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Dates and Further Information

« Lectures: Friday 10.45-12.30 in HIT H51
- Exercices: Friday 8.45-10.30 in HIT F21
« Oral exams take place in August 2019

- Webpage: http://www.itp.phys.ethz.ch/
education/computational-statphys.html
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Course Offered in (Selection)

+ Mathematics, Computer Science (Master)

« Physics (Master)

+ Material Science (Spezialvorlesung, Master)
» Civil Engineering (Spezialvorlesung)

+ Biomedical Engineering (Master)



Learning Objectives

Students are able to

- distinguish between different computational methods to
study statistical physics models.

« apply appropriate computational techniques to efficiently
simulate a given equilibrium or non-equilibrium system.

- differentiate between different simulation methods to
study particle and molecular interactions.

« apply appropriate molecular dynamics modeling
concepts.



Phase Transitions

« 22.02. Introduction to statistical physics and the Ising
model

+ 01.03. Monte Carlo methods

+ 08.03. Finite size methods and cluster algorithms

* 15.03. Histogram methods and renormalization group

« 22.03. Renormalization group and Boltzmann machines
« 29.03. Non-equilibrium phase transitions and summary



Molecular Dynamics

* 05.04. Molecular Dynamics, Verlet and Leapfrog methods
* 12.04. Optimization, Composed Particle Systems

* 19.04. and 26.04. ETH vacations

« 03.05. Arbitrary Shapes, Long-range Potentials

* 10.05. Nosé-Hoover thermostat, stochastic method,
constant pressure ensemble



Event-driven Dynamics

+ 17.05. Event driven, inelastic collisions, friction

+ 24.05. Contact dynamics, Particles in Fluids, (if time
allows: ab initio MD, Car-Parrinello)

* 31.05. shifted to 24.05
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Phase Space

Let us consider a classical physical
system with N particles whose
canonical coordinates and the
corresponding conjugate momenta
are given by qi, ..., N and

p1, ..., P3N, respectively. The
6N-dimensional space I" defined by
the last set of coordinates defines
the phase space.

Ludwig Boltzmann
(1844-1906)



Phase Space

)
\—

Phase spaces of an undamped (blue) and a damped (orange)
harmonic oscillator.
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Ensemble Average

The assumption that all states in an ensemble are reached by
the time evolution of the corresponding system is referred to
as ergodicity hypothesis. We define the ensemble average of a

quantity Q(p, q) as

(@) = /9. 9e(p.9) dpdg
[ p(p,q)dpdg -

where p (p, q) denotes the phase space density and dpdq is a
shorthand notation for dp*Vdg*".

(1)
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Hamiltonian

The dynamics of the considered NN particles is described by
their Hamiltonian H(p, q), i.e., the equations of motions are
OH

g = ,=1,...,3N). 2
ag, 4 G=g5- 0 3N) ()

g = —

Moreover, the temporal evolution of a phase space element of
volume V and boundary 9V is given by

6/pdV—l—/ pvdA =0, (3)
ot Jy av

where v = (p1, ..., P3N, G, - - -, ¢3n) IS @ generalized velocity
vector.
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Liouville Theorem

Applying the divergence theorem to Eq. (3), we find that p
satisfies the continuity equation

%JrV-(pv):O, (4)

where V = (8/6p1, aac ,8/8p3N, 8/8q1, 2000 a(BN). We can
further simplify Eq. (4) since

3N g g 3N
0q; Gpi) ( 0 o0H 0 87—[)
Vio=) (5 + =Dl =0. (5)
((9% Opi) <= \0q; Op;i  Op; Oq;

1=l

=0
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Liouville Theorem

Rewriting Eq. (4) using Poisson brackets’ yields Liouville’s
Theorem 5

op _
which describes the time evolution of the phase space

density p.

"The Poisson bracket is defined as
ou Ov ou Ov
{u’v}iz<({)7qi07pi_ aiplaiql> 7—{1),u}. (6)
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Thermal Equilibrium

In thermal equilibrium, the system reaches a steady state in
which the distribution of the configurations is constant and
time-independent, i.e., 9p/dt = 0. Liouville’s theorem leads to
the following condition

v-Vp={H,p}=0. (8)

The last equation is satisfied if p depends on quantities which
are conserved during the time evolution of the system. We
then use such a phase space density p to replace the time
average

T—>OOT 0

by its ensemble average as defined by Eq. (1).

15



Ensemble Average

In the subsequent sections, we also consider discrete
configurations X. In this case, we define the ensemble

average as

(@) = g S QUX)pX), (10)
X

where Q is the normalizing volume such that

Q713" p(X) = 1. With the help of ensemble averages,
systems can be described by means of some macroscopic
quantities, such as temperature, energy and pressure.

16



Ensembles

» Microcanonical ensemble:
constant £, V, N

 Canonical ensemble: constant
T,V,N

« Canonical pressure ensemble:
constant 7, p, N

» Grandcanonical ensemble:
constant”T,V, u

Josiah W. Gibbs
(1839-1903)
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Microcanonical Ensemble

The microcanonical ensemble is defined by a constant number
of particles, volume and energy. Thus, any configuration X of
the system has the same energy E (X) = const. The phase
space density is also constant and given by

1

p(X) = 56 (H(X) - B), (11)

with Znc being the partition function of the microcanonical
ensemble

X

18



Canonical Ensemble

system 2
(heat reservoir)

system 1
(T, V, N)

In a canonical ensemble setup, the system we study
(system 1) is coupled to a heat reservoir (system 2) that
guarantees a constant temperature.

19



Canonical Ensemble

At a given temperature T, the probability for a system to be in
a certain configuration X with energy F (X) is given by

p(X) = ZlTexp [— ig{)} : (12)
with B (X)
Zp =) exp [_M] (13)
X

being the partition function of the canonical ensemble.
According to the prior definition in Eq. (10), the ensemble
average of a quantity Q is then given by

E(X)

Q) = ZITZX:Q(X){ FET (14)

20



Ising Model



Ising Model

oo
e

An illustration of the interaction of a magnetic dipole (black)
with its nearest neighbors (dark grey) on a two-dimensional
lattice.
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Ising Model

We consider a two-dimensional lattice with sites o; € {1, -1}
which only interact with their nearest neighbors. Their
interaction is described by the Hamiltonian

H({o}) = —JZUNJ HZJ“ (15)
(4,9
where the first term denotes the interaction between all
nearest neighbors represented by a sum over (i, j), and the
second one the interaction of each site with an external
magnetic field H.

- Ferromagnetic case: .J > 0 (parallel spins)
- Antiferromagnetic case: J < 0 (anti-parallel spins)
« No interaction: J =0

22



Phase Transition in the Ferromagnetic Case

M(T, H)

T I

The magnetization M (T, H) for different fields H > 0 as a

function of T. For T' < T, the system is characterized by a

ferromagnetic phase. The black solid line represents the
spontaneous magnetization Mg (T) for H = 0 and should be

interpreted in the sense that limy — 0T M (T, H).
23



Phase Transition in the Ferromagnetic Case

M=>0
T ®
T:
M <0
T

The first-order transition as a consquence of a sign change of
the external field.
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Order Parameter

The magnetization is defined as

N
1
M (T, H) = <Nza> (16)
and corresponds to the ensemble average of the mean value

of all spins.

On average, M (T) vanishes since for every configuration
there exists one of opposite sign which neutralizes the other
one. As a consequence, we define the order parameter of the
Ising model as

N
Ms (T) = lim, <]1[ > al-> (17)

and refer to it as the spontaneous magnetization.
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Magnetic Domains

T<T, T=T T>T,

(5

The simulations have been performed on a square lattice with
512 x 512 sites using
https://mattbierbaum.github.io/ising.js/.
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https://mattbierbaum.github.io/ising.js/

Critical Exponents |

In the vicinity of the critical temperature for T < T,, the
spontaneous magnetization scales as

Ms(T) « (T, — T)? . (18)
For T =T, and H — 0, we find the following scaling
M(T =T, H) x H/. (19)

The exponents 8 and ¢ are so-called critical exponents and
characterize together with other exponents the underlying
phase transition.
2D: 3 =1/8,6 =15
3D: 5 ~ 0.326, § =~ 4.790
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Fluctuations

The magnetic sucsceptibility is defined as the change of the
magnetization M in response to an applied magnetic field H,
i.e.

_ OM (T, H)

X (T) = T (20)

We now use the definition of the spontaneous magnetization
given by Eq. (17) and plug it into Eq. (20) leading to
_ . OM(T,H))
x(T) = 08, — om
N Ey+HY N o,
o 1 Z{g} > ie1 0% €XP (%)

— i — =
Hlan(}‘*‘ OH N E, +sz\£10i
> _exp P
{0} b

=Zr(H)
28



Fluctuations

Using the product rule yields
N Z Eo+HYN o
1 Z{o‘} (Zi:lai) eXP( : kB%fl )

x(T) = Hh_>H01+ NkgT Zr (H)
1 [Z{g} Zivzl 0; €Xp (%)]2 (21)
- B Zr (WP
kgT [<MS (7) >— (Ms (T)>2] > 0.

The last equation defines the fluctuation-dissipation theorem
for the magnetic susceptibility. Analogously, the specific heat
is connected to energy fluctuations by

o =20 - L (par) -],

29



Critical Exponents Il

Similarly to the power-law scaling of the spontaneous
magnetization defined in Eq. (18), we find for the magnetic
susceptibility and the specific heat in the vicinity of 7,

x(T) o |T. - T|77, (23)

C(T)x|T,—T|™“. (24)
The corresponding exponents are in
2D:y=7/4, =0
3D: v~ 124, a =~ 0.11
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Critical Exponents Il

_

T T T T

Susceptibility and specific heat as a function of temperature
for the three dimensional Ising model. Both quantities
diverge at the critical temperature 7, in the thermodynamic
limit.
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Correlation Length

The correlation function is defined by
G(ri,r2; T, H) = (0102) — {01) (02) , (25)

where the vectors 7 and r, pointing in the direction of lattice
sites 1 and 2.
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Correlation Length

The correlation function is defined by
G(T’l, 23 T7 H) - <0102> - <Ul> <02> 5 (26)

where the vectors r; and r, pointing in the direction of lattice
sites 1 and 2. If the system is translational and rotational
invariant, the correlation function only depends on
r = |ry — rp|. At the critical point, the correlation function
decays as

G(r;T,,0) oc r~4H2=m (27)

where 7 is another critical exponent and d the dimension of
the system.
2D:n=1/4
3D: 1 ~ 0.036
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Correlation Length

For temperatures away from the critical temperature, the
correlation function exhibits an exponential decay

G(r;T,0) oc 7Y™/, (28)

where ¢ defines the correlation length. The exponent 9 equals
2 above and 1/2 below the transition point. In the vicinity of
T., the correlation length ¢ diverges since

§(T) o< |T = Te|™". (29)

2D:v =1
3D: v =~ 0.63
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Critical Exponents and Universality

The aforementioned six critical exponents are connected by
four scaling laws

a+28+~v=2 (Rushbrooke), (30)
v=p3(—-1) (Widom), (31)
v=(2-n)v (Fisher), (32)

2—a=dv (Josephson), (33)

which have been derived in the context of the
phenomenological scaling theory for ferromagnetic
systems [1, 2]. Due to these relations, the number of
independent exponents reduces to two.
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Critical Exponents and Universality
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Critical Exponents and Universality

The critical exponents of the Ising model in two and three

dimensions [4].

Exponent \ d=2 \ d=73

a 0 0.110(1)

3 1/8 | 0.3265(3)
~ 7/4 | 1.2372(5)
5 15 4.789(2)
n 1/4 | 0.0364(5)
v 1 0.6301(4)
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Monte Carlo Methods




Monte Carlo Methods

The main steps of the Monte Carlo sampling are

1. Choose randomly a new configuration in phase space
based on a Markov chain.

2. Accept or reject the new configuration, depending on the
strategy used (e.g., Metropolis or Glauber dynamics).

3. Compute the physical quantity and add it to the
averaging procedure.

4. Repeat the previous steps.

38



Markov Chains

= FWHM ~ VI

(E)r E

Example of an energy distribution with a system size L
dependence of the distribution width which scales as oc v L4

where d is the system dimension.
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Markov Chains

In terms of a Markov chain, the transition probability from
one state to another is given by the probability of a new state
to be proposed (7') and the probability of this state to be
accepted (A). Specifically, T(X — Y) is the probability that a
new configuration Y is proposed, starting from configuration
X. For the thermodynamic systems we consider, the
transition probability fulfills three conditions:

1. Ergodicity: any configuration in the phase space must be
reachable within a finite number of steps,

2. Normalization: ~, T(X - Y) =1,
3. Reversibility: T(X - Y)=T(Y — X).

40



Markov Chains

Once a configuration is proposed, we can accept the new
configuration with probability A(X — Y') or reject it with
probability 1 — A(X — Y). The probability of the Markov chain
is then given by

WX o5Y)=T(X > Y)-AX > Y). (34)

Al



Markov Chains

We denote the probability to find the system in a certain
configuration X at virtual time 7 by p (X, 7). The master
equation describes the time evolution of p (X, 7) and is given
by

deT Zp WY = X) =Y p(X)W(X > Y). (35)
Y

42



Markov Chains

A stationary state ps is reached if w = 0. The probability

of the Markov chain fulfills the following properties:

1. Ergodicity: any configuration must be reachable: VX, Y :
W(X —=Y)>0,

2. Normalization: Y, W(X —»Y) =1,

3. Homogeneity: >~y pst(Y)W (Y — X) = pst(X).

43



Markov Chains

To efficiently sample the relevant regions of the phase space,
the probability of the Markov chain W (-) has to depend on
the system properties. To achieve that, we set the stationary
distribution ps; equal to the equilibrium distribution of the
physical system peq (a real and measurable distribution):

R 0 < pst = Peq- (36)

44



Markov Chains

. Withdrawal

Detailed Balance

45



Markov Chains

It then follows from the stationary state condition of the
Markov chain that

Zpeq(Y)W(Y — X) = Zpeq(X)W(X —Y). (37)
Y Y

A sufficient condition for this to be true is
peq(Y)W(Y — X) = Peq (X)W(X =Y), (38)

which is referred to as condition of detailed balance.

46



Markov Chains

As an example, in a canonical ensemble at fixed temperature
T, the equilibrium distribution is given by the Boltzmann
distribution

1 E(X)}

peal(X) = -exp | -5

with the partition function Z; = 3", exp [— ig;)]

(39)
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M(RT)? Algorithm

Nicholas C. Metropolis (1915-1999) introduced the M(RT)?
sampling technique.
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M(RT)? Algorithm

One possible choice of the acceptance probability fulfilling
the detailed balance condition is given by

Peq (Y)}
Peq (X) ]

which can be obtained by rewritting Eq. (38).

A(X —Y)=min [l, (40)
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M(RT)? Algorithm

In the case of the canonical ensemble with

Peq (X) = ZiTexp [—%],the acceptance probability
becomes
A(X = Y) =min {1, exp (—??)] : (41)
B

where AE = E(Y) — E(X). The last equation implies that the
Monte Carlo step is always accepted if the energy decreases,
and if the energy increases, it is accepted with probability

exp (—kﬁ%).

50



M(RT)? Algorithm

In summary, the steps of the M(RT)? alogrithm applied to the
Ising model are

M(RT)? Algorithm
« Randomly choose a lattice site i,
« Compute AE = E(Y) — E(X) = 2Jo;h;,

« Flip the spin if AE < 0, otherwise accept it with
probability exp (—,ﬁg—’”}),

51



Glauber Dynamics

The Metropolis algorithm is not the only possible choice to
fulfill the detailed balance condition. Another acceptance
probability given by

exp (_,%)

Ag(X—>Y)
l+exp( Ab%

(42)
)

has been suggested by Glauber.

52



Glauber Dynamics

1.0 e
0.8 | i
~
0.6 |- —
T
> 04 -
< =  M(RT)?
0.2 _
Glauber
0.0
—6 —4 -2 6

A comparison of the acceptance probabilities of M(RT)? and
Glauber dynamics.
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Glauber Dynamics

In contrast to the M(RT)? acceptance probability, updates with
AFE = 0 are not always accepted but with probability 1/2.

To proof that Eq. (42) satisfies the condition of detailed
balance, we have to show that

Peq(Y)Ag(Y = X) = peq(X)Ag(X = Y), (43)

sinceT(Y - X)=T(X —=Y).
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Glauber Dynamics

The last equation is equivalent to

Peg(Y) _ Ac(X = Y) ()
Peq(X)  Ag(Y — X)
which is fulfilled since
peq(Y) < >
=exp| ——— A
Pea(X) s (45)
and
1
soixam) o) [ e(a) 17 ary
Ag(Y — X) 1+exp<_kABE) 1+exp(kABE) kT
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Glauber Dynamics

As in the M(RT)? algorithm, only the local configuration
around the lattice site is relevant for the update procedure.
Furthermore, with J = 1, the probability to flip spin o; is

o (254
1+ exp ( 2"1}“)
with h; = 37, ;y o; being the local field and

X = {...,Ui_l,ai,0i+1,...}and Y= {...,0’1‘_1,—0'1‘,0','_,_1,...}
the initial and final configuration, respectively.

Ag(X = Y) = (47)
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Glauber Dynamics

We abbreviate the probability defined by Eq. (47) as p;. The
spin flip and no flip probabilities can then be expressed as

1—p; foro; = +1 Di for o; = +1
(48)

Di for g; = —1 l—pi for o; = —1
Piip = and  pp, flip =

57



Glauber Dynamics

A possible implementation is

oi(r +1) = —oy(7) - sign(p; — 2), (49)

with z € (0,1) being a uniformly distributed random number,
or

and pj=-—-"-—"—.
—1 with propability 1 — p; 1+ exp (28h;)
(50)
This method does not depend on the spin value at time ¢ and
is called heat bath Monte Carlo.

oi(r 1) = {+1 with propability p; _exp (28hy)
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Binary Mixtures

An example of a binary mixture consisting of two different
atoms A and B.
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Binary Mixtures

Kawasaki dynamics

« Choose a A — B bond,
« Compute AEforA— B — B — A,
« Metropolis: If AE < 0 flip, else flip with probability

_ [-AE
b =exp kT )’

« Glauber: Flip with probability

oo (- 25) oo (28]
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Creutz Algorithm

VOLUME 50, NUMBER 19 PHYSICAL REVIEW LETTERS 9 May 1983

Microcanonical Monte Carlo Simulation

Michael Creutz
Department of Physics, Brookhaven National Labovatovy, Upton, New York 11973
(Received 24 February 1983)
A new algorithm for the simulation of statistical systems is presented. The procedure

produces a random walk through configurations of a constant total energy. It is compu~
tationally simple and applicable to systems of both discrete and continuous variables.
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Creutz Algorithm

The movement in phase space is therefore not strictly
constrained to a subspace of constant energy but there is a
certain additional volume in which we can freely move. The
condition of constant energy is softened by introducing a
so-called demon which corresponds to a small reservoir of
energy Ep that can store a certain maximum energy Ep.x.
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Creutz Algorithm

Creutz Algorithm

» Choose a site,
« Compute AFE for the spin flip,
« Accept the change if E,,., > Ep — AE > 0.
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Creutz Algorithm

105 1 T

T T T

104

| 1 1 L L L
o] 1.0 2.0 3.0

Ep

The distribution of the demon energy Ep, is exponentially
distributed. Based on the Boltzmann factor, it is possible to
extract the inverse temperature 8 = (kgT)~!' = 2.25.
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Q2R

In the case of E,.x — 0, the Creutz algorithm resembles a
totalistic cellular automaton called Q2R [5]. The update rules
on a square lattice for spins ¢;; € {0,1} are given by

(Tij(T + 1) = f(.l‘w) D Uij(T) (51)
with
1 ifz=2

0 ifa#t2
(52)

Tij = Oj—1j + Tit1j + Tij—1 + Oij+1 and f(a:) = {
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Boundary Conditions

For finite lattices, the following boundary conditions may be
used:

- Open boundaries, i.e., no neighbors at the edges of the
system,
- fixed boundary conditions,

« and periodic boundaries.
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Temporal Correlations

According to the definition of a Markov chain, the dependence
of a quantity A on virtual time 7 is given by

(A(M) =D p(X,1)AX) =) p(X, 1) A(X(7)).  (53)
X

X

In the second step of the last equation, we used the fact that
the average is taken over an ensemble of initial
configurations X (ry) which evolve according to Eq. (35) [6].
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Temporal Correlations

For some 7y < 7, the non-linear correlation function

a ) _ (AM) — (A(eo)
¥4 () = L)y = (A(o0))
(

is @ measure to quantify the deviation of A(7) from A(oo

relative to the deviation of A(7) from A(0).

)

(54)
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Temporal Correlations

The non-linear correlation time 7} ol describes the relaxation
towards equilibrium and is defined as?

4 = 70<I> o (56)
0

2If we consider an exponential decay of ®%' (7), we find that this definition
is meaningful since

nl

/ exp (/73 )dr =73 (55)
0
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Temporal Correlations

In the vicinity of the critical temperature 7., we observe the
so-called critical slowing down of our dynamics, i.e., the
non-linear correlation time is described by power law

_nl
T} o [T —To|~*4 (57)

with 24 being the non-linear dynamical critical exponent.
This is very bad news, because the last equation implies that
the time needed to reach equilibrium diverges at T..
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Temporal Correlations

The linear correlation function of two quantities A and B in
equilibrium is defined as

(A(r0) B(7)) = (A) (B)

(AB) — (A) (B) 5

D (1) =

with

(A(r0) B (1)) =Y _p(X,70) A(X (10)) B(X (7).
X

As 7 goes to infinity, ® 45 (1) decreases from unity to zero.
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Temporal Correlations

If A= B, we call Eq. (58) the autocorrelation function. For the
spin-spin correlation in the Ising model we obtain

5, (r) — (2N = (o))"

(02(70)) — (o(m0))? o)
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Temporal Correlations

The linear correlation time 745 describes the relaxation in
equilibrium

o0

TaB = | ®ap(7)dT. (60)
/
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Temporal Correlations

As in the case of the non-linear correlation time, in the
vicinity of T, we observe a critical slowing down, i.e.,

TaB o< [T — Te| 774 (61)

with 24 being the linear dynamical critical exponent.
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Temporal Correlations

The dynamical exponents for spin correlations turn out to be

zs = 2.16 (2D), (62)
zs = 2.09 (3D). (63)

There is a conjectured relation between the Ising critical
exponents and the critical dynamical exponents for spin o
and energy correlations E. The relations

Ro — nlzﬁv (64)
T el (65)

are numerically well-established, however, not yet
analytically proven.
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Decorrelated Configurations

Connecting this behavior with the one observed for the
correlation time described by Eq. (60) yields

TAB o |T — Tp| *4B L5

(66)
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Decorrelated Configurations

&(r)

= finite

infinite
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Decorrelated Configurations

To ensure not to sample correlated configurations one should

- first reach equilibrium (discard ng = cr™(T)
configurations),
- only sample every n'" = c7(T) configuration,

an
v

- and at 7. use ng = cL 7 and n, = cL+

where ¢ =~ 3 is a "safety factor” to make sure to discard
enough samples.

78



Finite Size Methods




Finite size methods

Divergent behavior at 7,
X (T) < |T. =177,
C(T) x |T.—T|™¢,
§(T) o |Te = T|7".

(67)
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Finite size methods

25 ; 0.07
0 R e =3 0.06
,v v EE -1 < 005
~ 1 A A L=16 {
S }‘4‘\ V-V L=20 = 004
& 10 \{ = 0.03
= A &
L < 0.02
5 f =
0.01
®
0 v Ll \ "('“' 0.00 ‘ L
4.0 4.2 4.4 4.6 4.8 5.0 —-10 -5 0 5
T LYY (T -T.) /T.

The system size dependence of the susceptibility and the
corresponding finite size scaling.
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Finite size methods

The finite size scaling relation of the susceptibility is given by
x(T,L) = L*Fy |(T - To) Lt (68)

where F, is called susceptibility scaling function3.

~y

3Based on Eq. (23), we can infer that F, [(T —T) Lf] o <|T — T L5>7
as L — oo.
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Finite size methods

In the case of the magnetization, the corresponding finite size
scaling relation is

i (T ) = o [(T — ) Lﬂ . (69)
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Binder Cumulant

We still need a method to better determine 7,. and make
therefore use of the Binder cumulant
4
(M*),

UL(T)=1-— ) (70)

which is independent of the system size L at T since

(%,  IYRa[T-T)LY] .
3<M2>Li R (L% F [(T—TC)L%HQ = Fo |-y 2].

(71)
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Binder Cumulant

T>T.

P(M)
P(M)

The distribution P(M) of the magnetization M above a below
the critical temperature T..
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Binder Cumulant

For T' > T., the magnetization is described by a Gaussian

distribution
Ld M?2L4
Py (M) = (| ——exp {— ] : (72)
O, oy,

with o7, = kgT2x. Since the fourth moment equals three
times the second moment squared, i.e.,

(M%), =307, (73)

it follows that UL (T") must be zero for T > T..
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Binder Cumulant

Below the critical temperature (T' < T,), there exist one
ground state with positive and one with negative
magnetization and the corresponding distribution is given by

2
P = | \F {exp [_<M—M>L]
(7)
(M + Mg)* ¢ }

oL

+ exp
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Binder Cumulant

For this distribution, it holds that (M*), = (M) and
therefore UL (T) =  for T < T.. In summary, we

demonstrated that

z forT < T,
Ur(T) = { const. forT =T,
0 forT > T.
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Binder Cumulant

UL(T)
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Corrections to Scaling

Far away from 7, we cannot observe a clear power law
behavior anymore, and corrections to scaling have to be
employed, i.e.,

M(T)= A (T, - T’ + A/ (T. - T)” + ..., (76)
ET)=Co(T.—T)"+C (T —T)™"+..., @7

with 3 > g and 1 < v.
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Corrections to Scaling

These corrections are very important for high quality data,
where the errors are small and the deviations become visible.
The scaling functions must also be generalized as

M (T,L) = L™* Fy (T - T.) L*| + L™°Fj; [(T - T) L+ ] + ..

(78)
with z = max {Bl,g,g—l}.
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First Order Transition

- m HU=-0100

1
m
0]
- H=-0025
-1

- HU=00

1

ooQOMESIsqxin)

The magnetization exhibits a switching behavior if the field
vanishes. For non-zero magnetic fields, the magnetization is
driven in the direction of the field. The figure is taken from
Ref. [7].
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First Order Transition

L finite Msp

(metastable state)~_-* T
4

slope= P

1=
M. / L finite (equilibrium)
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Hysteresis can be found by varying the field from negative to

positive values and back. T

he figure is taken from Ref. [7].
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First Order Transition

Binder showed that the magnetization as a function of the
field H is described by tanh («L9) if the distribution of the
magnetization is given by Eq. (74) [7]. Specifically, we find for
the magnetization and susceptibility

M(H) = xPH + Mytanh (BHM; L"), (79)

oM BM LY
m=M_ b,  (80)
xu () = g = Xi cosh? (3H My, L9)
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First Order Transition

Similarly, to the scaling of a second order transition, we can
scale the maximum of the susceptibility (xz (H = 0) « L%)
and the width of the peak (Ax; o< L~%). To summarize, a first
order phase transition is characterized by

1. A bimodal distribution of the order parameter,

2. stochastic switching between the two states in small
systems,

3. hysteresis of the order parameter when changing the
field,

4. a scaling of the order parameter, or response function
according to Eq. (80).
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Cluster Algorithms




Potts Model

The Hamiltonian of the system is defined as
H=-J> 60, —H> oi, (81)
(6,3) i

where o; € {1,...,q} and d,,,, is unity when nodes i and j are
in the same state. The Potts model exhibits a first order
transition at the critical temperature in two dimensions for
q > 4, and for ¢ > 2 for dimensions larger than two.
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The Kasteleyn and Fortuin Theorem

We consider the Potts model not on a square lattice but on an
arbitrary graph of nodes connected with bonds v. Each node
has ¢ possible states and each connection leads to an energy
cost of unity if two connected nodes are in a different state
and of zero if they are in the same state, i.e.,

. 0 if endpoints are in the same state
E=J) e with ¢ = p_
> 1 otherwise

(82)
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The Kasteleyn and Fortuin Theorem

J00
35“_0, v

conts

—D.efefion

Contraction and deletion on a graph.
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The Kasteleyn and Fortuin Theorem

The partition function is the sum over all possible
configurations weighted by the Boltzmann factor and thus
given by

7 Ze—,@E(X) (82) Z e BIS, e — Z H eBle (83)
X X v

X
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The Kasteleyn and Fortuin Theorem

We now consider a graph where bond v, connects two nodes :
and j with states o; and o;, respectively. If we would delete
bond 4, the partition function is

Zp=>_ []e . (84)

X v#py
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The Kasteleyn and Fortuin Theorem

We can thus rewrite Eq. (83) as

G o= Ze—ﬁJeu, H e BJev
X

v#Y

— Z He—ﬁJeque—BJ Z He—ﬁjey’

X:io;=0j v#y X:o#0j v#Y

where the first part is the partition function of the contracted
graph Z- and the second part is given by the identity

Z H 675‘]6” _ Z H 675‘]6”_ Z H e*ﬁJeu — ZD_ZC'

X:o;#0j vEY X v#y X:oi=0j v#y
(85)
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The Kasteleyn and Fortuin Theorem

Summarizing the last results, we find
Z =Zc+e P (Zp — Zc) = pZc + (1-p)Zp,  (86)

where p =1— e~ #7. To be more precise, we expressed the
partition function Z as the contracted and deleted partition
functions at bond »;. We apply the last procedure to another
bond v, and find

Z = p*Ze,, ., +p(1-p) Zc,, p,,+(1-p)pZp,, C\,+(1-P)* ZD,, D,, -
(87)

101



The Kasteleyn and Fortuin Theorem

After applying these operations to every bond, the graph is
reduced to a set of separated points corresponding to
clusters of nodes which are connected and in the same state
out of ¢ states. The partition function reduces to

d
7 — Z q# of clusterspc (1 - p) _ <q# of clusters>b ’ (88)

configurations of
bond percolation

where c and d are the numbers of contracted and deleted
bonds respectively. In the limit of ¢ — 1, one obtains the
partition function of bond percolation®.

“In bond percolation, an edge of a graph is occupied with probability p and
vacant with probability 1 — p.
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Coniglio-Klein Clusters

The probability of a given cluster C to be in a certain state oy
is independent of the state itself, i.e.,

p(C,00) = pc(1— p)dc Z q# of clusterspc 1- p)d. (89)

bond percolation
without cluster C
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Coniglio-Klein Clusters

This implies that flipping this particular cluster has no effect
on the partition function (and therefore the energy) so that it
is possible to accept the flip with probability one. This can be
seen by looking at the detailed balance condition of the
system

p(C,o)W [(C,01) = (C,02)] = p(C,02)W [(C,02) = (C,01)]

(90)
and using p(C,a1) = p(C, 77).
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Coniglio-Klein Clusters

We then obtain for the acceptance probabilities

A[(C,02) = (C,01)] = min {1, Z((g”(z))] =1 M(RT)?,

Al(C.o2) = (Con] = fﬁ‘;j()c — - ! Glauber.

(91)

Based on these insights, we introduce cluster algorithms
which are much faster than single-spin flip algorithms and
less prone to the problem of critical slowing down.
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Swendsen-Wang Algorithm

Swendsen-Wang algorithm
« Occupy the bonds with probability p =1— e ?/ if
sites are in the same state.

+ ldentify the clusters with the Hoshen-Kopelman
algorithm.

« Flip the clusters with probability 1/2 for Ising or
always choose a new state for ¢ > 2.

« Repeat the procedure.
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Wolff Algorithm

Wolff algorithm

« Choose a site randomly.

« If the neighboring sites are in the same state, add
them to the cluster with probability p =1 — e #7.

« Repeat this for any site on the boundaries of the
cluster, until all the bonds of the cluster have been
checked exactly once.

» Choose a new state for the cluster.

+ Repeat the procedure.
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Other Ising-like Models

One of the possible generalizations of the Ising model is the
so called n-vector model.

The Hamiltonian resembles the one of the Potts model in the
sense that it favors spin alignment

H=-J> 5- S+HZS (92)

(3,9)

with S; = (S}, 87,...,S7) S| =1.

1)~
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Other Ising-like Models

A
n

Heisenberg 3 X X [
e 7>0

XY 2 X X ® [
X T.=0

Ising 1 X [ ] ®

1 2 3

d

The dependence of the critical temperature on the number of
vector components n.
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Other Ising-like Models

For Monte Carlo simulations with vector-valued spins we have
to adapt our simulation methods. The classical strategy is to
flip spins by modifying the spin locally trough adding a small
AS suchthat §' = S; + AS and AS 1 S. The classical
Metropolis algorithm can then be used in the same fashion as
in the Ising model.
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Histogram Methods




Histogram Methods

For computing the thermal average defined by Eq. (14), we
need to sample different configurations at different
temperatures. Another possibility would be to determine an
average at a certain temperature T and extrapolate to
another temperature 7. In the case of a canonical ensemble,
an extrapolation can be achieved by reweighing the
histogram of energies py, (E) with the Boltzmann factor
exp(E/T — E/Ty).
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Histogram Methods

Such histogram methods have first been described in Ref. [8].
We now reformulate the computation of the thermal average
of a quantity Q and of the partition function as a sum over all
possible energies instead of over all possible configurations
and find

ZQ )pr, (E) with  Zp = ZPTO (E), (93)
E

where pr, (E) = ¢ (E)e %57 with g (E) defining the
degeneracy of states, i.e., the number of states with energy E.
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Histogram Methods

This takes into account the fact that multiple configurations
can have the same energy. The goal is to compute the
quantity Q at another temperature T

Q1) = 5= > QE)wr (B). (o)
FE

The degeneracy of states contains all the information needed.
Using the definition of g (E) yields

pr () = g () e 5T = pr, (B)exp |~ + o | (95)
0 kT  kpTy
and with fr, 7 (E) = exp | — 27 + ﬁ] we finally obtain

_ 25 QE)pr, (B) fr1 (E)

> gpn (E) fr,7 (E) 2

Q(T)
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Histogram Methods

1

histogram

32 method
256
“ i
2
> | broad
A histogram
method
| b 32
0 \HV_r\HHlHHI\lH\\I\l\\\\I\l
0.0 0.1 0.2 0.3 0.4 0.5

energy

An example of the histogram and the broad histogram method
for different system sizes. The figure is taken from Ref. [9].
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Broad Histogram Method

Let Nup and Ngown be the numbers of processes which lead to
an increasing and decreasing energy, respectively.
Furthermore, we have to keep in mind that the degeneracy of
states increases exponentially with energy F, because the
number of possible configurations increases with energy. To
explore all energy regions equally, we find a condition
equivalent to the one of detailed balance, i.e.,

g (E+ AFE) Ngown (E + AE) = g (E) Nyp (E) . (97)
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Broad Histogram Method

The motion in phase space towards higher energies can then
be penalized with a Metropolis-like dynamics:

« Choose a new configuration,
« if the new energy is lower, accept the move,
- if the new energy is higher then accept with probability

Ndown(E+AE)
Nup(E) —*
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Broad Histogram Method

We obtain the function g(E) by taking the logarithm of Eq. (97)
and divide by AE

log [g (E + AE)]—log[g (E)] = log [Nup (E)]—log [Niown (E + AE)] .
(98)
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Broad Histogram Method

In the limit of small energy differences, we can approximate
the last equation by
dloglg (B)] _ 1 Nup (E)

—
OE AE 8 | Naown (E 1 AE)

(99)

which we can numerically integrate to obtain g (E).
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Broad Histogram Method

Distributions of Ny, and Ny.y, €an be obtained by keeping
track of these numbers for each configuration at a certain
energy. In addition, we also need to store the values of the
quantity Q (E) we wish to compute as a thermal average
according to

Q(T) = Y@ (E)g(E) eE_m_ (100)

> pg(E)e *8T

Based on a known degeneracy of states g (E£), we can now
compute quantities at any temperature.
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Flat Histogram Method

Flat histogram method

« Start with g (F) =1and set f =e.

« Make a Monte Carlo update with p(E) =1/g(E).

« If the attempt is successful at E: g(F) < f - g(E).
+ Obtain a histogram of energies H(E).

- If H(E) is flat enough, then f + /.

+ Stop when f <1+1078.
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Umbrella Sampling

The basic idea is to multiply transition probabilities with a
function that is large at the free energy barrier and to later on
remove this correction in the averaging step.
(€)o7 (A/w)
w(C)e FBT . w),,
sy With  (4) = . (101)

F(O) -
Yow(C)e w7 R
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Summary Histogram Methods

Summarizing, some of the most common techniques related
to the histogram methods are

+ Wang-Landau method [10, 11],

« Multiple histogram method [12],
+ Multicanonical Monte Carlo [13],
« Flat Histogram method [14],

« Umbrella sampling [15].
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Renormalization Group




Self-similarity

The Koch snowflake as an example of a self-similar pattern.
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Real Space Renormalization

H. J. Maris and L. P. Kadanoff describe in Teaching the
renormalization group that “communicating exciting new
developments in physics to undergraduate students is of

great importance. There is a natural tendency for students to
believe that they are a long way from the frontiers of science
where discoveries are still being made.” [16]
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Renormalization and Free Energy

To build some intuition for renormalization approaches, we
consider a scale transformation of the characteristic length L
of our system with that leads to a rescaled characteristic
length L = L/I. Moreover, we consider the partition function
of an Ising system as defined by the Hamiltonian given in

Eq. (15). A scale transformation with L = /I leaves the

partition function
Z=>) eFH (102)
{0}
and the corresponding free energy invariant [17].
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Renormalization and Free Energy

We therefore find for the free energy densities
fle,H)y=17%f (e, FI) . (103)
We set ¢ = [¥Te and H = 1Y% H to obtain

7 (g, ﬁ) = f (e, ¥ H). (104)
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Renormalization and Free Energy

Since renormalization also affects the correlation length
Ex |T—T|7" = le|™ (105)

we can relate the critical exponent v to y7. The renormalized
correlation length & = ¢/I scales as

£ox eV, (106)
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Renormalization and Free Energy

And due to

1

lyTe:€o<§:*$ = (?) ’ ocel%, (107)

we find yr = 1/v.

The critical point is a fixed point of the transformation since
e = 0 at 7, and ¢ does not change independent of the value of
the scaling factor.
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Majority Rule

A straightforward example which can be regarded as
renormalization of spin systems is the majority rule. Instead
of considering all spins in a certain neighborhood separately,
one just takes the direction of the net magnetization of these
regions as new spin value, i.e.,

region

oy = Sign ( Z O'i) . (108)
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Majority Rule

An illustration of the majority rule renormalization.
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Decimation of the One-dimensional Ising Model

The spins only interact with their nearest neighbors and the
coupling constant K = J/(kgT) is the same for all spins.
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Decimation of the One-dimensional Ising Model

K K g K K o K K o K
o O @ O—@ O—e O

K

An example of a one-dimensional Ising chain.
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Decimation of the One-dimensional Ising Model

To further analyze this system, we compute its partition
function Z and obtain

7 — E el 2ioi — E H E K (02i02i11402i1102i42)

{c} o2 =%E1 2@ | opi41=%I1

= Y [I{2cosh K (02 + 02i12)]}

0'21'::|:1 2%

— Z H 2 (K) ek02i02i+2

ori==41 2i
=) 3 [,
oyi==1 24
(109)
where we used in the third step that the cosh(-) function only
depends on even spins.
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Decimation of the One-dimensional Ising Model

According to Eq. (109), the relation

N
2

Z(K,N) =[z(K)]? Z(K,N/2) (110)

holds as a consequence of the decimation method. The
function z(K) is the spin-independent part of the partition
function and K is the renormalized coupling constant.
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Decimation of the One-dimensional Ising Model

We compute the relation
2 (K) effs2%2i+2 = 2cosh [K (sy; + s2i42)] explicitly and find

2cosh (2K) if S2i = 82442,
2 otherwise .

2 (K) eKsnmive = { (111)
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Decimation of the One-dimensional Ising Model

Dividing and multiplying the last two expressions yields

e = cosh (2K) and 22 (K) = 4cosh (2K). (112)

And the renormalized coupling constant K in terms of K is
given by

K = %ln [cosh (2K)] . (113)
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Decimation of the One-dimensional Ising Model

1.0 T T T T

0.8 |- ]

04| .

0.2 | .

0.0 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

K

An illustration of the fixed point iteration defined by Eq. (113).
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Decimation of the One-dimensional Ising Model

Given the partition function, we now compute the free energy
accordingto F = —kgT N f(K) = —kgTIn (Z) with f(K)
being the free energy density. Taking the logarithm of

Eqg. (110) yields

In[Z(K,N)] = Nf(K) = %Nln [2(K)] + %Nf (K) . (118)

Based on the last equation, we can derive the following
recursive relation for the free energy density

f (K) = 2f(K)—In 2005h(2K)1/2} . (115)
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Decimation of the One-dimensional Ising Model

There exists one stable fixed point at K* = 0 and another
unstable one at K* — oo. Every fixed point (K* = K) implies
that Eq. (115) can be rewritten due to f (f() = f(K™).

The case of K* = 0 corresponds to the high-temperature limit
where the free energy approaches the value

F = —NkgTf(K*) = —NkgTIn(2). (116)

In this case, the entropy dominates the free energy.
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Decimation of the One-dimensional Ising Model

For K* — oo, the system approaches the low temperature
limit and the free energy is given by

F = —NkpTf(K*)=—-NkgTK = —NJ, (117)

i.e., given by the internal energy.
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Generalization

In general, multiple coupling constants are necessary as for
example in the case of the two-dimensional Ising model.
Thus, we have to construct a renormalized Hamiltonian based
on multiple renormalized coupling constants, i.e.,

ZK O, with O, = Z H Gtk (118)

i k€Ecq

where ¢, is the configuration subset over which we
renormalize and

K, (Ki,...,Ky) with ae{l,...,M}. (119)
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Generalization

At T there exists a fixed point K}, = K, (K{,...,K},). A
possible ansatz to solve this problem is the linearization of
the transformation. Thus, we compute the Jacobian

Top = ggg and obtain

Ko—EKr=) Taply (Kg—Kp). (120)
8
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Generalization

To analyze the behavior of the system close to criticality, we
consider eigenvalues A, ..., \y; and eigenvectors ¢y, ..., onr
of the linearized transformation defined by Eq. (120). The

eigenvectors fulfill ¢, = \od. and the fixed point is unstable
if \o, > 1.
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Generalization

The largest eigenvalue dominates the iteration and we can

identify the scaling field € = [¥7¢ with the eigenvector of the

transformation, and the scaling factor with eigenvalue

Ar = YT, Then, we compute the exponent v according to
1 In (1)

v=— =

yr In (A1)’

(121)
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Monte Carlo Renormalization Group

Since we are dealing with generalized Hamiltonians with
many interaction terms, we compute the thermal average of
O, according to

B Z{a} anzﬁ KsOp - oF
N e} 28 K808 0K,

(Oa) (122)

where F is the free energy.
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Monte Carlo Renormalization Group

Using the fluctuation-dissipation theorem, we can also
numerically compute the response functions

_ 0(0q)
Xob = 5K

= (0a0p) = (Oa) (Op) ,

Xa = ~pry = (0205) — (0a) (05
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Monte Carlo Renormalization Group

We also find with Eq. (122) that

Yol T oK, 4 9K,

(n) a<égn)>_20ff 8<0( ) Z

L. (123)

It is thus possible to derive a value of T, 5 from the
correlation functions by solving a set of M coupled linear
equations. At point K = K*, we can apply this method in an
iterative manner to compute critical exponents as suggested
by Eq. (121).
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Monte Carlo Renormalization Group

There are many error sources in this technique, that originate
from the fact that we are using a combination of several tricks
to obtain our results:

« Statistical errors,

« Truncation of the Hamiltonian to the M order,
« Finite number of scaling iterations,

* Finite size effects,

 No precise knowledge of K*.
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Boltzmann Machine




Hopfield Network

We begin our excursion to Boltzmann machines with a
network consisting of neurons which are fully connected, i.e.,
every single neuron is connected to all other neurons. A
neuron represents a node of a network and is nothing but a
function of I different inputs {x;},., _;, which are weighted
by {wi};cq, .1y to compute and output y.
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Hopfield Network

..........
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Hopfield Network

In terms of a Hopfield network, we consider discrete inputs
x; € {—1,1}. The activation of neuron i is given by

a; = sz’jwj, (124)
J

where we sum over the inputs. The weights fulfill w;; = wj;
and wy; = 0.
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Hopfield Network

Similarly to the Ising model, the associated energy is given by
1
== > wijmim; — Y bii, (125)
@] 7

where b; is the bias term.
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Hopfield Network

The dynamics of a Hopfield network is given by

xl(az) _ {1 If a; Z 0, (126)

—1 otherwise.
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Hopfield Network

The energy difference AE; after neuron i has been updated is

AFE; = E(wz = —1) = E](l’Z = 1) =) (bl -+ Zwijxj> . (127)
J

We can absorb the bias b; in the sum by having an extra active
unit at every node in the network. We thus showed that the
activation defined by Eq. (124) equals one half of the energy
difference AE;.
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Boltzmann Machine Learning

I B
789 2908 FfF7%
Js30esrs
: 3 9 a4 06570

RBM (L1) RBM Hopfield Noisy

A comparison of denoising capabilities of Hopfield and
Boltzmann machine models. The figure is taken from
https://arxiv.org/pdf/1803.08823.pdf.
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Boltzmann Machine Learning

For some applications, finding a local minimum based on the
deterministic update rule defined by Eq. (126) might not be
sufficient. Similar to the discussion of Monte Carlo methods
for Ising systems, we employ an update probability

1

= 1+ exp(—AE;/T) = o(2a:/T) (128)

to set neuron i to unity independent of its state [18]. Here,
o(x) =1/ [l + exp(—x)] denotes the sigmoid function.
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Boltzmann Machine Learning

As defined in Eq. (127), the energy difference AE; is the gap
between a configuration with an active neuron i and an
inactive one. The parameter 7" acts as temperature
equivalent®.

A closer look at Egs. (125) and (128) tells us that we are
simulating a Hamiltonian system with Glauber dynamics. Due
to the fulfilled detailed balance condition, we reach thermal
equilibrium and find again for the probabilities of the system
to be in state X or Y®

oY) . ( E(Y)=E(X)
rg = e (). $2)

SFor T' — 0, we recover deterministic dynamics as described by Eq. (126).
®Here we set kg = L
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Boltzmann Machine Learning

We divide the Boltzmann machine units into visible and
hidden units represented by the non-empty set V and the
possibly empty set H, respectively. The visible units are set
by the environment whereas the hidden units are additional
variables which might be necessary to model certain outputs.
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Boltzmann Machine Learning

Let P’(v) be the probability distribution over the visible units
v in a freely running network. It can be obtained by
marginalizing over the corresponding joint probability
distribution, i.e.,

P/(V):ZP/(I/,h), (130)
h

where h represents a hidden unit.
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Boltzmann Machine Learning

The goal is to come up with a method such that P'(v)
approaches the unknown environment distribution P(v). We
measure the difference between P'(v) and P(v) in terms of
the Kullback-Leibler divergence (relative entropy)

G=) P {5,(5/))] . (131)
veV
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Boltzmann Machine Learning

To minimize G, we perform a gradient descent according to

oG 1
= —7 (Pis —ply) (132)

8wij

where p;; is the probability that two units are active on
average if the environment is determining the states of the
visible units and p;; is the corresponding probability in a
freely running network without a coupling to the environment.
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Boltzmann Machine Learning

Both probabilities are measured at thermal equilibrium. In
the literature, the probabilities p;; and p}; are also often
defined in terms of the thermal averages (z;z;)gata @and
(i) model» respectively. The weights w;; of the network are
then updated according to

Aw;j =€ (Pij - p;j) =€ ((xi$j>data - <$i$j>model) ) (133)

where ¢ is the learning rate.
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Boltzmann Machine Learning

The so-called restricted Boltzmann machine is not taking into
account mutual connections within the set of hidden and
visible units, and turned out to be more suitable for learning
tasks. In the case of restricted Boltzmann machines, the
weight update is given by

Awij =€ ((Vihj>data - <’/ihj>model) ) (134)

where v; and h; represent visible and hidden units,
respectively.
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Boltzmann Machine Learning

Instead of sampling the configurations for computing
(Vihj)data @nd (Vihj)model @t thermal equilibrium, we could
also just consider a few relaxation steps. This method is
called contrastive divergence and defined by the following
update rule

AwiCJD = € <<Vihj>gata - <Vihj>lrcnodel) s (135)

where the superscript indices indicate the number of updates.
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Parallelization




Parallelization

Some important concepts are summarized in the lecture
notes.
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Non-Equilibrium Systems




Directed Percolation

Isotropic percolation is an equilibrium process in which a site
or bond is occupied with a certain probability p. However, in
the case of directed percolation an additional constraint is
defined, namely in each time step occupied sites or bonds
occupy their neighbors with probability p only along a given
direction [19]. Time is therefore a relevant parameter.
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Directed Percolation

p>p.
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Directed Percolation

= |Absorbing phase Fluctuating phase

Pe P
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Directed Percolation

In the vicinity of p. the percolation order parameter P(p), the
fraction of sites of the largest cluster (istropic percolation) or
the density of active sites (directed percolation), takes the
form: P(p) « (p — pc)?.

Although, the free energy is not defined in non-equilibrium
processes one can distinguish between first-order and
continuous phase transitions based on the behavior of the
order parameter.
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Directed Percolation

Another formulation of directed percolation is given by the
contact process. On a lattice with active (s;(¢) = 1) and
inactive (s;(t) = 0) sites, we sequentially update the system
according to the following dynamics:

Let the number of active neighbors neighbors be
n;(t) = > ;) 8j(t) and a new value s;(t + dt) € {0,1} is
obtained according to the transition rates

w[0 — 1,n] = (An)/(2d) and w[l— 0,n] =1, (136)

where d is the dimension of the system.
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Directed Percolation

The critical infection rate . and the critical exponent 3 on a
square lattice for different dimensions d. At and above the
critical dimension d. = 4 the critical exponents are described
by mean-field theory [17]. The values are rounded to the
second decimal and taken from Refs. [20] and [21].

|d=1]|d=2|d=3]|d.=4
3.30 | 1.65
0.28 | 0.59

Ac
B

1.32
0.78

1.20
1
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Directed Percolation

The contact process has the same characteristic critical
exponents as directed percolation what implies that they
both belong to the same universality class. According to
Ref. [17] the directed percolation universality class requires:

1. a continuous phase transition from a fluctuating phase to
a unique absorbing state,

2. atransition with a one-component order parameter,
3. local process dynamics,

4. no additional attributes, such as conservation laws or
special symmetries.
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Kinetic Monte Carlo (Gillespie Algorithm)

Non-equilibrium systems are not described by a Hamiltonian
and we cannot use the same algorithms which we employed
for studying the Ising model or other equilibrium models.
Time is now a physical parameter and not a mere virtual
property of a Markov chain.

A standard algorithm for simulating non-equilibrium
dynamics is the Rinetic Monte Carlo method which is also
often referred to as Gillespie algorithm.
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Kinetic Monte Carlo (Gillespie Algorithm)

To give an example, the kinetic Monte Carlo algorithm is
applied to the contact process on a two-dimensional square
lattice. Recovery and activation define n = 2 processes with
corresponding rates R = 1and R, = A.
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Kinetic Monte Carlo (Gillespie Algorithm)

At time ¢, the subpopulation Ni(¢) consists of all active nodes
which recover with rate R;. The total recovery rate is then

given by Qi(t) = Ni(t).

On the square lattice only nearest-neighbor interactions are
considered and the total rate of the second process
(activation) is obtained by computing n; and w [0 — 1, 1]
according to Eq. (136) for all nodes.
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Kinetic Monte Carlo (Gillespie Algorithm)
Kinetic Monte Carlo algorithm

-----

.....

subpopulation which corresponds to R;. It is
possible that some subpopulations are identical
but correspond to different rates.

3. Letn € [0,1) be a uniformly distributed random
number and Q = )", Q;. The process with rate R;
occurs if 71 Qi < nQ < Y7, Qi

4. Lete € [0,1) be a uniformly distributed random
number. Then the time evolves as ¢t — t + At,

where At = —Q'log(1 — €) and return to step 2. ;
17
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