ω

)2
+Dy

(qy
ω

)2
(3.6)

which describes a centered elliptical paraboloid with the principal axes aligned to the
Cartesian axes. We then perform an ellipsoidal approximation on top of the paraboloidal.
Starting from the general equation describing an ellipsoid,

1

a2

(qx
ω

)2
+

1

b2

(qy
ω

)2
+

1

c2

(qz
ω

)2
= 1 (3.7)

with a, b and c representing the radii along each of the principal axes, we equate the
zeroth and second derivatives

qz
ω

= c

√
1− 1

a2

(qx
ω

)2
− 1

b2

(qy
ω

)2
(3.8)

≈ c− c

2a2

(qx
ω

)2
− c

2b2

(qy
ω

)2
(3.9)

=⇒ c = S0 (3.10)

=⇒ a2 = − S0

2Dx
= − 1

2Dxv
ph
z

(3.11)

=⇒ b2 = − S0

2Dy
= − 1

2Dyv
ph
z

(3.12)
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where vphz = (S0)
−1 is the phase velocity for waves in z-direction. Hence, we define the

effective horizontal velocities:

veffx =
1

a
=

√
−2Dxv

ph
z =

√
−2Dx

S0
(3.13)

veffy =
1

b
=

√
−2Dyv

ph
z =

√
−2Dy

S0
(3.14)

Hence, we see that, for paraxial waves close to the qz-axis, the horizontal components
behave as if the solid had horizontal velocities in veffx and veffy ; these effective velocities
do not necessarily correspond to the true phase velocities, as seen in figure 3.3 and
table 3.2; the latter summarizes the effective horizontal velocities calculated from the
paraxial parameters in table 3.1. Coincidentally, in all materials of interest, veffx and
veffy are equal.

3.3 Stability criteria

Not surprisingly, acoustic modes in a solid suffer from diffraction losses (see figure
3.4a for an unconfined mode); however, much like using curved mirrors to confine light
in a laser cavity, the boundaries of crystalline medium can be shaped to confine these
longitudinal acoustic modes, as shown in figure 3.4b.

The spectrum of standing-wave modes for a crystalline medium depends on the ge-
ometry (i.e. the shape of boundaries) and also on the orientation and anisotropy of the
crystal. Similar to paraxial Gaussian photonic beams in Fabry-Pérot resonators [30], we
do not have complete freedom in the choice of shapes; the sound waves must fullfill the
stability criteria2 [27, 28]

0 ≤
(
1− L

χxR1

)(
1− L

χxR2

)
≤ 1 (3.15)

0 ≤
(
1− L

χyR1

)(
1− L

χyR2

)
≤ 1 (3.16)

where R1 and R2 are radii of curvature of the mirrors, L is the distance between the
mirrors and χx, χy are the anisotropy parameters [28]. In the simple case discussed in
section 3.2, these are given as:

χx = −2DxS0 =

(
veffx

vphz

)2

(3.17)

χy = −2DyS0 =

(
veffy

vphz

)2

(3.18)

The anisotropy parameters are correction factors arising from the different axial velocities
of paraxial waves in solids; they rescale the dimensions of the isotropic solid problem such
that it matches the anisotropic case.

2The stability criteria come from a laborious derivation, which consists in fitting Gaussian, Laguerre-
Gaussian and Hermitian-Gaussian modes such that the radii of curvature of both left and right wavefronts
match the resonators’ mirrors. There is no general analytical solution; we refer to the supplemental
material of [27] for an analytic derivation of materials with cubic symmetry and [28] for a more general
derivation using the paraxial material constants.
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(a) (b)

Figure 3.4: Bulk acoustic resonators in (a) plano-plano geometry and (b) plano-convex ge-
ometry. The latter configuration confines the modes in the horizontal direction. Adapted
from [25].

Equations 3.15 and 3.16 guarantee mode confinement in the respective axes. The
plano-convex architecture in figure 3.4b corresponds to the limit R1 → ∞, and the
stability criteria become:

0 ≤
(
1− L

χxR2

)
≤ 1 =⇒ χxR2 ≥ L (3.19)

0 ≤
(
1− L

χyR2

)
≤ 1 =⇒ χyR2 ≥ L (3.20)

Typical values for χ are shown in table 3.2. Given that most materials of interest have
a χ > 0.5, and we work with samples whose thickness L ≈ 420 µm, we can set a safe
boundary of minimal radius of curvature of Rmin = 1000 µm = 1 mm.

vphx veffx , veffy vphz χx, χy

Sapphire 1.116 · 104 9.208 · 103 1.120 · 104 0.68
Quartz 5.718 · 103 7.782 · 103 6.338 · 103 1.51
GaAs 4.731 · 103 7.196 · 103 4.731 · 103 2.31
BK7 6.064 · 103 6.064 · 103 6.064 · 103 1.00
TiO2 7.946 · 103 8.785 · 103 1.061 · 104 0.68
AlN 9.536 · 103 4.556 · 104 9.057 · 103 25.31
CaF2 7.204 · 103 5.134 · 103 7.204 · 103 0.51

Table 3.2: Summary of the true longitudinal horizontal velocities vphx , effective horizontal
velocities veffx , longitudinal velocities in z−direction vphz and anisotropy parameters,
all calculated from the material constants in table 3.1. All velocities in (m/s). For
most materials of interest, veffx and veffy are equal, which implies that χx = χy. The
ellipsoidal approximation breaks down for LiNbO3, since Dx and Dy are not equal and
the linear coefficient A is not negligible (in fact it is 1010 times bigger than see table
3.1), which would correspond to a non-centered ellipsoid and give different velocities for
waves propagating forwards and backwards, effectively breaking time reversal symmetry;
hence its absence from this table.



Chapter 4

Numerical simulations

From subsection 3.3 we are guaranteed the existence of standing phononic modes
inside the crystal, provided its geometry fullfills the stability criteria. We are interested
in calculating the frequencies and spatial profiles of the aforementioned modes. We will
look at two different approaches: frequency domain simulations that probe the response
of a harmonic input field and the optical Schrödinger equation, which allows us to predict
the effects of marginal changes to the dome shapes.

4.1 Frequency domain simulations (BeamProp)

Considering an acoustic field u⃗(x, y, z, t) propagating in the z direction, we can follow
the approach in [28] and decompose into its plane wave basis components

u⃗(x, y, z, t) =

3∑
n=1

(
1

2π

)3 ∫
R
dω

∫
R2

dqxdqy ϕn(qx, qy, ω) · d⃗n
(qx
ω
,
qy
ω

)
ei(ωt−qxx−qyy−qnz z) (4.1)

where n = {1, 2, 3} indexes the three slowness surfaces, d⃗n (qx/ω, qy/ω) is the polar-
ization vector for the plane wave propagating along (qx, qy, q

n
z ), qnz is determined using

interpolated values from the true slowness surface and ϕn(qx, qy, ω) corresponds to the
amplitude for each polarization. Supposing the displacement is known at an initial plane
u⃗(x, y, z = 0, t), we can take the inverse Fourier transform and obtain

3∑
i=1

ϕi(qx, qy, ω) · d⃗i
(qx
ω
,
qy
ω

)
= H⃗(qx, qy, ω, z = 0) (4.2)

H⃗(qx, qy, ω, z = 0) =

∫
R
dt

∫
R2

dxdy u⃗(x, y, 0, t)ei(−ωt+qxx+qyy) (4.3)

the two dimensional Fourier transform of the input field. Whereas for a given propagation
direction the vectors d⃗i are orthogonal, specification of qx and qy give them different
values for qz, which results in generally different propagation directions, hence we cannot
assume the polarizations to be orthogonal to each other. Projecting equation 4.3 onto

19
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these unit vectors gives the general solution

F11 = H⃗ · d⃗1
[
1− (d⃗2 · d⃗3)2

]
(4.4)

F12 = H⃗ · d⃗2
[
(d⃗1 · d⃗3)(d⃗2 · d⃗3)− (d⃗2 · d⃗3)

]
(4.5)

F13 = H⃗ · d⃗3
[
(d⃗1 · d⃗2)(d⃗2 · d⃗3)− (d⃗1 · d⃗3)

]
(4.6)

ϕ1 =
F11 + F12 + F13

1 + 2(d⃗1 · d⃗2)(d⃗1 · d⃗3)(d⃗2 · d⃗3)− (d⃗1 · d⃗2)2 − (d⃗1 · d⃗3)2 − (d⃗2 · d⃗3)2
(4.7)

with the solutions for ϕ2 and ϕ3 obtained by index permutation. With the components
determined, we can focus on simulating the bulk acoustic resonators (BARs).

z = 0 z = L

u0
1. 2.

3.4.

h(x, y)

5.

Figure 4.1: Graphical representation of the BeamProp algorithm. Magenta arrows rep-
resent steps happening in reciprocal space, whereas black ones represent steps in real
space. The numbers indicate the step numbers shown below (1. Input field, 2. Forward
propagation in reciprocal space, 3. Position-dependent geometrical factor φgm, which
depends on the height profile of the dome h(x, y), 4. Backward propagation in reciprocal
space, and 5. Combining input with propagated field).

Our simulator, BeamProp, is based on previous work [25, 31], with some extra fea-
tures; the algorithm is based on propagating acoustic beams back and forth along the
crystal and looking for the stable solutions (see figure 4.1 for a comprehensive diagram)

1. Start with an harmonic input field (assuming we have only one polarization)

u⃗0(x, y, z = 0) exp(iωt). (4.8)

2. Map the spatial profile into its corresponding Fourier transform

H⃗0(qx, qy, ω, z = 0) =

∫
R2

dxdy u⃗0(x, y, 0, t)ei(qxx+qyy) (4.9)

and propagate each polarization over the length of the resonator L at reciprocal
space

H⃗0(qx, qy, ω, z = L) = H⃗0(qx, qy, ω, z = 0) · exp(−iL · qz(qx, qy, ω)) (4.10)

where qz(qx, qy, ω) can be either the quadratic approximation or the interpolated
slowness surface.
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3. Return to the real space profile via inverse Fourier transformation

u⃗0(x, y, z = L) =

(
1

2π

)2 ∫
R2

dqxdqy H⃗0(qx, qy, ω, z = L)e−i(qxx+qyy) (4.11)

and apply a position-dependent phase shift φgm (which corresponds to the beam
propagating inside the curved surface and back) in real space

u⃗0,p(x, y, z = L) = u⃗0(x, y, z = L) · exp(−iφgm) (4.12)
φgm = 2 · qz(0, 0, ω) · h(x, y). (4.13)

The surface can have an arbitrary shape, which is captured as a height profile
h(x, y). The factor 2 means the sound wave propagates forwards, is reflected on
a free surface (i.e. no stress, hence no extra phase). Simply adding a position-
dependent phase with a constant wavevector neglects the slowness surface disper-
sion and the different propagation directions for each spatial Fourier component.
Nevertheless, we are only considering paraxial waves, which means that all Fourier
components have qx, qy ≪ qz, justifying the approximation.

4. Map the post-surface-reflected field u⃗0,p(x, y, L, t) to its Fourier transform

H⃗0,p(qx, qy, ω, z = L) =

∫
R2

dxdy u⃗0,p(x, y, L, t)ei(qxx+qyy) (4.14)

and propagate the wave back to the left surface

H⃗0,p(qx, qy, ω, z = 0) = H⃗0,p(qx, qy, ω, z = L) · exp(−iL · qz(qx, qy, ω)). (4.15)

5. Return to the real space profile via inverse Fourier transformation,

u⃗0,p(x, y, z = 0) =

(
1

2π

)2 ∫
R2

dqxdqy H⃗0,p(qx, qy, ω, z = 0)e−i(qxx+qyy). (4.16)

Similar to step 3, we could add a surface phase corresponding to a height profile
on the left surface and effectively simulate convex-convex geometries with different
dome shapes; they are beyond the scope of this project. We add the resulting field
to the harmonic input field

u⃗1(x, y, z = 0) = u⃗0(x, y, z = 0) + u⃗0,p(x, y, z = 0) (4.17)

6. Repeat steps 2 to 5 for m times, increasing the index at each iteration

u⃗2(x, y, z = 0) = u⃗0(x, y, z = 0) + u⃗1,p(x, y, z = 0) (4.18)
... (4.19)

u⃗m(x, y, z = 0) = u⃗0(x, y, z = 0) + u⃗m−1,p(x, y, z = 0). (4.20)

7. Calculate the intensity of the field

I(ω) =

∫
R2

dxdy |u⃗m|2 . (4.21)



22 CHAPTER 4. NUMERICAL SIMULATIONS

For non-resonant fields, step 6 adds spatial profiles with different phases, which on
average will interfere randomly. On the other hand, for resonant fields, each round
trip adds a phase multiple of 2π. Hence, step 6 adds spatial profiles with matching
phases, which results in a maximized integral I(ω). We can perform a frequency
sweep over several frequencies, and the resonant fields will appear as peaks in the
mechanical resonance spectrum (i.e. a plot of I(ω)).

8. As soon as a resonance frequency Ωr is found, the output field from the last iteration
u⃗m(x, y, z = 0) is propagated for further round-trips. After several iterations, the
spatial profile converges to the mode profiles of the standing wave acoustic modes.

Some notes regarding the algorithm:

• It is mathematically easier to perform one single real-space convolution instead of
going to reciprocal space, propagating the beam there, and returning to real space
for a one-way trip inside the resonator. However, for most computational purposes,
the Fast Fourier Transform and its inverse are so efficiently implemented, they
outperform the simpler operation.

• The reason we first perform the sweep in the frequency ω and then perform further
sweeps in the resonance frequencies Ωi has to do with computational efficiency: on
the first sweep, we only need to distinguish the peaks in the resonance spectrum
(usually 100 round trips suffice). For the spatial profile of the modes, we need
convergence of the spatial profile of the mode; the latter condition requires at least
500 roundtrips for acceptable results. For the results presented we are using 200
roundtrips for frequency sweeps and 1000 for resonant mode profile calculations.

From previous work [25], we know that for z−polarized, gaussian input fields

u⃗0(x, y, z = 0) ∝ exp

(
−x2 + y2

2σ2

)
e⃗z (4.22)

less than 2% of the power gets transferred to other polarizations; hence, we can safely
assume the mode is purely longitudinal and only propagate its component back and forth,
thereby reducing the necessary calculations by a factor of three.

4.1.1 Adding a secondary material layer

Recent experiments use domes with piezoelectric materials for increased electrome-
chanical couplings [26]; we wish to incorporate a variable piezoelectric thickness (of the
order of 1 um, smaller than the dome height) to each of our dome shapes. We only need
to modify step 3 of the BeamProp, namely the surface dependent phase shift. Inter-
faces add two elements to the simulation: refraction and reflection due to the different
velocities. The first one can be easily incorporated by reinterpreting the problem: the
geometrical phase shift φgm is given by

φgm = 2 · qz(0, 0, ω) · h(x, y) = 2 ·

(
ω

v0l,z
h0(x, y) +

ω

vpl,z
hp(x, y)

)
(4.23)

where v0l,z and vpl,z are the longitudinal phase velocities in z-direction inside the bulk
material and piezoelectric layer, and h0(x, y) and hp(x, y) are the height profile of the
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h0(x, y)

hp(x, y)

hc(x, y)

(a) (b)

Figure 4.2: Simulating heterogeneous domes by a) considering both materials, with dif-
ferent thicknesses and velocities and b) by rescaling the piezoelectric layer by a factor
of v0l,z/v

p
l,z which yields an equivalent solution (in this case, the piezoelectric layer has a

smaller longitudinal velocity, which results in a bigger dome).

material and piezoelectric layer, respectively (as shown in figure 4.2). Instead of simu-
lating two different materials, we can simply rearrange the terms in equation 4.23

φgm = 2 ·

(
ω

v0l,z
h0(x, y) +

ω

vpl,z
hp(x, y)

)
(4.24)

= 2 ·

(
ω

v0l,z
h0(x, y) +

ω

v0l,z

v0l,z
vpl,z

· hp(x, y)︸ ︷︷ ︸
=heff

p (x,y)

)
(4.25)

= 2
ω

v0l,z
·
(
h0(x, y) + heffp (x, y)

)
(4.26)

= 2
ω

v0l,z
hc(x, y) = 2qz(0, 0, ω) · hc(x, y) (4.27)

and we see that rescaling the piezolayer by the ratio of the sound velocities yields an
effective piezo thickness heffp (x, y) = v0l,z · hp(x, y)/v

p
l,z and an equivalent phase shift.

4.1.2 Limitations

The BeamProp simulations have three main limitations:

• Acoustic impedance mismatch: if both materials have a different acoustic
impedance, we can no longer assume perfect transmission at the interface; each
incident wave should be decomposed into transmitted and reflected. Furthermore,
the reflection and transmission coefficients are dependent on the angle of incidence.
For a rough estimate, the acoustic impedance for planar longitudinal waves in z-
direction is

Z = ρvl,z (4.28)

namely the product of its density and phase velocity. The reflection coefficient for
an heterogeneous interface, with a wave travelling from material 1 to material 2 is

R =
Z2 − Z1

Z1 + Z2
(4.29)
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BeamProp does not calculate any surface reflections, essentially assuming per-
fect transmission. A rough estimate using values from [24] for Sapphire-AlN and
Sapphire-LiNbO3 interfaces gives us reflection coefficients of 0.19 and 0.20, respec-
tively.

• Slowness surface at the dome: beam propagations inside the dome are per-
formed with the 0-th order approximation of the slowness surface

qz(qx, qy, ω) = qz(0, 0, ω) (4.30)

In the case of paraxial beams, the condition qx, qy ≪ qz holds. Together with the
fact that the slowness surface is continuous, the approximation is justified.

• Computationally expensive: Each simulation (frequency sweep and spatial pro-
file estimation) has a runtime of 3 to 4 minutes. It does not offer any physical
intuition to how the Eigenstates might be modified under a parametrical change,
e.g. the radius of curvature or dome height.

Fortunately we have other ways of predicting marginal changes; they are introduced in
section 4.2.

4.1.3 Implementation and performance analysis

The code is implemented as a software library in Python. New features added from
the legacy codebase include:

• Arbitrary choice of materials: we can now pair any material with any piezo
layer on the surface. The user is only required to save the stiffness tensor, density,
and specify the crystal orientation. The slowness surface is calculated (with the
Christoffel library [32]) and the paraxial material constants are obtained. The
current version uses all material constants from [24].

• Arbitrary choice of dome shapes: we can now simulate any dome shape by
simply specifying the shape as a two-dimensional function.

The discretized spatial profile of the mode is implemented as a two-dimensional
Numpy array, which allows us to use the FFT submodule to implement the fourier
transformations efficiently [33]. For each roundtrip, and assuming a n × n array, the
algorithmic cost can be summarized as:

• Phase and surface multiplications: O(n2).

• Two-dimensional discrete Fourier transforms (DFTs): O
(
n2 log(n2)

)
.

which, for a frequency sweep of Nf frequency points and each for NR roundtrips gives us
an overall cost of O(Nf ·NR ·n2 log(n2)). In order to leverage the multi-core architecture
of current computers, we consider two different strategies:

• Parallelize the DFTs: Some Python libraries, such as PyFFTW [34], offer par-
allelized versions of the DFTs.

• Parallelize the frequency sweep: For frequency point in a frequency sweep,
BeamProp performs several roundtrips. Given that each the results among these
frequency points are completely independent of each other, we can perform them
in parallel using the concurrent.futures module included in the standard library.
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PyFFTW does offer a significant speedup compared to the numpy fft module for large
matrices, provided the user compiles the underlying FFTW library [35] with the correct
flags. Since we are targeting different operating systems and architectures, and wish to
have minimal effort on the installation, this option is not suitable.

The concurrent.futures module, is included in the Python standard library [36], and
automatically manages the pool of subprocesses such that all cores are used for the
computations. It employs data parallelism, i.e. it copies all the required resources to
the subprocesses. This strategy completely avoids any deadlocks from shared-memory
parallelism and does not require communication between the subprocesses during the
exectution (other than the initial copying of data and returning the result); nevertheless,
it multiplies the memory requirements by the factor of cores available. In order to reduce
the memory footprint, we implemented the algorithm as a pure global function whose
arguments include the input field u⃗0, the dome surface profile h(x, y) and the reciprocal
space meshing, among other constants that add little overhead. A helpful diagram is
shown in figure 4.3.

ωi+1 ωi+2 ωi+3 ωi+4

Subprocess with input field at ωi+1

Subprocess with input field at ωi+2

Subprocess with input field at ωi+3

Subprocess with input field at ωi+4

I(ωi+1)I(ωi+2)I(ωi+3)I(ωi+4)u⃗0

h(x, y)

Required
resources

Managed by
concurrent.futures

Figure 4.3: Strategy for the parallelization on the frequency sweep. The concur-
rent.futures module creates a pool of workers and feeds them the input frequency ωi

and local copies of the required resources, such as the input field u⃗0 and the dome sur-
face profile h(x, y). Each worker runs a subprocess with its own independent memory
and runs concurrently with and independently of the others. After NR roundtrips, the
intensity of the mode profile, I(ωi), is calculated (step 7 in the BeamProp algorithm).
The subprocess returns I(ωi) to the main process, which stores in the corresponding
position in a separate array; the subprocess is terminated and its resources deleted. The
concurrent.futures notices a free worker and feeds it the next element in the frequency
array and the corresponding required resources.

For a spatial meshing of 128 × 128 entries, each subprocess used between 100 MB
and 200 MB of memory, with a speedup close to the number of cores. Further testing on
three different operating systems yielded similar results.
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4.2 Optical Schrödinger Equation (OSE) simulations

Whereas the frequency domain simulations take into account several physical factors,
it is advantageous to have a simpler method for predicting marginal changes. The key
concept is the similarity between the paraxial wave equation and the Schrödinger equa-
tion. Following the approach from [37, 38], we generalize the Helmholtz wave equation
to an anisotropic case:[

v2t (x, y)

(
∂2

∂x2
+

∂2

∂y2

)
︸ ︷︷ ︸

∇2
⊥

+v2l (x, y)
∂2

∂z2
− ∂2

∂t2

]
u = 0 (4.31)

where the wave velocities depend on direction and position:

vl(x, y) =
vl,0

n(x, y)
vt(x, y) =

vt,0
n(x, y)

ω = vl,0q (4.32)

which is conceptually equivalent to a spatially varying index of refraction n(x, y). In
the previous equation, vl,0 is the phase velocity in z-direction, and vt,0 is the effective
horizontal velocity introduced in section 3.1. We will also assume

∂n(x, y)

∂x
≈ ∂n(x, y)

∂y
≈ 0, 1− n2(x, y) ≪ 1. (4.33)

We are looking for solutions of the form

uz (⃗r, t, q) = u0(⃗r) exp (i(qz − ωt)) (4.34)

where u0(⃗r) is a slowly varying function in z direction. Inserting this Ansatz in 4.31, one
obtains

v2t (x, y)∇2
⊥u0 + v2l (x, y)

∂2u0
∂z2︸ ︷︷ ︸

=0

+2iq v2l (x, y)
∂u0
∂z

− v2l (x, y)q
2 u0 + ω2u0 = 0 (4.35)

v2t (x, y)

2q2v2l (x, y)
∇2

⊥u0 +
i

q

∂u0
∂z

− 1

2

[
1− ω2

q2v2l (x, y)

]
u0 = 0 (4.36)

i

q

∂u0
∂z

= − 1

2q2
v2t
v2l,0

∇2
⊥u0 +

1

2

[
1− n2(x, y)

]
u0. (4.37)

The key concept here is to perform a suitable change of variable; we define the equivalent
time

τ = q · z (4.38)

which corresponds to the phase gained by travelling a distance z; after some careful
substitutions, one obtains from equation 4.37

i
∂

∂τ
u0(x, y, τ) =

[
− 1

2q2
v2t
v2l,0

∇2
⊥ +

1

2

(
1− n2(x, y)

)]
u0(x, y, τ). (4.39)

Equation 4.39 is a time-dependent Schrödinger equation (with ℏ = 1) of a hypothetical
particle with mass m∗ = q2v2l,0/v

2
t = ω2/v2t under the potential V (x, y) = [1−n2(x, y)]/2.
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z = 0 z = L

m1(x, y) m2(x, y)

d(x, y) = L+m2(x, y)−m1(x, y)

Figure 4.4: Resonator with height profiles m1(x, y) and m2(x, y). The parallel distance
is given by d(x, y) = L+m2(x, y)−m1(x, y).

Consider now a Fabry-Pérot resonator in which the mirrors are not perfectly flat, but
are described by the height profiles m1(x, y) and m2(x, y). Each indicates the height
deviation from the planar mirror, as shown in figure 4.4. The phase picked up in a
one-way trip is

φ(x, y) = qd(x, y) (4.40)
= q(L+m2(x, y)−m1(x, y)) (4.41)

= qL

(
1 +

m2(x, y)−m1(x, y)

L︸ ︷︷ ︸
n(x,y)

)
(4.42)

where we re-interpret the problem as a planar resonator with a spatially varying index of
refraction n(x, y). The constraints in equation 4.33 imply mi(x, y) ≪ L i ∈ {1, 2}. Since
the phase depends only on the difference of the height profiles, m2(x, y) −m1(x, y), we
can easily model convex-convex geometries of different dome shapes on each side, and by
using the same trick on section 4.1.1, we can also model domes with a piezoelectric layer
on the top.

Let us now consider solutions where we can apply a separation of space and time
dependency, as is common in solutions to the time-dependent Schrödinger equation[

− 1

2m∗∇
2
⊥ +

1

2

(
1− n2(x, y)

)]
uη(x, y) = ηuη(x, y) u0(x, y, τ) = e−iητuη(x, y)

(4.43)
The mode function u0(⃗r) of the Ansatz in equation 4.34 picks up a phase as the wave
travels through the resonator; it corresponds to the Gouy phase shift. The total phase
(mode function and exponential part) gained in a round trip is

∆φ = 2qn0(1− η)L = 2πm m ∈ N (4.44)

where n0 = n(0, 0) and the last condition is required for constructive self interference1.
The free spectral range and the frequencies are

FSR =
vl,0
2n0L

f =
m · FSR

1− η

|η|≪1
≈ m · FSR · (1 + η). (4.45)

1We could have picked any point in the dome, as the stability conditions require the wavefronts to
match the mirrors on each side. To be consistent here, and to be sure we are inside the dome regardless
of its size, we pick the point (x, y) = (0, 0)
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In summary each Eigenstate has both a major and minor energy component, character-
ized by the integer m and the real eigenvalues η respectively. For a pure Sapphire HBAR
of length n0L = 420 µm, we have an FSR ≈ 13.3 MHz. The physical interpretation of
these parameters will become clear in the following example.

Circular domes and quantum harmonic oscillators

Considering a more practical example of circular dome of radius of curvature R and
height h, with h ≪ R,L, as shown in figure 4.5.

x

V (x, y)

r0

h/L

Figure 4.5: Corresponding potential of a circular dome with radius of curvature R and
height h, which leads to a width of r0 =

√
2Rh.

Using a second-order Taylor expansion around x, y = 0, 0, the corresponding height
profile is

m1(x, y) = 0 (4.46)

m2(x, y) ≈

{
h
(
1− x2+y2

2Rh

)
x2 + y2 ≤ 2Rh = r20

0 else
(4.47)

n(x, y) ≈

{
1 + h

L

(
1− x2+y2

r20

)
x2 + y2 ≤ r20

1 else
(4.48)

V (x, y) ≈

{
h
L

(
x2+y2

r20
− 1
)

x2 + y2 < r20

0 else
(4.49)

As a sanity check, we are working with sapphire samples of thickness L ≈ 420µm. Most
domes have a height h ≈ 2µm and radius of curvature R ≈ 10000µm. Hence, h ≪ L,R.

The striking feature from the previous derivation is the mathematical equivalence
(at least under the approximations) of sound modes in an acoustic resonator and the
"clipped" two dimensional quantum harmonic oscillator with spring constant

k =
2h

Lr20
(4.50)

The problem is completely separable in x− and y−axes. Each dimension gives us a one-
dimensional harmonic oscillator with bound states whose energies lie below zero, which
we can describe by the quantum numbers nx, ny (and the overall excitation number
n = nx + ny n ∈ N ∪ 0). The energies are given by

E = η(n+ 1) η =

√
k

m∗ =

√
2hv2t

Lr20q
2v2l,0

≈
√

v2t
RLω2

(4.51)
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each with a degeneracy of
D(n) = n+ 1. (4.52)

The Eigenstates correspond to the Hermite-Gaussian modes [30] of an acoustic beam;
both spatial amplitudes are modulated by Hermite polynomials. The quantum harmonic
oscillator is clipped, i.e. we have only a finite number of bound states. States above
zero are unbound modes inside the crystal ("unbound" means acoustic modes inside
the crystal that are not confined to the dome region). They correspond to higher-level
Hermite-Gaussian modes whose spatial profiles exceed the dome’s dimensions.

We can estimate the number of bound modes by looking at figure 4.5. The depth of
the energy well is h/L, and we can estimate the number of total general energy levels as:

N(R, h) =

⌊
h/L

η

⌋
=

⌊√
h2ω2R

v2tL

⌋
(4.53)

Accounting for a degeneracy D(n) for the n-th energy level (see equation 4.52), we get a
total of

Ntotal(R, h) =

N(R,h)∑
i=0

(i+ 1) =
(N(R, h) + 1)(N(R, h) + 2)

2
(4.54)

different Eigenstates.

E

m = 1
η0

η1 η2 η3 η4

m = 2
η0

η1 η2 η3 η4

m = 3
η0

η1 η2 η3 η4

Figure 4.6: Energy spectrum of a resonator. The orange lines correspond to the Gaussian
modes of a particular longitudinal resonance (labelled by the index m and η0) and cyan
lines are the subsequent higher order Laguerre-Gaussian or Hermite Gaussian modes
(labelled by ηi).

For our values of interest (ω = 2π · 6 GHz, L = 420 µm-thick Sapphire samples),
small domes (R = 1000 µm, h = 0.4 µm) have N = 2 energy levels with Ntotal = 6
different Eigenstates, but bigger domes (R = 5000 µm, h = 4 µm) have N = 56 energy
levels, with Ntotal = 1653 Eigenstates! The overall spectrum of an acoustic resonator is
finally clear:

• The major index m gives us the longitudinal resonances. These are equidistant over
the spectrum and usually possess a Gaussian amplitude profile. They correspond
to the orange lines in figure 4.6.

• The minor index ηi (in the circular dome case, i = nx+ny) gives us the higher-order
Hermite-Gaussian modes (cyan lines in figure 4.6). The number of bound modes
grows both with increasing radius of curvature R, height of dome h, and frequency
of the fast oscillaing component ω. In addition, it is important to notice that the
energy of the complete Eigenstate is actually not η, but according to equation 4.45

E ≈ ℏω(1 + η). (4.55)
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Furthermore, this approach is only valid if ω is a longitudinal resonance frequency
of the resonator, i.e. it is a multiple integer of the FSR.

We will later see depending on the simulation’s symmetry, we get either Laguerre- or
Hermite-Gaussian modes; this is not surprising, as one can shift from one set to the
other by simple linear combinations.

4.2.1 Implementation and performance analysis

We implement the spatial meshing as a two-dimensional n×n matrix. The potential
term is a simple function evaluated at the points of interest. In order to implement
the Laplacian operator, we reshape the spatial profile as a n2 single column vector and
implement the standard two-dimensional Laplacian stencil

∇2f(xi, yi) =
f(xi+1, yi) + f(xi−1, yi) + f(xi, yi+1) + f(xi, yi−1)− 4f(x, y)

h2
(4.56)

as a n2×n2 sparse matrix, where h = xi+1−xi = yi+1−yi. By neglecting the edge terms
(i.e. i ≥ n or i < 0) we are assuming Neumann Boundary Conditions, and we keep the
matrix Hermitian. We compared two libraries for the Eigendecomposition: ARPACK
[39] (the version used by SciPy) and Spectra [40], in both cases using the Shift-and-
Invert Method for Eigendecompositions, ideal for determining the smallest eigenvalues
of a matrix when they are coincidentally close to zero. For a n2 × n2 sparse matrix, the
cost of eigenvalue decomposition is O(n4).

xi+1

yi+1

xi+2

yi+2

xi+3

yi+3

=⇒

H Reshaped
State Vector

Figure 4.7: Implementation of the OSE Simulation. The two dimensional grid is reshaped
as a state vector. The Hamiltonian H is implemented as a n2 × n2 sparse matrix. The
potential term corresponds to diagonal entries and the kinetic term is implemented using
the standard two-dimensional Laplacian stencil.

Unfortunately the algorithm is iterative and hence, non parallelizable. The only
available performance gain comes from parallelized matrix multiplications. This can be
achieved with architecture-specific BLAS Libraries (Basic Linear Algebra Subroutines),
which are often optimized for a single architecture. Furthermore, coarse meshings (n <
160) lifts the degeneracies for higher energy levels, which is inaccurate from the theoretical
point of view. For the examples below, we are using a mesh of 160 × 160 points, which
usually takes 45 minutes on the EULER Scientific Computing Cluster, with a memory
footprint in the single GB range.
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4.3 Simulation results

We will firstly look at circular domes characterized by their radius of curvature R
and height h. They are essentially described by the following height profile

hcir(x, y) =

{
h−R+

√
R2 − x2 − y2 x2 + y2 ≤ 2Rh− h2

0 else
(4.57)

According to equations 4.51 and 4.53, changing the parameters R and h should yield
corresponding changes in the spectrum. Increasing the dome height corresponds to a
increase in the potential well, effectively displacing the states further below in the energy
axis. Increasing the radius of curvature corresponds to a reduction of the spring constant,
which makes the potential flatter; the spacing between energy levels is reduced, as a
function of R−1/2. The Eigenstates, on the other hand, should remain unchanged up to
scaling factors, as the parametric changes only modify the spring constant and the energy
offset while still retaining mathematical equivalence to the quantum harmonic oscillator.

4.3.1 Optical Schrödinger Equation

We will firstly consider sapphire HBAR in a plano-convex architecture of length
L = 420 µm, with a circular dome of radius R = 9 mm and height h = 0.45 µm, driven
at 6 GHz (which has a manageable number of energy levels and bound states). The lowest
Eigenenergies are calculated from the Hamiltonian are shown in figure 4.8. States whose
energies lie above zero are unbound modes. As one can see, the degeneracies match the
expected values. The spatial profiles of the nine lowest Eigenstates can also be seen in
figure 4.9. Due to equation 4.55, all modes here have a frequency offset of 6 GHz, e.g. a
mode labelled as −5 MHz actually has the frequency (6 GHz - 5 MHz). For the bound
part of the spectrum, we get an average energy level spacing ωη ≈ 0.746 MHz.
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Figure 4.8: Spectra of the eigenvalues obtained in an Optical Schrödinger Equation
simulator of a circular Sapphire HBAR with a circular dome of radius R = 9 mm and
height h = 0.45 µm, driven at 6 GHz. States whose energies lie above zero are unbound
modes that are still Eigenstates of the simulational problem. Due to equation 4.55, all
modes here have a frequency offset of 6 GHz, e.g. a mode at level −5 MHz actually has
the frequency (6 GHz - 5 MHz). For the bound part of the spectrum, we get an average
energy level spacing ωη ≈ 0.746 MHz.

A quick note regarding the Eigenstates: both libraries used for the Eigendecomposi-
tion, ARPACK [39] and Spectra [40], rely on random vectors for initialization. Especially
in degenerate cases, we can get linear combinations of the Hermite-Gaussian modes for
different initial vectors, which is why the spatial profiles do not match them exactly.
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We can also see how the Eigenenergies change under parametric changes (R and h),
with the results shown in figure 4.10. Increasing the radius decreases the spring constant
(see equation 4.50), and here we see the expected

√
R

−1
behaviour. Increasing the dome

height increases the potential depth, which is why all Eigenstates decrease in energy with
increasing height.

Figure 4.9: Spatial amplitude profiles of the nine lowest Eigenstates of the spectrum in
figure 4.8. These profiles can be used to calculate the coupling to an external force or
input via spatial integration.
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Figure 4.10: Sweeps in radius of curvature and height for a Sapphire HBAR with length
L ≈ 420 µm.

4.3.2 BeamProp

Considering the same HBAR from the previous section, we can perform a frequency
sweep around 6 GHz. We chose a Gaussian profile for the input field (which mimics
the experimental driving by a microwave antenna) with a width σ = 50 µm, as it has a
non-zero spatial overlap with several different modes. The response spectrum is shown
in figure 4.11, and the spatial profiles of the intensities is shown in figure 4.12.

Figure 4.11: Response spectrum for a Gaussian input field of width σ = 50 µm. The
vertical dashed lines show the peaks identified by our simulator.



34 CHAPTER 4. NUMERICAL SIMULATIONS

Figure 4.12: Intensity profile (i.e. absolute amplitude squared) of the modes of identified
in the spectrum shown in figure 4.11.

However, after examination of the mode profiles, we notice that we couple only to
the symmetric modes, which illustrates one of the main caveats of BeamProp, namely
the strong dependence on the input field. We can circumvent the issue by choosing a
non-centered gaussian (which would correspond to a misaligned antenna) or a half disk
profile; figure 4.13 shows the spectral response for the latter forcing function, with the
corresponding mode profiles shown in figure 4.14. We can outline two important results:

• The mode frequency does not depend on the input profile (as long as the spatial
overlap is not zero).

• The energy level spacing for the non-symmetric forcing function ωη ≈ 0.749 MHz,
in agreement to the OSE simulations.

Furthermore, we notice a constant frequency shift for all modes compared to the OSE
Simulations; this is mainly due to the fact that 6 GHz is not an integer multiple of the
FSR (the closest resonances lie at 5.992 GHz and 6.005 GHz). For practical purposes,
this mismatch does not play a significant role, as the qubits’ frequencies are tunable.
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Figure 4.13: Response spectrum for a half-disk input field. We get an average energy
level spacing ωη ≈ 0.749 MHz. The vertical dashed lines show the peaks identified by
our simulator, sorted by peak prominence. The extra peaks between -2 MHz and 0 MHz
correspond to unbound modes.

Figure 4.14: Intensity profile (i.e. absolute amplitude squared) of selected modes of
identified in the spectrum shown in figure 4.13.
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Whereas spatial overlap can become a limiting factor for the discovery of modes, it
can also be an useful tool for achieving coupling selectivity. If we had chosen a Gaussian
field whose width matches the lowest Eigenstate for the input, the spectrum would only
have one peak, as shown in figure 4.15.

Figure 4.15: Response spectrum for an input field matching the n = 0 mode spatial
profile.

4.4 Anharmonic dome shapes

Translating the paraxial propagation of sound into an equivalent Schrödinger Equa-
tion opens up the door for a mighty tool from quantum mechanics: perturbation theory!
We can essentially estimate the changes in the spectrum just by calculating the corre-
sponding matrix elements (which are spatial integrals).

4.4.1 Perturbation theory

We will restrict ourselves to domes with axial symmetry and only look at perturba-
tions of the form

H1
x,y ∝ (x2 + y2)2 (4.58)

We can restrict our our analysis to the x-axis sub-problem

H1 ∝ x40(â+ â†)4 (4.59)

for some intuition. The factor x0 = (
√
2m∗η)−1 is the zero-point motion, â and â† are

the corresponding ladder operators. From perturbation theory [41], we know that the
matrix elements are

Mm,n = ⟨m|x40(â+ â†)4|n⟩ . (4.60)
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with the corresponding first-order energy shifts ∆E1,n

∆E1,n = Mn,n (4.61)

Instead of calculating all coefficients explicitly, we can opt for a more intuitive argument
that will help us understand why both shifts in this particular case will be positive.
Each time the operator (â + â†) is applied, the state |n⟩ is mapped to a superposition
of |n+ 1⟩ and |n− 1⟩. Further applications yield further states, which in the end range
from |n+ 4⟩ to |n− 4⟩, as seen in figure 4.16.

|n⟩
|n+ 1⟩

|n− 1⟩

|n+ 2⟩

|n⟩

|n− 2⟩

|n+ 3⟩

|n+ 1⟩

|n− 1⟩

|n− 3⟩

|n+ 4⟩

|n+ 2⟩

|n⟩

|n− 2⟩

|n− 4⟩

â+ â† â+ â† â+ â† â+ â†

Figure 4.16: Tree of states spanned by the repeated application of the normalized position
operator (â+ â†).

It is important to notice two important aspects:

1. For a state |n⟩, the raising operator yields a factor of
√
n+ 1 and the lowering

operator yields a factor of
√
n− 1. Overall, a bigger proportion is mapped to

higher energy states than to lower ones, and always with positive factors.

2. For low energy states n ≤ 3, the lower parts of the tree do not exist, as annihilation
of the vacuum state |0⟩ yields no state at all.

As all prefactors are positive numbers, the first-order energy shifts are positive for positive
anharmonicities. The shifts are more pronounced for higher level states, which results
in spread of the spectrum. On the other hand, for negative fourth order coefficients,
both shifts are negative, but still of higher magnitude for higher level states. These
characteristics result in the concentration of the spectrum. Previous work [42] has shown
that Gaussian and Cosine shapes of a dome, both with a negative fourth order coefficient
in their Taylor expansions, yield a negative anharmonicity, with the difference of the
energy levels decreasing for higher level modes.

We are interested in seeing the spectral changes of a dome with respect to the fourth
order term. We will define our height profile as

hanh(x, y, h,R, a) = −a · (x2 + y2)2 + b · (x2 + y2) + c (4.62)

and clip all values beyond the first zero crossing, as seen in figure 4.17. This height
profile has a height h = c and effective radius of curvature R = −1/2b at the point
(x, y) = (0, 0).
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Figure 4.17: Anharmonic dome profiles. For the concerned profiles, we simply assume
the profile to be zero after the first zero crossing, ignoring the further revivals (dashed
lines). The green line corresponds to the minimal anharmonic profile that still crosses
the x−axis, which corresponds to the condition b2 ≥ −4ac.

As we saw on the earlier section (and keeping in mind that the quadratic term b
is negative), decreasing the anharmonicity term a yields a more compressed spectrum
(smaller spacings between the energy levels). Increasing the anharmonicity, on the other
hand, only increases the spacing. Hence we can outline two different strategies:

1. Decrease the anharmonicity and compress the spectrum of bound modes. This
should open up a bigger energy space between the highest bound mode of a previous
FSR and the lowest bound mode of the next one (in figure 4.6 they are the right-
most cyan lines and the orange lines, respectively). A bigger space in the spectrum
means reduced dispersive coupling to the other unwanted modes.

2. Increase the anharmonicity and spread out the spectrum. The modes are displaced
further from each other; if some exceed the height of the potential well, they cannot
be bounded anymore and hence disappear from the spectrum.

Before we proceed, we need to set some boundaries. If we decrease the value of a too
much, we will not get any zero crossings; to avoid this, we solve for the zeros of the
previous equation and find the following condition

b2 ≥ −4ac ⇐⇒ − 1

16R2h
≤ a. (4.63)

Another thing we must consider is the sample free spectral range; as we change the shape
of the surface, all sets of cyan lines in figure 4.6 will suffer a similar energy change; if
one of these lines crosses an orange line, we can have modes of different longitudinal
resonances interfering with each other. To avoid such a situation, we can limit the
height of our domes such that the potential depth in frequency does not exceed one FSR.
Making use of equation 4.45, and reminding ourselves that the potential well has a depth
of ωh/L, we find that a Sapphire HBAR with an FSR ≈ 13.3 MHz has a height limit of
hmax ≈ 0.93 µm.
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4.4.2 OSE Simulations

For the case of a dome of height h = 0.9 µm and effective radius of curvature R =
1500 µm, we can plot the evolution of the energy levels as a function of the anharmonic
term, as shown in figure 4.18. As soon as the energy level rises above zero, we stop
considering it.
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Figure 4.18: Anharmonic dome spectrum evolution a dome of height h = 0.9 µm and
effective radius R = 2500 µm as a function of the relative anharmonicity a/b. The
black vertical dashed line indicates the minimal anharmonicity satisfyting the condition
b2 ≥ −4ac.

For better visualization, we define the mode anharmonicity [42]:

αi =
(fi+1 − fi)− (f1 − f0)

(f1 − f0)
(4.64)

where fi is the energy level for the i-th mode. In a harmonic oscillator, all modes
have the same frequency spacing, hence αi = 0 for all modes of interest. For the two
aforementioned strategies, we see different outcomes:

1. Decreasing the anharmonicity slightly compresses the spectrum. Nevertheless, it
yields a unwanted side effect: the anharmonic term decreases the energy of previ-
ously unbounded modes to the bounded part of the spectrum. We cannot expect
a mode free region in the spectrum between FSR groups.

2. Increasing the anharmonicity slightly spreads out the spectrum. Choosing appro-
priate parameters, such as in figure 4.18, a slight anharmonic perturbation makes
the n = 7, 8 energy levels unbounded, and frees up some space in the upper part
of the spectrum.
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Figure 4.19: Mode anharmonicities αi for different relative dome anharmonicities a/b
(in units of 10−5 µm−2). The horizontal dashed line represents the case of a harmonic
oscillator, where the frequency spacing remains constant.



Chapter 5

Fabrication tools

As seen in section 4.4, anharmonic dome shapes may exhibit unusual acoustic spectra.
The logical next step is the assessment of whether the fabrication of said domes is possible,
and what limitations might exist. Previous work on the design of acoustic resonators [27]
employs solvent reflow for the creation of µm-tall circular domes with an astounding root
mean square roughness on the sub-nanometer order; nevertheless, no shapes other than
circular domes can be produced (see section 5.2 for a more thorough explanation). In this
chapter, we will introduce two different methods for grayscale lithography and explain
how they give us more freedom in the choice of dome shapes.

5.1 Grayscale Lithography

Figure 5.1: Diagram explaining masked grayscale lithography; by fabricating a mask that
regulates the amount of intensity of each pixel, we can underexpose the photoresist (step
1) and hence create a (post-developed) 3D structure (step 2); the latter can be later
transferred to the substrate over suitable etching techniques (step 3). Adapted from [43].

One suitable candidate for the nanofabrication of 3D patterns is grayscale UV-
lithography [43]: whereas conventional lithography processes expose thin layers of pho-
tosensitive chemicals, this process consists in underexposing thicker resists. The partial
exposure bleaches the top of the resist, while leaving the bottom intact. The thickness
of the exposed layer increases monotonically with dose (see figure 5.1); moreover, the
post-exposure development only dissolves the exposed resist, allowing one to carve three
dimensional patterns in the latter. The resulting three dimensional structures can be
transferred to the substrate via suitable etching techniques. Our photoresist of choice,
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AZ4562 from Microchemicals GmbH©, yields a thickness of 8.77 µm after a 2000 rpm
spin [44]. For a more detailed description of grayscale lithography including the chal-
lenges and limitations of this method, we refer to previous work [42]. We present two
different methods to modulate the dose of UV-light on the substrate:

1. Laser writers with variable power (direct written grayscale lithography)

2. Grayscale masks (masked grayscale lithography)

Both methods are further explained in the following subsections.

5.1.1 Masked grayscale lithography

Our masked grayscale lithography is based on the principle of the effective pixel; for
most thin resists in binary masked lithography, the exposed regions correspond to the
openings of the mask (as shown in figure 5.2a). For thicker resists, beam dispersion is
not negligible anymore; nearby points under opaque regions of the mask do get a certain
level of exposure. We define the effective pixel length lEP as the length of the exposed
region, as shown in figure 5.2b.

Resist
Mask

UV Beam

SubstratelEP

(a)

Resist
Mask

UV Beam

SubstratelEP

(b)

Figure 5.2: A comparison of masked exposure of (a) thin and (b) thick resist. Diffraction
is negligible in thin substrates, hence the effective pixel usually matches the mask opening;
in thick substrates, diffraction increases the effective pixel size. We define the effective
pixel as the exposed length on the substrate. Figures adapted from [42].

From previous work [42], we know the effective pixel length lEP of our photoresist
(AZ4562 from Microchemicals GmbH©) is lEP ≈ 2.6µm. Furthermore, the effective
pixel does not change significantly with aperture size in the mask, however the effective
UV dose does: it is proportional to the aperture area. We can use these characteristics
to conceptualize graytone pixels, which modulate intensity behind the mask. Following
a similar approach to [45], we divide the dome into pixels with side length lEP ; each
pixel contains a square aperture of size lg (which can vary between pixels), and hence
the effective dose d under the graytone pixel is

d = D0 · F F =
l2g
l2EP

(5.1)

whereas D0 is the nominal UV dose from the mask aligner, which is easily adjustable,
and F is the filling factor or simply the ratio between transparent and total areas of
the pixel (e.g. a fully transparent pixel corresponds to F = 1 and a pixel with F = 0.75
has 75% of its total area transparent, and 25% opaque).
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There are however, three main limiting factors arising from the mask fabrication (see
figure 5.3 for a descriptive diagram):

1. Critical dimension lCD: structures with an area smaller than l2CD are not prop-
erly etched in the mask’s opaque chromium layer; in essence, it defines a lower
boundary for the graytone pixels, whose square aperture dimensions must exceed
lCD in both x− and y−axis. For our case, lCD ≈ 1.1 µm.

2. Addressable grid lAD: the laser writing the mask cannot be displaced with ar-
bitrarily small increments; rather, it moves in steps dx = dy = lAD. In essence, it
restricts the allowed graytones to a discrete scale. We define

• Graytone 0 is an aperture of dimensions lCD · lCD

• Graytone 1 is an aperture of dimensions (lCD + lAD) · lCD

• Graytone 2 is an aperture of dimensions (lCD + lAD) · (lCD + lAD)

• Graytone n = nx + ny is an aperture of dimensions
(lCD + nx · lAD) · (lCD + ny · lAD).

For our case, lAD ≈ 0.03 µm.

3. Minimal distance lMD: opaque chromium strips in the mask thinner than lMD

are completely removed in the etch process; in essence, it defines an upper bound
for the graytone pixels, as two neighboring high graytone pixels need a combined
opaque strip of length l ≥ lMD. We assumed lMD = 0.15 µm for the calibration, but
after visual inspection we recommend at least lMD = 0.3 µm and a corresponding
increase of the effective pixel to lEP = 2.8 µm.

lEP

lEP

lEP

lMD

lCD

lCD

lCD

l C
D

n
y
·l

A
D

nx · lAD

l y

lx

Figure 5.3: Diagram of neighboring graytone pixels with its defining dimensions (ad-
dressable grid lAD, critical dimension lCD, effective pixel lEP and minimal distance lMD).
White and violet areas correspond to opaque and transparent regions, respectively. The
magenta dashed squares are the maximal graytones under the minimal distance con-
straint. The left structure is a pixel corresponding to graytone g = 0, i.e. a window with
dimension l2CD, whereas the right graytone corresponds to graytone g = nx + ny
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Taking all previous parameters into consideration, one can calculate the following
quantities:

• The number of available graytones

NEP = 2 ·
⌊
lEP − lMD − lCD

lAD

⌋
. (5.2)

For our parameters, we get NEP = 90, which is more than enough.

• The filling factor of a gray pixel g = nx + ny

F (g) =
lx · ly
l2EP

=
(lCD + ⌊g/2⌋ · lAD) (lCD + (⌊g/2⌋+ g mod 2) · lAD)

l2EP

(5.3)

=
l2CD + (nx + ny) · lAD · lCD + nx · ny · l2AD

l2EP

(5.4)

which is just the ratio between the transparent area within a pixel and it’s full area;
g ∈ N ∪ 0 is the graytone number.

• The (approximate) graytone from filling factor (i.e. the inverse of the previous
function)

g(F ) = round

2 ·

√
F · l2EP +

l2AD
8 − lCD

lAD

 (5.5)

and round(x) rounds x to the nearest integer.

5.1.2 Direct-written laser grayscale lithography

The direct laser-written method is similar to binary laser writer, with the additional
feature that the intensity of light is regulated at each pixel. Specially designed laser
writers (in our case, the DWL 66+ from Heidelberg Systems©) have the ability to mod-
ulate the laser beam through the use of digital electronics and acousto-optic modulators,
allowing for a total 128 possible graytones, with 0 corresponding to total darkness and
127 corresponding to maximal intensity, which is also separately adjustable.

5.1.3 From graytones to height profiles

We need to determine how much exposure corresponds to each height. In the case
of masked lithography, although the beam diffraction is assumed to be contained within
lEP (as shown in figure 5.2b), we do notice some edge effects when different graytone
pixels are paired together. In order to get an "unbiased" calibration, we designed a
calibration array (as shown in figure 5.4). Each array object is a 100 µm long square
grid of identical graytone pixels. Along the array’s rows we increase the transparent
window area (consequently increasing the filling factor F , graytone number g and the
effective dose d); along the columns we increase the effective pixel size. The average
height at the center of the calibration square is then interpreted as the resist height of
the corresponding graytone.
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Figure 5.4: Calibration array with varying lEP along the columns and the window sizes
(and consequently filling factor F , graytone number g, and effective dose d) along the
rows. Each array object is actually a grid of several graytone pixels of the same param-
eters for an undisturbed calibration [42].
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Figure 5.5: Exposure curve of AZ4562 in the EVG 620NT Mask Aligner by EV Group©

for graytones based on different effective pixels, assuming an initial resist thickness of
8.77 µm [44]. All curves are generated on the same exposure with nominal dose D0 = 250
mJ cm−2; different effective doses are obtained by varying the filling factor, as shown in
figure 5.4. The red dashed line corresponds to the calibration curve from previous work
[42], which was used as a reference; the black dashed line corresponds to equation 5.6.
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Calibrations of the resist in sapphire samples with our mask aligner yield the exposure
curve (black dashed line) shown in figure 5.5. All curves are generated on the same
exposure with nominal dose D0 = 250 mJ cm−2. The relation is monotonic (i.e. higher
dose corresponds to less resist left) yet not linear; least squares regression yields

hEV G(d) = 20.85− 0.5049 · d+ 6.796 · 10−3 · d2 − 5.010 · 10−5 · d3 + 1.834 · 10−7 · d4

−2.641 · 10−10 · d5

(5.6)

where d is the effective dose and hEV G
P is the height left of resist.

Masked grayscale lithography has one main advantage over direct laser written: it
has a quick exposure time (∼ 100 seconds), independent of the number of structures gen-
erated, competely suitable for mass production. Its main limiting aspect is the quality of
the mask; for small graytones the fabricated structures exhibit a high degree of accuracy
(see fig. 5.6a); for neighboring pixels of higher graytones, the thin chromium strips are
sometimes completely removed at the etch process (see fig. 5.6b). Given that the regions
of higher graytones correspond to the edge of the dome, and that most of the acoustic
power is concentrated in its center, these defects should not play a significant role.

(a) (b)

Figure 5.6: Grayscale mask under optical microscope on top illumination setting (dark
regions are transparent, bright regions are opaque). The regions containing (a) low-
graytone pixels are faithfully reproduced, whereas regions with (b) high-graytone pixels
have some opaque strips removed in the fabrication process. These masks were generated
assuming a minimal distance lMD = 0.15 µm, but a value of lMD = 0.3 µm seems more
appropriate.

Calibrations of the resist in sapphire samples with our direct laser writer yield the ex-
posure curve shown in figure 5.7. The relation is monotonic (i.e. higher dose corresponds
to less resist left) yet not linear; least-squares regression yields

hDWL(P ) = 15.45− 1.303 · P + 0.04280 · P 2 − 5.628 · 10−4 · P 3 (5.7)

where P is the laser power in mW and hDWL
P is the height left of resist. The calibration

did not explicitly use the grayscale setting; we are assuming a linear relation between
the graytone number and resulting laser power from the machine.

Laser written samples have an increased degree of accuracy compared to its counter-
parts which undergo masked grayscale lithography, primarly because it is not subject to
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Figure 5.7: Exposure curve of AZ4562 in the Laser Writer DWL 66+ by Heidelberg
Systems© (n-over-4 mode, focal offset = +60%) with the third-order best-fit polynomial.
The different colors represent different intensity settings, and the laser power in the
horizontal axis corresponds to the laser power shown in the DWL 66+ multiplied by
the intensity setting. We are assuming an initial resist thickness of 8.77 µm [44]. The
calibration did not explicitly use the grayscale setting; we are assuming a linear relation
between the graytone number and resulting laser power from the machine.

mask fabrication defects. Its main limitation is the writing time: the latter can exceed
one hour for a batch of 30 domes in a sample. It also increases linearly with the number
of domes, whereas masked grayscale lithography has a constant exposure time.

5.1.4 From height profiles to graytones

Given the monotone exposure curves in thick photoresists, as seen in figures 5.5 and
5.7, we need a method for translating an arbitrary two dimensional height profile into a
spatially varying intensity profile. The main idea is to find the inverse of equations 5.6
and 5.7 through regression:

dEV G(h) = 196.0− 26.32 · h+ 0.04294 · h2 + 0.05096 · h3 + 0.01935 · h4

−0.001449 · h5
(5.8)

PDWL(h) = 28.66− 4.978 · h+ 0.375 · h2 − 0.01014 · h3 (5.9)

Following the approach [45], we divide the height profile into several pixels of length lEP ,
each containing the average height inside the region. The previous equations convert
this array of height pixels into an array of required intensities. The procedure varies
depending on the chosen method:

• Masked lithography: assuming the effective pixel to be constant throughout the
graytone scale, we convert each intensity into a integer graytone number g using



48 CHAPTER 5. FABRICATION TOOLS

equation 5.5. The dimensions of the grayscale window (lx, ly) shown in figure 5.3
are easily obtained by modular arithmetic:

nx = ⌊g/2⌋ ny = ⌊g/2⌋+ g mod 2 (5.10)
lx = lEP + nx · lAD ly = lEP + ny · lAD (5.11)

Hence we can translate a two-dimensional height profile into a pattern of grayscale
pixels (in a .svg or .gds file format) that can be used by mask manufacturers.

• Direct laser-written lithography: each intensity pixel is encoded into a grayscale
bitmap image, which is the preferred file format by the laser writer.

5.2 Solvent reflow

After the development process, some domes may exhibit a high degree of roughness
on the surface. Based on previous work [27], we can reduce the roughness by solvent
reflow. The process is shown in figure 5.8 and is fairly simple: after the exposure, the
resist is soft-baked at a temperature lower than the glass temperature. The dome is in a
meta-stable state: solid enough to preserve its structure, yet susceptible to shape changes
under certain conditions.

Bottom hotplate

Solvent vapour

Liquid solvent

Top hotplate

Sample

Figure 5.8: Solvent reflow of a sample.

By placing the sample inside a chamber with evaporated solvent, the dome can change
its shape. From a thermodynamic perspective, the dome behaves as a liquid droplet; its
Gibbs free energy G depends on the surface tension σ

G = G0(p, T, V ) +

∫
∂D

σdA⃗ (5.12)

where G0(p, T, V ) corresponds to all other thermodynamic potentials, and the integral is
performed over the dome surface. From an analytical standpoint, we know that droplets
arrange themselves to minimize the surface tension along the object. To a good approx-
imation, one can treat the surface tension as constant along the surface. Rough surfaces
have a bigger surface area than smooth surfaces, and the shape with a minimal surface
area under the constraint of a constant volume is the sphere sector. We can conclude
that short periods of solvent reflow reduce the roughness of the domes; longer periods
converts them into spherical domes. Optimizing the reflow time between 240 and 300
seconds yields smooth surfaces with non-circular shapes (see section 6.1.4).



Chapter 6

Sample measurements

In the previous chapter we confirmed the suitability of thick photoresists for grayscale
lithography; moreover, we were able to calculate functions that translate height profiles
into intensity profiles that can be used in masked or direct laser grayscale lithographies,
effectively allowing us to write the sought anharmonic domes. In this section, we will
analyze and quantify the quality of the written structures.

6.1 Masked grayscale lithography

6.1.1 Calibration arrays

The graytone grids are measured in one long profilometer sweep. The initial spectrum
exhibits a high degree of roughness with some overall curvature along the wafer, which
may be attributed to resist variations. (see figure 6.1a); a simple gaussian filter and least
squares regression on the top yields a more useful curve that can be easily analyzed using
peak finding algorithms, as shown in figure 6.1b. We then determine the height difference
between surface and graytone, we determine the height as the initial thickness (which
we assume to be 8.77 µm [44]) minus the height difference. Combining all points and
assigning the corresponding dose based on equation 5.1, we can obtain the calibration
profile shown in figure 5.5.

6.1.2 Domes

Domes produced by masks do not exhibit the quality of their laser-written counter-
parts; nevertheless, the shorter fabrication process enabled a mass production of domes
of different shapes and sizes, which was useful to optimize other fabrication parameters,
such as the time spent under solvent reflow. In order to test the limits of grayscale
lithography, we designed a mask with more than 50 domes. We tried every combination
of the following parameters:

• Shapes: Circular, Cosine and Gaussian.

• Apex heights: 4.0, 5.0, 6.0, and 6.4 µm.

• Radii of curvature: 1250, 1750, 2500, 3750, 5000, and 10000 µm.
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Figure 6.1: A comparison between (a) the raw height profile from the profilometer and
(b) the filtered signal with curvature removed and valleys identified (orange crosses) by
the SciPy signal module [46]. The height difference is used to generate the calibration
curve in figure 5.5, assuming an initial resist thickness of 8.77 µm [44].

Each shape can be defined by a height profile function:

hcir(x, y,R, h0) = h0 −R+
√
R2 − x2 − y2 (6.1)

hgau(x, y, σ, h0) = h0 · exp
(
−x2 + y2

2σ2

)
(6.2)

hcos(x, y, p, h0) =
h0
2

·
[
1 + cos

(
2π

p
·
√
x2 + y2

)]
(6.3)

with σ being the standard deviation of the Gaussian function and p being the period
of the cosine. Whereas the radius the curvature for a circular dome is trivial, we can
find corresponding values for the Gaussian and Cosine shapes by equating second-order
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Taylor expansions at the apex. We find the following relationships:

p =
√
2π2Rh0 (6.4)

σ =
√
Rh0 (6.5)

and hence all domes can be uniquely characterized by radius R and apex height h0, up
to horizontal translation. We can estimate the parameters by performing least squares
regression of the desired shape function on the profilometer output, as shown in figure
6.2. We can start quantifying the quality of the domes by using figures of merit. An easy
way is to check the relative difference in the dome’s defining parameters:

∆h =
hfit − hexp

hexp
(6.6)

∆R =
Rfit −Rexp

Rexp
(6.7)

where the exp subscript indicates the expected parameters (radius and apex height) and
the fit subscript indicates the values obtained from the least squares regression.
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Figure 6.2: Estimating the height and radius of a sample dome (in this case, a cosine
dome with R = 10000 µm, h = 6.0 µm after 240 seconds of solvent reflow). using least
squares regression (fitted function is the orange dashed line) on the profilometer output
(blue solid line). Vertical and horizontal offset are also parameters in the regression,
and the expected dome height function (green dashed line) uses their optimal values.
The current dome has a apex height hfit = 5.6 µm and an effective radius of curvature
Rfit = 7438µm.

Over several calibration runs optimizing the solvent reflow we were able to measure
400 different domes, with between 50 and 60 independent dome measurements for each
reflow time; a scatter plot summarizing the statistical distribution is presented in figure
6.3, with accompanying marginal distributions and black dashed lines indicating the
ideal values. Whereas on average we have a relative deviation on the order of 10%, the
marginal distributions exhibit large tails.
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Figure 6.3: (a) Scatter plots showing the relative distribution of domes identified by reflow
time, with the marginal distributions of (b) radii and (c) apex heights presented with
their mean and standard deviations. The black lines correspond to the case where the
height and radius of curvature from the fitted function match its expected counterparts.

6.1.3 Calibration correction

Even though we performed a new height calibration (as shown in figure 5.5), the
results were not available for the design of the test structures, as these and the calibration
array were both written on the same mask. We decided to use the calibration function
from previous work [42], which assumed a linear relation between height and effective
dose:

hprev(d) = −0.0396 · d+ 8.46 (6.8)

dprev(h) =
8.46− h

0.0396
(6.9)

A second iteration of the mask based on the new calibration would surely yield better
results; however, we can estimate a height correction for the profiles. Looking at figure
5.6, the height correction is simply the difference between the old and new calibration
profiles (red and black dashed lines, respectively). On a more functional approach, we
can estimate the corrected height as:

hcorr(p(x)) = hprev (dEV G (p(x))) (6.10)

which is just the composition of the functions defined in equations 5.8 and 6.8 and p(x) is
the profilometer measurement at point x. In essence, we are translating the profilometer
height profile to the one that would be generated if we had designed our test structures
using equation 5.8. Given that the functions have different zero crossings, we will ignore
any points below 1 µm; otherwise, we will displace the regions without resist upwards,
effectively changing the vertical offset calibration.
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Figure 6.4: Dome properties after calibration correction, (a) Scatter plots showing
the relative distribution of domes identified by reflow time, with the marginal distribu-
tions of (b) radii and (c) apex heights presented with their mean and standard deviations.
The black lines correspond to the case where the height and radius of curvature from the
fitted function match its expected counterparts.
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Figure 6.5: Radial distribution of outliers (Rfit > 1.5 ·Rexp) in the corrected scatterplot
shown in figure 6.4.
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If we apply the calibration corrections to the profiles, the scatter plots in figure 6.3
change significantly, as seen in figure 6.4. The distribution is much more concentrated to
the ideal case, and the standard deviations on both marginal distributions are reduced.
Nevertheless, it is still possible to identify an outlier cluster on the right. We shall take
a closer look to see whether we can find an explanation. Further analysis identified
the outliers (Rfit > 1.5 ·Rexp) in the corrected scatterplots to be predominantly circular
domes of low radius of curvature, as seen in figure 6.5. No correlation was found regarding
height.

The relative distributions of height and radius give a general overview of the fabrica-
tion quality; yet, they do not take into account the rest of the dome profile. Following
previous work [42, 47], we define the normalized cross correlation coefficient rNCC and
the root mean square roughness rRMS :

rNCC =

∑N
m=1 p(xm)he(xm)√(∑N

k=1 p(xk)
2
)
·
(∑N

l=1 he(xl)
2
) (6.11)

rRMS =

√√√√ 1

N

N∑
m=1

[p(xm)− hf (xm)]2 (6.12)

where p(xi) is the profilometer output at measurement point xi, he(xi) and hf (xi) are
the expected and best fit height profiles. Cauchy Schwarz inequality implies that rNCC ∈
[−1, 1], with +1 indicating complete cross correlation (i.e. profile and expected function
match) and 0 indicating no correlation (i.e. profile and expected function do not match).
The surface roughness measures the average deviation from the height profile; we wish
to minimize this quantity as much as possible.
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Figure 6.6: Histrograms detailing the distributions of the (a) normalized cross correlation
coefficient rNCC and (b) the root mean root mean square roughness rRMS for domes
produced in the mask aligner over different reflow times.

Now discarding the outliers (Rfit > 1.5 ·Rexp), we can also see the expected marginal
distributions for these figures of merit, shown in figure 6.6. The normalized cross cor-
relation coefficient rNCC exhibits a distribution centered around 0.999 with standard
deviation of 0.002. The root mean square roughness rRMS exhibits a distribution cen-
tered around 0.072 µm with standard deviation of 0.074 µm. Here we are considering
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all domes over all reflow times; the dependence of the figures of merit on the latter is
further examined in the next subsection.

6.1.4 Reflow optimization

We wish to see how these two figures of merit evolve under reflow. We have chosen to
perform reflow in steps of 60 seconds, with an additional step at 30s. We have calculated
the mean and standard deviations of both rNCC and rRMS for each reflow step, and the
results can be summarized in figure 6.7. As we can see, rNCC does not change signifi-
cantly, but the variance decreases significantly under just 30 seconds of solvent reflow.
The root mean square roughness, on the other hand, decreases significanly, apparently
stabilizing at 240 seconds; the variance decreases monotonically. Based on these results,
we recommend a reflow time between 240 and 300 seconds to optimize figures of merit.
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Figure 6.7: Evolution of figures of merit under reflow time. The dashed line corresponds
to the mean and the shaded areas correspond to values within one standard deviation of
the mean.

6.2 Direct written laser lithography

Using the direct laser written lithography technique, we produced a set of domes on
the laser writer and subjected them to 300 seconds of solvent reflow. Due to the reduced
output, we were only able to produce Gaussian and Cosine dome shapes with varying
radius of curvature. We can further investigate the surface roughness by performing an
atomic force microscopy scan on the top of a dome, as shown in figure 6.9. The calculated
root mean square roughness for each case is 0.15 and 0.20 nm, respectively. These values
lie close to the AFM’s resolution limit, indicating the possibility that the values could
be even smaller.
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Figure 6.8: Histrograms detailing the distributions of the (a) normalized cross correlation
coefficient rNCC and (b) the root mean root mean square roughness rRMS for domes
produced in the laser writer.
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Figure 6.9: Atomic force microscopy (AFM) scans on the top of the direct laser written
domes under 300 seconds of reflow. The calculated root mean square roughness for each
case is 0.15 and 0.20 nm, respectively. These values lie close to the AFM’s resolution
limit, indicating the possibility that the values could be even smaller.
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Conclusion

Summarizing our results, we present two different methods to effectively simulate
HBARs of different geometries and different materials, one based on the numerical so-
lution to the corresponding eigenproblem, and the other based on the principle of the
eigenstates being resonant solutions of an input field with non-zero spatial overlap to
the mode. We see the spectral changes match the theoretical predictions in both cases.
Furthermore, we also see that anharmonicities can change the structure of the spectrum;
positive changes spreads out the energy levels, whereas negative changes concentrates
them closer to ground state. For the envisioned goal of mode selectivity, both approaches
can be useful:

• Positive anharmonicities displace the higher-level modes above further away from
the ground state, which reduces the off-resonant copulings to those unwanted
modes. One must be however careful, as the modes from previous FSRs can be
pushed to higher energies exceeding the FSR; in figure 4.6 this would correspond
to the cyan energy levels going to the right beyond the orange lines.

• Negative anharmonicities bunches them closer to the ground state. However, the
envisioned goal of freeing up some space in the spectrum could not be achieved, as
the processes also affects previously unbound modes which become bound due to
the lowering of the energy level.

From the nanofabrication point of view, we see that grayscale lithography provides
us more freedom on the choice of dome shapes. Masked grayscale lithography yields
acceptable results that can be further corrected with an optimized time of solvent reflow
(which reduces the root mean square roughness to the 100 nm level), and is therefore
a suitable candidate for the mass production of domes. We see improved accuracy for
domes with bigger radii (> 2000 µm). On the other hand, despite being slower, direct-
written laser lithography does provide better results, which can be used to generate high
quality samples with root mean square roughness at the sub-nm level.
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7.1 Outlook

In this work we have mainly focused on the HBARs, but we still have not assessed the
couplings to other quantum-mechanical systems, which is one of the main motivations for
the project. The frameworks defined here can be used to optimize the opto-mechanical
interactions to specific cases by leveraging the spatial selectivity. This point was briefly
illustrated in section 4.3.2, where we tuned our input field to match the spatial profile
of the lowest Eigenmode (see figure 4.15). For our specific case [26], this translates in
designing different shapes for the microwave antennas and piezoelectric layers; one could
even assess convex-convex architectures with a piezoelectric disk on one side and an
optimized dome shape on the other.
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