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Coherent Diffraction Imaging with short-wavelength free-electron lasers has opened
up the possiblity to determine the structure of especially fragile, short-lived or unique
nanoscale particles within a single irradiation. It also has enabled novel approaches for
investigating intense laser-matter interaction with unprecedented spatial and temporal
resolution. Atomic clusters are ideal model systems for such investigations, thanks to their
simple electronic structure and their highly controllable composition and morphology.
This chapter aims at providing a comprehensible, but comprehensive, introduction to
the research field of Coherent Diffraction Imaging of clusters, carrying the reader through
the details of single-shot single-particle coherent diffraction experiments, the fundamental
building blocks of the data analysis and the theoretical foundations for the interpretation
of the results. The discussion is accompanied with references to the most up to date
scientific works and reviews on the different topics, with a final focus on the promising
outlook of coherent diffraction imaging of clusters with intense attosecond pulses.
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5.1 Introduction
Diffraction before destruction 151,39 has been a key vision driving the development and con-
struction of extreme ultraviolet (XUV) and X-ray Free-Electron lasers (FELs; see Chapter
8)193,61,5,102,50,107,144. Here, an interference pattern of a single, free-standing molecule from
a single illumination with an intense X-ray pulse is recorded (see Figure 5.1).

The pulse is intense enough to measure a diffraction pattern with sufficient signal-to-
noise ratio for retrieving the molecule’s structure, and at the same time short enough to
outrun the rapid destruction of the molecule due to ionization and charge-driven explosion
following X-ray irradiation.

The quest for imaging single free molecules and the concept of diffraction before de-
struction have attracted widespread attention because of the large number of very im-
portant “soft-matter” molecules with crucial roles in life-sciences, such as membrane pro-
teins, for which the standard way of crystallization and subsequent synchrotron-based
X-ray diffraction is not feasible7. Furthermore, the “snapshot” technique of CDI can be
utilized in pump-probe measurements, making photoexcited dynamics in molecules di-
rectly visible35, such as the first steps of photosynthesis or the molecular mechanisms of
vision. Structure determination of bio-samples at FELs has been both a story of success
and great challenges7. Single viruses, cell organelles and bacteria were successfully im-
aged201,89,228 and hundreds of new molecular structures have been determined via serial
femtosecond nanocrystallography38,74,235, in particular a large number of previously in-
accessible membrane proteinsa. The first single-shot single-molecule diffraction patterns,
however, could be obtained only very recently58, and they are still far too weak to provide
atomic resolution. The first simulations of single-molecule CDI151 over two decades ago
had already predicted challenging requirements for pulse parameters in terms of intensity
and duration, which have come into reach only recently55,167. The pioneering theoretical
study151 and subsequent work93,92,149,213 also indicated that “ultrafast radiation damage”
would be a main bottleneck of single-molecule CDI, and in accordance, intense X-ray
matter interaction has been in the focus of XFEL science from the very beginning.

Atomic clusters have served as prototypical model systems with tunable size and
complexity in intense light-matter interaction studies throughout all wavelength regimes.
They have also played an important role in developing our current understanding of the
intricate processes triggered in any matter at the focus of an intense X-ray pulse. In
particular, experiments on single clusters have pushed the field far beyond the mere study
of radiation damage. For the first time, the exact structure of fragile and non-depositable
gas-phase clusters and nanodroplets can be determined. Also, near-background free spec-
troscopy from clusters, resolved for cluster size and laser power density, became possible
through single-cluster CDI (see concept in Figure 5.2).

Arguably, the most exciting aspect is imaging laser-induced dynamics in single clusters
through “X-ray movies”, yielding unprecedented insight into highly excited matter on the

ahttps://blanco.biomol.uci.edu/mpstruc/
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Figure 5.1: Concept of Diffraction before Destruction. A single protein in free flight is
intercepted by an intense coherent X-ray pulse. The diffracted light, captured with a large-
area detector, is sufficiently bright for decoding the molecule’s structure. The molecule
explodes quickly, but the pulse is already over when atomic motion sets in. Molecules
reprinted from Reference [151] with permission from Springer Nature, Copyright 2000.

nanoscale. In this regard, the current development of intense attosecond pulses from FEL
and HHG sources around the world55,136,17,152 opens up an exciting opportunity. The
realm of electron dynamics is reached, a perspective discussed at the end of this chapter.

The heart of this chapter is a step-by-step introduction into the theory behind the
imaging method (see Section 5.2). Here, we aim at providing a solid starting point
for students and scientists interested in CDI experiments at FELs. We introduce the
fundamental building blocks of the imaging problem, familiarize the reader with available
imaging strategies, and point out common practical pitfalls, often overlooked by scientific
literature. In terms of applications, will emphasize recent results and novel opportunities
for single cluster CDI, while giving concise summaries elsewhere, as actual reviews exist on
the CDI method109,64,134,207,153,222, bio-applications of CDI201,57,35,212,150,186, CDI of helium
nanodroplets220,209, and cluster science at FELs33,104.

5.2 A gentle introduction to single-shot single-particle
Coherent Diffraction Imaging

Coherent Diffraction Imaging (CDI) is an experimental technique that images isolated
samples by collecting their scattering signal. The most common way in which the term
imaging is intended is the so-called direct imaging, like for optical or electron microscopes
up to telescopes. There, the lenses in the experimental apparatus are responsible for
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Figure 5.2: Combined single-cluster CDI and ion spectroscopy. (a) The interaction of a
cluster with a short-wavelength pulse produces a diffraction pattern encoding the cluster
size and focal intensity. (b) The cluster is also excited and highly ionized, and it ultimately
disintegrates. Measured ion time-of-flight spectra from single clusters can be sorted by
the diffraction information. An exemplary ion time-of-flight spectrum of a single xenon
cluster shows that high charge states up to 5+ are clearly separable even though the ions
posses high kinetic energies.

directly providing an imageb (and thus spatial properties) of the sample.
However, when imaging is employed with the term diffraction, the perspective changes.

CDI is a lens-less imaging technique, whereby no lenses are used in the experiment. This
makes CDI the method of choice for those measurements which cannot use lenses, like in
the case of XUV and (soft) X-ray FELs. The side-effect of the absence of lenses is that
the radiation recorded by the detector is no more a direct visualization of the sample’s
spatial distribution. This renders CDI an indirect imaging technique: the sample’s image
is retrieved by means of sophisticated analysis methods, which play the role of virtual
lenses.

5.2.1 The inverse scattering problem
The theory behind CDI can be conveniently introduced through a simplified view on
light-matter interaction, which can be easily described in a semi-classical way. When
light interacts with a sample, the oscillating electric field drives the material’s electrons.
In response, the electrons become emitters of spherical waves that are coherent with the
incoming light. This simple viewc describes a completely elastic scattering, as the photon
energy is conserved during the scattering event. The coherent fields scattered by the

bIn a broad sense. For light scattering, this is usually related to the electronic density distribution. A
different example is Transmission Electron Microscopy, where the “image” reveals the atomic potential.

cGoing into the details of light-matter interaction and scattering is beyond the scope of this chapter.
We warmly recommend References [24] and [158] for insights into first principles, and References [82] and
[239] for the link to diffraction theory.
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emitters at different locations in space interfere, giving rise to the diffraction pattern. In
a CDI experiment, light is recorded in the so-called far-field condition, which depends on
the sample spatial extension and on the employed radiation wavelength. The validity of
this condition is not a concern for CDI experiments in the X-ray regime37, as explained
in Reference [109]. We can state that the field Ψ(q⃗) scattered by a sample seen in far-field
is given by:

Ψ(q⃗) ∝
∫

dr⃗ ρ(r⃗) eiq⃗·r⃗ (5.1)

Here, ρ(r⃗) can be addressed as the scattering density, which tells, in a first approxima-
tion, the number of scatterers (electrons) present at a given location in space r⃗. The
coordinate q⃗ is called momentum transfer and, roughly speaking, provides the direction
in which the light is emitted. Equation 5.1 is based on the Born approximation25,109,
which assumes that light travelling through the sample is not affected by sample mate-
rial, apart from the single scattering event (see Section 5.2.3). In practice, Equation 5.1
gives the scattered field as function of the momentum transfer q⃗ as nothing more than
the three-dimensional Fourier Transform of the scattering density ρ⃗. The field Ψ(q⃗) is not
experimentally accessible, and only its intensity I(q⃗) can be measured, given by

I(q⃗) = |Ψ(q⃗)|2 ∝ |F3D [ρ(r⃗)] (q⃗)|2 , (5.2)
where F3D denotes the Fourier transform in the three-dimensional spatial domain. Second,
only monochromatic light is employedd, which implies that a small fraction of the recipro-
cal coordinates q⃗ are experimentally accessible, as the recorded data is a two-dimensional
surface in the 3D Fourier domain. The relationship between the recorded data and its
coordinates in the reciprocal space is sketched in Figure 5.3a. The momentum transfer
q⃗ is defined as the difference between the wavevector of the incident light k⃗0 and the
wavevector of the scattered light k⃗ at a given scattering anglee θ, i.e. q⃗ = k⃗0 − k⃗. Thanks
to the elastic nature of the scattering process, the photon energy is conserved, implying∣∣∣⃗k0

∣∣∣ =
∣∣∣⃗k∣∣∣. As a consequence, the accessible momentum transfer lie on a spherical surface

in the Fourier domain, referred to as Ewald sphere (see right of Figure 5.3a for a 3D render
of the Ewald sphere).

It is convenient to separate the momentum transfer q⃗ into two components. One com-
ponent is q⃗⊥, perpendicular to the beam propagation direction. The second component q⃗∥
is instead parallel to the beam. Their values can be expressed as function of the scattering
angle θ:

|q⃗⊥(θ)| = |k⃗0| sin(θ)
∣∣∣q⃗∥(θ)

∣∣∣ = |k⃗0| · [1 − cos(θ)] (5.3)
When the scattering angle reached by the light detector is sufficiently large (see example
shown in Figure 5.3) the curvature of the Ewald sphere allows to record significant infor-

dThe monochromatic assumption is valid in most cases. However, polychromatic133 or broadband236

pulses are also employed for some applications, which are not discussed in this section.
eWarning: in some contexts, and especially in crystallography, this angle is often called 2θ, where

theta is the Bragg angle. Here, we call scattering angle θ the quantity equivalent to twice the Bragg
angle.
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Figure 5.3: Geometry of monochromatic elastic scattering. a) Relevant quantities in
reciprocal space; incoming wavevector k⃗0, scattered wavevector k⃗ for a given scattering
angle θ and respective momentum transfer q⃗ with parallel component q⃗∥ and orthogonal
component q⃗⊥. Right: portion of the Fourier domain accessible via monochromatic light
scattering, commonly known as Ewald sphere. b) Small-angle scattering regime: the
parallel component of the momentum transfer q⃗∥ is negligible. The portion of the Fourier
domain experimentally accessible can be approximated by a plane passing through the
origin of the reciprocal coordinates.

mation both on the orthogonal plane and on the axis parallel to the beam. This regime is
known as wide-angle scattering, where partial 3D information is recorded in a single shot.

The situation drastically changes in the so-called small-angle scattering regime (see
sketch in Figure 5.3b). In such a case, the scattering angle is small enough to neglect
the parallel component of the momentum transfer q⃗∥(θ). In practice, this means that the
portion of the Ewald sphere accessible by the detector is small enough to approximate it to
a flat slice, orthogonal to the beam propagation direction and passing through the origin
of the Fourier domain. It is then possible to take advantage of the Fourier slice theorem,
which is a well-known “trick” in the field of Computational Tomography. Brought into
the CDI framework, it allows to implement the following: as long as the recorded data is
lying on the plane orthogonal to the beam (⊥) in Fourier space, the values on the slice are
the 2D Fourier Transform of the scattering density ρ projected onto the beam propagation
axis (∥). In mathematical form, this means:

F3D [ρ(r⃗)] (q⃗⊥, q∥ = 0) = F2D

[∫
∥

ρ(r⃗)
]

(q⃗⊥) (5.4)

Thus, the actual data recorded by the detector in the small angle case (i.e. the amplitude
of the scattered field on the orthogonal plane I(q⃗⊥)) can be expressed as

I(q⃗⊥) ∝ |F2D [ρ2D(r⃗⊥)] (q⃗⊥)|2 , (5.5)
where ρ2D(r⃗⊥) denotes the projection of the scattering density in parallel direction. Due to
the low scattering angle θ the recorded parallel component of q⃗ vanishes (see Equation5.3).
As q⃗∥ carries information in beam propagation direction (i.e. on the sample depth infor-
mation), the spatial distribution on the depth direction is, then, lost when only q⃗∥ = 0 is
accessible.

6
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Equations 5.2 and 5.5 are a concise solution to the direct scattering problem, where the
scattered field Ψ (or its amplitude I) is computed from the knowledge of the scattering
density ρ. However, the aim of CDI is to approach the riddle from the opposite direction
and retrieve the scattering density ρ from the scattered field amplitude I. This is called
the inverse scattering problem, and they way in which it can be approached strongly
differs between the wide-angle and small-angle regimes. For wide-angle scattering, partial
3D information information about ρ is accessible. However, its main drawback is that
the retrieval of the 3D sample structure is highly challenging, as it will be discussed in
Section 5.2.3. On the other hand, small-angle diffraction data only give access to a 2D
projection of scattering density ρ as suggested by Equation 5.5. Nevertheless, established
methods for the retrieval of the density projection ρ exist since many years, and already
proved their consistency and effectiveness. The next section will provide an introduction
to these algorithmic methods, giving insights into what can be addressed as the virtual
lenses of small-angle CDI : phase retrieval algorithms.

5.2.2 Small-angle Coherent Diffraction Imaging
To approach the topic from the imaging perspective, it is convenient to reformulate Equa-
tion 5.1, which present a solution to the direct scattering problem, in its inverse form for
the small angle case, by taking advantage of the Fourier Slice Theorem

ρ(x, y) = F−1 [Ψ(qx, qy)] (x, y) , (5.6)
where F−1 indicates the operation of Inverse Fourier Transform (IFT)f.

As mentioned in the previous section, only information about the modulus of Ψ is
experimentally accessible (i.e. |Ψ| =

√
I where I is the field intensity recorded by the

scattering detector). The field phases ϕ are irretrievably lostg in the measurement process.
It is then convenient to rewrite Equation 5.6 by explicitly separating the modulus and
phase components of the scattered field as it follows:

ρ(x, y) = F−1
[√

I(qx, qy)eiϕ(qx,qy)
]

(x, y) (5.7)

As long as we trust the fact that any function has a unique Fourier representation (i.e.
the Fourier domain is a complete basis), Equation 5.7 makes it clear that, for small-angle
CDI, retrieving the phases ϕ(qx, qy) is equivalent to recovering the scattering density ρ.
This is the reason why, in this context, the inverse scattering problem is often called the
phase retrieval problem 175,207,64.

fHere, we introduce some changes in the mathematical notation that will be valid along the full
section. From now on, the spatial coordinates will only refer to the 2D orthogonal plane, indicated as x, y
for the real space and qx, qy for the Fourier domain. Furthermore, the Fourier Transform (FT) operation
F acts in the two-dimensional space. Please, also note that we replaced the term ∝ with = for the sake
of simplicity.

gWhy are phases lost? To keep it short, detectors measure photon counts, which are proportional to
the square field modulus. Are they really irretrievable? Not really, keep on reading.
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Figure 5.4: The role of the field phases. (a) Simulated diffraction pattern in logarithmic
color scale, representing the only experimentally accessible data. (b) All but the central
picture are obtained by assigning random phases to the diffraction pattern in (a), and
then inverting the field to obtain a spatial distribution by performing an inverse FT. The
central picture in (b) is instead the original image (i.e. with the correct phases) from
which the simulation in (a) was calculated.

There are several ways to intuitively evaluate the amount of information carried by
the field’s phaseh. Here, we try to address this point by studying the result of a random
assignment of the phases values in the reciprocal space. In this regard, we temporarily
leave the formal mathematical treatment of the scattering problem and directly dive into
its numerical translationi. The first numerical implementation performs a direct scattering
simulation, following Equation 5.5. The scattering density ρ(x, y) is encoded into a ma-
trix rho[i,j]. The simulation is numerically achieved by performing a Discrete Fourier
Transform (DFT) on the matrix rho[i,j], and then computing its squared absolute
value, as described by the following script:

1 # The import of the numpy library is necessary for complex mathematical
operations

2 # like the DFT. This line will be omitted in the next code listings
3 import numpy as np
4

5 def get_simulated_pattern (rho):
6 # Calculate the 2D DFT of the input data , and shift the frequency

domain

hAnd it turns out that the amount of information provided by the Fourier phases is actually even
more than the one from the amplitudes, as nicely investigated in Reference [143].

iThe numerical examples will be presented in Python3 language, due to its clarity and popularity.
Readers not familiar with Python language shouldn’t be afraid, as the examples provided here will
be easily understandable without any specific Python knowledge, and all numerical operations will be
exhaustively commented. The presented scripts are not to be intended as full standalone scripts, but just
snippets for a practical understanding of numerical operations.

8



A.
Co

lo
mb

o,
D.

Ru
pp

–
ed

.
K.

Am
in

i,
A.

Ro
uz

ée
,

an
d

M.
J.

J.
Vr

ak
ki

ng
•

PR
E-

PR
IN

T
(M

ay
20

25
)

• A. Colombo, D. Rupp – Imaging clusters and their dynamics with single-shot coherent diffraction

7 # to have the (0 ,0) component in the centre
8 field = np.fft. fftshift (np.fft.fft2(rho))
9 # Calculate the diffraction pattern as the square modulus of the

scattered field.
10 pattern = np.abs(field)**2
11 return pattern

This operation produces a two-dimensional matrix, of the same size as the input matrix
rho, which provides a simulated diffraction pattern (i.e., a solution to the direct scattering
problem). A possible output of this function is shown in Figure 5.4a. We can visualize in
real space the effect of assigning random phases to the diffraction pattern via the following
script:

1 def assign_random_phase ( pattern ):
2 # Create a matrix of random numbers between -pi and pi , of size equal
3 # to the pattern matrix
4 phases = np. random . uniform (-np.pi , np.pi , size = pattern .shape)
5 # Create a field that combines the input pattern with random phases
6 field = np.sqrt( pattern ) * np.exp (1j* phases )
7 # Compute the real -space image by inverting the field via an inverse

DFT ,
8 # after having shifted the frequencies back
9 rho = np.fft.ifft2(np.fft. fftshift (field))

10 return rho

Possible outputs of the assign_random_phase function are shown in Figure 5.4b together
with the original density placed in the centre. There are two key that are apparent in
Figure 5.4b. First, any information about the overall shape of the pipe and its main
features is completely lost when phases are randomly assigned. It is then possible to create
an infinite amount of ρ(x, y) having the same diffraction pattern, but have completely
different real-space representations. This already suggests that further information is
needed to address the phase problem. The second observation already hints towards which
type of information could be employed. In fact, all the scattering densities produced with
a random assignment of phases have non-zero values spread around the full matrix rho,
while only the correct density is spatially confined to a specific region of the real space.

This confined space is described, in this context, as a support function. The support
function is numerically implemented as a binary function, which can assume only two
values, 0 and 1 (see Figure 5.5a). It is worth noting that it is possible to create an infinite
amount of spatial densities that are “contained” in a support function (see Figures 5.5b-d),
similarly to the considerations made about Figure 5.4. However, it can be mathematically
proven86 that a unique solutionj to the phase retrieval problem exists if and only if the
original scattering density is spatially confinedk 192,139. We can then state that:

jThe unicity of the solution has to be interpreted in a broad sense, as there are, in practice, many
ambiguous solutions. However, this aspect will be discussed later to avoid interruptions of the discussion
thread.

kTechnically, this spatial confinement is required to satisfy the oversampling condition, such that the

9
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Figure 5.5: The support function. In a), a possible support function is shown. In b), c)
and d), three different spatial distributions compatible with the support function in a). It
can be demonstrated that only one of them can have the same diffraction pattern shown
in Figure 5.4 (guess which one).

There exists only one spatially confined scattering density with a given Fourier
amplitude, which represents the solution to the phase retrieval problem.

Once we “proved” that, under the given conditions, a solution exists86,64, the next step
is to find it (i.e. to actually solve the phase problem). Solving the phase problem means
finding the density distribution ρsol that is spatially confined and whose Fourier amplitude
is compatible with the experimental diffraction pattern. For an easier and more intuitive
understanding, it is now convenient to change the perspective from which we look at the
problem, and describe it in terms of two sets 60,129,134 (see Figure 5.6).

The set I (see green shaded in Figure 5.6) is the collection of all spatial distributions
that are compatible with the diffraction pattern (i.e. whose squared Fourier amplitude
is equal to the scattering data shown in Figure 5.4a). Then, all densities in Figure
5.4b belong to the set I. On the other hand, the collection of all the densities which are
compatible with a given support function (like the one shown in Figure 5.5a) is referred
to as set S (pink shaded in Figure 5.6). Densities in Figures 5.5b-d all belong to such a
set. The solution to the phase problem can be now visualized as the intersection between
the sets I and S. The expression

I ∩ S = {ρsol} (5.8)

is equivalent to stating that the solution ρsol is unique. Now that the phase problem and
its solution have been defined, strategies to find such a solution will be discussed.

Phase retrieval algorithms

Following Equation5.8, the solution to the phase problem must satisfy both the intensity
constraint and the support constraint. The first step in solving the phase problem is to
define an effective way to apply these constraints to a generic density distribution ρ.

spatial extension of the support function is, in pixels, not greater than half the size of the full matrix.
Jump to Section 5.2.2 for further considerations

10
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Figure 5.6: Qualitative representation of the phase problem in terms of sets. The 2D
coordinates in the picture have to be interpreted as a low-dimensional representation of
the values of the density ρ. A point in this space corresponds to a given combination of
pixel values (i.e. to a well defined density matrix). The green set, labelled as I, in the
upper part of the figure contains all the density distributions that have the same Fourier
intensities, as those shown in Figure 5.4b. The pink set S is, conversely, the collection
of all spatial distributions that have non-zero values only within the support function, as
the ones shown in Figure 5.5. Theoretically, the intersection between the sets contains a
single element (here, represented by the pipe) which is the solution to the phase retrieval
problem.

For the intensity constraint, we define the operator PI which acts on a generic spatial
density ρ, given by

PI ρ = F−1
[√

I
ρ̃

|ρ̃|

]
, (5.9)

where ρ̃ = F [ρ]l. The operator PI acts on a density function ρ by calculating its Fourier
transform ρ̃, replacing its modulus with the experimental one

√
I, and performing an

inverse FT back to the real space. For any density ρ, the result PI ρ belongs to the set I.
On the other hand, the operator PS acts on a generic spatial density ρ as

PS ρ = ρ · S , (5.10)
where S is the support function, whose values are S(x, y) = 1 for those spatial coordinates
where the density is allowed to have non-zero values (for example, see the blue area in
Figure 5.5), or S(x, y) = 0 elsewhere. Similarly to what is observed for PI, the result
of PS ρ belongs to the set S for any density ρ. The most straightforward numerical
implementation of the operators PI and PS is given below:

lFor the sake of brevity, the dependence on the spatial coordinates x, y for real-space functions and
on the reciprocal coordinates qx, qy for functions in Fourier domain has been omitted.
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1 def P_I(rho , modulus ):
2 # Compute the field of rho
3 field = np.fft. fftshift (np.fft.fft2(rho))
4 # Replace the current Fourier modulus with the experimental data
5 field_new = modulus * field/np.abs(field)
6 # Compute the real -space density with the upgraded field .
7 rho_new = np.fft.ifft2(np.fft. fftshift ( field_new ))
8 return rho_new
9

10 def P_S(rho , support ):
11 # Compute the real -space density with the upgraded field .
12 rho_new = rho * support
13 return rho_new

It is now worth noting that the two operators in Equation5.9 and Equation5.10 are
actually projectors on the sets I and S, respectivelym. A qualitative representation of the
action of the two projectors PI and PS is given in Figure 5.7a. Their effect is shown on a
starting density ρ that does not belong to neither I or S. The outcome of the projector is to
produce a density in the closest position of the respective set (i.e. to provide the spatial
distribution that satisfies the respective constraint and is as similar as possible to the
original density ρn). These two projectors represent the fundamental building blocks of
phase retrieval algorithms. This can be intuitively deduced by observing the “dynamics”
of the alternate application of PI and PS onto a density ρ, as sketched in Figure 5.7b.
This alternate application of the projectors makes the density jump between the two sets.
The implications of using the projection operation is that each “jump” is shorter than the
previous one (i.e. by such a use of the projectors, the values of ρ evolve in a way that
minimizes the distanceo between the two sets, I and S).

The first, most trivial, phase retrieval algorithm, which is exactly built in this way, is
called Error Reduction algorithm72 due to its property of reducing the distance between
the two sets (i.e. the error of the reconstruction) at each iteration. A single iteration of
the Error Reduction (ER) algorithm can be easily expressed, again, in terms of operators
as

ER = PSPI , (5.11)

such that a given number n of Error Reduction iterations can be conveniently written as
ERn. The outcome of a given number of algorithm iterations is addressed as reconstruc-
tion. The first algorithm iteration requires a starting density ρ. Such a density, often
called starting guess, doesn’t have to satisfy any particular condition (like the pineapple
in Figure 5.7b. The iterative nature of the reconstruction process is the reason why this

mThis can be easily demonstrated by checking if they are idempotent (which is the the definition of a
projector). In fact, if they are applied more than once, the result does not change (i.e. P 2

I ρ = PI ρ. and
P 2

S ρ = PS ρ).
nThis statement can be dangerous for the health of mathematicians. Please, handle with care.
oThe concept of minimizing a distance is fundamental and it will be discussed in a later section.
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Figure 5.7: (a) Qualitative representation of the action of projectors onto the two sets. The
blue dot, which is outside both the sets S and I, stands for a density which is incompatible
with both the support and intensity constraints, like the pineapple. The two projector
operators provide, as output, the density closest to the pineapple that belongs to the
respective sets. (b) Illustration of the alternate action of the two projections on a starting
density. The two projectors are applied in an alternate manner to a starting density. The
nature of this process, based on projections, is such that the trajectory moves towards a
configuration of (local) minimum distance between the two sets.

imaging approach is also known as “Iterative Phase Retrieval” (IPR). A straightforward
numerical implementation of the ER algorithm is given in the following script:

1 def ER(rho , modulus , support , iterations ):
2 ’’’
3 Execute a given number of Error Reduction iterations on the starting

guess rho
4 ’’’
5 # Loop over the amount of iterations
6 for n in range( iterations ):
7 # Apply the intensity projector
8 rho = P_I(rho , modulus )
9 # Apply the support projector

10 rho = P_S(rho , support )
11 return rho

Although the ER algorithm is elegant and simple to use, it has limited effectiveness.
The main culprit is the nature of the intensity constraint, and in particular into the
shape of the set I. In fact, the set S has the convenient feature of being a convex set
(i.e. any linear combination of densities belonging to the set still belongs to it). This is
definitely not the case for set I.p The different shapes of the two sets can be qualitatively
reproduced by using convex and non-convex morphologies (see Figure 5.6). Although not

pProving this aspect goes beyond the scope of this chapter, and we warmly suggest to give a read to
the enlightening review of phase retrieval algorithms in Reference [134]
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being mathematically rigorous, it helps to incorporate the intuition that such a non-convex
shape of the set I has the unavoidable effect of creating local minima of the sets distance.
The ER algorithm, due to its nature, hardly escapes from this trap and always fails to
reach the correct solution. This issue was already clear to J.R. Fienup, the pioneer of
phase retrieval, who in the 1970’s already proposed an alternative algorithm: the Hybrid
Input-Output (HIO)71. Again, an iteration of the HIO algorithm can be expressed in
terms of projectors as

HIO = PSPI + (1 − PS)(1 − βPI) , (5.12)

where 1 is the identity operator. The first part of this expression, PSPI, is equivalent to the
ER algorithm in Equation5.11. The second part can be interpreted as a “correction”. The
first important thing to note is that such a correction is only applied to the components
of ρ orthogonal to the support set S, thanks to the operation 1 − PS

q. In practice, this
means that only coordinates of ρ outside the support function are affected. Those values
are then suppressed by a quantity βPI via the operation 1 − βPI. The HIO operator can
be translated into numerical code in the following way:

1 def HIO(rho , modulus , support , iterations , beta):
2 # Loop over the amount of iterations
3 for n in range( iterations ):
4 # Apply the intensity projector
5 rho_I = P_I(rho , modulus )
6 # Apply the support projector and the correction to the orthogonal

component
7 rho_S = P_S(rho_I , support ) + (1- support )*(rho -beta*rho_I)
8 rho = rho_S
9 return rho

The Hybrid Input-Output is still among the most effective and widespread phase
retrieval algorithms. Since its conception, several iterative algorithms with improved
performances have been developed, based on peculiar combinations of the projector op-
erators. The reader now has the necessary knowledge to enjoy dedicated technical papers
about these improved iterative algorithms13,129,60,155, starting from a comparison given in
Reference [ 134]. Further algorithmic improvements have been achieved by leaving the
“pure” application of projectors40 or even combining the iterative methods with genetic
algorithms42. When approaching small-angle CDI, the understanding of phase retrieval
algorithms is often considered the main obstacle to overcome in setting up a proficient
data analysis framework. However, this often turns out to not be the case. Most of the
problems concern aspects that are rarely mentioned in scientific literature and will be
discussed in the following sections.

qThis operation results in the components of ρ orthogonal to the set S only because PS is an orthogonal
projector.
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Phase retrieval as an optimization problem

The difference between two densities ρ1 and ρ2 is represented, under the perspective of
sets, as the distance between two “points” in the space of the possible configurations. This
space of configurations is the space where all spatial distributions ρ exist, of which I and S
are subsets. Such a space is of extremely high dimensionality since for a diffraction pattern
of N ×N pixel values the spatial densities belong to a space of size RN2 .r The visualization
in terms of sets shown in Fig. 5.6 is a simplified view of this space of configurations in
R2. The most straightforward way in which a distance can be calculated is through the
Euclidean metric. Given the Euclidean norm as ∥x⃗∥2 = ∑

i x2
i , the distance between two

densities is given by D[ρ1, ρ2] = ∥ρ2 − ρ1∥. This way, we can compute how far ρ is from
its projection on the two sets I and S (i.e. D[ρ, PI ρ] for set I and D[ρ, PS ρ] for set S).

It is possible to “build” functions that evaluate the error of the reconstruction ρ by
computing the distance between two alternated projections on the two sets. In particular,
for a generic density ρ, we first apply a projection on one of the two sets (i.e. PS ρ or
PI ρ) and then compute the distance between this projection and a subsequent one on the
other set (see Figure 5.8a). These two error values can be numerically computed as

ES[ρ] = D[PI ρ, PSPI ρ] =
√∑

ij

(1 − S)|ρI|2 ,

EI[ρ] = D[PS ρ, PIPS ρ] =
√√√√∑

ij

(
|ρ̃S| −

√
I

)2
,

(5.13)

where ρ̃S is the FT of the density projected into set S, ρI is the density projected on set
I, and S is the support function. In practice, ES gives the amount of density outside the
support function for a density whose diffraction pattern is the experimental one. On the
other hand, EI tells us how far from the experimental data is the Fourier amplitude of a
density fully contained in the support functions. The two error functions are, in principle,
equivalent, but EI is often preferred because it is easier to normalize and involves a direct
comparison with the diffraction patternt.

The search for the solution to the phase problem, i.e. the intersection I∩S, is equivalent
to the search for the density ρ such that E[ρ] = 0 (see Figure 5.8a). However, this is not
the case when dealing with experimental data, that is intrinsicallyu affected by noise. The
side-effect of noise is that, in a realistic case, there is no density ρ compatible with both

rIn general, scattering densities are complex valued, thus belonging to the space CN2 , but this will
be a discussion topic for Section 5.2.2

sThe reader may have noted that EI is computed in the Fourier space, and not in real space. The
Fourier Transform operation is unitary, which means that the norm is conserved. Thus, the error can be
equivalently computed in real or Fourier space, and the choice of the latter is just for convenience.

tFor further discussion on the error function, for example about its normalization or the inclusion of
experimental noise, please refer to References [70,134,109].

uDon’t forget that light detectors count the number of photons that reach each pixel. This means
that, at least, Poisson noise affects experimental data. See the dedicated discussion in Section 5.2.2.
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Figure 5.8: (a) The error value of a reconstruction can be visualized in terms of distances
(here shown as continuous gray lines) between projections on the two sets I and S. The
solution ρsol is, in theory, the one for which the error is 0, i.e. it belongs to both sets. (b)
Due to noise, the two sets do not intersect any more and the phase problem turns into
the problem of finding the density ρsol with minimal error.

constraints at the same time (i.e. I ∩ S is an empty set as shown in Figure 5.8b). The
phase retrieval problem then becomes the search of the density ρ which minimizes the
distance of the two sets, that is:

ρsol ≡ {ρ : E[ρ] < E[σ] ∀ σ ̸= ρ} (5.14)
Equation 5.14 changes the perspective under which the phase retrieval problem is ob-
served, turning it into a full-fledged optimization problem for the error E. Furthermore,
the lowest reachable error, that is E[ρsol], is not known a priori. Its value strongly de-
pends on the “structural properties” of the sets I and S, which are in turn connected to the
features of the experimental data and the support function, as discussed in the following
sections.

The role of the support function

The definition of a support function is pivotal for rendering the phase problem solvable.
As described in the introduction to this section, in theory the support function doesn’t
have to perfectly fit the sample shape, but it just needs to ensure that the oversampling
condition is met. For example, this implies that any of the support functions shown in
Figure 5.9a is enough to guarantee that the pipe density is the only solution. However,
the landscape of the error function strongly depends on how the support function is
defined. For example, the different supports A-D in Figure 5.9a are linked to a pictorial
representation of their corresponding set S (see Figure 5.9b). As each support function is
contained in the larger ones, then the same happens for the sets (i.e. D ⊂ C ⊂ B ⊂ A).

The two blue lines in Figure 5.9b highlight local minima of the error function when
support A is considered. These local minima, far away from the correct solution, are
avoided when the support function is made tighter. This effect seems of little importance
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Figure 5.9: The effects of the support shape on the phase problem. (a) Different support
shapes with decreasing size, labeled as A,B,C and D. All of them are compatible with
the pipe and are sufficient to ensure the existence of a unique solution. However, the
existence of a solution doesn’t tell anything about the possibility to find it. (b) Graphical
representation of the change in shape of the set S, depending on the support size. For
the looser support function A, the size of set S is bigger, introducing local optima of the
error function that vanish for tighter supports.

when represented in two dimensions, but it has dramatic consequences when considering
the real problem, which lives in a N2-dimensional space. For this reason a tight support
function must be used for practical applications. The precise knowledge of the support
function (i.e. the overall shape of the sample under study) is a strong limitation for the
application of CDI, as the sample architecture is, in most cases, unknown. However, a
simple and effective solution was provided in the groundbreaking work in Reference [135],
which introduced the shrink-wrap algorithm. The concept behind the shrink-wrap is to
retrieve the correct support shape along with its respective density. The first step of the
algorithm is to perform a smoothing operation on the current density estimate ρ, by a
convolution operation with a gaussian function of width σ. The smoothed density, ρσ, is
then used as a reference to estimate the new support function:

SW [ρ] =

1 where ρσ > τ · max[ρσ]
0 elsewhere

(5.15)

In practice, a threshold is applied to the smoothed density estimate ρσ: the new support
function is set to 1 where values of ρσ are above this threshold value, and to 0 where they
are below. This threshold value is defined as a fraction τ of the maximum value of ρσ. The
quantity σ is expressed in pixels, and it usually takes values up to a few pixels. Typical
values for τ are, instead, around a few % of the maximum value of ρσ. This operation
is performed once every several iterations of iterative algorithms, and the exact values of
σ and τ are dependent on the properties of the sample and the quality of experimental
data. A possible numerical implementation of the shrink-wrap algorithm is listed below:
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1 # Here we import a gaussian filter for smoothing implemented in the
scipy modulus .

2 from scipy. ndimage import gaussian_filter as smooth
3

4 def SW(rho , sigma , tau):
5 # Apply the gaussian smoothing
6 rho_smooth = smooth (rho , sigma)
7 # Initialize the new support with zero values
8 support = np.zeros(rho.shape)
9 # Calculate the new support function from the smoothed density

10 support [ rho_smooth > tau*np.amax( rho_smooth )]=1
11 return support

Thanks to the shrink-wrap algorithm, the initial support can be considerably loosev.
Different methods can be used to deduce a loose starting support without any particular
knowledge of the sample. For a deeper insight into this topic, we warmly recommend
Reference [135].

Due to the presence of noise, a practical problem when the support function is re-
trieved during the reconstruction process is that, for shrinking support sizes, the error
value of the solution (i.e. the minimum distance between the two sets) increases (see
Figure 5.9). This aspect has three important practical consequences. First, the error
value of the reconstruction often increases during the reconstruction process. Second, two
reconstructions can be compared based on their error value only if the support size is
the same. Third, a wrong reconstruction with a loose support function often has error
values lower than the correct reconstruction with a tight support function. Thus, when
the support function is also retrieved, the error value as defined in Equation 5.13 is, in
general, not a good metric to evaluate the reconstruction quality both in its absolute and
relative sense.

Dealing with missing data

A striking feature of experimental data is the lack of diffraction in some areas of the
detector. This depends in part due to the structure of the detector itself, organized in
separated “tiles”, such that stripes of missing data often cover the whole detector surface.
However, the always missing portion of experimental data is the one close to the detector
centre. For high-intensity light sources in the XUV and X-ray regime, the scattering
cross-section of materials is very low, such that only a small fraction of the incoming light
undergoes scattering in the sample. For this reason, a large amount of photons (i.e. high
radiation intensity) has to be produced to obtain meaningful diffraction signal in a single
laser shotw. The majority of this radiation simply proceeds past the interaction region,
and could irretrievably damage the detector components. For this reason, scattering
detectors contain a hole in the middle and cannot record data close to the centre. The

vthe only constraint that it must satisfy is, in principle, the oversampling condition.
wAt the end of the story, that’s the reason why Free Electron Lasers are necessary.
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spatial coordinates at which scattering data is missing are often encoded in a matrix,
known as mask, which has values of 1 where pixels are missing, or 0 otherwise. The
action of the intensity projector PI is then adapted to take the mask M into account:

PI ρ = F−1
[
M · ρ̃ + (M − 1) ·

√
I

ρ̃

|ρ̃|

]
(5.16)

In practical terms, PI in Equation 5.16 replaces |ρ̃| with
√

I only where M = 0. This adds
an intensity retrieval problem to the phase retrieval problem, as the missing intensities,
which cannot be constrained, have to be retrieved along with the phases. The effects
of missing diffraction data are, in first approximation, similar to the effects of a looser
support (see Figure 5.9). With less available data, the intensity constraint becomes looser
and looser, affecting the error landscape and causing the algorithms to stagnate in local
minima of the error function.

Furthermore, the Fourier domain has peculiar properties when dealing with isolated
samples, and, rephrasing a famous statement from Orwell’s Animal Farm, “all pixels are
equal but some are more equal than others”. In fact, the central data of the diffraction
contains the coordinates of the momentum transfer q close to 0. This corresponds to low-
resolution information on the samplex. This is intuitively shown in simulated diffraction
patterns of an increasingly bigger pipe (see top row in Figure 5.10) that are made more
realistic by removing data usually not accessible by the scattering detector. If the field’s
values in that part are set to 0, and the field is inverted back to the real space (see
bottom row in Figure 5.10), the resulting sample image is roughly a high-pass filtered
version of the original oney. In particular, the leftover information for the first, smaller,
pipe in Figure 5.10 still contains relevant features of the sample. Increasing the sample
size, the overall features of the sample begin to be lost, up to the point where most
low-resolution spatial information is completely missing as bigger samples have relatively
more information closer to the centre of the pattern. It is already possible to guess how
phase retrieval algorithms can retrieve the missing intensities (e.g., by carefully looking
at Figure 5.10). In fact, setting the missing intensities to 0 provides a real-space image
of the sample that is no more completely compatible with the support constraint, if the
provided support function is close enough to the actual sample shape (i.e. density values
different from 0 appear outside the pipe boundaries). This incompatibility, which allows
phase retrieval algorithms to restore the missing data thanks to the application of the
support projector PS, reduces with increasing size of the sample (see the bigger pipe in
Figure 5.10). The larger the sample, the harder the retrieval of missing intensities will
be. The missing central data is, for practical applications, the true limiting factor for the
maximum size of samples that can be successfully retrieved.

xfor a more careful discussion about resolution, see Section 5.2.2.
yIn a similar way, a Gaussian smoothing is a low-pass filter (i.e. high q values are suppressed).
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Figure 5.10: Effects of missing diffraction data. Upper row: Diffraction patterns simulated
for pipes of increasing size. Missing values in real experimental data are set to zero. Lower
row: pipe image obtained with the masked field intensity in the upper row, giving a real-
space qualitative representation of the information available to phase retrieval algorithms,
which also have to retrieve the missing scattering amplitude along with the missing phases.

The concept of oversampling

Oversampling is a key concept in CDI139. There are slightly different approaches to
interpret the oversampling condition. Here, we proceed in the most intuitive and simple
way, while we suggest to refer to References [ 138] and [ 109] for a more rigorous and
correct treatment of the topic. Despite having shown the density functions ρ as real-
valued functions (or, better, real valued N × N matrices), their values are, in general,
complex numbersz. Not all the values of ρ have to be retrieved, as those outside the
support function are constrained to 0, such that only the remaining values inside the
support represent the unknowns of the phase problem. Their amount equals to twice
the support size in pixels, where the factor of two comes from the complex nature of the
density values. If the density values within the support are addressed as the unknowns of
the phase problem, the experimental values (i.e. the pixels in the diffraction pattern) are
a full-fledged set of equations. The ratio between the amount of pixels in the diffraction
data and the the amount of pixels in the support function is known as oversampling ratio
σ, given by

σ = N2∑
i,j Sij

, (5.17)

where the support function is now indicated as a matrix Sij with values 0 or 1, and N
is the linear dimension of the diffraction pattern. To render the problem solvable, it

zThe reason why the density must be complex will be discussed in the next Section 5.2.2.
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is necessary to have more equations than unknowns. As long as the density values to
be retrieved belong to C, this only happens when σ ≥ 2. The oversampling condition
described above is necessary, but actually not sufficient to ensure a unique solution. In
fact, the set of equations of the problem (i.e. the pixels in the diffraction data) also have
to be independent, which means that they must provide additional and not redundant
information. For a deeper discussion of this topic, the reader is referred to Reference [
109].

Complex-valued density: what CDI sees

In general, the scattering density ρ is a complex-valued function. Earlier we linked the
scattering density ρ with the spatial density of the electrons (which are the fundamental
scattering “units” for light). CDI can thus resolve different materials within the sample,
thanks to their different electron density. This picture is a very simplified view on light-
matter interaction, and does not consider how electrons respond to the incoming radiation.
Deriving the behaviour of electrons in their interaction with light is a wide topic and goes
well-beyond the scope of this chapter. The reader is recommended to consider References
[ 23] and [ 158] for further details. Here, it is sufficient to state that the response of
the electrons to the incoming light is fully encoded in the complex refractive index n.
Under some approximations158, completely validaa in the X-ray regime, we can state that
the scattering density ρ(r⃗) is linked to the sample’s spatial distribution of the complex
refractive index n(r⃗) by

ρ(r⃗) ∝ 1 − n(r⃗)2 = 1 − [1 − δ(r⃗) + iβ(r⃗)]2 ≈ 2[δ(r⃗) − iβ(r⃗)] , (5.18)
where the complex refractive index is expressed as n = 1 − δ + iβ. This is a convenient
notation when dealing with photon energies in the X-ray regime, where the refractive
index of materials is very close to unity95. The values of δ and β are then much smaller
than 1, allowing the last approximation step in Equation 5.18ab. Here, it is only necessary
to note that, in the small-angle regime, only the projection of the scattering density ρ(x, y)
is imaged. Its values are related to the optical properties of the sample integrated along
the beam propagation direction, as given by:

ρ(x, y) ∝
∫

∥
[δ(r⃗) − iβ(r⃗)] = δ(x, y) − iβ(x, y) (5.19)

An example of a complex-valued scattering density is given in Figure 5.11. All scat-
tering patterns shown so far were centrosymmetric, i.e. I(qx, qy) = I(−qx, −qy). This
is directly derived from the fact that the Fourier transform of a real-valued function is
hermitianac. This is no more the case for an entirely complex-valued density (e.g. asym-
metries of the diffraction data are visible in the left panel of Figure 5.11). It is common,

aaalmost. See Section 5.2.3
abA deep understanding of the effects of n in the scattering signal is pivotal for the development for

data analysis methods in the wide-angle scattering regime. See Section 5.2.3
acA hermitian function has the property f∗(x) = f(−x), where ∗ denotes the complex conjugate. The

modulus of such functions is then centre-symmetric around 0.
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Figure 5.11: A complex-valued density distribution and its simulated diffraction pattern.
The real-space phase of the sample is encoded in the hue. We note that an imaginary
part different from zero results in a non-centrosymmetric diffraction pattern.

and convenient, to restrict the “complexity” of the reconstruction values when perform-
ing phase retrieval134. In particular, the support projector PS is often modified to also
constrain the positive value of the real part, which means, in numerical terms, that all
pixels of ρ that have negative real part are set to zero. In this way, the unknowns of the
phase problem (i.e. the density values) are still allowed to be complex, but their value is
restricted to half of the complex plane. This constraint is often valid for small variations
of the refractive index134.

Equation 5.19 explains why a complex-valued spatial density ρ is required to correctly
describe the sample. Still, the story is not over. For example, when an optically homo-
geneous sample is considered (i.e. made of the same material, or different components
with similar optical properties) δ and β maintain constant values within the sample, and
zero outside. The result of the integral in Equation 5.19 can be then reformulated in the
following way:

ρ(x, y) ∝
∫

∥
S(r⃗)[δ − iβ] = D(x, y)[δ − iβ] = D(x, y)|δ − iβ|eΦ (5.20)

Here, S(r⃗) can be imagined as a 3D support function which describes the sample’s exten-
sion, and D(x, y) is a 2D function which describes the sample’s depth as function of the
projection coordinates. As δ− iβ is now a constant complex number, it can be separated
into the its constant modulus and constant phase Φ components. If we now calculate
the diffraction pattern of the density distribution in Equation 5.20, it turns out that the
intensity of the scattered field is:

I(qx, qy) ∝
∣∣∣F [

D(x, y)|δ − iβ|eΦ
]

(qx, qy)
∣∣∣2 = |δ − iβ|2 |F [D(x, y)](qx, qy)|2 (5.21)

Thanks to the properties of the Fourier Transform, and due to the fact that only the
modulus squared of the field is experimentally detectable, any global phase added to the
scattering density ρ does not change the scattering pattern. Thus, this information is not
accessible via phase retrieval, and phase contrast only arises when materials with different
ratios between δ and β are inhomogeneously distributed into the sample. The fact that
a global real-space phase value does not change the scattering signal is a hint that there
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are actually infinite solutions to the phase problem, and it only has a unique solution in
a broad sense. This is just one among the possible ambiguities, as explained in the next
section.

Ambiguity of the solution

As mentioned in the previous section, the existence of a unique solution to the phase
problem has to be intended in a broad sense, as there is, in practice, an infinite amount
of solutions. This ambiguity arises because there are some properties of the sample which
are encoded only in the field’s phases, and cannot be thus retrieved. These ambiguities
directly derive from the properties of the Fourier Transform. A first example was discussed
in the previous section by Equation 5.21, where a constant phase factor doesn’t change
the diffraction pattern. This is visually presented in Figure 5.12, where the density in
Figure 5.12b is obtained by a constant phase factor from Figure 5.12a. Furthermore,
given a density distribution ρ(x, y), both ρ(x0 + x, y0 + y) and ρ∗(−x, −y) have the same
scattered field’s amplitudes (where ρ∗ stands for the complex conjugate operation). The
former means that the diffraction pattern is invariant under a translation of the density
to x0, y0 (see Figure 5.12c). The latter signifies that the diffraction signal is invariant
under coordinates inversion and complex conjugation of the density (see Figure 5.12d).
It is easy to show that also any combination of these operations represents a solution (see
Figure 5.12e).

In general, this multitude of solutions does not represent a problem, as all of them are
easily relatable to each others through simple mathematical operations. When dealing
with data analysis based on phase retrieval, it is a common practice to consider the final
solution as the average of different reconstructions from different starting conditions223.
As different reconstruction processes will certainly provide different spatial distributions
(like the ones in Figure 5.12), it is then necessary to “reshift” these solutions to a common
reference before any averaging or comparison. A useful trick is to take advantage of the
cross-correlation operation. An intuitive meaning of the cross-correlation f ⋆ g between
two functions f and g is that its maximum value gives the degree of similarity between
the two functionsad.

As mentioned before, in the case where two solutions to the same phase retrieval
problem ρ1 and ρ2 are compared, it is necessary to resolve the ambiguities that exist
between the two. If ρ2 is considered as the reference, the first step is to check which of
ρ1(x, y) and ρ∗

1(−x, −y) is most similar to ρ2. To do so, two cross correlations R(x, y) =
ρ1(x, y) ⋆ ρ2(x, y) and R∗(x, y) = ρ∗

1(−x, −y) ⋆ ρ2(x, y) have to be computed. As the
adThe cross correlation can be efficiently computed via the convolution theorem. The convolution

between two functions f and g, denoted as f ∗ g, is given by the inverse FT of their product in Fourier
space, i.e.:

f ∗ g = F−1 [F [f ] · F [g]] (5.22)

The cross-correlation between two signals f(x) and g(x) is then the convolution of f∗(−x) ∗ g(x).
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Figure 5.12: Ambiguities of the solution to the phase problem. (a) A complex-valued
density function is shown. Its real-space phase is encoded in the hue, following the scheme
shown in Figure 5.11. (b) A constant phase value is added to the density. (c) The density
is translated. (d) The complex conjugate of the density. Its spatial coordinates are
inverted in sign. (e) A density resulting from the combination of the three operations in
(b)-(d). All the densities shown here have the same Fourier amplitudes, and are, thus, all
valid solutions to the same phase retrieval problem.

maximum value of the cross-correlation provides the similarity between the two densities,
it is intuitively clear that if max(R) < max(R∗) then it is necessary to “flip” ρ1 (see Figure
5.12d). Furthermore, the coordinates x, y of the maximum cross-correlation value encode
the relative shift between the two functions. For two perfectly overlapping densities,
the maximum value is at coordinates (0, 0). In general, if the maximum value of the
cross-correlation R (or R∗) is placed at coordinates (x0, y0), this provides to the amount
of spatial shift (in pixels) that must be applied to ρ1 in order to overlap with ρ2 (i.e.
the translation operation in Figure 5.12c ). Finally, the phase of max(R) (or max(R∗))
yields the phase-shift to add to ρ1 such that it matches the phase of ρ2 (e.g. in the case
shown in Figure 5.12b). Thanks to this trick, different outcomes of a phase retrieval
reconstruction can be spatially compared with each other, and operations like averaging
are now meaningful.

An additional, more practical, problem, that affects the phases of the real-space den-
sity reconstruction arises from the choice for the coordinates of the centre of the diffraction
pattern. In fact, the scattering pattern has to be “prepared” for a phase retrieval algorithm
such that, for a pixel resolution N × N , the central peak of the diffraction corresponding
to the momentum transfer (0, 0) is placed at the coordinate [N/2, N/2] in the scattering
matrix (or at [0,0] when frequencies are shifted). When dealing with real data, it is often
a difficult task to identify the correct centre, as this data is missing due to the detector
hole (see Figure 5.10). The real-space effect for different centre position coordinates of
the diffraction (see Figure 5.13), highlights how it affects the reconstruction result. In
particular, such shifts of the diffraction pattern cause a linear drift of the reconstructions
phases, which becomes already dramatic even for a centre misplacement of just a few
pixels. This effect can be corrected in post-processing, by correctly reshifting the recon-
struction FT at the end of the reconstruction process. However, an incorrect diffraction
centre position can prevent the convergence of the iterative algorithms, especially when
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Figure 5.13: Effects of the incorrect centering of diffraction patterns. On the left: close
up of the central part of the diffraction pattern. The × marker indicates the correct
centre, which produces the “correct” reconstructions in Figure 5.12. Markers A-D indicate
different choices of the pattern centre. On the right: the effect of the different centre
positions on the real-space phases of the pipe.

the positivity the real part of ρ is constrained (see Section 5.2.2).

The resolution(s) of CDI

When dealing with the term resolution, it is not uncommon to confuse between the de-
tector resolution (affecting the diffraction data) and the reconstruction resolution (deter-
mining the smallest real-space feature that can be resolved, see Figure 5.14).

Recalling the introduction to CDI, it was shown that, in the case of small-angle scatter-
ing, only the components of the momentum transfer q⃗ orthogonal to the beam propagation
direction (q⃗⊥) are accessible by the detector (see Figure 5.3). This is strictly dependent
on how far the scattering detector is from the interaction regionae, which influences the
maximum scattering angle θmax that the detector can record. From simple geometrical
considerations, the magnitude of the momentum transfer q = |q⊥| recorded by the detec-
tor as function of the scattering angle is q(θ) = k0 · sin(θ) = 2π

λ
· sin(θ) where k0 = 2π

λ
is

the magnitude of the wavevector of the incoming radiation at a wavelength λ. The signal
recorded by the detector at given scattering angle θ, and thus, at a given magnitude of
the momentum transfer q, is directly relatable to a real-space length scale D via the rela-
tionship D = π

q
. This relationship (derived from the properties of the Fourier Transform

and strictly connected to the Bragg’s law) then gives the smallest “size unit” δ in the
real-space, corresponding to the value of D at the maximum recorded scattering angle:

δ = π

q(θmax) = λ

2 sin(θmax) (5.23)

This “size-unit” δ is the pixel size of the reconstruction, giving a conversion scale between
pixels and metres, also called the half-period resolution. The real-space resolution of CDI
is instead often considered to be the full-period resolution, equal to 2δ af.

aeThe interaction region is where light interacts with the sample, and thus where the scattering events
take place.

afThe reason for this choice comes from the Shannon’s sampling theorem.
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Figure 5.14: The CDI resolutions. (a) Effect of different photon energies on the recon-
struction resolution. From left to right, the photon energy is doubled at each step. The
real-space reconstruction of the pipe contains an increasing amount of pixels, thus pro-
viding information on the sample at higher resolution. The size of the diffraction pattern
remains constant at 256x256 pixels. The same effect can be obtained by keeping λ con-
stant and increasing the maximum recorded scattering angle θmax. (b) Effect of different
detector resolutions. From left to right, λ and θmax) are constant, but the pixels size is
doubled. The actual resolution at which the sample is imaged does not change. Sampling
at higher frequency in the reciprocal space only adds regions of zeros around the sample.
Therefore, the pixel resolution of the detector affects the maximum size of a sample that
can be retrieved.

Equation 5.23 nicely highlights the possibility to tune the CDI resolution. The spatial
resolution can be enhanced by increasing the maximum recorded scattering angle θmax (by
moving the detector closer to the interaction region, but without leaving the small-angle
scattering approximation) or by increasing the photon energy (i.e. reducing the wave-
length of the incoming radiation). An example of the latter case is given in Figure 5.14a,
where the photon energy is doubled at each step. For the same sample, the respective
reconstruction is increased by a factor two each time in terms of pixels, as the physical
pixel size is halved.

It is worth noting that the resolution of CDI is not connected to the resolution of the
detector. This result, which is quite surprising only at a first glance, is highlighted well
by Figure 5.14b. In this example, the diffraction data is acquired at the same experimen-
tal conditions (i.e., the detector reaches the same scattering angle), but with different
pixel resolution. The detector pixel size does not influence the size (in pixels) of the
reconstructed pipe, but only the total size of the matrix in which the pipe is “immersed”.
Thus, increasing the sampling rate of the scattering signal only increases the zero-value
region around the pipe in real-space. Still, the use of scattering detectors with high pixel
count carries undeniable advantages. The first is that the number of equations of the
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phase problem increases, thus augmenting the oversampling ratio σ in Equation 5.17.
This allows to image bigger samples at the same spatial resolutionag. Thus, as long as
the oversampling condition is met (i.e., σ is big enough), it is often convenient to scale
down the diffraction data by a binning operation. This does not affect the reconstruction
resolution (see Figure 5.14b) and considerably speeds up the reconstruction processah.

Consequences of noise

Noise intrinsically affects diffraction data. Two main sources of noise can be distinguished,
thermal noise and statistical noise. Thermal noise can be modeled as a uniform, incoherent
signal that independently affects each pixel of the diffraction detector. Statistical noise,
instead, comes from the intrinsically discrete nature of the radiation. Modern scattering
detectors at FEL facilities214,118,146 are often capable of single photon sensitivity (i.e.
they can distinguish single photon events34). This performance is achievable because
the strength of the thermal noise, which uniformly affects all the detector pixels, is kept
substantially below the signal strength provided by a single photon that impinges on
the detector pixel. Here, we only deal with statistical noise, and other sources of signal
disturbance are neglected. The single-photon sensitivity of pixel in such detectors renders
them “photon counters”. The statistical behaviour of these photon events for a single
detector pixel then follows a Poisson probability distributionai. The scattering signal
Im(q) measured by a detector pixel at coordinates q⃗ can be then modeled as:

Im(q) = P [I(q)] , (5.25)

where I(q) is the “exact intensity” (expressed in unit of photons), and P [µ] is a Poisson-
distributed random number with average µ. Unlike a normal distribution, which requires
two parameters (mean µ and standard deviation σ) to produce a random number, the
standard deviation of a Poisson number is not a free parameter. It is strictly dependent
on the average value, in the form of σ = √

µ. A common way to express the amount
of information contained in a signal in relation to its noise is the Signal-to-Noise Ratio

agA more rigorous explanation involves the sampling theorem, and a parallelism with the real-space
resolution δx. As δx depends on the maximum magnitude of the recorded q, then similarly δq (the
detector pixels size in Fourier space) affects the maximum size of a retrievable sample. For a more
rigorous treatment, see Reference [109].

ahFor each step of iterative algorithms, a forward and a backward Discrete Fourier Transform (DFT)
must be computed. The computing time of the DFT, when computed via the Fast Fourier Transform45,
scales as N2 log(N), where N is the linear dimension in pixels of the matrix. A simple 2 × 2 binning
operation in the diffraction data reduces the computing time of the DFT by a factor of greater than four.

aiThe Poisson probability distribution is given by:

P (µp, n) =
µn

p e−µp

n! (5.24)

For example, the probability of measuring 3 photons for a given exposure time on a pixel whose signal
should be, on average, 1.6, is given by P (1.6, 3).
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(SNR), defined as the ratio between the average signal and its standard deviationaj (i.e.,
SNR = µ

σ
). Due to the statistical behaviour of photons, the SNR of diffraction data is

not constant but depends on the “exact” intensity I:
SNR[I] = I√

I
=

√
I (5.26)

The weaker is the signal I, the worse the SNR, up to the point where I approaches few
counts and the SNR approaches 1 (that is, signal and noise have comparable magnitude).
In FEL experiments ak, and especially in the X-ray region where materials are highly
transparent to light, it is very common to have large parts of the scattering signal charac-
terized by very low photon statistics, often approaching zero. As the scattering signal for
isolated samples strongly decreases with the distance from the central diffraction peak,
this low-intensity region is always placed in the outer region of the detector, which collects
data corresponding to high q values. High q values correspond to high resolution infor-
mation, as highlighted by Equation 5.23. This, in turn, means that noise in diffraction
data limits the actual spatial resolution of CDI (as exemplified by Figure 5.15a). Here,
we address this important topic in a highly simplistic manner, and we refer the reader to
the analysis in Reference [99] for a more complete and correct view on the topic.

The actual CDI resolution is, in this case, not defined by the maximum scattering angle
θmax, but by the maximum scattering angle at which light can be effectively recorded,
θeff. For example, an increase in θmax would just decrease the pixel size in real space (see
second and third case shown in Figure 5.15a) but would not carry an improvement in the
effective spatial resolution (as no additional information would be recorded).

As discussed above, another option to increase resolution is to increase the photon
energy of the radiation. For example, doubling the photon energy theoretically leads to
halving of the pixel size in the real space representation (see Figure 5.14a). However,
the refractive index of materials, and thus their “scattering strength”, dramatically drops
with increasing photon energy, thus lowering the amount of scattered photons and the
effective resolution (see Figure 5.15a), up to the point where increasing the photon energy
is actually counter-effectiveal.

The effect of low photon statistics is even more dramatic when dealing with real
diffraction data, where the central part of the scattering image is missing. The same

ajThere are actually different ways to define the SNR. This definition is mostly used when dealing
with strictly positive signals, like in imaging processing.

akFor applications where the illumination time can be freely decided (like in diffraction experiments
at synchrotrons), the SNR value can be indefinitely increased, up to the point when significant SNR is
obtained all over the diffraction data. Such an approach is not viable for FEL diffraction experiments,
where the femtoseconds pulse duration is a key feature in both imaging ultrafast dynamics and avoiding
signal degradation from the sample damage by the intense ultrashort pulse (the diffract and destroy
concept39). Furthermore, due to the sample destruction, the same sample usually cannot be imaged
with multiple pulses. Thus, the photons available for scattering in FEL experiments are only the ones
contained in a single femtosecond pulse.

alThis aspect represents one of the main limiting factors for FEL science towards imaging of single
atoms and molecules, along with the problem of radiation damage 213.
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Figure 5.15: The effects of noise. (a) Simulated diffraction patterns with decreasing signal
strength and noise from Poisson statistics. Corresponding complex densities in lower row.
The effect of losing information at high scattering angle is to reduce the actual resolution
of the reconstruction, which appears smoother. (b) Realistic data with missing center
information. A mask is applied to patterns in (a) and the regions where the SNR value
is above 1 are highlighted in yellow color (upper row). These can be addressed as areas
of meaningful data. Lower row: left-over information with similar effects to Figure 5.10.

diffraction patterns shown in Figure 5.15a are now replicated in Figure 5.15b, where
the central part is now removed to simulate the detector hole that accommodates the
transmitted beam of the laser pulse. Due to the decrease in the scattering signal with
increasing distance from the centre, the lower the diffraction brightness, the higher the
relative fraction of usable information present in the central portion of the scattering
data. When that information is lost due to the detector’s hole, the deterioration of the
leftover information becomes dramatic. The three cases in Figure 5.15b have, in theory,
the same oversampling ratio, as it was defined in Equation 5.17. However, it is now clear
that, in the case of noisy data, the amount of pixels containing meaningful information
on the sample is much lower than the total number of pixels in the matrix. We can
roughly estimate that pixel values are usable only when the signal is distinguishable from
the noise (i.e. when the SNR value is greater than a given threshold). These pixels are
highlighted in the first row of Figure 5.15b, for a conservative choice of a SNR threshold
of one. It is convenient here to define the relative information actually provided by a
diffraction pattern as η =

∑
SNR>

N2 , where SNR> is a binary map which has a value of
one where the diffraction data has useful SNR. It is now intuitively clear that the actual
oversampling ratio σ required to uniquely identify a solution to the phase problem has to
be higher than two and, in particular, it can be estimated at a value of 2

η
. The value of η

cannot be perfectly known a priori, because the SNR calculation would require knowing
the exact field. Still, it can be roughly estimated by counting the number of pixels in the
experimental data that have values higher than one photon count. It is not uncommon
in FEL data to have η < 0.2 (i.e. only 20 % of the measured data carries significant
information). This is the reason why, in most real-case applications, phase retrieval is
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successful only when the oversampling ratio σ ≫ 2.

A real-life example

Here, we apply our observations about noise and missing data on real FEL data and
respective phase retrieval results using the example of a representative diffraction pattern
(see Figure 5.16) from an experimental campaign at the Maloja endstation of SwissFEL215.

One aspect that has not been discussed yet, but is of practical importance, is how
to identify relevant and representative patterns out of a large data set. Also rare events
can be pivotal for the understanding of the target under study, which are even harder to
find. Ideally, this identification and classification of typical and rare patterns is already
possible during the experimental campaign. This requires fast methods that can deal with
huge data sets. To this end, sophisticated analysis pipelines have been developed in the
community90,49. Furthermore, machine learning techniques have been recently applied
on single-particle CDI data sets to take over the time-consuming manual classification
procedures240,160,6,56,19,243,91,237,244.

The pattern discussed here (see Figure 5.16) was obtained with the Jungfrau scattering
detector146,96 from an isolated argon cluster using a photon energy of 1000 eV. The large-
area diffraction detector, containing 2048 × 2048 pixel, was placed at a distance from the
interaction region that allows the recording of scattered light up to a scattering angle of
13◦.

It is possible to derive via Equation 5.23 the equivalent real-space pixel size of the
pattern shown in Figure 5.16a. As 1000 eV corresponds to a wavelength λ = 1.24nm, the
pixel size in real space is δ = 1.24 nm

2 sin(13◦) ≈ 2.7 nm, which is the real-space dimension of a
single pixel in the reconstruction shown in Figure 5.16c. In reality, the area of meaningful
SNR covers only around 5 % of the actual matrix surface, which has two main implications.
First, a successful reconstruction in these brightness conditions could be attempted when
the sample size is small enough to reach an oversampling ratio σ ≳ 40am. Furthermore, the
spatial distribution of this significant data is, as expected, focused around the centre and
only reaches one third of the full detector dimension, which corresponds to a scattering
angle of roughly 4◦. Thus, the effective minimum size of features that can be spatially
resolved are around three pixels, and no information below this dimension can be retrieved.
This is immediately visible in the reconstruction shown in Figure 5.16, where features that
should be in principle sharp, like the cluster edge, are instead smoothed over few pixels.

The discussion made so far is mainly qualitative. A formally correct treatment and
evaluation of the actual resolution of CDI would involve not only a more careful analysis

amAn additional problem that may affect experimental data comes from the signal saturation in high-
intensity pixels, as detectors are capable of recording signal up to a maximum value. Those areas where
the detector’s signal is saturated cannot be used for imaging and thus need to be excluded similarly to
the missing pixels in the central hole. However, this is a merely technical limitation, and new detectors
are less and less affected by this problem, thanks to their high dynamic range.
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Figure 5.16: Example of real FEL experimental data189 from the Maloja instrument at
SwissFEL215. (a) Experimental diffraction pattern. (b) Region of photon counts greater
than 1, highlighted in yellow. (c) Absolute value of the reconstruction retrieved from (a).
The argon cluster in the reconstruction appears as an agglomerate of 3 spheres of different
sizes (see Section 5.3.1). Note the brighter signal in the reconstruction where two spherical
sub-clusters overlap, visualizing that small-angle CDI has access to the projection (i.e.
integral) of the optical properties along the beam propagation direction. Courtesy of
Mario Sauppe (ETH Zürich).

of the SNR, but also an evaluation of the reconstruction process itselfan. To take into
account the latter aspect, statistical methods that involve many reconstruction processes
are employed, like the Phase Retrieval Transfer Function223,109. This aspect goes beyond
the scope of this chapter, and we suggest Reference [109] for further information.

5.2.3 Wide-angle Coherent Diffraction Imaging
As introduced in Section 5.2.1, the wide-angle regime is reached when the component of
the recorded momentum transfer parallel to the beam propagation direction q∥ becomes
non-negligible, and in reciprocal space, the portion of the Ewald sphere covered by the
detector cannot be approximated any more by a flat surface.

Coming from the perspective of the small-angle scattering regime, it means that the
Fourier Slice Theorem is no longer applicable, and not only the 2D projection of the sample
refractive index, but its three-dimensional distribution affects the scattering signal. This
last sentence is formulated in terms of the direct scattering problem (i.e. how to simulate
the scattered field from a density distribution) and tells us that the full knowledge of the
3D sample morphology is required to achieve a wide-angle scattering simulation.

If we approach the topic under the inverse scattering problem point of view, wide-angle
CDI allows to capture, in a single two-dimensional diffraction shot, three-dimensional in-
formation on the sample. Under this view, this technique opens the exciting possibility for
the study of ultrafast phenomena by capturing three-dimensional movies of nanomatter.

anThe fact that the diffraction data contains information up to a maximum spatial resolution does not
imply that phase retrieval algorithms are then really able to achieve it.
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The reason why, so far, no such movies have been experimentally demonstrated is due to
intrinsic complications of wide-angle data analysis, which is an active field of research.

Dealing with the third dimension

Similarly to what has been presented in Section 5.2.2, we now identify the spatial resolu-
tion of wide-angle scattering. It depends on the maximum momentum transfer at which
data is recorded, which reaches different magnitudes on the orthogonal direction q⊥ and
parallel direction q∥. Considering the geometry in Figure 5.3, we find |q⃗⊥(θ)| = |k⃗0| sin(θ)
and

∣∣∣q⃗∥(θ)
∣∣∣ = |k⃗0| · [1 − cos(θ)]. The theoretical half-period resolution (see Section 5.2.2)

on the orthogonal plane δ⊥ and on the depth axis δ∥ can be then calculated as:

δ⊥ = 2π

|q⃗⊥(θmax)| = λ

sin(θmax)

δ∥ = 2π∣∣∣q⃗∥(θmax)
∣∣∣ = λ

1 − cos(θmax)

(5.27)

Two fundamental considerations must be examined before diving into the data analysis
methods. First, significant values for q∥ when compared to q⊥ start to appear at θmax =
20◦, where δ∥ ≈ 6δ⊥. Due to the 1 − cos(θ) in the denominator in Equation 5.27, the
increase in depth resolution is dramatic for a scattering angle of 30◦-50◦. However, the
strong decrease in the scattering signal makes it challenging to measure data at such high
scattering angles in practice (see discussion in Section 5.2.2).

A second, even more determining aspect is that the information is only partial. In the
small-angle scattering regime, knowledge about the 2D amplitude of the field scattered
by a 2D sample is almostao complete, such that “only” the phases have to be retrieved.
When moving to the three-dimensional case, the Fourier representation of the 3D scat-
tering density ρ lies in three dimensions as well, but only a 2D slice of it (the Ewald’s
sphere, see Figure 5.3)) is known.ap. Additional strong constraints are, then, necessary
to approach 3D imaging from single wide-angle shots. Furthermore, the fact that the

aodue to the presence of a hole in the detector, as well as noise in the data (see Sections 5.2.2 and
5.2.2).

apA direct extension of the small-angle approach to the wide-angle case is, in principle, straightforward
under a numerical point of view. The density function ρ and its support function S can be defined as
three-dimensional tensors, and 2D phase retrieval algorithms can be directly generalized to the 3D case
without substantial modifications. This approach is known in literature as Ankylography 171. However,
since its disclosure to the scientific community, the method has raised doubts about its consistency and
reliability234, due intrinsic “dimensional deficiency” that renders the 3D case an ill-posed problem. A
straightforward definition of “ill-posed problem” says that such problems either have no solutions, or too
many, or the procedure to reach them is unstable (see Reference [106] for a generic introduction to the
topic). This deficiency derives from the action of the projector PI (see Section 5.2.2) which, in this case,
constrains only a tiny fraction (just on the Ewald sphere) of the total amount of Fourier amplitudes.
For this reason, Ankylography turned out to be impractical for real applications, as the loose intensity
constraint cannot ensure a unique solution to the phase problem.
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intensity constraint is not strong enough has also the practical implication that infor-
mation cannot be effectively “back-propagated” to the real space. For these reasons, the
most effective wide-angle single-shot imaging approach so far attempted is based on fitting
forward simulations of constrained sample’s models.

The three-dimensional imaging problem

Coherent Diffraction Imaging based on forward fitting is strictly related to the optimiza-
tion problem encountered in the small-angle inverse scattering problem. In particular, it
can be expressed in terms of an optimization problem similarly to Equation 5.14:

p⃗sol ≡ {p⃗ : E[p⃗] < E[s⃗] ∀ s⃗ ̸= p⃗} (5.28)

Here, the dependence on the matrix ρ has been replaced with a more generic vector p⃗,
which contains the parameters necessary to define the sample properties depending on the
model in use. For example, in the case of a simple sphere with uniform refractive index,
p⃗ = {r, δ,β} because the architecture of a homogeneous sphere and its response to the
incoming light are completely defined by its radius and its refractive index n = 1−δ+iβ.

Similarly to the small-angle case, the optimization target E in Equation 5.28 tells us
how much the density reconstruction ρ(p⃗) defined by the set of parameters p⃗ is compatible
with the experimental diffraction pattern I, given by

E[p⃗] = ∥I − S(p⃗)∥ , (5.29)

where S(p⃗) is a function that simulates the diffraction pattern (i.e., that solves the direct
scattering problem) for a scattering density defined by the parameters p⃗.

The minimization problem (Equation 5.28) of the error function E (Equation 5.29)
makes it clear why this imaging approach is based on fitting of forward simulations. In
regards to the fitting aspect, there are different strategies to deal with the minimization
of E[p⃗] as a function of its parameters p⃗ = {p1, p2, ...}. This topic is not strictly related to
coherent diffraction and will not be treated here. Some applications of peculiar optimiza-
tion strategies applied to CDI can be found in References [42] and [44]. Independently on
the employed approach, all optimization algorithms require a large amount of evaluations
of the optimization target E, which turns into the evaluation of the simulation function
S. For this reason, fast and effective simulation methods are fundamental building blocks
for wide-angle single-shot three-dimensional coherent diffraction imaging based on fitting
of forward simulations, as discussed below.

Forward simulations

Forward simulation methods can be used for solving the direct scattering problem (i.e. for
calculating the field scattered by a real-space distribution of a sample’s electronic density).
In principle, the scattered field can be computed exactly by solving Maxwell’s equations
for light traveling in the sample. For very simple sample shapes, the field equation can
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be even solved analytically, like in the case of spheres with uniform refractive index, or
spherical core-shell structures. Their analytical solutions are known as Mie solutions, and
come with the great advantage of providing extremely fast and accurate simulations of
the scattering signal. However, the main drawback is the limited range of applicability.

Still, Mie simulations are being proficiently used to retrieve information from architec-
turally simple systems31, like uniform nanodroplets of superfluid helium (see Figure 5.17)
or core-shell arrangement of neutral and and ionized matter in spherical xenon clusters182.

The topological restrictions of Mie simulations can be overcome by numerically solv-
ing Maxwell equations, for example via Finite Difference Time Domain (FDTD) sim-
ulations217,229 or using Green’s function based approaches such as the discrete dipole
approximation (DDA)170,187. However, these simulations methods are unpractical for fit-
ting procedures due to their high computational costaq. In this context, approximate
simulation methods come into play.

Among approximated approaches to the direct scattering problem, the three-dimensional
FT of the scattering density ρ (see Section 5.2.1) is by far the most efficient and straight-
forward, in numerical terms. Still, this method relies on the Born approximation which
completely neglects any interaction between light and matter apart from the single scat-
tering events. Thanks to the material’s refractive index value being close to one in the
X-ray regime, this approximation is sufficient to interpret the output of phase-retrieval
results as the projection of the sample’s optical propertiesar. However, its deviations
from the exact field are strong enough, expecially in the XUV energy range and at high
scattering angles, to prevent successful imaging attempts12.

It has been demonstrated that first-order “corrections” to the Born’s approximation
restore sufficient similarity between the exact and simulated field to allow forward fitting
approaches12,44. When a monochromatic plane wave propagates in matter with constant
refractive index n = 1 − δ + iβ in a direction z, its electric field E(z) is described by the
plane wave:

E(z) = E0e
ik0nz = E0e

ik0(1−δ+iβ)z = E0e
ik0ze−k0βze−ik0δz = E0e

ik0zC(z, δ,β) (5.30)
Here, E0 is the incoming field amplitude and k0 is the radiation wavevector. In practical
terms, this wave can be split into two components. The first component E0e

ik0z is the
equation of a monochromatic field travelling in vacuum (where δ = β = 0). The second
term C(z, δ,β) = e−βze−ik0δz is a complex function which encodes the modification of
the field’s amplitude e−βz and phase e−ik0δz. The imaginary part β of n is often called
the absorption coefficient, and causes an exponential decrease in the field strengthas.

aqThe time-to-solution (i.e. for a single simulation) is a pivotal aspect when dealing with fitting
routines

ari.e., for phase retrieval results, the Born approximation means that the retrieved density is an
approximation of the refractive index projection. Stronger deviations from this approximation make such
an interpretation more incorrect, but do not prevent in most cases the convergence of phase retrieval
algorithms to a reconstruction strongly connected with the sample’s topological properties.

asThis is the well-known Beer-Lambert law14. Johann Heinrich Lambert already noted, back in the
18th century, that light is exponentially absorbed by matter depending on the material thickness.
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Figure 5.17: Example of wide-angle imaging performed via Mie fitting. Helium nan-
odroplets are imaged94 at a photon energy of 21 eV at the LDM instrument of FERMI131.
(a) Experimental radial profiles of three different diffraction patterns, and respective Mie
fits. (b) Values of radius R and complex refractive index n resulting from the fitting of
the radial profiles are assigned to the respective diffraction pattern94. Courtesy of Linos
Hecht (ETH Zürich).

Conversely, δ, also known as refraction coefficient, modifies the “effective wavelength”
of the radiation, thus introducing a phase-shift of strength k0δz with respect to light
travelling in vacuum.

It is possible to apply this correction factor C to a simulation made via the Born
approximation, by subdividing the sample into slices in the real domain (see Figure 5.18).
The scattering for each slice is then computed by using an electric field that has been
shaped by the previously encountered slices43. This approach is based on the Multi-Slice
Fourier Transform (MSFT), an efficient method to compute partial 3D Fourier Trans-
forms47,202,172 (see also Figure 5.20 below).

However, the MSFT approach previously presented is again not good enough when
moving towards larger values of the refractive index commonly found in the XUV regime
and/or close to the material’s electronic resonances. This incompatibility comes from two
physical effects that are still neglected. On the one hand, Equation 5.30 exactly tells us
how light travels within a uniform medium, but does not describe the refraction effects
caused by interfaces of different materials (or between the sample and vacuum). In fact,
when the refractive index is a function of the spatial coordinates, gradients of n(r⃗) lead
to the deviation of light, such that the approximation of a plane wave is no longer valid
within the sample when the value of such gradients becomes appreciable. On the other
hand, the light scattered by a given sample slice (see Figure 5.18) still interacts with the
subsequent slices (i.e. secondary scattering can happen). Simulation methods which, at
least partially, include these “second-order” effects are fundamental to deal with wide-
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Figure 5.18: MSFT-based simulation method. (a) Rendering of the 3D sample density. (b)
The density domain divided into slices. (c) The field scattered from the slices, obtained
by combining the slices refractive index with the field shaped by the preceeding ones.
(d) The final diffraction pattern is obtained from the sum of all the slices fields. Figure
adapted from Reference [43] with permission of the corresponding author.

angle CDI of samples whose refractive index varies more than ≈ 5 % from vacuum, as
highlighted in Reference [43]. Improved methods are under development226, which would
dramatically increase the range of applicability of forward fitting methods for CDI.

5.3 Imaging the morphology of clusters
The diffraction-before-destruction principle was first demonstrated on a nanostructure
etched into a membrane36 using a single pulse from the first short-wavelength FEL
FLASH in Hamburg193,176. Shortly after, also first single-shot single-particle CDI ex-
periments were carried out on aerosols22,21, atomic clusters29, nanoparticles20,128, and
single viruses57.

For many systems, structure determination is typically the main goal of single-particle
CDI. The fragility of “soft matter” systems, such as viruses or membrane proteins as a
strong motivator for single-particle CDI was already mentioned. Also studies on aerosols,
such as soot nanostructures, were guided by the goal of avoiding structural changes dur-
ing deposition22,21,127. In contrast, cluster experiments usually investigate light-induced
dynamics, and determining the particle morphology is therefore rather a characterization
step. Nevertheless, lightly bound and short-lived rare-gas clusters and nanodroplets can-
not be deposited and studied with electron microscopy. Therefore, CDI provided for the
first time direct insight into their structure. While metal nanoparticles are much more sta-
ble towards deposition on a substrate, gas-phase produced metal clusters are also known
to change their structure during landing on a surface110,231. Results on the morphologies
of both cluster types are presented below. We also recommend the review article by Sun
and colleagues215, which gives a compact overview of single-particle CDI experiments,
highlighting the Maloja endstation at SwissFEL as an ideally suited instrument for this
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line of research.at

5.3.1 Understanding the growth of rare-gas clusters
Rare-gas clusters are generated by expanding gas at a certain temperature and pressure
from a reservoir through a small nozzle into vaccuum88,199. In this supersonic jet, the
random velocities of the gas atoms in the reservoir are transformed into directed motion,
and the relative velocities (and thus the gas temperature) drop dramatically. Accordingly,
the trajectory in the phase diagram may cross the vapor pressure curve and condensation
sets in88. As the atomic density drops along the jet, monomer addition becomes less im-
portant, but the clusters can keep growing by coagulation of smaller clusters into larger
ones. Theoretical simulations explaining experimental size distributions confirmed this
physical picture of monomer addition and coagulation210. But without any single-particle
imaging methods available for these fragile systems, it remained unclear whether the en-
ergy freed in the coagulation events suffices to re-melt the two clusters into a spherical
single cluster or whether a non-spherical shape would freeze outau. Indeed, CDI of indi-
vidual xenon clusters revealed that spherical clusters are produced in parallelav to twin
and triple shapes up to hailstone-like particles29,178,179 (see representative images from
recent high-resolution CDI experiments189,215 in Figure 5.19a).

5.3.2 Structures of helium nanodroplets and embedded dopants
Helium nanodroplets can be considered the prototypical model system for light-matter in-
teraction studies as they remain liquidaw and can therefore not freeze-out in non-spherical
shapes as the other rare-gas clusters do. Also, the electronic structure can be assumed
to be simple: the atoms contain only two electrons and are very weakly bound. Nev-
ertheless, helium nanodroplets exhibit a plethora of unexpected and quite fascinating
phenomena related to their superfluidity that are a lively topic of current research and
have been reviewed recently in a book209. Here, we give a brief summary on CDI of
helium nanodroplets and hightlight a few examples and else refer to the CDI chap-
ter220 in the above mentioned book and a review paper80. The large body of original

atIn terms of structure determination methods closely related to single-particle CDI, we want to
mention experiments at higher photon energies, where X-ray diffraction is sensitive to the crystal lattice
of the object under study. Single-shot single-particle Bragg diffraction has been obtained from rare-
gas clusters69 and water / ice microdroplets203,63. Another novel CDI-related technique is in-flight
holography85 using simple-structured strong scatterers such as xenon clusters as reference objects for
Fourier transform holography of single viruses.

auThis is only relevant for the noble gases neon, argon, krypton and xenon, as helium clusters remain
liquid even though they cool to temperatures below 1 K. Their morphology is discussed in the following
section.

avThis agrees well with Bragg diffraction studies on single rare-gas clusters, finding that individual
clusters had either fcc or hcp crystal structure, or were phase mixes, probably from twinned clusters69.

awHelium refrains from freezing up to high pressures even at 0 K.
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Figure 5.19: Small-angle CDI results on rare-gas clusters and helium droplets. (a) Large
argon clusters grow by coagulation. Often, spherical shapes are reached but also twin
structures or hailstones are formed. Diffraction data189 obtained at the Maloja instrument
at SwissFEL215, courtesy of Mario Sauppe (ETH Zürich). (b) Diffraction pattern and
reconstructed density of a spherical 4He droplet with xenon-dressed vortex lattice105.
Reprinted with permission of American Physical Society, Copyright 2016. (c) Patterns
and reconstructions of strongly deformed oblate and prolate helium droplets reveal that
they also contain vortex lattices157. Reprinted with permission from American Physical
Society, Copyright 2020.

work81,218,105,16,181,122,157,230,65,219,66,227, however, testifies that CDI of helium nanodroplets
has become a very successful branch of X-ray FEL science on its own.

In the pioneering experiment of the Vilesov group and collaborators81, liquid helium
was sprayed into vacuum forming nanodroplets. From the diffraction patterns in this and
subsequent experiments81,16,181,122, it became obvious that while the majority of droplets
were indeed round, some deviated from spherical shape up to rare, quite strongly de-
formed shapes. Furthermore, many droplets contained dense lattices of quantum vor-
tices81,218,105,157, a fascinating phenomenon made visible by doping the helium droplets
with xenon atoms (see Figure 5.19b,c).

While quantum vortices in 4He are a very interesting phenomenon, they can also be
an obstacle for certain research directions: in the presence of quantum vortices, most
atoms or molecules picked up by a droplet get stuck at the vortice sites46. This dis-
turbes, for example the study of how electrons distribute on the surface of a charged
droplet66 and dominates the arrangements of nanostructures forming in the ultracold en-
vironment81,218,105,157 instead of being governed by the mutual interaction between the
dopant atoms or molecules221. In this regard, a recent collaborative study could clarify
regimes for the creation of vortex-free nanodroplets up to a size of 108 atoms227.

A profound understanding of the shapes of spinning liquid droplets could be developed,
both in the presence230,65 and absence81,16,181,122 of friction, tracing them from round to
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oblate to prolate shapes, rather closely following classical predictions122 (see examples
of oblate and prolate droplets, identified from their features at wide scattering angles in
Figure 5.20a).

5.3.3 Metal clusters and nanoparticles
Early CDI experiments of metal clusters created in a magnetron sputter source87 with
wide-angle CDI (see also Section 5.2.3) revealed a number of very symmetric, streaked
patterns12, which were analysed via forward-fitting based on ideal polyhedron models.
The matches indicated that structural motifs such as icosahedra or dodecahedra which
are only energetically favourable at very small sizes persist up to very large sizes under the
rather cold growth conditions applied in the experiment12. Only through the development
of a more general forward-fitting algorithm43,44, it became possible to detect imperfections
that result from the rather extreme growth conditions, such as rounded edges, mixed
structural motifs, and even agglomerates (see Figure 5.20b).

Besides creating metal clusters in the gas phase, it is also possible to wet-chemically
produce metal nanoparticles (and other materials) and spray them into vacuum. This
approach has gained importance for time-resolved experiments as both spraying18 and
particle production techniques169,132,154 have matured over the last years. Metal nanopar-
ticles are now available in a broad range of materials (or combinations thereof) and shapes,
with narrow distributions of size and shape10. While they can be pre-characterized via
electron microscopy, the CDI characterizations often show deviations162 that can be in-
duced by the spray solvent or through the size selection effect of CDI117, enhancing the
large tail of a broad size distribution.

5.4 Clusters in intense short wavelength pulses
Our current understanding of the interaction between intense X-ray pulses and nanoscale
matter has been largely developed in experimental and theoretical work on clusters. In
this section, the experimental and theoretical findings are presented in the framework of
a generally accepted physical picture of the dynamics proceeding in three phases. This
model was developed in the XUV regime and refined in the X-ray range. We recommend
the chapter by Bostedt et al.33 in Reference [ 104], where the development is discussed
by wavelength regimes from near-edge photon energies to phenomena involving core elec-
trons. Particularly clear insights on X-ray induced dynamics have been gained by the
novel method of combined single cluster imaging and ion spectroscopy, which will be also
introduced in the following.
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Figure 5.20: Three-dimensional structure determination via single-shot wide-angle CDI.
(a) Imaging results on spinning superfluid helium nanodroplets. A simple parametric
shape model is used and peculiar features produced in a wide-angle diffraction pattern
guide the fitting (upper row). Experimental data (left column) and simulated patterns
(central column) match well, revealing oblate, elongated architectures of the helium
droplets (adapted from Reference [ 122] with permission of the corresponding author).
(b) 3D imaging results on silver clusters with shape parametric model (upper row) con-
structed by flat facets that define a compact domain in space. Experimental data (left
column) and retrieved patterns (center column) and 3D shapes (right column) of single
silver clusters and agglomerates (adapted from Reference [44] with permission of the cor-
responding author).

5.4.1 The role of cluster experiments at short wavelength FELs
Clusters are ideal model systems of solid density but isolated in the gas phase173. Com-
pared to bio-molecules, their complexity is drastically reduced. Rare-gas clusters, as the
prototypical target for laser-matter interaction experiments, are easily created by expand-
ing gas through a small nozzle into vacuum. Typically, the average cluster size can be
chosen via the expansion conditions88, thus scaling the parameters from single atoms
and dimers to a few hundreds, millions, or even 1011 atoms per cluster, bridging the
regimes of atomic / molecular physics and solid state physics. Also, a wide range of
other materials or combinations of materials can be used for creating nanoscale parti-
cles that either form in or can be brought into the gas phase. Because of their rather
simple handling on the one side and the strong measurement signals obtained on the
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other, atomic clusters have very regularly been the target of choice in experiments in
the start-up and commissioning phases of short-wavelength FELs and their respective
endstations233,28,29,176,62,27,32,131,156,121,238,77,200,104,2,215.

Already the first experiments on clusters at the XUV-FEL FLASH233, at that time
still called Tesla-test facility 2, started out with a surprise; the ionization states measured
were higher than expected, and in particular higher than or at least almost as high as the
ionization states of atomic gas irradiated with the same intensities233,232,196. In the long-
wavelength regime, due to inverse bremsstrahlung heatingax and subsequent impact ioniza-
tion, the interaction with clusters is always producing higher charge states as with atomic
gas51, but this process scales with the square of the wavelength and thus should have neg-
ligible influence in the VUV and XUV regime183. Sparked by the first interesting observa-
tions, a large number of theoretical works184,188,208,183,241,67,9,242,3,4,161,114,159 and subsequent
experimental studies at FELs232,119,120,26,98,224,75,30,31,83,194,225,76,156,121,148,147,216,84,73,180,69,115,116,97,185

and HHG sources196–198 were carried out, leading to an ever deeper understanding of the
key mechanisms in the short wavelength regime.

5.4.2 Interaction model in three phases
In a widely accepted simple model233,183, we view the intricate evolution of clusters in-
duced by intense short-wavelength pulses as a dynamics in three phases (see Figure 5.21).
At the beginning of the short-wavelength pulse, the individual atoms of the clusters are
photoionized, analog to isolated atoms in a gas, and the cluster environment plays only
a minor role. This is in particular true for van-der Waals bound rare-gas clusters with
atomic-like electronic structure. Photoionization in the short-wavelength regime, even
with very intense pulses, is dominated by sequential single-photon absorption211,79. Tran-
sient resonances in the ionisation sequence can play an important role108,177,137,174,117. At
higher photon energies inner-shell holes are created followed by Auger-Meitner decay and
thus the creation of additional free electrons9.

The second phase starts when electron emission, or ‘outer ionization’, becomes frus-
trated and a nanoplasma is formed26,9. Still, ‘inner ionized’ electrons are separated from
their parent ions but they stay bound to the charge of the cluster compound. Further
interaction channels open up, such as electron impact ionization3,147. The distinction
between inner and outer ionization 124 was already used in the IR regime, where the
initial ionization by multiphoton absorption or tunneling leads to electrons without any
residual energy that subsequently are accelerated in the slowly changing electromagnetic
field112,183. Already the first few electrons are thus bound to the cluster compound until

axThe mechanism is called inverse bremsstrahlung because energy is directly transferred from light
field to electron. A free electron in vaccuum gains kinetic energy in a light pulse but it looses it again
when the pulse is over, as it just follows the light field. Scattering events occurring in a dense nanoplasma,
however, bring accelerated electrons out of phase with respect to the light field, and the free electrons
can thus accumulate energy.
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Figure 5.21: Simple picture of laser-cluster interaction in three phases. Phase I: on a few-
femtosecond time scale, the atoms are photo-ionized and the cluster environment plays a
minor role. Phase II: through charging, the cluster potential becomes deeper and electron
emission is frustrated. A nanoplasma forms and evolves during the tens or hundreds of
femtosecond pulse. Phase III: the cluster disintegrates within few pico- to nanoseconds.
Also, recombination and relaxation processes take place. Potential wells adapted from
reference [9] with permission of the corresponding author.

they become hot enough to leave the cluster. In the short wavelength regime, the for-
mation of a nanoplasma is instead delayed due to significant residual energy of the elec-
tronsay, that allows them to leave the cluster until it has accumulated a charge creating
a potential as deep as the residual energy26,8. The turning point of frustrated emission
can be estimated via the frustration parameter9 that compares the number of created
plasma electrons with the number of electrons that can leave the cluster, the latter being
estimated from the simple equation of a probe charge leaving a charged sphere’s surface.

In case of an ongoing irradiation after emission frustration, a cloud of quasi-free elec-
trons is formed and subsequently thermalizes. Its hot tail can boil off120,30, resulting in
further charging and deepening of the cluster potential. Until ionic motion becomes sig-
nificant, only a few processes can add or take energy from the electron cloud. In addition
to cooling by thermal emission30, energy can dissipate by inelastic collisions of electrons
with atoms or ions in the cluster (i.e. impact ionization or collisional excitation147). A
gain in electron temperature results from ongoing photoionization8 as every new electrons
brings in the residual energy, and from recombination of the slowest plasma electrons with
cluster ions180, which returns the binding energy to the remaining plasma via a second
involved electron in a three-body collision. The ionic motion can however set in very fast83

and proceed quite far already during the pulse, in particular at high photon energies, high
pulse intensities, and for small cluster sizes, thus the clear separation here is a limitation

ayThis is the difference between photon energy and electron binding energy, or, in case of Auger-
Meitner electrons, between the energy gained by relaxing one electron and the binding energy of the
other.

42



A.
Co

lo
mb

o,
D.

Ru
pp

–
ed

.
K.

Am
in

i,
A.

Ro
uz

ée
,

an
d

M.
J.

J.
Vr

ak
ki

ng
•

PR
E-

PR
IN

T
(M

ay
20

25
)

• A. Colombo, D. Rupp – Imaging clusters and their dynamics with single-shot coherent diffraction

of the simplified three-phase model.
Finally, during the third phase, when the interaction with the pulse is over, the highly

excited cluster nanoplasma will disintegrate by Coulomb Explosion and/or Hydrodynamic
Expansion, depending on the net charge on the cluster and the temperature of the electron
cloud9 (see Figure 5.22). Also recombination and relaxation processes are important in
this phase197,115. While the ionization states reached within clusters and atomic gas
during irradiation are similar211,195, the final measured ionization states are usually much
lower233,232. In the dense and fully screened part of the cluster nanoplasma, collisional
processes can not only increase the charge states, they particularly also contribute to
three-body recombination and thus to a lowering of the charge states98,180. However,
recombination often occurs into highly excited Rydberg states198 that can be re-ionized
late in the disintegration, e.g. by the constant electric field of the spectrometer, which
can thus increase the observed ionization states again68.

Pure Coulomb Explosion occurs when all created electrons have left the cluster and
it carries a positive net charge. In this limit case (which is physically possible) the
subsequent disintegration is directly driven by the repulsion of the positively charged
ions. A characteristic feature of Coulomb Explosion is a homogeneous intensity drop (see
Figure 5.22a).

In the limit of Hydrodynamic Expansion (see Figure 5.22b), all created electrons
have been captured by the cluster potential and screen the ions. Therefore the dense
nanoplasma is net-neutral. However, the electron temperature is non-zero, thus the elec-
tron cloud will spill out of the ionic background, leading to a gradual surface softening84,162

while inner ions stay screened and still until the ongoing expansion reaches them or they
have recombined fully73,180. To understand the energy transfer mechanism, also referred
to as expansion cooling, a simplified microscopical view is instructive: Fast electrons in
the nanoplasma can propagate freely through the field free inner of the cluster, where
the ions are screened by other electrons. When they reach the surface, entering vacuum,
they leave a positive net-charge behind, pulling them back into the cluster. While they
remain outside of the cluster, the surface ions are only partially screened by the electron
cloud and feel a mutual repulsion. The ions accelerate away from the cluster, flattening
the cluster potential. In consequence, the returning electrons will not regain their full
previous velocitiesaz.

We note that in reality, a net-neutral nanoplasma can only be an approximation;
for a finite electron temperature some electrons will always be able to leave the cluster
compound. A more realistic (and in case of moderate electron temperatures as created
in the XUV regime even pretty accurate) picture is the combined Coulomb Explosion of
the shell and Hydrodynamic Expansion of the core224,161. Plasma electrons are pulled
into the centre of the cluster, fully screening it and leaving an unscreened surface of ions
which Coulomb explodes quickly, and a remaining quasi-neutral nanoplasma dissolving

azWe note that it is of course also a Coulombic interaction that drives Hydrodynamic Expansion. This
has been realized early on145,9, but the name has led to some confusion125.

43



A.
Co

lo
mb

o,
D.

Ru
pp

–
ed

.
K.

Am
in

i,
A.

Ro
uz

ée
,

an
d

M.
J.

J.
Vr

ak
ki

ng
•

PR
E-

PR
IN

T
(M

ay
20

25
)

• A. Colombo, D. Rupp – Imaging clusters and their dynamics with single-shot coherent diffraction

Figure 5.22: Schematics of (a) Coulomb Explosion, resulting in self-similar expansion,
and (b) Hydrodynamic Expansion, leading to surface softening.

by Hydrodynamic Expansion.

5.4.3 A new quality with single cluster imaging and simultane-
ous spectroscopy

Conventional cluster experiments on ensembles of clusters suffer from averaging over clus-
ter size distributions and laser intensity profiles, washing out characteristic signatures103.
A new quality of experiments was reached by combining single-cluster imaging and si-
multaneous spectroscopy of ion time-of-flight spectra29,83,180,185 (see also Figure 5.2). The
diffraction pattern allows to determine particle size and FEL intensity, while ionic resid-
uals of the interaction are measured simultaneously and sorted in post-processing on the
information from the diffraction image. Also other residuals are possible to be combined
with CDI such as electrons, fluorescence, or stimulated emission from clusters15.

While ion spectra obtained from ensembles of clusters are dominated by the con-
tribution from the wings of the focal intensity distribution83, the brightest single-shot
single-cluster spectra from xenon clusters irradiated with intense X-ray pulses yielded
only high charge states, giving new insight into suppression of recombination and trig-
gering a discussion of the contribution of re-ionization long after the interaction197,198.
At reduced intensities and using helium nanodroplets as a more weakly interacting tar-
get, the full transition from Coulomb Explosion to Hydrodynamic Expansion could be
mapped185. From the single-cluster spectra of xenon clusters irradiated by an order of
magnitude smaller photon energy, the imprint of recombination and its previously unrec-
ognized contribution to plasma heating was found180.

5.5 Time-resolved imaging of structural dynamics
The femtosecond snapshots taken with single-shot single-particle CDI make the method
also ideally suited for resolving changes in nanoparticles in time and space after irradiation
with an opticalba laser pulse (see Figure 5.23).

baX-ray induced dynamics can be studied by capturing two consecutive images of the same particle in
X-ray-pump X-ray-probe measurements. This, however, requires ways to separate the overlaying diffrac-
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Figure 5.23: (a) Radial profiles of diffraction patterns from NIR excited nanoparticles show
a decaying large-angle signal with delay. Thickness of solid core and softened surface can
be reconstructed. Adapted from Reference [ 162] with permission of the corresponding
author. (b) Sketch of experimental setup and diffraction patterns from NIR excited
pure helium droplets. Their clear directionality indicates fast explosion in polarization
direction.11 Reprinted with permission of American Physical Society, Copyright 2022.

One important aspect for time-resolved imaging of unique structures such as the rare-
gas or metal clusters introduced above is the fact that the structure of the original particle
is not known and it may be hard to compare events from different delays. A possible
strategy is to use repetitive targets, for example by controlled splitting of liquid jets111,
or by using wet-chemically produced nanoparticles with a small distribution of shapes
and sizes (see TEM image in Figure 5.23 a).

The temporal resolution of such experiments is limited by the pulse durations of optical
and short wavelength laser pulses, as well as the temporal jitter between both. Several
methods have been developed at FELs to measure the timing jitter for each pair of
pulses and to re-sort individual events based on this information78,48. This way, the time
resolution of laser-pump X-ray-probe experiments at FEL facilities could be lowered to
tens of femtoseconds191, which is fast enough to “film” the motion of ions or atoms after
laser excitation, but not for studying electron dynamics. In this respect, HHG-based
sources are still superior. They are comparatively compact, avoiding a large source of
jitter, and infrared and shortwave pulses are inherently fixed to sub-femtosecond accuracy
with respect to each other due to the generation process. An outlook on the upcoming

tion images of pump and probe pulses. Only few attempts have been made so far69,190,94. The approach
may become more important, as promising pathways have opened up recently with two-color FEL pulses
with accurately controlled delays130,206,168 and CDI detectors that are capable of separating different
photon energies214,118,146. Here, we will focus on scenarios using optical pump pulses for excitation of
clusters and nanoparticles.
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field of CDI of electron dynamics is given in Section 5.5.4.

5.5.1 Time-resolved imaging of an expanding nanoplasma
The dynamics of clusters84,73, nanodroplets11 and very regular nanoparticles162 of tens
to hundreds of nanometers diameter, excited with intense near infrared (NIR) pulses re-
sults, have been investigated with time-resolved CDI. On a time-scale of femtoseconds
to picoseconds (depending on the laser intensity, the size of the nanostructures, and the
respective atomic masses and thus inertia) the surface of the particles softens by the domi-
nating hydrodynamic expansion. Consequently, the diffraction signal at large angles drops
and disappearsbb. This phenomenon is exemplified in Figure 5.23 a162. The analysis of
slope and spacing of the diffraction fringes as a function of delay allows to retrieve detailed
information on the nanoplasma expansion and direct comparison with modeling162,11. For
very large, heavy systems, the slow hydrodynamic expansion takes long enough to let the
inner part of the cluster nanoplasma recombine fully and disintegrate on a nanosecond
time scale as a warm cloud of neutral gas73. In the other limit of very light atoms using
pure helium nanodroplets, a strong directionality of the nanoplasma evolution along the
laser polarization axis is observed11 (see Figure 5.23b).

5.5.2 Doping induced ignition vs. undoped helium droplet ex-
plosion

The dynamics induced by an intense NIR laser pulse in a helium nanodroplet can be
strongly altered by changing from a pristine droplet to a xenon-doped system126,141,142.
The heavier atoms are much more easily ionized by the NIR field, and theoretical modeling
indicates that already a few xenon atoms in a large helium droplet suffice to ignite a
nanoplasma at much reduced laser intensities. From static CDI experiments of xenon-
doped helium droplets (see Fig. 5.19 b,c) it is known that the distribution of xenon within
a helium droplet is governed by the localization of quantum vortices which tend to capture
the xenon atoms. Accordingly, after igniting a nanoplasma in helium droplets at more
moderate NIR intensities as in Reference [11], the evolution results in distinctly different
patterns with particular symmetries123 (see Fig. 5.24).

5.5.3 Resolving ultrafast melting and boiling
Slowly heated matter undergoes the well-known phase transition from solid to liquid to
gaseous. For very fast laser-heating, new phenomena such as cavitation of a superheated
liquid occur. In a recent experiment53,54, Coulomb-driven strong-field effects were avoided
by homogeneously heating silver clusters via their Mie plasmon resonance113,59 with a

bbAn intuitive picture is the limiting case of a fully smoothed Gaussian distribution: the Fourier
transform of a Gaussian is a Gaussian, so the diffraction pattern consists only of the central maximum.
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Figure 5.24: (a) Wide-angle diffraction pattern and matching simulation of a doping-
ignited helium nanodroplet.123 Figure reprinted with permission of corresponding author.
(b) Hundreds of picoseconds after plasmonic excitation with a rather weak 400 nm laser,
silver clusters show faceted shapes, a thin-walled bubble, or fragments.54 Reprinted with
permission from corresponding author.

rather weak 400 nm laser pulse54 (see Figure 5.24b). At delays of hundreds of picoseconds
after irradiation, still compact, faceted structures coexist with large, hollow ”nanobubbles”
and fragments of exploded bubbles. The results on free plasmon-heated silver nanoclus-
ters mostly agree with previous work on NIR-heated, deposited metal nanoparticles41,101,
however, the influence of the deposition surface and possible Coulomb-driven effects in the
latter experiments cannot be disentangled from the ultrafast melting process in these ex-
periments, possibly leading to differing observations like off-center bubbles which rapture
at much smaller bubble sizes101.

5.5.4 Outlook: Towards attosecond CDI of electron dynamics
Until today, most CDI applications rely on the strong “diffraction before destruction” as-
sumption39, where the electronic density is considered constant throughout the duration
of the X-ray pulse, and the destruction of the sample sets in only afterwards. Electron
dynamics occurring during obtaining the diffraction patterns are usually neglected or seen
as “ultrafast radiation damage”. At the same time, it is clear that the process of CDI is
intrinsically sensitive to electron dynamics163. Elastic light scattering takes place at the
electrons bound to the nanoscale object, leading to a change in the scattering response
for a strongly altered electron configuration. Experiments on single clusters have shown
that ultrafast electronic changes can indeed become visible in an otherwise homogeneous
nanoparticle31,182. With near-resonant CDI changes in the diffraction signal due to ion-
ization could be made visible, and even some spatial information on the inhomogeneous
distribution of high charge states in the nanoplasma could be extracted182. Utilizing the
sensitivity of CDI on electronic structure as a tool is however only in its infancy because,
until very recently, available FEL pulses had durations of several tens or hundreds of
femtoseconds, too long to resolve electron dynamics.
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Intense XUV pulse trains and even isolated attosecond pulses have been developed at
HHG sources around the world within the last decade140. In a favourable combination
of parameters, single-pulse single-particle HHG-CDI has been demonstrated181 and first
associated time-resolved experiments245,204 using intense HHG-based XUV sources196,205

provide a promising outlook of using HHG-based CDI in the study of electron dynamics.
Within the last few years, also the FEL community has seen a leap into the attosec-

ond regime55,136,17,152, driving the emergence of ideas on how to deal with broadband or
polychromatic attosecond coherent diffraction images1,236,187,133,100. Moreover, theoretical
predictions for signatures of ultrafast electron dynamics in the CDI signal52,163,165,164,114,166

show that the extraction of “dynamic scatterer information” will require the development
of novel analysis approaches.

The very first work on experimental attoCDI of isolated rare-gas clusters from the
group of Tais Gorkhover117 indicates an enhancement of the scattering signal for the
shortest pulse durations, which is assigned to transient resonances. This is very exciting
as it may provide better means for single-molecule imaging. X-ray pulses with parameters
as projected by simulating successful single-molecule imaging151 are just now becoming
available55, and the run for the molecular movie is not over58, surprises are to be awaited.
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