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We demonstrate a spectrum demodulation technique allowing for rapid imaging in scanning nitrogen-
vacancy center magnetometry. Our method relies on a periodic excitation of the electron spin resonance
by wide-band frequency sweeps at a kilohertz rate combined with a phase-locked detection of the photo-
luminescence signal. The technique is robust against changes in spectrum shape and photoluminescence
intensity, and is readily extended by a frequency feedback to enable real-time tracking of the spin reso-
nance. Fast scanning magnetometry is especially useful for samples where the signal dynamic range is
large, of order millitesla, such as for ferromagnets or ferrimagnets. We demonstrate our method by map-
ping stray fields above the model antiferromagnet α-Fe2O3 (hematite) at pixel rates of up to 100 Hz and
an image resolution exceeding one megapixel.
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I. INTRODUCTION

The scanning nitrogen-vacancy (N-V) magnetometer
is a next-generation scanning probe microscope able to
quantitatively map surface magnetic stray fields with sub-
50-nm spatial resolution [1–4]. The technique relies on
a single, optically readable defect spin embedded in a
sharp diamond tip that is scanned over the sample of
interest. Scanning N-V magnetometry exploits the prin-
ciples of quantum metrology to reach very high sensitiv-
ities, leading to alternative opportunities in the imaging
of weakly magnetic systems. In the recent past, scanning
N-V magnetometry has been used to map the stray field
of magnetic vortices and domain walls in ferromagnets
[5–8], antiferromagnets [9–13] and multiferroics [14–16],
skyrmions [17–20], superconducting vortices [21–23], and
two-dimensional ferromagnetism [24–26].

In the most commonly used detection scheme, the spin
resonance frequency f0 of the N-V center is tracked using
continuous-wave optically detected magnetic resonance
(ODMR) spectroscopy, and later converted to units of
magnetic field using the spin’s gyromagnetic ratio (γe =
2π × 28 GHz/T) [27]. In this scheme, the microwave
excitation frequency is scanned slowly across the spin res-
onance and the resulting absorption line shape, detected
using a photoluminescence (PL) measurement, fitted to
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extract the resonance position. Although this scheme
works well for slow acquisition speeds, the nonlinear
least-squares fitting of the spectrum is computationally
expensive and ill-suited for real-time performance past a
few hertz. On the other hand, excitation of the resonance
at a single or a few frequencies can be employed to sim-
plify and speed up the data taking [2,28–30], at the cost
of reduced stability against spectral changes and a narrow
signal dynamic range. The possibility of acquiring a scan
in a matter of minutes rather than hours or days is enticing,
and would further bolster the versatility of the technique.

Several concepts for speeding up image acquisition
have been presented in the past. These include qualita-
tive approaches that rely on PL quenching [3] or fixed-
frequency excitation [2], semiquantitative approaches
using multifrequency excitation [31], resonance tracking
[28], a posteriori field reconstruction [32], or combinations
thereof [32]. The highest reported scan rates for single spin
magnetometry are around 40 pixels/s in imaging [32] and
100 samples/s in stationary benchmarks [28]. For ensem-
ble N-V sensing, real-time field tracking up to several
hundred hertz has been reported [30,33,34].

In this work we present a signal demodulation method
that easily scales to sample rates of 100 Hz and beyond,
yet is directly quantitative without the need for postpro-
cessing, and that can tolerate sudden jumps of the magnetic
field. Our method is based on periodic excitation of the
spin resonance by fast, wide-band frequency sweeps and
spectral demodulation of the resulting PL signal. We also

2331-7019/23/19(3)/034003(12) 034003-1 © 2023 American Physical Society

https://orcid.org/0000-0002-3666-7400
https://orcid.org/0000-0002-9846-1627
https://orcid.org/0000-0002-0005-8048
https://orcid.org/0000-0003-2934-5697
https://orcid.org/0000-0003-2432-4301
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.19.034003&domain=pdf&date_stamp=2023-03-01
http://dx.doi.org/10.1103/PhysRevApplied.19.034003


P. WELTER et al. PHYS. REV. APPLIED 19, 034003 (2023)

implement a real-time feedback to further increase the
dynamic range. We demonstrate our technique by imaging
the magnetic surface texture and domain structure of an
antiferromagnetic thin film at pixel rates of up to 100 Hz.

II. TRADITIONAL RESONANCE DETECTION

The canonical detection method in ODMR involves
slowly sweeping the microwave excitation frequency
across the spin resonance and monitoring the optical PL
emission [35]. By fitting of the resonance curve with an
appropriate line shape, most often Lorentzian,

R(f ) = R0

[
1 − ε

(
1 + [f − f0]2

�2

)−1
]

, (1)

the resonance frequency f0 as well as other parameters
including the resonance linewidth �, spin contrast ε, and
PL emission rate R0 can be extracted [Fig. 1(a)]. To avoid
the computationally expensive fitting, the change in reso-
nance frequency f0 can also be detected by observing the
change in amplitude �R at a single frequency f [blue dots
in Fig. 1(a)]. This ‘amplitude detection’ can be extended
to a few discrete frequency values to increase robust-
ness [29]. Alternatively, a small (sublinewidth) modulation
of the microwave frequency or bias field can be applied
to record a differential line shape or to frequency lock to
the resonance [28,36]. The above procedures work well for
analyzing spectra at a slow rate or for detecting and track-
ing small δf0 < � changes in the resonance frequency.
However, they are ill-suited for real-time tracking of large
spectral shifts.

III. SPECTRUM DEMODULATION

In our spectrum demodulation method, the microwave
drive f (t) is swept quickly across a wide frequency win-
dow much larger than the resonance linewidth using a
sawtooth frequency modulation. The modulation rate fmod
is chosen much faster than the intended integration time
per spectrum, yet much slower than the absorption and
repolarization rates of the spin. The recorded PL signal as
a function of time R(t) is then a periodic concatenation of
(truncated) resonance line shapes [Fig. 1(b)]. By measur-
ing the relative phase between the sawtooth drive f (t) and
the PL signal R(t),

φ = 2π(f0 − fc)
�fwin

, (2)

one can directly determine the frequency offset f0 − fc.
Here, fc is the center frequency and ±�fwin/2 the fre-
quency span of the sawtooth modulation. Importantly, the
phase φ is insensitive to the detailed line shape of the
resonance.
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FIG. 1. (a) In traditional ODMR spectroscopy, the resonance
frequency f0 is estimated by fitting the spectral peak. Changes in
magnetic field shift the position of the spectrum (dashed line).
Here R0 is the intensity of PL emission, ε the spin contrast, and
� the linewidth parameter of the absorptive line shape. (b) In the
spectrum demodulation technique, the spin resonance is excited
periodically by fast microwave frequency sweeps (black saw-
tooth curve). The frequency modulation window �fwin is chosen
larger than �. A change in the spin resonance by δf0 then causes
a phase shift δφ = 2πδf0/�fwin of the PL signal compared with
the microwave drive (dashed line). The phase shift is measured
by demodulating the PL signal, e.g., by a lock-in amplifier.

To experimentally determine φ, we demodulate R(t) at
the modulation frequency fmod (for example, using a lock-
in amplifier) and compute the argument of the in-phase and
quadrature channels,

a1 := 〈R(t) · e2π ifmodt〉, (3)

φ = arg(a1) = arctan(Y/X ), (4)

where the angled brackets represent an average or a low-
pass filter to reject the image at 2fmod. Here X = Re(a1)

and Y = Im(a1) are the in-phase and quadrature parts of
the complex signal a1, respectively. The desired frequency
f0 then follows from Eq. (2),

f0 = fc + φ�fwin

2π
, (5)

where the phase φ ∈ [−π , π [.
The demodulation can be extended to higher harmonics

nfmod of R(f ), yielding a series of coefficients an. A shift
of the resonance frequency results in phase shifts of nφ

for the harmonic of order n. The expected amplitudes of
higher harmonics are generally decreasing exponentially,
therefore, phase measurements of the higher harmonics are
increasingly noisy. Nevertheless, the higher harmonics can
be included in the analysis to obtain an improved estimate
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for f0 (Appendices A and B). Furthermore, including har-
monics up to second order allows extracting estimates for
the resonance parameters �, ε, and R0. For a Lorentzian
line shape, these are given by (see Appendix A)

� ≈ �fwin

2π
ln

∣∣∣∣a1

a2

∣∣∣∣ , (6)

ε ≈ �fwin

π�
e2π�/�fwin

∣∣∣∣a1

a0

∣∣∣∣ , (7)

R0 ≈ a0. (8)

A more advanced analysis (Appendix B) also exploits
phase information from the higher-order coefficients
to improve the estimation of both the resonance fre-
quency and the other parameters. However, in practice,
Eqs. (6)–(8) already provide decent estimates for the reso-
nance parameters.

IV. IMPLEMENTATION

A variety of ways may be devised to implement a spec-
trum demodulator. The key elements of the system are
shown in Fig. 2 and include: (i) the demodulator itself,
(ii) a data processing unit for extracting the resonance
parameters, and (iii) optionally, a feedback to enable res-
onance tracking. In our system, the frequency modulation
is generated on an arbitrary waveform generator, photode-
tection achieved via a single-photon avalanche photodiode
(APD) and digital counter card, and all demodulation tasks
are performed in software (see Sec. VII).

Many other implementations can be considered: a fully
analog system may combine a linear avalanche photodi-
ode (or a Geiger-mode APD with a downstream low-pass
filter) with a lock-in amplifier and a proportional-integral-
derivative (PID) controller. Conversely, a fully digital ver-
sion may use a microprocessor to perform demodulation,
signal extraction, and tracking in a single unit. Likewise,
frequency modulation may be realized digitally (by direct
digital synthesis) or fully analog (via a voltage-controlled
oscillator).

V. SENSITIVITY

We next analyze the sensitivity of the spectrum demod-
ulation technique and compare it to the conventional meth-
ods. The main source of noise in the optical detection
system is photon shot noise. For low spin contrast ε � 1,
which is a good approximation for N-V centers, the noise
is Poissonian and white and the power spectral density is
simply given by S = R0 [37]. Assuming a signal integra-
tion time of tint, the equivalent noise bandwidth of the filter
from Eq. (3) is 2/tint, and the variance of the demodulated
signal is σ 2 = R0/tint. This variance is evenly distributed
over both quadratures, σ 2

X = σ 2
Y = R0/2tint.
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FIG. 2. Block diagram of the spectrum demodulator. The com-
plete system consists of a conventional N-V magnetometer setup
to which a demodulator is added (dashed blue box). The demod-
ulator can be implemented in a variety of ways and always
includes a lock-in amplifier and data processing unit. The lock-in
amplifier computes the demodulated signals an, each represent-
ing the complex amplitude at the harmonic frequencies nfmod.
The data processing unit computes an estimate of the N-V reso-
nance frequency f0 (and possibly other parameters including R0,
ε, �) from the signals an. Data processing can be a simple arith-
metic operation [Eqs. (4) and (5)], or can use advanced methods
such as Kalman or particle filters for improved sensitivity. Reso-
nance tracking may optionally be implemented by feeding back
the estimate of the resonance frequency f0 to dynamically adjust
the center frequency fc of the microwave modulation. In that case
the spectrum demodulator together with the microwave synthe-
sizer form a phase-locked loop that locks onto the N-V resonance
frequency.

Next, we use Eqs. (4) and (5) to convert the uncertain-
ties in X and Y into an uncertainty δf0 of the estimated
frequency shift (see Appendix A for derivation). The sen-
sitivity η, defined as the uncertainty δf0 normalized to unit
time, is then given by

η = δf0
√

tint ≈ 2�

ε
√

R0
× α2eπ/α

√
2π2

. (9)

Here, we introduce the relative window size α =
�fwin/(2�) as the ratio between �fwin and 2�, and assume
that α � 1.

It is instructive to compare Eq. (9) to the optimum
sensitivity figure for amplitude detection [Fig. 1(a)] [38],

η ≈ 2�

ε
√

R0
× 0.77 (10)
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and to that of a least-squares fit (Appendix C),

η = 2�

ε
√

R0
×

√
2α/π . (11)

Clearly, for small α → 1, the sensitivity of all techniques
is similar. This is not surprising, because most frequency
points lie in the vicinity of the resonance and contain useful
information. Conversely, for α 	 1, the sensitivity rapidly
(η ∝ α2) deteriorates for our spectrum demodulation tech-
nique because the signal power is increasingly distributed
over higher-harmonic coefficients an. In principle, the η ∝√

α behavior of least-squares fitting can be recovered by
including the an in the analysis, however, this comes at
the cost of increased analytical complexity (Appendix B).
Overall, the window size α is an important parameter in
our spectrum demodulation technique, because it provides
us with a knob to balance between a large signal range
(large α) and a high sensitivity (small η).

VI. TRACKING

To combine a high sensitivity with a large signal range,
it is useful to include a tracking method that dynami-
cally recenters the frequency modulation window to the
resonance position f0, effectively forming a phase-locked
loop. In our implementation, we adjust the center fre-
quency fc of the microwave drive to the last estimate
for f0 after every time step. Although more optimal
and sophisticated tracking algorithms exist [39], we find
this simple feedback to be satisfactory in most of our
experiments.

Ultimately, the choice of window size �fwin is a trade-off
between signal-to-noise ratio (SNR) and tracking speed.
The maximum frequency step allowed between two sam-
ples is given by �fwin/2. This implies a maximum tracking
rate (slew rate) for frequency jumps of

SR = �fwin

2tint
. (12)

Using parameters typical for the experiments presented
below (�fwin = 30 MHz, tint = 10 ms, cf. Fig. 4), the
maximum slew rate is approximately SR = 1.5 GHz/s
corresponding to a magnetic slew rate of 2π/γeSR ∼
50 mT/s.

VII. EXPERIMENTAL RESULTS

We experimentally demonstrate our spectrum demodu-
lation technique using a commercial scanning magnetome-
ter instrument (QSM, QZabre). The scanning magnetome-
ter is equipped with an arbitrary waveform generator and
local oscillator (LO) for microwave control, and a single-
photon counting module for optical detection. We imple-
ment the frequency modulation by generating microwave

chirp pulses at fmod = 1 kHz around a 100 MHz baseband
frequency, and mix it with the LO to the desired 2–4 GHz
final frequency centered at fc. We use an avalanche pho-
todiode and a data acquisition card to count and bin the
photons at a 20 µs dwell, corresponding to a data rate
of 50 000 points per second. We demodulate the time
trace in software by computing a fast Fourier transform
of segments of duration tint and retaining the coefficients
corresponding to nfmod. We then extract the resonance fre-
quency f0 from the phase of the first Fourier coefficient as
per Eq. (5). Frequency tracking, when enabled, is imple-
mented by updating the LO frequency according to the
previously measured resonance frequency f0. In our cur-
rent implementation, there is substantial latency associated
with this process (up to 10 ms), and in tracking mode we
limit the maximum sample rate to 50 Hz. A future imple-
mentation will reduce this bottleneck by using an LO with
lower latency.

We start experiments by assessing the sensitivity of the
method. For this purpose, we record the resonance fre-
quency f0 at a constant rate given by tint for a total of 200
samples without applying a magnetic signal. We then plot
the standard deviation of the data record as a function of
tint. Figure 3(a) shows the measured standard deviation for
four window sizes �fwin. In all cases, the standard devi-
ation scales with the inverse square root of tint. This is
expected from Eq. (A13) and confirms that the measure-
ment is limited by shot noise. In Fig. 3(b) we plot the
sensitivity η as a function of window size α = �fwin/(2�).
The experimental data matches the sensitivity model from
Eq. (9) exceptionally well. Figure 3(b) also shows theory
curves for least-squares fitting given by Eq. (11) as well as
the lower bound imposed by Eq. (10). The best sensitiv-
ity achieved in Fig. 3(b) is approximately 4 µT/

√
Hz for

α ≈ 2, which is close to the theoretical limit of amplitude
detection (η = 2.2 µT/

√
Hz).

To test the dynamic performance, we hover the scan-
ning probe above a small copper coil (∅5 mm) and feed
a current waveform through the coil. Figure 4 presents
traces of the resulting coil magnetic field recorded at a
rate of 50 Hz. For reference, we also show the applied
waveform on a matching scale (orange trace). Figure 4(a)
shows a trace recorded without tracking. Here, the dynamic
range is limited to ± 1

2γe�fwin = ±0.53 mT by the chosen
window size of �fwin = 30 MHz. Signals exceeding this
range cannot be detected (not shown). Figure 4(b) shows a
corresponding trace with the tracking enabled. The signal
range is now much larger while the SNR is only marginally
reduced (due to feedback latency). The fastest field change
in Fig. 4(b) is approximately 28 mT/s, not far below the
theoretical maximum of ca. 50 mT/s [Eq. (12)]. In both
figures, gray bars indicate the instantaneous tracking win-
dow �fwin.

Whether or not the tracking should be enabled depends
on the expected signal magnitude. If the expected signal
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FIG. 3. (a) Experimental standard deviation of the demodu-
lator frequency output f0 computed from 200 data points with
no magnetic field modulation applied, plotted as a function inte-
gration time tint and window size �fwin. The solid lines act as
guides to the eye, illustrating that the uncertainty scales as t−1/2

int
[Eq. (9)]. The right scale gives conversion to units of magnetic
field. (b) Experimental sensitivity versus relative window size
α = �fwin/(2�). The solid gray curve is the theory scaling [Eq.
(9)]. The dashed gray curve is the theory scaling for least-squares
fitting [Eq. (11)]. The dotted gray curve is the theoretical limit
for amplitude detection at the point of the steepest slope [Eq.
(10)]. Gray shading indicates the range of optimum α. In this
experiment, R0 ≈ 500 kCt/s, ε ≈ 15%, and 2� ≈ 10 MHz.

dynamic range is small, less than approximately ±30 MHz
(equal to approximately ±1 mT, i.e., 2 mT peak to peak),
tracking is not necessary. The linewidth can be artificially
broadened (or narrowed) by increasing (decreasing) the
microwave power, such as to remain close to an opti-
mum α ≈ 3. By contrast, if the expected signal is strong
(� ±30 MHz), tracking is recommended.

Finally, Fig. 5 shows images of the stray field above a
magnetic thin film obtained by scanning magnetometry.
The sample is a 10-nm film of α-Fe2O3 (hematite) grown
epitaxially on an Al2O3 (001) substrate by off-axis mag-
netron sputtering capped with a 5 nm layer of Pt and a 2 nm
layer of amorphous carbon. At room temperature, α-Fe2O3
exhibits weak ferromagnetism due to the canting of the
antiferromagnetically coupled magnetic sublattices within
the easy plane. The average domain size is of the order of
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FIG. 4. Real-time monitoring of the magnetic field generated
by passing a current through a coil underneath the N-V probe.
(a) With resonance tracking disabled. (b) With resonance track-
ing enabled. The waveform starts at t = 0 s, and consists of two
superimposed tones (0.8 and 4 Hz) with equal amplitude. Detec-
tion parameters are R0 ≈ 950 kCt/s, ε ≈ 18%, 2� ≈ 12 MHz,
and �fwin = 30 MHz.

1 µm making it a suitable materials system for our demon-
stration [41]. The large image [Fig. 5(a)] is 1350 × 760
pixels, recorded at a rate of 100 Hz and resulting in a total
measurement time of 3 h 5 min. Despite the fast acquisition
rate and the fairly weak signal (approximately 500 µT peak
to peak), the image shows exceptional detail and a high
SNR. Figures 5(b)–5(f) show a 100 × 100 pixel subsec-
tion of the image recorded at different rates ranging from 2
to 100 Hz. Although some loss in SNR becomes visible at
high rates, features are well resolved in all images while
the total acquisition time is dramatically reduced from
1 h 28 min to below 2 min. For comparison, recording the
large image at 2 Hz would have resulted in a scan time of
approximately one week.

VIII. OUTLOOK

In summary, we discuss a technique for fast and quan-
titative spin resonance frequency estimation based on a
combination of wide-band frequency modulation and lock-
in detection. Among the advantages of our method are its
inherent robustness against changes in the spectrum shape
and PL intensity, while offering similar speed and sensitiv-
ity. A further useful feature is the ability to work in open-
loop mode (without frequency tracking) and the possibility
of tuning the frequency window (via the parameter α),
allowing the user to choose between speed and dynamic
range. In addition, resonance parameters including the PL
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FIG. 5. Magnetometry scans on α-Fe2O3 films using the spectrum demodulation technique. (a) Large-area scan (27 × 15.2 µm)
containing 1.03 million pixels. Pixel rate is 100 Hz and spacing is 20 nm. Total scan time is 3 h 5 min. The diagonal stripe pattern is
likely due to steps in the surface topography [40] while the large-scale structure reflects the magnetic domains. (b)–(f) 100 × 100 pixel
scans recorded at varying rates, 2 to 100 Hz, in the region corresponding to the dashed rectangle in panel (a). Titles indicate the scan
rate and the total acquisition time. Pixel spacing is 50 nm. Experimental parameters are R0 ≈ 400 KCt/s, ε ≈ 20%, 2� ≈ 11 MHz,
and �fwin = 30 MHz. A small bias field of ca. 2.75 mT is applied along the N-V symmetry axis.

intensity R0, spin contrast ε, and linewidth � can be extract
at no extra measurement cost. We demonstrate our tech-
nique by imaging the weak surface stray fields above the
canted antiferromagnet α-Fe2O3, representing a wide class
of weakly magnetic materials including antiferromagnets,
ferrimagnets, and thin-film ferromagnets including two-
dimensional ferromagnets. We demonstrate data rates of
up to 100 Hz and image sizes of up to one megapixel.

Looking forward, the spectrum demodulation technique
can be further improved in several directions. A simple
extrapolation (Appendix D) indicates that the upper limit
to the pixel rate is above 1 kHz for our experimental
parameters, based on the available SNR. We currently
do not reach this rate due to hardware latency. More
advanced data processing and feedback techniques, such
as the Kalman or particle filters [39], will also increase

sensitivity and robustness and will possibly allow for even
faster rates. Furthermore, data can be postprocessed [32] to
optimize the SNR after a scan has completed.

Another interesting future avenue is the implementation
of gradiometry imaging. Recent work has demonstrated
spectacular improvements to sensitivity and image qual-
ity in scanning experiments by detecting the magnetic
field gradient [40]. Gradiometry relies on a mechanical
oscillation of the sensor above the sample surface, which
up-converts the local gradient into a time-varying field set
by the oscillation frequency. While the original implemen-
tation relied on pulsed ac quantum sensing techniques,
the concept can also be exploited in the context of the
spectrum demodulation. Assuming the mechanical oscilla-
tion frequency is fTF, magnetic field gradients will lead to
signal sidebands at fTF ± nfmod in addition to the original
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signal at nfmod. For typical tuning fork oscillators, fTF ∼
32 kHz is much larger than fmod = 1 kHz, therefore, sig-
nals are spectrally well separated. The gradient signal (and
if desired, higher-order derivatives around multiples of fTF)
can be demodulated in exactly the same way as the stan-
dard demodulation technique (see Appendix E for details).
Measuring the gradient in addition to the direct field takes
no extra measurement time, the only resource consumed is
additional computation time. In the particular case where
the scanning probe oscillates in the direction of the fast
scanning axis, an estimate of the gradient (even if noisy)
neatly integrates with a recursive estimator, improving the
dynamic prediction of the field at the next pixel.
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APPENDIX A: DERIVATION OF SENSITIVITY

We aim to compute the sensitivity to frequency shifts
based on a single coefficient a1. We start by deriving an
approximate analytical expression for a1. Assume zero
frequency shift (fc = f0). We define the sweep rate v =
fmod�fwin and the sweep period T = 1/fmod. Over a single
modulation period |t| < T/2, the luminescence time trace
is simply the Lorentzian line shape

L(t) := R(vt + fc) = R0(1 − ε[1 + (vt)2/�2]−1), (A1)

as per Eq. (1). We can use this expression to describe the
luminescence time trace over multiple periods,

R(t) =
( ∞∑

n=−∞
δ(t − nT)

)
∗

(
L(t) rect(t/T)

)
, (A2)

where rect(t/T) is the rectangular function that truncates
the Lorentzian. The convolution (∗) with a delta comb then
creates the periodic PL signal.

We next compute the Fourier transform of Eq. (A2),

F [R(t)] (f ) =
(

1
T

∞∑
k=−∞

δ

(
f − k

T

))

·
(
F [L] (f ) ∗ (T sinc(Tf ))

)
. (A3)

Here, we apply that multiplication and convolution are
dual operations under a Fourier transform, that the Fourier
transform of a comb is another comb, and that the
Fourier transform of rect(t) is a sinc function, sinc(x) =
sin(πx)/(πx). The Fourier transform of the Lorentzian is
a double-sided exponential,

F [L] (f ) = R0δ(f ) − πR0ε�

v
e−2π�|f |/v. (A4)

Note that we use the following convention for defining the
Fourier transform:

F [g](f ) :=
∫ ∞

−∞
g(t)e−2π iftdt. (A5)

In Eq. (A3), for frequencies no larger than a small multiple
of fmod, the sinc function is much sharper than the decaying
exponential in Eq. (A4), and we approximate

Tsinc(Tf ) ≈ δ(f ). (A6)

This approximation is equivalent to neglecting the trun-
cation, noting that (i) the Lorentzian has largely decayed
towards the side of the window, and (ii) the truncation cre-
ates a discontinuity that mostly contains higher frequencies
(	 fmod) that are rejected by the demodulation. Combining
Eqs. (A3), (A4), and (A6), we find that

F [R(t)] (f ) =
( ∞∑

k=−∞
δ

(
f − k

T

))

·
(R0

T
δ(f ) − πR0ε�

�fwin
e−2π�|f |/v

)
. (A7)

Here, the multiplication with the comb discretizes the spec-
trum of R(t), as expected from its periodicity. Indeed, we
can represent F [R(t)] (f ) as a Fourier series,

F [R(t)] (f )
!=

∞∑
k=−∞

akδ(f − k/T). (A8)

By comparison of coefficients, we find that

a0 = R0 − πR0ε�

�fwin
≈ R0, (A9)
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a1 ≈ πR0ε�

�fwin
e−2π�fmod/v = πR0ε�

�fwin
e−2π�/�fwin , (A10)

a2 ≈ πR0ε�

�fwin
e−4π�/�fwin . (A11)

As expected, a1 is purely real in the absence of a shift of
f0. Otherwise, by Eq. (2), a1 is rotated in the complex plane
by an angle φ. Since we know the magnitude |a1| from Eq.
(A10), as well as its variance from shot noise (σ 2

X = σ 2
Y =

R0/2tint, see main text), it is straightforward to compute the
uncertainty in its phase, using standard error propagation,

δφ =
√

R0/2tint

|a1| . (A12)

Equivalently, the uncertainty in estimated resonance fre-
quency [cf. Eq. (5)] is given by

δf0 = δφ
�fwin

2π
= 2�

ε
√

R0

α2eπ/α

√
2π2

(tint)
−1/2 . (A13)

In the last step we have introduced the relative window
size α = �fwin/(2�). The sensitivity η, defined as the
uncertainty in f0 normalized to unit time, is given by

η = δf0 · √
tint, (A14)

immediately yielding Eq. (9).
Solving Eqs. (A9)–(A11) for ε, �, and R0 yields

Eqs. (6)–(8),

a0 ≈ R0, (A15)

|a1/a2| = exp(2π�/�fwin)

⇒ � = �fwin

2π
ln |a1/a2| , (A16)

|a1/a0| ≈ πε�

�fwin
e−2π�/�fwin = πε

2α
e−π/α

⇒ ε = 2α

π
eπ/α

∣∣∣∣a1

a0

∣∣∣∣ . (A17)

APPENDIX B: HIGHER-ORDER COEFFICIENTS

The phase of a1 is a straightforward way to estimate
the resonance frequency. But we can extend our analy-
sis to include higher harmonics (nfmod), allowing us to
potentially improve sensitivity and extract information on
�, ε, and R0 at the same time. In the following, we will
move from a continuous-time picture to discrete time, and
assume we have sampled R(t) on a regular grid tk, with a
sampling time �t = tint/N and number of samples N . The

harmonic coefficients up to n = 2 are given by

a0 = 1
N

∑
k

R(tk), (B1)

a1 = 1
N

∑
k

R(tk)e2π ifmodtk , (B2)

a2 = 1
N

∑
k

R(tk)e2π i2fmodtk ,

. . . . (B3)

Note how we also include the dc value a0. Equation (B2)
is the discrete-time analogue of Eq. (3).

A shift of the resonance frequency that results in a phase
shift of a1 by φ will shift a2 by 2φ, and so on. The expected
amplitudes of higher harmonics are generally decreasing
exponentially (Appendix A), so measurements of the phase
of the higher harmonics are increasingly noisy. Indeed,
all coefficients have the same variance σ 2 = R0/tint, and,
by the central limit theorem, their distribution is closely
normal.

All of the coefficients aj carry usable information about
all of the parameters. For instance, Eqs. (6)–(8) clearly
discard the phase information in a2. The challenge is to
find a suitable way to combine all of these measurements
(real and imaginary part of each aj ) into a single estimate
of all the parameters. Because all aj satisfy the condi-
tion of being normally distributed with equal variances,
the maximum-likelihood estimate is in fact the one pro-
duced by least-squares optimization. That is, the optimum
estimate is

f̂0, ε̂, �̂, R̂0 = argmin
∑

j

|ãj − aj |2, (B4)

where ãj = ãj (f0, ε, �, R0) represent the expected coef-
ficients based on a model of the line shape, cf. Eqs.
(A9)–(A11).

With the only difference that the raw data are first
Fourier transformed, Eq. (B4) is equivalent to directly
fitting the Lorentzian spectrum, a method we earlier dis-
missed as too computationally expensive. The key advan-
tage here is that we can truncate the sum in Eq. (B4) at
perhaps n = 3, as the remaining aj are small and the infor-
mation they carry is minimal. But indeed there is a trade-off
to be made here, between computational complexity and
sensitivity.

APPENDIX C: DERIVATION OF SENSITIVITY OF
LEAST-SQUARES FITTING

Next, we aim to compare the uncertainty above in Eq.
(A13) to the standard method of least-squares fitting the
Lorentzian spectrum directly. A complete calculation of
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the error propagation through a full nonlinear least-squares
fitting operation is intractable and unlikely to yield any
tangible insights. Instead, to simplify the calculations, we
relax the requirements by making the following assump-
tions.

(a) We only fit the resonance frequency f0, and assume
that the linewidth �, contrast ε, and count rate R0 are
known exactly.

(b) We further assume that we already have a decent
estimate of f0, and we perform a single linear least-squares
step starting from the true value f0.

(c) Likewise, the window shall be well centered on the
resonance, i.e., fc ≈ f0.

Hence, the model function that we fit to our data is

Rf0(f ) = R0(1 − ε[1 + (f − f0)2/�2]−1). (C1)

Our measurement is a noisy sample of this function,

yk = Rf0(fk)
tint

N
+ wk, k = 1, . . . , N . (C2)

Here, we sample the spectrum at the frequencies fk. The
total integration time tint is spread across all N points. The
random variable wk ∼ N (0, σ 2 = Rotint/N ) captures the
shot noise.

The Jacobian of the least-squares problem reads

Jk = ∂Rf0(fk)
∂f0

tint

N
. (C3)

Note that because we are only fitting a single parameter
f0, the Jacobian is simply a row vector. Let f̂0 be the least-
squares estimate of the resonance frequency. Its variance is
given by

V

[
f̂0

]
= σ 2 (

J TJ
)−1

(C4)

= σ 2

(
N∑

k=1

J 2
k

)−1

(C5)

= σ 2

(
N∑

k=1

(
∂Rf0(fk)

∂f0

tint

N

)2
)−1

(C6)

≈ σ 2

(∫ fc+α�

fc−α�

(
∂Rf0(f )

∂f0

tint

N

)2 Ndf
�fwin

)−1

. (C7)

The integral runs over the frequency window. The approx-
imation in the last step is valid when the frequency points
are many (N 	 1) and equally spaced.

Inserting Eqs. (C1) into (C7), the integral can be solved
analytically, finally yielding

δf0 =
√

V

[
f̂0

]
= 2�

ε
√

Rotint
×

√√√√√ α

α4+ 8
3 ×α3−α

(1+α2)
3 + arctan α

,

(C8)

where α is the relative window size. This expression is
minimized for α ≈ 1. In that case, the square root evaluates
to approximately unity as well. The ultimate sensitivity
with least-squares fitting is thus

η
opt
lstsq = δf0 × √

tint ≈ 2�

ε
√

R0
, (C9)

similar to the optimum single-point sensitivity of ampli-
tude detection, see Eq. (10) in the main text. Note that,
in practice, this sensitivity is out of reach by a small fac-
tor. The reason is that resonance frequency is not the only
quantity that must be estimated from the data. Robust esti-
mation of also the contrast and the linewidth requires that
the window is large enough to also capture the tails of the
resonance (α � 2).

If the window is much larger than the linewidth (α 	
1, as required by wide-dynamic-range measurements), the
square root in Eq. (C8) is approximately

√
2α/π , meaning

that the sensitivity is given by

ηlstsq ≈ 2�

ε
√

R0
×

√
2α/π . (C10)

This expression scales like
√

α, which is intuitively plau-
sible as only a fraction of the total integration time, of
order tint/α, is spent sampling the spectrum near the actual
resonance line.

APPENDIX D: MAXIMUM RATE

We estimate an upper bound for the maximum track-
ing rate solely limited by the SNR. To get such a bound,
we determine the integration tint where the uncertainty in
δf0 [according to Eq. (A13)] becomes equal to the estimate
δf rand

0 one would obtain if the phase were completely ran-
dom over [−π , π [. Defining δf rand

0 by the square root of its
variance,

δf rand
0 = �fwin

2π

[
1

2π

∫ π

−π

dφ φ2
]1/2

= �fwin√
3

, (D1)

setting δf0 = δf rand
0 , and solving for t−1

int we find that

t−1
int = ε2R0π

4

6α2 exp
( 2π

α

) . (D2)
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Assuming numbers typical for our experiments (ε = 0.2,
R0 = 5 × 105 s−1, �fwin = 30 MHz, � = 5 MHz), we find
that t−1

int = 4.4 kHz.
On the other hand, the N-V center has a response time of

approximately 1 µs [28]. For accurate sensing, the sweep
period must be much larger than this, e.g., tint � 100 µs.
This equally imposes a limit on the maximum sampling of
the same order of magnitude.

APPENDIX E: DEMODULATION OF MAGNETIC
FIELD GRADIENT

In the following we show how demodulating the lumi-
nescence signal at fTF ± nfmod gives access to the magnetic
field gradient along the cantilever oscillation axis. In the
presence of a magnetic gradient, the probe experiences
an additional ac field, B(t) = B1 cos(2π fTFt), with B1 =
x0∂B/∂x, x0 and fTF being the cantilever oscillation ampli-
tude and frequency, respectively, ∂B/∂x the field gradient
along the oscillation axis, and B the vector component of
the magnetic field along the N-V anisotropy axis.

In the absence of a magnetic field gradient, the lumines-
cence signal is R(t), as per Eq. (A2). With a nonzero field
gradient, R(t) incurs an additional phase modulation,

R′(t) = R
(

t + �φ

2π fmod
cos (2π fTFt)

)
. (E1)

Here the phase modulation depth is �φ = γeB1/�fwin.
In the limit of a small gradient (�φ � 1), we can expand
Eq. (E1) to first order,

R′(t) ≈ R(t) + dR(t)
dt

�φ

2π fmod
cos (2π fTFt) . (E2)

The first term is simply the zero-gradient signal, from
which we extract the static field as by demodulation at fmod.
The second term is an amplitude modulation of dR(t)/dt
at the frequency fTF. We thus observe an up-converted
version of dR(t)/dt centered on fTF.

Next, we express R(t) as a Fourier series,

R(t) =
∞∑

k=−∞
ak exp (2π ikfmodt) , (E3)

where ak ∼ exp(−π |k|/α), see Eqs. (A4)–(A11). The time
derivative is given by

Ṙ(t) = 2π fmod

∞∑
k=−∞

ikak exp(2π ikfmodt) . (E4)

We next rewrite the second term in Eq. (E2) as

Ṙ(t)
�φ

2π fmod
cos (2π fTFt) (E5)

= Ṙ(t)
�φ

2π fmod
Re [exp(2π ifTFt)] (E6)

= �φ

2π fmod
× Re

[
Ṙ(t) exp(2π ifTFt)

]
(E7)

= �φ × Re

[ ∞∑
k=−∞

ikak exp
(
2π i(fTF + kfmod)

)]
.

(E8)

Therefore, we expect spectral components at fTF + kfmod.
Since ak are known (by demodulation at kfmod), mea-
suring the amplitude of the fTF + kfmod components will
enable the inference of �φ, and thus, the gradient strength.
Alternatively, the phase of the gradient signal itself also
contains useful information about the static field, so the
measurements of kfmod and fTF + kfmod harmonics may be
combined into a single estimate of both the field and the
gradient.
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