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Abstract

Nonlocality in quantum mechanics can be categorized into three types: quantum
entanglement, Einstein-Podolsky-Rosen steering, and Bell’s nonlocality. Understanding
these types of correlations is crucial for both fundamental research and future quantum
technologies. In 1935, Erwin Schrodinger introduced the concept of steering in reply
to the Einstein-Podolsky-Rosen (EPR) paradox. Surprisingly, it was only recently that
EPR-steering was defined as a quantum information task for arbitrary bipartite states
and measurements [1, 2]. In this project, we sought to investigate the demonstration
of EPR steering between two mechanical resonators, for displacement-based and parity-
based phonon number detection. First, we were able to observe how different variables
such as the minimum required state purity 7, depend on the type of measurement, the
number of measurement settings as well as on the measurement displacement amplitude
r. We discovered that when considering parity-based measurements, a periodic pattern
with respect to r occurred. This could be seen for the detection efficiency 7, as well as
for the bound value S/, ... of the corresponding steering inequality. In addition, we tested
our numerical approach to detect steering on a simulated density matrix with realistic
experimental parameters and imperfections. We were able to show for which r it turned
out to be steerable respectively unsteerable considering parity and displacement-based
measurements for a 2 level system.
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1 INTRODUCTION

1 Introduction

1.1 Overview

In 1935, Albert Einstein, Boris Podolsky and Nathan Rosen (EPR) presented their ar-
gument that the description of the physical reality provided by quantum mechanics was
incomplete and in conflict with the notion of locality and reality. Indeed, if local realism is
valid, then quantum mechanics cannot be regarded as a complete theory to describe physical
reality. Apart from its fundamental importance, this study had profound consequences: It
was the first time that physicists recognized the unusual events associated with entanglement,
which later on confirmed to be the one of the core concepts of current quantum information
science. In their thought experiment they consider a pair of particles prepared in a so-called
entangled state, and the local measurement of their position or momentum. The correlations
in the state allow one then to predict the results of these measurements on the other party,
under the condition that the same measurement is performed. They claimed that no action
made on the first particle could have an immediate effect on the second, as that would require
information to be transferred faster than light, which is prohibited by the theory of relativity.
By introducing a principle known as the EPR criterion of reality, they deduced that the
second particle must have a specific location respectively momentum value before either can

be measured.

This stood in contrast to the views of Niels Bohr and Werner Heisenberg, who claimed that
a quantum particle does not have a definite value for an attribute like momentum until
it is measured. In order to interpret this ”“spooky action at distance”, Erwin Schrodinger
introduced the concept of quantum entanglement and quantum steering, referring to the idea
that in a 2-particle scenario, one of the parties can alter the state of the other distant party by
performing local measurements. Quantum entanglement, according to Schrodinger, is “the
characteristic trait of quantum mechanics” that distinguishes quantum theory from classical
theory. In 1964, John Stewart Bell suggested an inequality for local hidden variable (LHV)
models. With the violation of the so-called Bell’s inequality by quantum entangled states
one could deduce the presence of Bell correlations, that are associated to the impossibility of

describing nature with a local realistic theory.

Another breakthrough was the introduction of a new categorization of quantum nonlocality
by Wiseman, Jones, and Doherty [3], which formalised the idea of steering proposed by
Schrédinger in 1935. They stated that every demonstration of the EPR paradox', as proposed

!The EPR paradox is a term used to describe the scenario presented by EPR. Nevertheless, the authors did
not seek to bring out an actual paradox. Rather, they contended that quantum mechanics was an incomplete
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1.2 Definition of quantum steering 1 INTRODUCTION

by Reid [5], is likewise a demonstration of steering. While that statement was generally
valid, their proof was however inadequate. Cavalcanti et al. [3] not only provided the needed
proof, but they were also able to demonstrate the converse: Any demonstration of steering
is also a demonstration of the EPR paradox. In other words, the EPR paradox and steering
are nonlocality concepts that are interchangeable. Finally, Wiseman, Jones, and Doherty
established in Ref.[3] that EPR-steering represents a new kind of nonlocality intermediate
between entanglement and Bell-nonlocality. The difference between them could be explained
with the matter of trust shared between the different parties. Apart from its theoretical
significance, this categorization showed to be important in the following decades in the context

of quantum communication and information [1, 4, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].

1.2 Definition of quantum steering

Quantum steering is a form of bipartite quantum correlation, intermediate to the concepts of
entanglement and Bell non-locality. Indeed, quantum entanglement is a superset of steering,
and Bell’s nonlocality is a subset of steering. These notions are illustrated in Figure 1
and 2. Nonetheless, only steering, out of the three forms of quantum nonlocality, can show
asymmetry in the correlations. In fact, in the case of entanglement and Bell nonlocality, Alice
and Bob can be freely interchanged. However, this symmetric situation changes radically for
the EPR steering scenario. For some asymmetric bipartite quantum states, Alice may be
able to steer Bob, but Bob will never be able to steer Alice, or vice-versa. Some one-way
quantum information tasks, such as quantum cryptography, might benefit from this very

peculiar property [6].

In the following paragraph, we will explain how one party, let us say Alice, is able to remotely
steer the state of another party’s system by performing a local measurement on a shared
quantum state. This effect enables the second party, which we will refer to as Bob from here
on, to verify that the shared state in indeed entangled without having any knowledge about
the measurements executed by Alice. It is often said that Alice represents an untrusted party,
since Alice measures her system with an uncharacterized measurement, leaving Bob with an

ensemble of unnormalized states, a so-called assemblage.

Let us now consider a bipartite situation in which Alice and Bob share an unknown quantum

state pap. Alice can conduct n4 measurements on her subsystem, each having ma possible

theory, in that it did not completely describe reality. Schrodinger appears to be the first to call the situation
a paradoz, because he could not accept that quantum mechanics was actually incomplete with EPR, but he
could not identify a problem in their reasoning either. In retrospect, we now know that, while the argument
is valid, one of the premises, in fact local causality, is wrong, which was proven by Bell [4].
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1.2 Definition of quantum steering 1 INTRODUCTION

a.

a b

Figure 1: Schematic scenarios where entanglement can be verified. a. Entanglement case:
Alice (left) and Bob (right) can apply a tomographically complete set of measurements in
order to retrieve pap. b. Quantum steering case: Alice treats her measurements as a
black box with inputs z and outputs a. Bob can then conduct tomography to reconstruct the
set of states o), which are conditioned to Alice’s measurements. ¢. Quantum non-locality
case: Alice as well as Bob treat their measurements as black boxes [6].

outcomes a = 1,...,ma. The state of Bob’s system will then be changed into the condi-
tional state p,|, with probability p(a|z) after Alice having selected the measurement = and
obtaining the outcome a. The steering scenario thus describes the situation in which Alice’s
measurements are not assumed to follow the rules of quantum mechanics, while Bob has
complete trust over his quantum system, allowing him to access his conditional states by full
tomography. In this case, the accessible information is a collection of post-measured states
and their conditional probabilities, which are given by {pq,, p(a|z)}a,.- This information can

be summarized by a set of unnormalized quantum states, often referred to as an assemblage.
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1.2 Definition of quantum steering 1 INTRODUCTION

Entanglement

EPR Steering

Bell’s Nonlocality

Figure 2: The strongest sort of quantum nonlocality is Bell’s nonlocality. If a state has EPR
steerability or Bell’s nonlocality, it is certain to be entangled. EPR steering is a nonlocality
that falls in between entanglement and Bell nonlocality [1].

Based on quantum theory, the terms of such an assemblage can then be acquired by
Oa)x =1tr [pAB(Ma|x®]l)] . (1)

04|z Tepresents Bob’s (unnormalized) state when Alice measures = and receives the outcome
a, which can be expressed by the measurement operator M,,. In addition, we have the
condition that » M, = 1 and that M,, > 0 Va,z. It is critical to emphasize that in the
steering case, both the state p4p and the measurement operators {Ma‘x}a’x are completely

arbitrary.

In 2007, Wiseman, Jones and Doherty rigorously defined the concept of quantum steering
as the possibility of generating remotely ensembles that could not be produced by a local
hidden state (LHS) model. A LHS model describes a situation in which a source provides a
classical message A to one of the parties, Alice, and a quantum state oy to the other party,
Bob. The variable A informs Alice’s measuring device to output the result a with probability
p(al|z, A), if she selects to consider the measurement z. Furthermore, it is assumed that the
classical message A can be chosen based on a distribution based on a density m(A). Since Bob
does not have access to the classical variable A, the final assemblage he sees is made up of

the elements:
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1.3 Semidefinite program 1 INTRODUCTION

Oalz = fd)\ m(N)p(alz, Aoy Va,zx, (2)

where o) denotes the LHS, i.e. some quantum states, and p(a|z, \) Alice’s response function.

Thus, the dependence of Bob’s state on Alice’s measurement results does not indicate spooky
action at a distance, if there exits a set of normalized states o) with probability distribution
m(A) and p(alz, \) such that (2) holds. In that situation, we may be assured that Bob’s
system was always in a fixed state, and Alice’s measurement result just provided us the
classical information about A. An assemblage that admits a decomposition of the form (2)
can thus be reproduced by a LHS model, and is termed unsteerable as steering cannot be
demonstrated. On the contrary, if Bob’s observed assemblage cannot be brought in the form
(2) for all a,z, then steering has been demonstrated, as no LHS model could reproduce the

observed correlations. The assemblage is then said to be steerable.

To conclude, to verify steering, Bob must examine whether there exists a collection of quan-
tum states oy, a distribution 7(A) and p(a|z,A) such that (2) holds. Analogous to Bell
nonlocality and Bell inequalities, steering can be detected via violation of so-called steering
inequalities [6, 11, 16, 17, 18, 19, 20, 21].

In essence, this is a complex challenge since the variable A can take on an endless number
of values. We will illustrate in the following subsection how this issue becomes significantly
easier if the number of measurements and outputs is finite and how it then can be solved

using semidefinite programming (SDP) [6].

1.3 Semidefinite program

In this subsection, we recap as outlined in Ref.[17] a numerical procedure to obtain the
minimum purity required to observe steering with an entangled state. Assume that z =
1,....,nganda =1,...,mayu,i.e. Alice performs n4 measurements with m 4 possible outcomes

each on the state
pap(n) =n|¥){¥[+ (1 —17)[0,0)<0,0], (3)

where 7 parameterises the purity and

1

"=

(10,1) +[1,0)) (4)
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1.3 Semidefinite program 1 INTRODUCTION

denotes a single-phonon entangled state. For given positive operator-valued measure (POVM)
elements II,,, Alice will steer Bob’s state into the assemblage {Ja|m}a7x after completing
measurement = on the state (3) and acquiring the outcome a. This assemblage can be

computed in the following way according to [17]:

Oaz(m) = Tra(pap(n)ll,, ®1) (5)
o, + (L—n)ays, (6)

where we inserted (3) into (5) and the set of steerable respective unsteerable assemblages are

given by the following expressions?:

a|:c =Try (’\I/> <\II| Ha|a: ® ]1) (7)
Oan = Tra (/0,0)¢0,0/ T, @ 1) . (8)

Now, one can notice that the p(a|z, A) in (2) can be decomposed as a convex combination of a
finite amount of deterministic probability distributions given a finite number of measurement
choices and outcomes. Particularly, a deterministic probability distribution D) (a|z) produces
a fixed outcome a for each measurement z. This can be seen as Dy (alz) = 04 r/(z), Such
that a = N (z). Here, N'(-) denotes a function from {1,...,n4} to {1,...,ma} and can be
considered as a string of outcomes N = (az—1,...,az=n, ), such that \'(z') = a,—,s. Since
there exist d = m/}* such strings, i.e. d distinctive deterministic probability distributions, we

can write:

d
plalz,\) = Z (NN Dy (alz), (9)

where p(\|\) represents the weight of the deterministic distribution given by A in the case
where the hidden variable is denoted by A [6]. Recall that a LHS model describes the sce-
nario in which a source sends a classical message A to one of the parties, say Alice, and a

corresponding quantum state py to the other party, Bob.

Defining
oy =[x 7OV, (10)

2Note that (6), (7) and (8) only hold for this particular setup, which will enable us to acquire the minimum
purity needed to observe steering with an entangled state. Later on in section 2.3, we will consider a more
general case, where we cannot assume anymore that our density matrix can be decomposed into a set of
steerable and unsteerable assemblages.
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1.3 Semidefinite program 1 INTRODUCTION

we can then write a LHS assemblage as

d
Talz = Y, Du(alz)oy. (11)
N=1

One might notice that (11) has a very similar form to (2). In the case of (11), we now have
a finite sum instead of an integral and for each ), the deterministic probability distribution
Dy (a|z) is fixed while for (2), the probabilities p(a|x, \) were unknown. The case where we
consider the number of measurements and outputs to be finite thus reduces the complexity

of the construction of LHS assemblages.

In addition, one can note that

Tr ) on = ZJdA T(A\)p(N|\) = 1. (12)
N N

As a result, we can now formulate a semidefinite programme (SDP)[22] with the optimization
variables o) to determine if a given assembly o4, with z =1,...,n4 anda =1,...,m4 is
LHS. The SDP for this particular setup has the following form according to Ref.[17]:

Ty = IAXT) 0<n«<l1
S.t.ZD)\(a|.T)O'>\ = noglx +(1— n)aﬁf Va,x

A
Tr)lon=1, 0x>0 VA (13)
A

For a given set of POVM elements II,|,, which are needed to compute af‘x in (7) and aﬁf in
(8), we can then solve the above SDP numerically, which returns the critical value 7, above
which the state pap(n) is steerable. In other words, (13) enables us to efficiently detect

steering for the state (3) for all n down to the critical value

We can now employ the duality theory to the previous problem (13) to obtain the dual
problem. As shown in Appendix A in Ref.[6], by introducing dual Lagrangian variables, and

moving to the Lagrangian, we acquire the following dual program:
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2 DETECTION OF QUANTUM STEERING

/
Smaa:

. /
min Tr 2 Fa|z%\x

a,r

s.t. ZFa|xD)\(a|a:) >0 VYA

Tr 2 weDalalz) = 1. (15)

A,a,T

From the dual solution of the SDP; it is thus possible to extract the steering functionals Fy,

and the scalar S, ..

satisfied by all LHS assemblages®:

[17]. These allows us to define the linear steering inequality, which is

Tr ) FaaOule < Spaz- (16)

a,r

Any assemblage {0/, \x}avw providing a larger value than S, .. i

that the shared state from which it was obtained is steerable [2, 6, 9, 17, 23, 24].

is steerable, and hence confirms

In Figure 3, we illustrate geometrically how the SDP and the steering inequality approach to
detect steering. Let us consider two different sets, designated by US (the set of unsteerable
assemblages) and S (the set of the steerable assemblages). For given POVM elements we have
the two assemblages {a 5} and {a .} in the corresponding sets. With (13), the obtained
value 7, informs us about the ’ p081t10n of the boundary assemblage” separating the sets
US and S. This is illustrated by {o4|;(n)} in Figure 3. The steering inequality (16), which
is characterized by an assemblage {U;|z}a,x, represents a hyperplane and thus allows us to
separate the set US from S. This is illustrated by the red line in 3. Thus, with this procedure,
we can deduce that any assemblage {O’;|x}a7x violating the steering inequality, i.e. being on
the right side of the red line in Figure 3, is steerable, certifying that the shared state from

which it was acquired was indeed entangled [17].

2 Detection of quantum steering

The first task of this project is to investigate the behaviour of the variable 7, for displacement-

based as well as for parity-based measurements by means of the SDP (13) for different values

3For more details, we will refer to the papers [6] and [17].
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2.1 Displacement-based measurements 2 DETECTION OF QUANTUM STEERING

’ ’
trza,x Fa|xo-a|x < Smax

S ol

alx

/{O'mx ( . )}

Figure 3: Geometric representation the unsteerable and steerable set of assemblages, desig-
nated by US and S respectively. The red line represents the hyperplane that corresponds to
a steering inequality which is characterized by an assemblage {0 \x}a,r' Any such assemblage
{0} \x}aw identified on the right side of the red line comes out to be steerable [17].

of the measurement displacement amplitude r. We will consider a two-output (@ = =+1)

steering scenario with both 2, 3 and 4 measurement settings = and multiple level systems.

2.1 Displacement-based measurements

We will first consider displacement-based measurements, which involve a displacement fol-

lowed by single-phonon detection. Here, we will neglect phonon-number resolution.

Let us consider the projector
I(a) = |ey<al , (17)

where |a) denotes the coherent state corresponding to the displacement o = re®® with r > 0
being the measurement displacement amplitude and 0 € [0, 2] the phase. We suppose that a
no-click outcome corresponds to this projector. A general expression for (17), restricting the
Hilbert space to two levels, is given by (60) in Appendix A. By assigning the outcomes +1 (to

the click event) and -1 (to the no-click event), a displacement measurement then corresponds
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2.2 Parity-based measurements 2 DETECTION OF QUANTUM STEERING

to the observable

M(a) =2|ay{al — 1. (18)

The according POVM elements in the case where Alice performs the measurement setting
x on the state (3) and obtains the result a € {—1,1} can then described by the following

expression:

1+ aM(r,0,)

Ha|x = 9 ) (19)

where 6, represents the phase belonging to the measurement z [17]. For a two level system,

the general expression for (19) is given by:

1{1+a2e " —1) 2are " 0=
A Ve

alr = 9 Qare " b 1+ a(2r2e ™ —

Table 1 displays the individual phases we will consider for the different measurement settings.

Measurement settings = | 6, [rad.]
0;=0
92:71’
61=0

3 0o=27/3
93:471'/3
61=0
Oo=m/2
Os=m
04=37/2

2

Table 1: Phases 6, for the different measurement settings.

2.2 Parity-based measurements

We will now consider the scenario where the detectors are able to resolve the number of
phonons. We assign +1 to the event where an even number of phonons have been counted
and -1 to the opposite event, where an odd number has been registered. This measurement

is described similar to the subsection above by a pair of projection operators given by the
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2.3 'Testing simulated density matrix 2 DETECTION OF QUANTUM STEERING

following expressions:

10)(0) = D(a) 3 (262 D' (a0, (21)
k=0

1) () = D(a) Y 2k + 1) 2k + 1| D(a). (22)

18

>
Il
=]

In (21) and (22), D(«) describes the displacement operator
D(a) = exp(ad’ — a*a), (23)

with a' and @ denoting the creation respectively annihilation operator, which can be repre-
sented by the matrices (63) and (64). Again, the phases in Table 1 for the different measure-

ment settings x are considered.

The corresponding measurement can then be written as

M'(a) =TI — 11, (24)

which then allows us to acquire the expression of the appropriate POVM elements using (19):

1+aM'(r,0,
(= LM 0] (25)

2.3 Testing simulated density matrix

Next, we analyse a simulated density matrix for two entangled mechanical resonators from
Michael Eichenberger, which takes realistic experimental parameters and imperfections. With
a modification of the SDP from (13), we can check whether it can be described by a LHS
model or not, thus being unsteerable or not. Only displacement-based and parity-based
measurements for a two-level system will be considered here. In order to compute this, we

need to adapt some steps, which will be explained in the following lines.

First, we cannot assume that our density matrix can be splitted into a set of steerable and
unsteerable assemblages anymore, as contrary to the analytical state considered before we
do not have any a priori knowledge for the simulated state. Thus, we will operate with (5),
where pap will represent our simulated density matrix. Next, since we are now interested
whether the conditional state can be described by a LHS model, the SDP (13) will change
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2.4 Steering inequality 2 DETECTION OF QUANTUM STEERING

to:

ZD)\(a|x)aA = 0gp = Tra (pABHa|x ®1) Va,z

Tr)lon=1, ox=0 VA (26)
where one notes that the maximization/minimization statement becomes unnecessary*. This

SDP will then output whether for the specific density condition, a LHS model can be found
or not, according to the possible statuses (feasible/unfeasible) given by CVX [25].

2.4 Steering inequality

Finally, we seek to investigate the behaviour of the steering inequalities with (16) for different
cases. According to Ref.[17], the steering functionals Fy|, should be positive semidefinite and

match the following steering matrices:
s 0
G = s> 0, 27
) -
G, = for ©=1,2,3,4 t>0, (28)

where Gy = Y3 | F_|, and G, = F|, — F_,.

r=1

“However, since CVX, a MATLAB-based modeling system for convex optimization [25], requires a maxi-
mization/minimization condition, we will simply employ a ”trivial” statement in the code, i.e. maximise(0).
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3 RESULTS & DISCUSSION

3 Results & Discussion

In this section we report and discuss the results of our investigations of steering detection
using different measurement types and system dimensions.
3.1 Displacement-based measurements

For the displacement-based measurements, we will only consider a two-level system. Re-
garding the POVM elements (19), we can obtain the value 7, using the SDP from (13).
Computing this SDP for different r yields the following Figure 4.

Investigation of 7, for ny =2, 3,4

1.1

ny =2
ng =3
ny =4
0.6 - b
0.5 b
0.4 : : :
0 0.5 1 15 2

r

Figure 4: Plot of 7, against r for the two-level system for 2, 3 and 4 displacement-based
measurement settings. The measurement setting phases are given in Table 1.

Looking at Figure 4, one can see that the value of 7, increases differently for the individual
number of measurement settings and starts at different values for r = 0. In fact, one notices
that for a higher number of measurement settings, 7, reaches value 1 for larger r, which
can be interpreted in a way that now o, only consists of a set of steerable assemblages.
Furthermore, one observes that at a certain value of r, n, will not noticeable change anymore.

This makes sense since the POVM elements (19) are of the form:

1(1+2ae" — 2are™"" 10
Oy, - & ae A a are 7 (29)
2 2are~T 0 1+ 2ar2e ™ —q
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3.2 Parity-based measurements 3 RESULTS & DISCUSSION

where we used the interim result (60). Thus, for » — o0, (29) will converge to

1{1—a O
I, == 30
al 2( 0 1a>’ (30)

being independent of r. This therefore depicts why for large r, n, converges to a constant,
in this case to the value 1. Finally, the curve for 3 measurements matches the one for
4 measurements in the approximate range from 0.6 to 0.8. However, I could not find a

mathematical or physical explanation for this behaviour.

3.2 Parity-based measurements

In this subsection, we consider the parity-based measurements for 2, 3 and 4 level systems.
Therefore, we proceed similarly as for the displacement-based measurements, but now we

employ the parity-based POVM elements (25), yielding Figures 5, 6 and 7.
ploy parity Yy g g )

Investigation of n for ny = 2,3,4

ng =2
ng=3
ny =4 |
06| A
0.5
0.4 ‘ ‘ ‘
0 2 4 6 8 10

Figure 5: Plotting 7, against r for the 2 level system for 2, 3 and 4 parity-based measurement
settings. The measurement setting phases are given in Table 1.

> First, we will discuss the 2 level system case. Regarding Figure 5, one notices an oscillating
behaviour with respect to r. In the following, we seek to understand the origin of this periodic

pattern.
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3.2 Parity-based measurements 3 RESULTS & DISCUSSION

The displacement operator for the 2 level system is specified by (23):
0 —at
D(a) = exp ( “ ) . (31)

Defining X := (2 *8‘* ), we observe that:

Thus, one can write

X% —(—DF(Vara)?*1, (32)
X 2k+1 :(_1)kz+1( oz*oz)sz, (33)
yielding®:
cos(r) sin(r)e®
D(a) =exp(X) = .
() p(X) (—sin(r)e"g cos(r)) (34)

5The detailed derivation for this can be found in Appendix A.
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3.2 Parity-based measurements 3 RESULTS & DISCUSSION

Now, this enables us to compute the projection operators (21) and (22):

1) =D(a) |0) 0] D(a)!

_ cos?(r) —cos(r) sin(r)ew

a (— cos(r) sin(r)e™* sin?(r) ) ’ (35)
1) =D(a) [151] D(a)!
_ sin?(r) cos(r) sin(r)e?
a (cos(r) sin(r)e~% cos?(r) ) ' (36)
Remembering the trigonometric identities

2sin(r) = 1 — cos(2r), (37)
2sin(r) cos(r) = sin(2r), (38)
cos?(r) + sin®(r) = 1, (39)

and that cos(2r) respectively sin(2r) have a periodicity of m, we can conclude that both
projection operators II(t) and II(-) are 7-periodic, i.e. share the same periodicity. The
POVM elements (25) are given by:

, 1 <1+a(cos2(r)—sin2(r)) —2a cos(r) sin(r)e? ) (40)

az =9\ g4 cos(r)sin(r)e™ 1+ a(sin®(r) — cos?(r))

Accordingly, this explains why Figure 5 depicts a periodic behaviour. The periodicity in
r can be interpreted in a way that the ” steerability” of the considered state oscillates with

respect to r.

> Next, we consider the 3 level system. Similar to the former case, Figure 6 displays a

periodic pattern.

In this case, the displacement operator is given by:

0 —aof 0
D(@)=exp|la 0 —/2a*]. (41)
0 v2a 0
A ~ ~
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Investigation of 1, for ny =2, 3,4
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Figure 6: Plotting 7, against r for the 3 level system for 2, 3 and 4 parity-based measurement
settings. The measurement setting phases are given in Table 1.

Now, we seek to diagonalize the matrix X = PJP~!, where P is a matrix composed of the
eigenvectors of X, J is the diagonal matrix constructed from the corresponding eigenvalues,

and P~ is the matrix inverse of P.

We find:
\/50(* —Ol* —OL*
«Q 2« 2c
P = 0 _i\/gm i/ 5V | (42)
Va Va
1 1 1
1 0
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V2a 0 1
3a* 3
-1 _ iva 1
Pl=|-shs w0 4 (44)
__a e 1
3v2a* V6var 3
With those, we can then compute D(«), yielding:
%COS(\/E’I“) + % —%6_1'6 sin(\/gr) —ﬁe_%e cos(\/gr) + ge_%e
D(«a) = %ew sin(\/gr) Cos (\/gr) —%e’w sin (\/gr)
—%621‘0 cos (\/57“) + ge%@ %ew sin (\/gr) %cos (\/gr) + %

This enables us now to calculate the parity projection operators (21) and (22) accordingly:

I =D(a) [10)€0] D(a)" + [2) (2| D(e)], (45)
1) =D(a) [|1) (1| D(e)'] . (46)

Those yield the following matrices:

cos(2\/§r> n 5 \/gsin(2\/§r)(cos(@)—sin(@)i) V/2e—210 (cos(2\/§r)—1)
6 6 6 o 6
) = \/§sin(2\/§r)(gos(6’)+sin(9)i) sin? (\/57’) _ \/gsin(Q\/gr)(gos(a)—sin(a)i) 7
V/2e%19 (cos(?x/gr)—l) \/ésin(Z\/gr)(cos(6)+sin(9)i) cos(2\/§r) n 2
o 6 - 6 3 3
(47)
sin(\/gr)2 _\/g sin(2 \/gr) (cos(0)—sin(6) 11) _\/ie_{”i sin(\/§7")2
3 6 3
H(f) | V3 sin(2 \/gr) écos(0)+sin(0) i) cos2 (\/g 7") V6 Sin(2 \/gr) écos(@)—sin(@) i)
_\/§e9 2 sin(\/§7")2 V6 sin(2 \/57”) (cos(0)+sin(0) 1) QSin(\/gr)2
3 6 3
(43)

Here, one realizes that the two operators again share the same periodicity, which is given by
%. Thus we acquire periodic POVM elements using (25). This explains therefore the origin
of the periodic pattern in Figure 6.

> We will not consider the last case for 4 levels as in detail, since the calculations become

too complicated.
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Investigation of n for ny =2,3,4
T 1 1
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Figure 7: Plotting 7, against r for the 4 level system for 2, 3 and 4 parity-based measurement
settings. The measurement setting phases are given in Table 1. The same plot with a larger
range is depicted in 8 in order to see the periodicity of 1, with respect to r more clearly.

At first, one is not able to observe a periodic behaviour as can be seen in Figure 7. However,
when considering a larger range, we obtain Figure 8, enabling us to notice a periodic pattern

n r.

The displacement operator in this case is given by:

0 —Vla* 0 0
1 —/2a*
D(«a) = exp @ 0 V2o 0 (49)
0 V2 0 —/3a*
0 0 V3a 0
The corresponding projection operators (21) and (22) are then specified by:
) =D(a) [0y 0] D(e)" + [2) (2| D()] (50)
) =D(a) [[15 1] D) + 33 D()'], (51)

which we will not compute explicitly. We can however assume that the two projection oper-
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Investigation of n for ny = 2,3,4
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Figure 8: Figure 7 for a larger range. Here, one can see the periodic behaviour more clearly.

ators (21) and (22) also share the same periodicity as was shown for the 2 and 3 level system

cases, demonstrating and manifesting the periodic pattern as depicted in Figure 8.

To summarize, the 2, 3 and 4 level systems for parity-based measurements display a periodic
behaviour of 7, which can be interpreted as an oscillation of the steerability of the considered
state. These oscillations, however, can be seen as originating from the truncation of the

Hilbert space, and are not expected to occur in a continuous-variable system.

Finally, Figure 9 allows us to see the different data in the same graph and thus to compare

the different curves.

One notices that the different curves for the corresponding number of measurement settings

x converge to the same value of n, for r = 0. We will investigate this in further detail.

From (29) and (40), we obtain the following POVM elements for 2 levels and displacement

and parity-based measurements:

1{1+2ae" — 2are~ "0 o 1{1+ 0
My = & ae . a are 2 r=0 1 a ’ (52)
2 2are "W 14 2ar2e ™ —a 2
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Investigation of 7, for ny =2,3,4
1.1 ‘ :

Nap2 =4
Naps =2
Nap3 =3
nNap3 =4
Npps =2
Napa =3 H
Naps =4

",

Figure 9: Combined curves from Figures 4, 5, 6, 7 in the range r € [0,3]. Here, nagq;
describes the number of measurement settings for the displacement-based measurement and
the ¢ level system, while n 4 p; represents the number of measurement settings for the parity-
based measurement and the ¢ level system.

ol =2\ —2acos(r)sin(r)e™® 1+ a(sin®(r) — cos?(r)) N0 l-a

ro_1 <1 + a(cos?(r) —sin%(r))  —2acos(r)sin(r)e’ ) =01 (1 +a O ) (53)

Next, we can compute the POVM elements for r=0 for the 3 level system and parity-based
measurements with (47) and (48), yielding:

100 000
=101 0| T=]01 0 (54)
00 1 000
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Then, using (24) and (25), we get:

) 1+a O 0
leng 0 0 0 (55)
0 0 1—a

We can further assume that we obtain a similar matrix for the 4 level case, which we will

however not calculate here.

From the similar matrix entries, one could deduce the corresponding convergence for the

different curves at r = 0.

3.3 Testing simulated density matrix

In parallel with this project, another master student simulated the preparation of multipartite
entangled states in the high-overtone bulk acoustic wave resonators investigated by the group
of Prof. Y. Chu. In particular, he simulated the preparation of |01) + |10) entangled states,

which resulted in the density matrix:

0.1755 + 0.0000¢  —0.0315 + 0.02507 —0.0039 + 0.0480: —0.0011 + 0.0031%
_ | —0.0315—0.0250¢  0.3369 + 0.0000¢  0.2709 — 0.2559:  0.0279 — 0.0128: (56)
pAB —0.0039 — 0.0480:  0.2709 + 0.2559:  0.4797 + 0.0000¢  0.0339 — 0.0049¢

—0.0011 — 0.0031z 0.0279 + 0.0128;  0.0339 + 0.0049:  0.0079 + 0.0000¢

This state takes into account the effect of experimental imperfections in the state preparation,

such as decoherence channels, pulse shapes, and measurement errors.

With SDP (26) we compute for the 2 level displacement-based measurement the data shown
in Figure 10, and for the 2 level parity-based measurement the data in Figure 11, both for

2,3 and 4 measurement settings.

Here, a cvx_status of 0 denotes the case where the SDP failed to find a corresponding LHS
model whereas 2/3 represents an Inaccurate/Solved result. The latter result can be inter-
preted according to CVX User’s Guide in a way that “ [...] the solver was unable to make
a determination within the default numerical tolerance. However, it determined that the re-
sults obtained satisfied a “relaxed tolerance leve”. Furthermore, 1/3 illustrates the Infeasible
case, where ” [...]| the problem has been proven to be infeasible through the discovery of an

unbounded direction”. For a cvx-status equal to 1, a solution to the SDP has been found.
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Figure 10: Plotting the cvx-status against r for the 2 level displacement-based measurement
for 2, 3 and 4 measurement settings and the simulated density matrix p4p. The measurement
setting phases are given in Table 1. A value of 0 denotes the ”Failed” case, 1/3 illustrates the
status ”Infeasible” wheras 2/3 stands for ”Inaccurate/Solved” and 1 represents the ”Solved”
scenario.

Remember that if the SDP fails to find a LHS model, the considered density matrix is con-
sidered to be steerable, while in the opposite case, it will be unsteerable. Thus, one can
conclude that only if cvx_status takes the value 1, a LHS model has truly been found and
pAB is unsteerable. For the outcome 2/3, a LHS model can be found when we accept a
greater numerical tolerance leve, so in this case, it is a bit unclear if pap is steerable or not.
Finally, for the outcome 1/3, we can be sure that no LHS model can be created, thus the

density matrix has been determined to be steerable.

From Figures 10 and 11, we can clearly see that the cvx_status depends on r in both scenarios.

Indeed, let us first discuss Figure 10 in greater detail. For n4 42 = 2, no true LHS model can
be found until r reaches approximately 6. Upon there, it jumps from the Inaccurate/Solved
status to the Solved status. Only from r greater than approximately 6.6, one can deduce

that (56) is and stays unsteerable. Next, in the case of n4 42 = 3 and n4 42 = 4, one notices
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Figure 11: Plotting the cvx-status against r for the 2 level parity-based measurement for
2, 3 and 4 measurement settings and the simulated density matrix ppp. The measurement
setting phases are given in Table 1. A value of 0 denotes the ”Failed” case, 1/3 illustrates the
status ”Infeasible” wheras 2/3 stands for ”Inaccurate/Solved” and 1 represents the ”Solved”
scenario.

that the SDP (26) is able to find a LHS model for (56) at r being close to 0. Then, the SDP
fails to find again a LHS model until r ~ 4, after which it keeps outputting the status Solved.
Thus, a similar behaviour of the different curves can be observed. First, (56) comes out to
be steerable (except for an r close to 0 for n4 42 = 3 and n4 42 = 4) up to a point, where it

then switches to a permanent unsteerable setting.

Secondly, we will have a closer look at Figure 11. What stands out is that for ng,2 = 2,
the SDP outputs the status ”Failed” for every r, i.e. no LHS model can be found. Thus,
(56) will be steerable for all r in that case. This notion is similar for n4,2 = 3. However,
for nap2 = 4, one realizes that the ”steerability setting” of (56) has a periodic behaviour.

Indeed, (56) becomes unsteerable with a periodic interval of about 3 units.

Thus, it can be deduced that for the density matrix (56), finding a LHS model and determining

whether it is steerable respectively unsteerable is particularly dependent on 7.
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3.4 Steering inequality
3.4.1 Dual SDP result

In order to obtain the steering inequalities, we will make use of the dual solution of the
SDP (13). According to Ref.[17] it should be possible to obtain from this the positive

semidefinite matrices F,,. Those F,, matrices will then allow us to define the steering

/
alz

is then steerable, and hence confirms that the shared state from which it was

inequality (16) as explained previously. Any assemblage {0/ },, providing a larger value

than S’

max

obtained is entangled.

Nevertheless, when implementing the SDP program (13) in MATLAB and trying to reproduce
the results of Ref.[17], we run into the issue that the output matrices were neither positive
semidefinite, nor matching the steering matrices Gg in (27) and G/, for x = 1,2,3,4 in (28).

Our results can be seen in section B.

To make sure that there was no potential bug or logical error in our code, we decided to
rewrite it from scratch. Nevertheless, we found exactly the same results. In addition, a
GitHub link was found in Ref.[26], containing code snippets about quantum steering and
SDP’s, which only had to be slightly adapted to match our SDP from (13). The modified
code snippet depicts an additional approach computing the SDP (13) and can be found in
section B. By comparing the matrices from the different procedures, so from the initial SDP
and the SDP from Ref.[26], one could notice that they are very alike. Now, this was confusing,

since we were still not able to reproduce (27) and (28).

In addition, we even compute analytically the dual SDP (13), which also gave us the same
results. The derivation of the dual SDP as well as the corresponding results can be seen in

section C.

Since we have obtained very similar results for the dual SDP by means of three independent
tests and approaches, we will assume that they are correct. In fact a possibility remains, that
the F' positive semidefinite matrices entering a steering inequality have to be constructed
from the dual SDP outputs in some nontrivial way. We did not have the time to progress
along this direction during this project, but we are in touch with the authors of Ref.[17] and

will look for an answer to this issue.
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3.4.2 Steering inequalities

Assuming that our results are valid, we can now compute the SDP (16) for the different
scenarios, i.e. for displacement-based measurements for a 2 level system for x € {2, 3,4} as
well as for parity-based measurements for 2,3 and 4 level systems for x € {2, 3,4}. In Figures
12, 13, 14 and 15, S}, ,. is plotted against r, i.e. the ”steering bound” in relation to r.

S/

max

800 \

for ng =2,3,4

nyg =2
ny =3

700

nyg =4\

200 - 7

100 |- i

r

Figure 12: Plotting S/

max
measurement settings.

against r for the 2 level system for 2, 3 and 4 displacement-based

In addition, Figure 16 displays all the previous curves in order to see the individual behaviours
of S/

max With respect to r.

As a reminder, the steering inequalities we are considering are of the form:

Tr ) FafaOupe < Spaz- (57)
a,xr

Any assemblage {o} |x}a@ that is providing a larger value than S’ i.e. leads to a violation of

max?
the above equation, is steerable, and hence confirms that the shared state is indeed entangled.
Taking a closer look at Figures 12, 13, 14 and 15, one notices how the steerability bound S}, .,

depends on r. Indeed, from Figure 12, S/ seems to be declining exponentially with r for the

max
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Figure 13: Plotting S/

max against r for the 2 level system for 2, 3 and 4 parity-based mea-
surement settings.

2 level displacement measurements and tends to go to 0. However, we cannot find a physical
interpretation for this, since we have lost the positive semidefinite constraint regarding the
Fy|, matrices. Furthermore, for the parity measurements, one can also recognize in Figures
13, 14 and 15 how S/

Thae OScillates with respect to r and illustrate the same periodic pattern

we initially found when investigating the behaviour of 7.

In the future, it would be interesting to find a steering inequality based on Wigner functions,
similarly to the Bell-type inequality found in Ref.[27],[28]. These ideas are sketched in section
D.

4 Conclusion

During this project, we looked at the EPR steering phenomenon for displacement and parity-
based detection in multiple levels systems. In a first part, we searched for the critical value of
the detection efficiency and discovered that the value of 7, increases differently with respect to
r for different number of measurement settings. We came across the notion that when looking

at parity-based measurements, we were able to observe some periodic behaviours. This was
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Figure 14: Plotting S

e against r for the 3 level system for 2, 3 and 4 parity-based mea-
surement settings.

in accordance with the results we acquired with the inspection of S’

az- Unfortunately, we

need to make the remark that we encountered an issue during the analysis of this project.
Indeed, we were unable to reproduce the correct form of the steering functionals as given
in Ref.[17]. In order to check for this, we employed different techniques and procedures in
order to find possible mistakes or logical errors in our analysis. However, this seemed not
to be the case, as we found very similar results from independent method. Therefore, we
assumed that our initial approach was valid. Finally, we obtained a simulated density matrix
for 2 entangled qubits with realistic experimental parameters and imperfections. Here, we

came upon the idea that when considering displacement-based measurements, the simulated
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Figure 15: Plotting S}, ,,
surement settings.

against r for the 4 level system for 2, 3 and 4 parity-based mea-
density matrix can be seen to be steerable for small r, up to a critical value of r that does not
allow to detect steering anymore. This was unlike the case where we looked at parity-based
measurements. Indeed, for 2 and 3 measurement settings, the simulated density matrix came

out to be steerable for all r.

In the future, our result could be useful to detect EPR steering between pairs of systems based
on parity measurements. FExamples include Wigner-function measurements on entangled

mechanical oscillators, such as in the experiment performed by the group of Prof. Y. Chu.
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Figure 16: Combined curves from Figures 12, 13, 14, 15 in the range r € [0,6] and S/, €

[0,500]. Here, ny q; describes the number of measurement settings for the displacement-based
measurement and the 7 level, while n4 ,; represents the number of measurement settings for
the parity-based measurement and the ¢ level.
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A Definitions and calculation steps

This section revisits various definitions and derivations, some of which may be important for

understanding the individual calculation steps.

> The representation of the coherent state |a) in the Fock basis [29] is given by

2 n

7;0 T (58)

—|a]
jay=¢73
So computing the projector in (17) gives:
Y —— rn> (m]. (59)
n,m=0
Hence, restricting the Hilbert space to two levels we have

2 2_
e T re=" —i6
H(a) - <T€T2+i0 2 ,—r2 > ’ (60)

ree

> We seek to find the matrix representation of the creation operator a' for the 1-dimensional

harmonic oscillator. Remember that for an energy eigenstate |n), we have:
afny=vn+1n+1). (61)
Computing the matrix elements gives

- <7’ at ’.7> VJ+ 5l(j+1 (62)

and therefore

0O 0 0 0
vi 0 0 0
V2 0 0
V3 0

0
0 0
0 0 0 +4
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as well as

(64)

Q>
Il

o O O O

(65)

= (2k)! = (2k + 1)!
:COS( a*a)]l B i (—1)k(w/a*a)2k+1X
= (Ck+1DWa*ra
1
=cos< a*a)]l — \/Tsin< a*a)X.
a*o

With a = exp(rew), we note that va*a = Vr2 = r, since r > 0 in our case. With this, we
finally obtain (34).

> The state (4) for 2, 3 and 4 levels is explicitly given by the following matrices:

\1/>2=\15(0 11 0>T,

1 T
\\11>3=E(010100000>,

1 T
\‘I’>4:T@(01001000000000>-

> Let A and B represent the two subsystems that make up the composite system defined

by the density operator psap. A generic two-qubit state pap can be expanded with respect
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to the orthonormal basis {|0,0),[0,1),]1,0),|1,1)} as:
PAB = P11 ’0, 0> <0, 0| + P12 ’0, 0> <0, U+ 4 pu ‘1, 1><1, 1’ . (66)

Then, the partial trace over the subsystem A, given by Tr4, is specified by the expression:

Tralpas] =, (i, ®15) pan (|i), ®1p), (67)

7

where |i) represents any orthonormal basis for the Hilbert space % of the subsystem A [30].

For convenience we state the formula for two qubits [31]:

P11 P12 P13 Pi4
P21 P22 P23 P24

Tralpas] = (68)
P31 P32 P33 P34

P41 P42 P43 P44

+ +
_ P11 T P33 P12 T P34 . (69)
P21 + P43 P22 + paq
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B SDP

In this section, we present the results for the F' and G matrices for the different methods of the
SDP, so for our initial SDP program and the modified SDP code from Ref.[26]. Consequently,
we can get a sense whether we have a bug in our initial code or if we can assume that it outputs
valid results. In addition, we consider another approach for this, which will be explained in

section C.

The following outputs are for r = 0.2 and the 4 measurement settings 6; = 0, 6o = 7/2,

03 = 7 and 64 = 37/2 considering displacement measurements for a 2 level system.

% First Draft of SDP
% results of F_{alx}: + is given by p, - is given my m, x=1,2,3 or 4
Fpl =

-0.4196 + 0.00001 2.0562 - 0.00001
2.0562 + 0.0000i -30.2315 + 0.00001

Fml =

-0.4196 + 0.0000i -0.0000 - 0.00001i

-0.0000 + 0.0000i -40.3082 + 0.00001
Fp2 =

0.0000 + 0.00001 0.0000 - 2.05621

0.0000 + 2.0562i 10.0772 + 0.00001
Fm2 =

1.0e-03 =*

-0.0000 + 0.00001 0.0000 - 0.00001

0.0000 + 0.00001 0.4885 + 0.00001
Fp3 =

-0.0000 + 0.0000i -2.0562 + 0.00001

-2.0562 - 0.0000i 10.0772 + 0.00001
Fm3 =
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1.0e-03 x*
-0.0000 + 0.00001i
-0.0000 - 0.00001

Fp4 =
-0.0000 + 0.00001
0.0000 - 2.05621
Fm4 =

1.0e-03 x*
-0.0000 + 0.00001

0.0000 - 0.00001

% results of the steering matrices GRprime and Gxprime

GRprime =

-0.4196 +
-0.0000 +

Gxprimel =

0.0000 +
2.0562 -

Gxprime2 =

0.0000 +
0.0000 +

Gxprime3 =

0.0000 +
-2.0562 -

Gxprime4 =

0.0000 +

0.

.00001
.00001

.00001
.00001

.00001
.06621

.00001
.00001

00001

0.0000

0.4885

0.0000

L0772

0.0000
0.4885

-0.
-40.

0000
3067

2.0562

.0767

0.0000

-2

.0767

.0562
10.

0767

.0000

0.00001
0.00001

2.056621
0.00001

0.00001
0.00001

0.00001

0.00001

0.00001
0.00001

2.05621
0.00001

0.00001
.00001

.05621
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0.0000

- 2.05662i1

10.

% Second Draft of SDP

% results

Fpl =

-0.4196
2.0566

Fml =

-0.4196
-0.0000

Fp2 =

0.0000
-0.0000

Fm2 =

of F_{alx}: +

0.00001
+ 0.00001

0.00001
+ 0.00001

+ 0.00001
+ 2.05661

1.0e-10 =*

-0.1114
0.0007

0.0000
-2.0566

Fm3 =

+ 0.00001
+ 0.00331

+ 0.00001
+ 0.00001

1.0e-10 x*

-0.3022
0.0043

Fp4 =

0.0000

+ 0.00001
+ 0.00031i

+ 0.00001

-0.
-40.

-0.
10.

-2

0.0043 -
0.0386 +

.0566 -
-30.

.0566 -
10.

0767 + 0.

is given

2432 +

0000 -
3242 +

0000 -
0811 +

.0007 - O.
0.0153 +

0811 + 0.

.0000 + 2.

00001

by p, - is given my m,

0.00001
0.00001

0.00001
0.00001

2.05661
0.00001

00331

0.00001

0.00001

00001

0.00031
0.00001

05661
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0.0000 - 2.05661

Fm4d =

1.0e-10 =*

-0.2203 + 0.00001
0.0048 - 0.00451

10.0811 + 0.00001i

0.0048 + 0.0045i
-0.0597 + 0.00001

% results of the steering matrices GRprime

GRprime =

-0.4196 + 0.00001
-0.0000 + 0.00001

Gxprimel =

0.0000 + 0.00001
2.0566 + 0.00001i

Gxprime2 =

0.0000 + 0.00001
-0.0000 + 2.05661

Gxprime3 =

0.0000 + 0.00001
-2.0566 + 0.00001i

Gxprime4 =

0.0000 + 0.00001
-0.0000 - 2.05661

-0.
-40

0000

.3242

2.0566

-0.

10.

-2.

10.

-0.

10.

.0811

0000
0811

0566
0811

0000
0811

+

0.00001
0.00001

0.00001
0.00001

2.05661
0.00001

0.00001
0.00001

2.05661
0.00001

and Gxprime

One can notice that the matrices for the 2 strategies are very similar, are not positive semidef-
inite and do not match with (27) and (28).

The code snippets for the different SDP methods are presented in the following.

% First SDP approach
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14 cvx_begin SDP quiet

5 cvx_solver SeDuMi Y%mosek

6 cvx_precision best

7

8 variables p % defines eta

9 variable sigmal (dB*Ndet ,dB) complex % vector containing the sigma_B(alx
)

10 dual variables F{Ndet,bdB}

11 dual variable K{1,1}

13 maximise( p )

15 % the following computes the sum of D_lambda(a,x)*sigma_lambda over all
lambda, and asks it to be equal to the assemblage
16 % further we solve the dual problem where F is a 2x2 matrix

17 subject to

19 p >= 0;

20 p <= 5

21

22 % sig_alx == \sum_lam D(alx,lam) sigmal

23 for i = 1:mA*nA

24 F{i} : Tensor(SingleParty(i,:),IddB)*sigmal == p * assemblageS (1+(i
-1)*dB:i*dB,:) + (1-p) * assemblageUS(1+(i-1)*dB:ix*dB,:);

25 end

27 % ask every sigmal to be positive semidefinite

28 for i = 1:Ndet

29 sigmaL (1+(i-1)*dB:i*dB,:) == hermitian_semidefinite (dB);
30 end

31

32 % sum_lam tr(sigmal) == 1

33 sum = zeros (dB,dB);

34 for i = 1:Ndet

35 sum = (sum + sigmaL (1+(i-1)*dB:i*dB,:));

36 end

37 K{1} : trace(sum) == 1;

39 cvx_end

43 % Second SDP approach (modified version from GitHub)
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cvx_begin sdp quiet

cvx_solver SeDuMi

variable p % defines eta

variable siglam(dB,dB,Ndet) hermitian semidefinite 7 siglam are the

members of the LHS model

dual variable F

maximise( p )

subject to

p >= 0;

p <= 1;

% sig_alx == \sum_lam D(alx,lam) sig_lam

F : pxsigmaS + (1-p)*sigmaUS == squeeze(sum(repmat(siglam,[1,1,1,mA,nA])

.*permute (repmat (SingleParty,[1,1,1,dB,dB]),[4,5,3,1,2]),3));

% ensures normalisation

trace(sum(siglam,3)) ==

cvx_end
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C Dual SDP

In this section, we will present our procedure to analytically derive the dual SDP problem to

the SDP (13) in the case of 4 measurement settings.

C.1 Duality theory

Analogously to linear programming, given a general SDP of the form®

i X Hsn
min - (0, X)s (70)
subject to (A;, X)sn =0b; i=1,....,m (71)

X >0, (72)

(the primal problem or P-SDP), we define the dual semidefinite program (D-SDP) as

max (b, y rm (73)
yeR™
subject to ", yid; < C, (74)

where for any two matrices P and @), P < @ means P — Q < 0 [22].

C.2 Derivation

Our goal now is to solve the P-SDP and D-SDP on the following problem:

Ny = 1naxn 0<n<l1 (75)
subject tOZD,\(aM)a)\ = 7705|x(77) +(1— 77)021\5(77) Va, (76)
A
Tr)lon = 1, or=0 (77)
A

C.2.1 Primal
For the P-SDP, we first define the corresponding matrices for our problem”.

We have:

SRemark: remember that (A4, X) = Tr(A - XT).
"Note: X, Ao, A, Aqj and C are 34x34 matrices in this specific case of 4 measurement settings.
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J0000

00001

O1111

)

where o) represent hermitian 2x2 matrices with A = (0000,0001, ...,1111), z = np and y =
(1 —n). One immediately sees that X > 0.

Next,
0
0
C= (79)
0
-1
0

Those definitions of the matrices make sense since max f = —min(—f) for a function f.
Then, min{C, X) = —maxx = —max7, which in fact describes the maximisation problem

in equation (75).

Now, we consider the constraints that 0 < n < 1 and that Tr)}, oy=1.

e 0Kyt

We define:

such that (Ap, X)=x+y=n+1—n=1=by.
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o Tr), o\=1:

In addition:

1
1
Ay = h , (81)
1
0
0
such that (A, X) = Tr Y}y on = 1 = by,
Next, equation (76) can be rewritten as:
Z7j
(Z Dx(alz)ox —noj),(n) — (1 - 77)@?5(?7)) =0 Va,x i4,j€e{l,2}. (82)
A
This can then be expressed as:
((Agp)™, Xy = (bop)™” Va,x i,je{1,2}, (83)

where Va, z, we have:

i di-1)
Doooo(ale i
0 \Bicny Su—ng-n

Gy ey
Dogor (alz) ! v
di-15 S-nG-1)

(Agla)™ =

5 S
Dun(ale) <5 . iG-1) )
-1 Sa-1G-1)

and

(ba|ac)i7j =0.

i igj-1) i di(j-1) S Us
The Doooo(a|x)(5(i_]l)j 5(1‘—1])(,7'—1) ), ey Dllll(a‘x)((s(ijl)j 5(i—1j)(j—1) ), Ja\x and Ja|x are 2x2 ma-

trices, where d11=1 and 0 otherwise. In the following, we will in some calculation steps just
. (51']' 51( i—1) .
write D) (a|z) for D) (alx)- (6(1'—1)3' 5(1-_;)(3-_1) ) due to spacing reasons.

45 of 64



C.2 Derivation C DUAL SDP

The Dogooo(alx), ..., D1111(alz) denote the deterministic response function defined by Dy (a|x) =
Sa\(x)» Where A(z) denotes the value of the outcome at position z. This means that Dy (a|r)
equals one for strings A which predict the outcome a for the measurement x and zero otherwise
[8].

With the definition of (A,),)"7, we thus have:

irj ij i(j—1 i—1)j
{(Aqgjz)™, X) =Doooo(alz) - (oGh00dij + ‘70%]00 )5i(j—1)) + Doooo(al) - (U(()ooo)J(S(i—l)j

i—1)(j—1 ij i(j—1
+U(()000)(] )5(i—1)(j—1)) + D111 (alz) - (01]11152‘3‘ + 01(1]11 )5i(j—1))

i—1)j i—1)(j—1 i,j ij
+Di111(alz) - (U§111)]5(i71)j + U§111)(j )5(1'71)(3'71)) - .’L‘(O’iw) 7 — Z/(Uﬁf) 7.

This matches with the expression (82).

To sum up, we now have the following P-SDP, expressed in the form of (70):

min (C, X) (84)
subject to (Ao, X) = by (85)
A, X) =bu (86)

((Aga), X) = (bae)™? Va,z d,j€{1,2}. (87)

C.2.2 Dual

To solve the dual problem, we introduce the 34-dimensional vectors:

(b+1|1)1’l (l/+1|1)1’1
(b+1|1)1’2 (y+1|1)1’2
(b+1|1)2’1 (Z/+1|1)2’1
b— (b+1|1)2’2 ’ Y = (Z/+1|1 22 ’
(b—1|4)2’2 (Z/71|4)2’2
bo Yo
btr Ytr

where each entry of the y vector illustrates a specific dual variable. In our case, the dual

variables y,, for a € {+1,-1}, = € {1,2,3,4} will represent the 2x2 [, matrices from

46 of 64



C.2 Derivation C DUAL SDP

Ref.[17] and yo and y, are the corresponding dual scalars of by and by.

From equation (73), we notice that we seek to maximise (b, y) = yo + Y-

Similar to the subsection above, we will now consider the constraint from equation (74):
34

DA —C < 0. (88)
k=1

We will separate some individual steps for a better overview.

Fork=1,...,8:

Doooo(alz) - 2y 4 Yale

Dun(alz) - X2 2 Yala
S \iyj . 00
- Za,z,i,j (a'a|a:)l I ya|z
US\i,j ,J
- Za,a@,i,j (Ua|:c )l 7 y;fz

For k=9,...,10:

Ytr
Ytr

Ytr
Yo

Yo

Thus we get the constraint:

Doooo(alz) - 2y 4 Yafe + Yir - I

Duni(alz) - 24 4 Yaje + Yo - I <0,
Y0+ 1= Yaij(050)" * (Walo)™
Y0~ Do (OG9)  Yape)™

where
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L1 12

o <ya|$ ya|m>

YajJz = | 21 292"
ya|z ya|a:

To sum up, we now have the following D-SDP:

maXyeRm<b, y>Rm (89)
subject to o Iz + X5, . Da(alz) - Yoz <0 VA (90)
Yo + 1- Za,x TI'[O’(‘;I : ya\x] <0 (91)
Yo — Za’m TI“[Ug'f . ya‘x] <0 (92)
Respectively:
maXyERm<ba y>Rm (93)
subject to  —yir - Lo — D5, . Da(alz) - yge =0 VA (94)
~yo — 1+ X p Tr[03), - Yajz] =0 (95)
—Yo + Za,x Tr[Ug\f ’ ya|a:] =0 (96)

C.3 Calculation
C.3.1 Primal

For the primal part, I am quite confident that the acquired values seem fine, so we will jump
straight to the dual problem. MATLAB gives us the following values for x and y for r = 0.2

and 4 measurement settings for the 2 level case and displacement-based measurements:
r =n = 0.4196,

y=1-—n=0.5804.

C.3.2 Dual
We seek to maximize {b,y) = yo + Ytr-

We will go over the constraints in detail. Remembering that Dy(a|z) = 6, 1), We get for
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example:

Z Doooo(al)yap =0

a,r

+1-

Thus, we obtain:

= Ytr -

— Ytr -

— Ytr

— Ytr

= Ytr -

= Ytr -

— Ytr

— Ytr

_ytr.

— Ytr

— Ytr

= Ytr -

— Ytr

— Ytr

— Ytr -

I — Z Doooo(a|7)yals

a,r

I — Z Dooo1 (a‘x)yam =

a,r

Iy — 2 DOOIO(a|x)ya|m

a,r

I — Z Doo11(a|)Yals

a,r

I — Z DOlOO(a|x)ya|m

a,r

I — Z Doro1(alz)ya| =

a,r

Iy — Z DOllO(a‘x)yaL’c

a,r

Iy — Z DOlll(a|x)ya|m

a,r

Iy — Z DIOOO(a‘x)yaL’c

a,r

Iy — Z D1oor(al2)yq)x

a,r

I — Z D1o10(a|7)Yals

a,r

I — Z Dio11(alz)yas

a,r

Iy — Z D1100(a|z)Ya)z =

a,r

Iy — 2 Duio1(alz)ya)s

a,r

Iy — Z Diio(al)ya) =

a,r

Yin+0-v12+0-p13+0-yu+1-yqp+1-y1p2

Y13+ 1-y-14

=—yu-Io—(1

—yir - T2 — (1
=~y -l — (1
=—yu-Io—(1
=~y -I2— (1

—Yr - I — (1
= Yy - Io — (1
=—yu -l —(1
= Y - Io — (1
=—yu-Io—(1
= —yu o — (1
=—yu-Io—(1

—yir - T2 — (1
=~y -l —(1

—yir - I2 — (1

Y3 +1-
Yz +1-
Y2+ 1-
Y+ 1-
Y12+ 1-
Y+ 1-
“yip+1-
Yy +1-
“yip+1-
“yip+1-
“yip+1-
“yip+1-

“yip+1-
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Yo+t loyqe+l-ygz+1-y_qu) =0

Y+ loygp+ 1Ly +1-y_q3) =0

Yyip+ 1oy +1-y_q4) =0

Yia +1-

Yip+1-y_q;2) =0

Yo+ 1l-yyz+1-y_qu) =0

Yyia +1-
Y3 +1-

Y3 +1-

Yip+1-y_q3) =0
Yip+1-y_q4) =0

Yia+1-y_11) =0

Yorz+1-y_yz+1-y_1u) =0

Yia +1-
Y3 +1-
yys +1-
Yig +1-
Yip +1-

Yyig +1-

Y12 +1-y_q3) >0
Y1 +1-y_14) =0
Yia +1-y_1)2) =0
Y+ 1l-y_q4) =0
Yia+1-y_13) =0

Yz +1-y_14) =0
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— Yoo - Ip — ZD1111(G|$)ya|x =~y -L—(1-yip+1-yip+1-yyz+1-y14) =0.

a,r

8

3 0% and oUS:

For the second constraint, we will first present the values of the matrices

0.0192 + 0.0000¢  0.0961 + 0.0000¢
0.0961 + 0.0000¢  0.4804 + 0.0000¢
0.4808 + 0.0000¢  —0.0961 + 0.0000z
—0.0961 + 0.0000z  0.0196 + 0.0000:
0.0192 + 0.0000¢  0.0000 — 0.0961¢
0.0000 + 0.0961:  0.4804 + 0.0000¢
0.4808 + 0.0000¢  —0.0000 + 0.0961:
g —0.0000 — 0.0961z  0.0196 + 0.0000¢
0.0192 + 0.0000¢  —0.0961 — 0.0000z
—0.0961 + 0.0000z  0.4804 + 0.0000z%
0.4808 4+ 0.0000¢  0.0961 + 0.0000¢
0.0961 — 0.0000¢  0.0196 + 0.0000¢
0.0192 + 0.0000¢  —0.0000 + 0.0961:
—0.0000 — 0.0961:  0.4804 + 0.0000¢
0.4808 4 0.0000¢  0.0000 — 0.0961%
0.0000 + 0.0961¢  0.0196 + 0.0000¢

8The following statement applies to o and oY%, The first 2x2 matrix represents the (+1]1), the second
2x2 matrix (—1]1), etc.
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0.9608

0.0392

0.9608

0.0392

Uus _

0.9608

0.0392

0.9608

0.0392

o
S O O O O O O O o o o o o o oo

a
As a calculation step, let us say o is the 2x2 matrix (
c

Z), with a, b, c,d € C. Then:

TI‘(U ’ ya|z) =a- (ya|:1:)171 +b- (ya|:(:)271 t+c- (ya|z)1y2 +d- (ya\x)2’2'

We obtain:

— o —140.0192 (yy1)"" +0.0961 - (y1)1)*" + 0.0961 - (y11)"* + 0.4804 - (1)**+
0.4808 - (y_1j1)"" — 0.0961 - (y_1;1)*" —0.0961 - (y_1p1)"% + 0.0196 - (y_11)*°+
0.0192 - (y12)"" — 0.09614 - (y19)>" + 0.0961i - (y112)"* + 0.4804 - (y9)**+

0.4808 - (y_1)2)"" + 0.09614 - (y_1j2)>" — 0.0961i - (y_12)"* + 0.0196 - (y_1p2)>>+
0.0192 - (y153)"" — 0.0961 - (y13)*" — 0.0961 - (y33)"* + 0.4804 - (y13)>*+

0.4808 - (y_1j3)"" + 0.0961 - (y_1)3)>" + 0.0961 - (y_yj3)"? + 0.0196 - (y_y)3)>*+
0.0192 - (y14)"" + 0.09614 - (y1)4)*" — 0.0961i - (y14)"% + 0.4804 - (4)>*+

0.4808 - (y_114)"" — 0.0961i - (y_1j4)>" + 0.0961% - (y_14)" + 0.0196 - (y_1)4)>* = 0.
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As well as:

— o + 0.9608 - (y11)"" +0.0392 - (y_1)1)"" + 0.9608 - (y12)"" + 0.0392 - (y_q2)"" +
0.9608 - (y13)"" + 0.0392 - (y_qj3)"" + 0.9608 - (y114)"" + 0.0392 - (y_q4)""!

Implementing this D-SDP in MATLAB gives very similar results for the different matrices as

in the previous appendix section. The code snippet can be found in the appendix section

C.3.3.

F1

-0.4196 -
2.0564 -

F2

=0, 498 =
0.0003 -

F3

0.0000 +
-0.0000 +

1.0e-03 =

0.0000 +
-0.0003 +

F5

-0.0000 +
-2.0565 +

.00001
0.00011

0.00001
0.00011

0.00001
2.05671

0.00001
.52711

0.00001
0.00011

-0.
-40.

.0562
-30.

2304

0000
3071

0.0000

.0768

0.0011

-2.
10.

.0656

0562
0768

.00001
0.00001

0.00001
0.00001

2.05621
0.00001

0.00031
.00001

0.00001
0.00001
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F6

1.0e-03 =

-0.0000
-0.2736

F7

-0.0000
0.0000

F8

1.0e-03 x*

-0.0000
0.0104

Grprime =

-0.4196

-0.0000

Glprime =

0.0000

2.0562

G2prime =

-0.0000

0.0000

G3prime =

0.0000
-2.0562

+

+

0.00001
0.05301

0.00001
2.05671

0.00001
0.515691

0.00001
0.00001

0.00001
0.00001

0.00001
2.05621

0.00001
0.00001

0.0013
0.0562

0.0000

.0768

0.0014
0.0656

-0.
-40.

0000
3069

2.0562

.0767

0.0000

-2.
10.

.0767

0562
0767

0.00021
0.00001

2.05621
0.00001

0.00011
0.00001

0.00001
0.00001

0.00001
0.00001

2.05621
0.00001

0.00001
0.00001
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C DUAL SDP

G4prime =

0.0000 + 0.0000
0.0000 - 2.0562

i 0.0000 + 2.0562i1
i 10.0767 + 0.00001

Thus, we have now implemented 3 different methods yielding very similar results each time.

Therefore, one could now assume that our initial approach is a valid procedure, in contradic-

tion to Ref.[17].

C.3.3 MATLAB code

%% we will implement the D-SPD from the Overleaf document to find the dual

variables

dB = 2;
assemblageS;

assemblageUS;

cvx_begin SDP quiet

cvx_solver SeDuMi

cvx_precision best

variable yi
variable y2
variable y3
variable y4
variable yb
variable y6
variable y7

variable y8

variable y9

variable y10
variable yi1
variable yi12
variable y13
variable yi14
variable yi15
variable yi16

variable y17
variable yi18

%mosek

complex
complex
complex
complex
complex
complex
complex

complex

complex
complex
complex
complex
complex
complex
complex

complex

complex

complex
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y(+1]1)°(1,1)
y(+111)°(1,2)
y(+1]1)°(2,1)
y(+111)°(2,2)
y(-111)"(1,1)
y(-111)"(1,2)
y(-111)~(2,1)
y(-111)"(2,2)

y(+112)°(1,1)
y(+112)°(1,2)
y(+112)°(2,1)
y(+112)°(2,2)
y(-112)"(1,1)
y(-112)(1,2)
y(-112)°(2,1)
y(-112)"(2,2)

y(+113)°(1,1)
y(+113)°(1,2)
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C DUAL SDP

variable y19
variable y20
variable y21
variable y22
variable y23
variable y24

variable y25
variable y26
variable y27
variable y28
variable y29
variable y30
variable y31
variable y32

variable yO

variable ytr

maximise ( yO

ypll =
ymll =
ypl2 =
yml2 =
ypl3 =
yml3 =
ypl4d =
yml4 =

complex
complex
complex
complex
complex

complex

complex
complex
complex
complex
complex
complex
complex

complex

+ ytr )

[yl,y2;y3,y4];
[y5,y6;y7,y81;
[y9,y10;y11,y12];
[y13,y14;y15,y161];
[y17,y18;y19,y20]1;
[y21,y22;y23,y24];
[y25,y26;y27 ,y281;
[y29,y30;y31,y32];

yi = ytrxeye(2);

subject to

% constraint

-yi - ymll -
-yi - ymll -
-yi - ymll -
-yi - ymll -
-yi - ymll -
-yi - ymil1l -
-yi - ymll -
-yi - ymll -
-yi - ypil -
-yi - ypil -

eq. (21)

yml2 - ymil3
yml2 - ymi3
yml2 - ypil3
yml2 - ypil3
ypl2 - ymi3
ypl2 - ymi3
ypl2 - ypil3
ypi2 - ypi3
yml2 - ymil3
yml2 - ymi3

ym14

ypl4d
ym1l4

ypléd
ym14

ypl4d
ymil4

ypléd
ym1l4

ypld
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y(+113)°(2,1)
y(+113)°(2,2)
y(-113)"(1,1)
y(-113)°(1,2)
y(-113)°(2,1)
y(-113)"(2,2)

y(+114)°(1,1)
y(+114)~(1,2)
y(+114)°(2,1)
y(+114)°(2,2)
y(-114)"(1,1)
y(-114)~(1,2)
y(-114)~(2,1)
y(-114)"(2,2)

y_0
y_tr

hermitian_semidefinite (dB) ;
hermitian_semidefinite (dB) ;
hermitian_semidefinite (dB) ;
hermitian_semidefinite (dB) ;
hermitian_semidefinite (dB) ;
hermitian_semidefinite (dB) ;
hermitian_semidefinite (dB) ;
hermitian_semidefinite (dB) ;
hermitian_semidefinite (dB) ;

hermitian_semidefinite (dB);
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C.3 Calculation

C DUAL SDP

_yl
_y1
_yl
_yl
_y1
_yl

- ypll
- ypll
- ypll
- ypll
- ypll
- ypll

ym1l2
ym12

ypl2
ypl2
ypl2
ypl2

% constraint eq.

-y0 - 1 + assemblageS(1,1)*yl + assemblageS(1,2)*y3 + assemblageS(2,1)x*y2

y24

- ypl3
- ypl3
- ymil3
- yml3
- ypl3
- ypl3

(22)

ym14
ypléd
ym14

ypl4d
ymi4

ypléd

hermitian_semidefinite (dB) ;

hermitian_semidefinite (dB) ;

hermitian_semidefinite (dB) ;

hermitian_semidefinite (dB) ;

hermitian_semidefinite (dB) ;

hermitian_semidefinite (dB) ;

+ assemblageS(2,2)*y4 + assemblageS(3,1)*y5 + assemblageS(3,2)*y7
+ assemblageS(4,1)*y6 + assemblageS(4,2)*y8 + assemblageS(5,1)*y9 +

assemblageS (5,2)*yll + assemblageS(6,1)*yl10 + assemblageS(6,2)*yl2

assemblageS (7,1)*yl13 + assemblageS(7,2)*yl5 + assemblageS(8,1)*yl14 +

assemblageS(8,2)*yl16 + assemblageS(9,1)*yl7 + assemblageS(9,2)*y19

assemblageS (10,1) *xy18 +
+ assemblageS (11,2)*y23

+ assemblageS(13,1) *y25

y26...

+ assemblageS (14,2)*y28

assemblageS (10,2) *y20 + assemblageS(11,1)x*y21

+ assemblageS(12,1)*y22 + assemblageS(12,2)*

+ assemblageS (13,2)*y27 + assemblageS(14,1)*

+ assemblageS (15,1) *y29 + assemblageS(15,2)*

+ assemblageS(16,1)*y30 + assemblageS (16,2) *y32

== hermitian_semidefinite (1) ;

% constraint eq.

-y0 + assemblageUS(1,1)*yl + assemblageUS(3,1)*y5 + assemblageUS(5,1)x*y9

2 cvx_end

(23)

+ assemblageUS(7,1)*y13 + assemblageUS(9,1)*yl7 + assemblageUS(11,1)*
y21...
+ assemblageUS(13,1)*y25 + assemblageUS (15,1)*y29

== hermitian_semidefinite (1) ;

3 cvx_status

%hcvx_optval

% The y elements represent the dual variables of the D-SPD:

%diary myDiaryfile
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108
109 %diary on

110

111 F1 = yp11l % F(+1,1)
112 F2 = ym11 % F(-1,1)
113 F3 = yp12 % F(+1,2)
114 F4 = ym12 9, F(-1,2)
115 F6 = yp13 % F(+1,3)
116 F6 = ym13 % F(-1,3)
117 F7 = ypl4 9, F(+1,4)
118 F8 = ym14 % F(-1,4)

121 Grprime = F2 + F4 + F6 + F8
123 Glprime = F1 - F2
124 G2prime = F3 - F4
125 G3prime = F5 - F6

126 G4prime = F7 - F8

128 %diary off
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D WIGNER FUNCTION

D Wigner function

In this section, we seek to find a ”Bell-like” inequality for the considered state p (3) in terms

of Wigner function values.

D.1 Definition of Wigner function

According to the Heisenberg uncertainty principle, it is impossible to precisely measure a
particle’s position and momentum at the same time in quantum theory, i.e. to find a phase
point in the phase space. Therefore, to examine the quantum state and motion of microscopic
particles, scientists searched to define the quasi-distribution function in phase space. In 1932,
Eugene Wigner introduced such a quasi-classical distribution function, whose marginal distri-
butions correspond to the particle probability measured in coordinate space ¢ and momentum
space p. In addition, the Wigner function has an unusual property which makes it a good
diagnostic of quantum properties: it may be negative in some sections of phase space when

the field includes nonclassical interferences”.

The Wigner function W(q, p) is usually expressed in the following integral form, given the

density matrix p of a quantum particle moving in one dimension [32]:
1 .
Wia.p) = — | <a—z|plg + ) exp(2ipr/h) dz. (97)

However, this is not always easy to compute, since given a density matrix, computing quasi-
probabilities is a time-consuming job that requires integration over phase-space variables.
Therefore, scientists such as for instance Wiinsche [33], Moya-Cessa [34] and Cahill [35]

sought to derive alternative expressions.

In our case, we will consider the joint 2-mode Wigner function Wj(p, 54, 85), which is a
continuous-variable representation of the considered quantum state with 84 and Sp be-
ing complex variables in Alice’s and Bob’s system respectively. Here, W; describes a 4-
dimensional phase space function, whose value at each point (Re(84), Im(54), Re(8B),
Im(Bp)) is equal to the expectation value of the joint parity operator Pj after indepen-
dent displacements in Alice’s and Bob’s system after rescaling by 2/4 [36]. A full quantum
state tomography for the two cavity system between them can then be realized by measuring

the joint Wigner function. With the aim of doing so, we first require to write the density

9 Although of course not all nonclassical field states have negative contributions to their Wigner functions.
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matrix p in the tensor Fock state basis, i.e.:

p= pijlis ) {k,1]. (98)

i7j7k7l

Subsequently, the linearity of W in p can then be used to compute the individual contribution

from each component p;;p [36]:

Wi(p,54,08) = =5 3 PramaKns(B4)Kni (5) (99)

iymn

The matrix elements K,,,(8) are given by:

|
Konn(8) = 717F (—1)7(28)"=) [ L= (| 8)), (100)
where Lg:f -m) represent the generalized Laguerre polynomials [37].

D.2 Analytical computation

In order to compute the joint two-mode Wigner function, we first write our density matrix p

(3) in two parts:

p(n) = n %) W] +(1 —n)0,0)<0,0], (101)
S~ - S~ ~
p1 p2
where .

Uy = —([0,15 + [1,0). 102
) \/5(| ) +11,0)) (102)

Thus, we acquire p in the correct form (98), with:

1

p1 =510, 1)<0, 1] + [0, 1) <1, 0 +[1,0) 0, 1] + [1, 0) <L, 0]}, (103)

This enables us now to compute the appropriate matrix elements (100) with the initial con-
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ditions L((]a) =1 and Lga) () =1+a—ux [37]:

Koo(B) =e 18, (105)
Ki0(B) =|2’;|652a (106)
Ko1(B) =2Be~ 18, (107)
Ki1(B) =(18] = 1)e PP (108)

This then gives the desired Wigner function:

Wi, Ba,BB) = ﬁ%[Koo(ﬁA)Kn(ﬁB) + K10(84)Ko1(BB) + Ko1(B4)K10(8B)
+ Kan(Ba)Kan(B8)] + (1 = )5 [Kon(B.4) Koo(5)]

BalBE + 185184 (54121851
BaPe

+ (|8a] - 1)6—\6A|2—|53\2] +(1- n)%[e—lﬁAIQ—\ﬁBP] (109)

2 2 2
= ol AP ) 1) 4

D.3 Bell’s Inequality and Wigner Function

The typical CHSH Bell inequalities cannot be applied directly in the setting of non-local two-
mode states with continuous variables over a 4-dimensional phase space. Nevertheless, it is
possible to write simple inequalities that have the form of a Bell inequality by discretizing the
field observables [38, 39]. According to Banaszek and Wédkiewicz [27] and Jeong [28], any

local representation of reality should yield measurements that satisfy the following inequality:

B = I(c, 8) + (a, B) + 11(c, B) — I(a, B)| < V2, (110)

with II(«, 8) = %QWJ(Q, B) being a scaled version of the joint 2-mode Wigner function (99)
at the point in the 4-dimensional phase space defined by the complex amplitudes « and S.

Thus, the Bell signal B in our case is given by the above equation, inserting (109).

Consequently, local theories impose the bound:

—2<B<2. (111)
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