Chapter 5

Second quantization

e Why do we need Fermions and Bosons?
e What is second quantization?
e How do we find second quantized operators given first quantized expressions?

The proper treatment of symmetries help us tremendously in the understanding of problems in
physics (and chemistry). In particular in quantum mechanics we use the machinery of repre-
sentation theory frequently in order to organize the Hilbert space in a way that simplifies our
problems at hand.

For a many-particle system of identical particles, and this is what we usually deal with in the field
of quantum gases, the symmetry under permutations of the particles is especially important. In
this chapter we learn how to efficiently use states that are living in a well defined irreducible
representation of the symmetric group Spy. This is the content of the formalism called “second
quantization”.

5.1 Symmetrized states

For a system of IV identical particles the Hamiltonian depends on the coordinates of all particles,
however, owing to their indistinguishability the Hamiltonian can not change if we interchange
the coordinates of two (or any number of) particles

H=H1,2,...,i,....5,...,N—=1,N)=H(1,2,....j,...,i,...,N=1,N), (5.1

where the numbers 1,2,... are shorthand for the coordinates (including spin, etc) of particle
number 1,2,.... Equation (5.1) defines a symmetry of the Hamiltonian. More formally, the
group of all permutations of IV elements is called the symmetric group Sy. Knowing the abstract
symmetry group Sy we are now seeking how this group acts on the wave functions, i.e., we are
looking for a representation.!

The natural way to construct such a representation is given by considering the many-particle
wave function 9(1,2,...)

Pyt(1,2, ... iy gy s N=1,N) = (1,2,...,4,.. . iy...,N = 1,N) (5.2)
'Recall that a representation R is a map from a group G to the linear maps U in some vector space V
R:G— GL(V)
9= U(9),

such that U(go h) = U(g)U(h), where g,h € G.
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Any permutation can be written as P = Hij Pi; and they all have the property P; = 1 and
hence the eigenvalues of P are +1 as can be seen from

Pip=Pjrap=N¢p=y = A==l (5.3)

Equation (5.2) defines a representation of Sy on the space of the N-particle wave functions.
Let us recall the definition of an irreducible representation: It defines a subspace of the Hilbert
space, which under the operation of any element g of the group G, transforms onto itself. If we
represent the Hilbert space as a vector and the action of any U(g) on it as a matrix it means
that they separate into individual blocks: It turns out that the symmetric group has irreducible

C ‘—\/d>1
C
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representations of any dimensions d. However, two classes of one dimensional representations
take a special role: the symmetric and anti-symmetric wave functions

Pitha/a(1,2, o yiye o do s N = LN) = hya(1,2,00 004y ydye oo, N = 1, N)
= +¢ga(1,2, . iy, N = 1,N). (5.4)

As is evident from this equation, the symmetric and anti-symmetric wave-function define a one-
dimensional irreducible representation of Sy. It turns out that nature chose to let all> systems
be realized in one of these two representations. This is remarkable as we know, e.g., that in
the hydrogen atom all irreducible representations of SO(3) are realized. We call particles that
are symmetric under permutations bosons and those that are anti-symmetric fermions. We now
need to find a formulation of our many-body theory that accounts for this fact and only deals
with symmetrized or anti-symmetrized wave functions.
In principle we could use single particle states that we then properly symmetrize. In particular
we can start from

‘il,...,iN>=’i1>1®---®‘iN>N, (5.5)

where | - ); denotes the j’th particle and i; are the quantum numbers of the j’th particle. In
order to describe a fermion or boson we would have to symmetrize this state

: . 1 S ‘
Sylit, ... in) = ﬁZ(ﬂ) PPliy, ... iN), (5.6)
-p

where the sum runs over all permutations P and op is the sign of the permutation. This
approach of first dealing with single particle states and then symmetrizing them bears several
problems

1. It is rather cumbersome.

2. It is restricted to exactly N particle, i.e., does not allow for a system with particle number
fluctuations.

3. It carries too much information.

The solution to this problem is called “second quantization”.

2There are notable exceptions to this rule!
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5.2 Second quantization

Instead of using single particle states we switch to what we call “occupation number” states

Sj:’il,...,i]v> = \nl,ng,...>i. (57)

Here n; keep track of how many particles are residing in state ¢ and the + on the ket indicates
whether we deal with bosons or fermions. The total number of particles is given by

N=> n. (5.8)

There are two important properties of these occupation states that follow directly from the
single-particle states (we skip the + on the ket for now):

1) <n17n2a"'|n,17n/27"'> :5n1,n’15n2,n'2"' : (59)
2) > |ning,.. ) {nng,. [ =1 (5.10)
n1,n2,...

The space of all occupation number states for all particle numbers N is called Fock space.
Having this basis of properly symmetrized states at hand we would like to express all operators
in it. A convenient way of doing so is by introducing creation and annihilation operators

all..ooni )=V 1| oni+ 1,0, (5.11)
di|...,n7;—|—1,...>:\/n,;—|—1|...,ni,...>, (512)

where the second line follows from the first (proof!). Making sure we keep the symmetrization
of the occupation states consistent we immediately arrive at (proof!)

(s, Gj] = G;a5 — Gja; = [aT aT} =0, [a;,a ] = 0ij for bosons, (5.13)
{a;,a;} = a;a; + aja; = {az, j} =0, {a, aj} = 0;j for fermions. (5.14)

A direct consequence of {&;-r, &;-r} = 2&1&1 = 0 is the Pauli principle that states that no single
particle state can be occupied by more than one fermion.

5.2.1 Single particle operators

Let us now start to make use of these operators to express single particle operators in Fock
space. We begin with the simplest, the occupation number operator

A~

hi = ala, (5.15)

[t

as &}L&i e My ) = a;-r\/rTZ-|...,ni —1,...) =n4|...,n4...). From this point on we can con-
struct all operators by operator identities: If we know the matrix elements of the operators in
single (or two-particle) states, we can construct the second quantized operator with the help of
.

For example, the total particle number is given by

V=30 =Y ala,. (5.16)

Given that every state ¢ is an eigenstate of the single particle Hamiltonian H to eigenvalue ¢;
we can write

H=>"cala,. (5.17)

i

More generally, any single particle operator T

GT)j) =ti; = T = t;|i){jl = th (5.18)

i,J
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5.2.2 Two particle operators

The same procedure using operator identities can be used for two-particle operators V(r,r’).
Given the wave functions in state i, ¢;(r), we write

V=" vynaldlaa, (5.19)
,7,k,l
where
Vijkl = / drdr’ ¢} (r) ¢} (x")V (r, (v) ¢x (r) gu(r"). (5.20)

5.3 Basis transformations

Basis transformations can be readily imported from the first quantized language

N =GN = al =D G|na). (5.21)

% 7

While any orthonormal basis leads to an equally valid description of a system, one basis is rather
generic as many operators find a natural definition in it: the site basis |r):

(r]i) = ¢i(r) Ir) :  particle localized at r. (5.22)

Creation and annihilation operators in this particular basis get a special name: field operators

= diw)a]. (5.23)

5.4 Important operators

Before concluding this chapter we give a list of important operators in second quantized form
using field operators.
The kinetic energy:

272 2 X
7= tila; = Zm/dw )[ W]@() oo [ VI EVIE). (520
ij

The potential energy:
= / dr U(r)dt (r)d(r). (5.25)

Two particle interactions:

V= /drdr/ zﬂT(r)iﬁT(r’)V(r — r’)@@(r)zﬁ(r’). (5.26)
And finally the Hamiltonian for particles interacting with a contact pseudo potential
. R R Adrah? - R R R
H= / dr [ VE ) V() + B @)d) + g @i | (5.27)
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Chapter 6

Microscopic description of a Bose gas

How does the excitation spectrum of a weakly interaction Bose gas look like?
What justifies the Bogoliubov approximation?

What is superfluid flow? When does it occur?

What is “quantum depletion?

In Chap. 3 we learned how to include interactions between the particles in a Bose gas via the
non-linear Schrodinger, or Gross Pitaevskii equation. Via the Gross-Pitaevskii equation we
reduced the description of the many-body system to the problem of finding a single-particle
wave function that is then occupied by all particles, i.e., we speak of “full condensation”.

The restriction to full condensation essentially renders the problem classical as quantum fluc-
tuations do not occur. In the present chapter we introduce a method to include such quantum
fluctuations. Along the way we will find the excitation spectrum of the Bose gas. Moreover, we
will be able to quantify to what extent interactions lead to deviations from full condensation,
the so called “quantum depletion”.

6.1 Bogoliubov approximation

Our starting point is the Hamiltonian of bosons interacting via a contact pseudo-potential
B it o) + D00t (it ()
= [dr |-V i) + 6 0 b)) (6.1)

For simplicity we consider a uniform Bose gas (U(r) = 0). Hence, we have a translationally
invariant system and should therefore use momentum eigenstates’

b(r) = \1Fv S e, ap= \1Fv / dr e~ PT(r). (6.2)
p

Note that the above transformation is unitary and just amounts to a change of basis. In partic-
ular, the commutation relations are preserved

lip, ap] = [af,al] =0 and  [ap.al,) = 0pp. (6.3)

In the new operators, the Hamiltonian reads

g P U0 NS s (6.4)
= Z om aplp + % Z Up+qp—qPply - :
P p.p’.q

'We remember that given a symmetry, it is profitable to go the the irreducible representations of this symmetry.
The different momentum sectors are exactly these irreducible representations.
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In its present form this Hamiltonian is still not tractable. While we want to investigate the
influence of quantum fluctuations away from the Gross-Pitaevskii limit, we are still interested
in a system that is condensed. Hence, the lowest energy single-particle states is supposed to be
macroscopically occupied. Therefore we replace

al) =+ /No and  ay — /No. (6.5)

The expectation value of these operators should differ by /Ng + 1 vs. v/Ng. If Ny > 1 we are
on a good track even if Ny, the number of condensed atoms, is not Ny = N. This replacement
of one operator with a number is called the Bogoliubov approximation.

Let us now apply this approximation to the Hamiltonian (6.4). The first term is simple

h2p2 . i ’ ﬁ2p2 L / h2p2 L
Z —ai,ap = Oagao + Z —anap = Z ai,ap. (6.6)
P P

The prime on the sum indicates that we only sum over non-zero values of p. As for the inter-
actions we have to work a bit harder. First, momentum conservation imposes constraints on
which terms we can retain after making the replacement ap — +/Np: Only an even number of g
operators are allowed. Moreover, the momentum labels must be such that the total momentum
is conserved.

We use diagrams for illustration. Wavy lines indicate the scattering Uy. Arrows emanating
from the dots correspond to &I, while inward pointing arrows indicate ap. Every arrow also
carries a momentum which we do not show explicitly. Finally, the dashed lines correspond to
the condensate operators dg and a,. Let us now try to collect all terms with two solid arrows:

1.) ahal aga, e —s Noahal ,,
2.) abadapa_, e — Noépa_p,
3) b el
ahajapdy
adabapa,
abalaga : — ANpaha
pdodp : 04plp-
AT AT A A~ AN R4
4') a(T)a(T)%ao /,('W\\ - Ng
Collecting the terms in 1.) to 4.) together with Eq. (6.6) we find
TP s NgUo | UoNox~' (4ot~ |+t 4 .
H = Z %a}:ap + [‘)/ + % <4aLap + afoaip + apa,p> . (6.7)
P P

Remember that we wanted to investigate the quantum depletion, i.e, the possibility that Ny # N.
Therefore we need to replace Ny in the above Hamiltonian via

/ /
Zai,ap = agao + Z anap =N = Ny=N- Z ai,ap. (6.8)

We replace Ny in (6.7) via this expression and collect again terms only up to quadratic order in
ap. We see that this amounts to replace Ng — IV in the last term. The term corresponding to
the self interaction of the condensate becomes

N
B R =i S (6.9)
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We obtain for the final Bogoliubov Hamiltonian

NQU /h2 2A . ’ L L L
H= 2V0 + Z iaf,ap —i—nUgZ (QaT ap +a al —i—apa,p) , (6.10)
P

where n = N/V is the full particle density. In the next section we try to find the eigenmodes of
this Hamiltonian.

6.2 Bogoliubov transformation

When we want to identify the bosonic eigenmodes of a system we are seeking an expression for
the Hamiltonian of the from

H=Y_ <€m7jn’7m> +Ey  with [y = 0o [Ymen) = il =0 (6.11)
m

Looking at Eq. (6.10) we see that it is not of this form due to the “anomalous” terms o afa.
In order to bring (6.10) into the above form we apply a Bogoliubov transformation.? In order to
do so it is convenient to introduce a matrix notation

" T L A Uon a N2U, n h?p?
H= (a al ) 2m T U0 0 ar )4 LN 6.12
Zp: p P ( Upn —h‘;’f + Upn aT_p 2V Zp: 2m ( )

7 . N2U0 " h2p2
= > aLH(p)ap + v T > o (6.13)
P P

where we introduce the notation ¥” in which we only sum over positive values of p to avoid
double-counting.

What do we profit from such a matrix notation? First, it is evident that the two entries of the
vector ap, couple, owing to the off-diagonal matrix elements nUy. This implies that to diagonalize
the matrix H(p) we need to mix these two entries. However, such a mixing in its most trivial
form would violate the commutation relations

Fps 4] = lap +aly.al +a_p] = lag, ah] + g, a_p) +[al . ab) + [l

a_p]=1-1=0. (6.14)
(Note, that only the commutator [’yp,'Ay;r,] is problematic, ['Ay;r,,ﬁl;f,] and [Jp,Jp] don’t introduce
any problems.) This brings us to the second profit of this matrix formulation. We need a
transformation

ap = My, (6.15)
such that [p, ’y;r)} = 1. It is straight forward to show that this is equivalent to demand M to be
in the in the group O(1,1)?

MISM =Y  with X= (3 _01>. (6.16)

Note that these are just Lorentz transformations with one spatial and one temporal direction.*

2This method was originally introduced by Holstein and Primakoff [Phys. Rev. B 58, 1098 (1940)] for spin-
waves but later rediscovered by Bogoliubov in the context of weakly interacting bosons [J. Phys. U.S.S.R. 11, 23
(1947)].

3This discussion can be readily generalized to situations whith more bosonic flavors f. It only amounts to
consider SU(f, f) instead of SU(1,1).

4For fermions, one would have to preserve ¥ = 1. This is fulfilled by the standard unitary basis transformations
and hence the requirement to enforce fermionic commutations when removing anomalous terms does not induce
any constraints.
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Figure 6.1: Bogoliubov spectrum. The energy as a function of momentum. In black the full
dispersion. The dashed lines indicate the limiting behavior.

The requirement of M to obey (6.16) complicates the diagonalization of (6.12) significantly.
Without any conditions we know that we can diagonalize H(p) via a wunitary transformation M,
i.e., D = MTH(p)M, with D diagonal. In the present case we need to fall back to D = M~ H(p)M.
We have two ways to proceed. (i) Find a shortcut to the spectrum. (ii) Properly parametrize
the group SU(1,1) and find the actual transformation.

We start along the first path and write

MITM=% = M l=3zMx% (6.17)
Using this expression for the inverse of M we write for the diagonalization problem
¥D = MTSH(p)M, (6.18)

where all constraints on M have now already taken into account and we can diagonalize ¥H(p)
without any further restrictions. We explicitly write

h2p2

5— 4+ Upn Ugn
>YH = | 2m = 6.19
(p) (_%n J%_%J (619

h2p? 2 2
+ Upn) — (Ugn 0
[EH(p))* = <2m ’ ) (ton) L ) (6.20)
0 (E’Q,’,’l + Uon) — (Uon)?

With this simple trick of squaring the matrix 3H(p) we immediately have access to the spectrum

\/(5211?2)2 n h2p*nly _ \/%p: cp p </ Upn/h*m (6.21)
2m m h;;:f +nUy p > /Upn/h?m

The excitations are linearly dispersing sound modes at low momenta while for larger energies
they are just free particles that feel a mean-field shift of nUy. The point where this character
changes is given by the inverse coherence length, see Fig. 6.1

€(p) =

1 Uon

To find the eigenmodes we have to parametrize the transformation matrix M. From the lecture
on special relativity we know that Lorentz boosts can be written with the help of hyperbolic

functions
_ (cosh(x) sinh(x)
M= (G o) (623
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Inserting this into M~'H(p)M and requiring off-diagonal terms to vanish we readily obtain

1 U()TL
= —arctanh | —5—— ] . .24
X = jarctan <h2p2 n Umz) (6.24)

2m

We will regularly use the expressions up = cosh?(x) and vp = cosh?(x). A vanishing v}, signals
that the eigenstates are the bare bosons while for a finite v, we deal with a collective excitation

made of ap and d;r,. We conclude this section by writing the full diagonlized Hamiltonian

N2UO / ’ h2p2
- AT A oy _
H= 0 Yl - X (G rtm-). )
S—~— p P
classical energy - - -
quasi-particles quantum fluctuations

6.3 Depletion

To calculate to what extent the quantum fluctuations in the weakly interacting Bose gas deplete
the condensate we rewrite the number operator

(thermal) quasiparticles

condensate -
N I e =~ / / L
VoMt Yilig= N o+ Y+ ¥ ek o 62
P P P
N——

quantum depletion

At zero temperature there are now quasiparticles present and the number of condensed particles
Np is only reduced by quantum depletion N = Ny + N,4. We obtain

_\V,2 _ dp o 8 3\1/2
Ny = Zp: vp—/(27r)3 UP_?,\/TT (na’)™". (6.27)

Hence, even at zero temperatures not all particles are condensed.

6.4 Bragg scattering

How can one measure the dispersion relation (6.21) derived above? One needs a way to perturb
the system and observe its reaction to this perturbation. The framework to understand such a
probe theoretically is given by linear response theory. Generically we are asking the question
on how an observable O changes du to the application of a perturbation M. Let us specify here
the experimentally relevant example of Bragg scattering.

W
O P
o

A\

W
A

N\

Py, W1

P2, W2

Figure 6.2: Bragg scattering.
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In Bragg spectroscopy two laser beams at an angle and with a detuning w are crossed onto
the atomic cloud, cf. Fig. 6.2. Both laser beams are far detuned to any atomic transition so
(approximately) no photon is absorbed. However, the atoms can scatter a photon from one
beam into the other, thereby absorbing Aw from the beams. Moreover, if the two beams are
characterized by p; and p9, the atomic cloud also takes up the momentum q = p; — p2. This
process couples to the density of the atoms at momentum q and therefore

M=pg = al,qap. (6.28)
P

If we take an absorption image after the excitation one again couples to the density, in particular
also to its q’th Fourier component, i.e., we also have O = p—q- Let us now go through the
development of the linear response theory on this specific example.

For simplicity we consider an operator which has a vanishing expectation value in the ground
state 0 = (0]0pq|0) by subtracting dpq = pq — (0|pq|0). When then write

H —H+0H=H+Ft)opq = (pqlt)) = / dt (¢ — ) B (#). (6.29)

Our task is to find x(¢). We switch to the interaction representation with respect to the unper-
turbed Hamiltonian ‘ '
5p_q(t) = elt/hgp_ et H/h, (6.30)

Inserted into the expectation value we obtain
(6p—q(t)) = (01" 5o (1) e HHM|0). (6.31)

In linear response we are interested in the change in (6pq) at vanishingly small perturbation and
hence

(1) = o i) = )= 2 {[57-al0) 60} (6.32)

The measured rate is then given by the dynamic structure factor
S(q,w) = —Im/dt ey (t) (6.33)

We now proceed by inserting unities of the form 1 =5 |m)(m|
A1) = =2 30165 (Olm)mI5ha]0) — (015pq]m) (m55_q(H)]0) (6.34)

h

m

! . 0 —i v 5 A % LS A —1 ]
= D01 5p_qe™ /M m) (m|35q|0) — (0]8pq|m) (m|e™ 65 _qe~H*/"|0)  (6.35)

1

_hm

= = D mlap0)F (=018 4 ilenm ) (650

(0185 qlm) (ml8pq|0)e" =0/ — (015pq|m) (m]5p_ql0)e =0/ (6.36)

Taking the Fourier transform if this expression we obtain
X(w) = /dtx(t)em/h””/h = (6.38)
S(a) =~ Y [mlopalo)? (= - L) 639
i) = im 2 mOPa S e T in) T ot (e o) ) |
=21 Y |(m|6pq|0)[*6 [w — (em — €0)]- (6.40)
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Let us now write the density operator in the basis of eigenstates

Spa =3 ahqip — (015q0) ~ V/No (&E + a_q) — /No(ug + va)Al (6.41)
P

Here we only kept terms oc v/Ng and those that lead to a non-vanishing matrix element between
the ground- and excited states. We therefore find that we can indeed measure the excitation
spectrum of a weakly interacting Bose bas via Bragg spectroscopy as the final expression for the
dynamic structure factor reads

S(q,w) ~ No (uq + vq)* 6(w — €q). (6.42)

6.5 Landau critical velocity

In the final section of this chapter we discuss an important experimental consequence of the
shape of the excitation spectrum: superfluid flow. Superfluidity is the ability of a fluid to flow
past obstacles without dissipating any energy. How is this possible? Imagine a scatterer inside
a flowing fluid. This scatterer will breaks translational symmetry and has potentially the power
to excite quasi-particles 44. The Landau critical velocity tells us under which conditions such
excitations are indeed induced by an obstacle.

Let us compare energies. For this it is the most convenient to go to the co-moving frame with
the liquid (with velocity v). The energy is then given by

1
E,=Ey+elq —q-v+ 5va? (6.43)
1
E, =Ey+ 5va2 (6.44)
The first (second) line describes the energy of the system in the co-moving frame in the presence
(absence) of a quasi-particle excitation 44. It is evident that the system can lower its energy by

exciting 4q if the velocity of the flow exceeds

Vs = min 9, (6.45)
q

Verit = €= L(]O (646)
V m

For our case this amounts to
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